Exercises 6, April 25, 2006

The Normalized Chain Complex

1)

Let A, be a simplicial Abelian group and let y(A,) = (fl*, cz*) beA the
(un-normalized) chain complex associated to it. Remember that A, =
A,, for n > 0 and with differential d,, : A, — A,_1 given by

For n > 0, define
N, =kerdoNkerd,N...Nkerd,_1 C A,.

Use the simplicial identity d;d; = d;_.d; for i < j to show that N, C A,
is a sub chain complex. Note also that the differential N,, — N, is
given by d(z) = (—1)"d,(z).

For each p > 0, let
FPA, ={z € A, |di(z) =0, 0 <i < min(n,p)}

Show that, for a fixed p, the inclusions FPHIA, C prln, for n > 0,
give an inclusion of chain complexes i? : FPT1A, C FPA,.

Note that for p > n, we have FPA, = N,, and that F°A, = A,. Thus,
we have now the following filtration of chain complexes

A, D F°A, > F'A, > ... N,.

We will now show that every inclusion ¥ induce an isomorphism on
homology. We do this by constructing a morphism of chain complexes,
fP: FPA, — FPYLA, which is an inverse to 7 up to chain homotopy.

Let x € FPA,. Then define
x ;n < p
fP(x) = {

x — spdy(z) n>p

Check that f? is a morphism of chain complexes, i.e. check that the
following diagram commutes

fP

Frtl An



4)

5)

10)

Show that the composite fP o P is equal to the identity morphism on
FrHlA,,

We will now define a chain homotopy between the identity morphism
on FPA, and the composite ¥ o fP. Let v € FPA,, and define ¥ :
FPA, — FPA, 1 by the formula

tp(x):{o n<p

(=DPsp(x) sn=p

Verify that R A
dpi1tP(x) + tPd, () = 2 — (P o fP)(z).

Let f : A, — N, be the map of chain complexes defined by letting
I A, — N, be the composite frlto fr20...0 f° Conclude from
the above that the inclusion 7 : N, C fl* induces an isomorphism on
homology with inverse H(f).

Note tAhat the composite foi is the identity morphism on N,. Conclude
that A, = N, & ker f.
n—1 N
Let D,, = | si(An—1). We showed in the previous lecture that D, C A,
i=0
is a sub chain complex.

Show by the definition of f that ker f C D,.

Let k > 0 be fixed and let 2% = 327" s;(yF) where y¥ € A,,_, for all 4.
Show by calculation that f*(z¥) = 3700 | s;(yF — spdiyl).

Define inductively yi ' := y¥ — spdpyl and let o741 = 3000 | s;(yf ).

Now show that D, C ker f: Let z = Z?gol si(y;) € D,, where y; €
A,_1. Then calculate f(z) := f"'o...f!o fO(x) using the notation
above and verify that the result is zero.

‘Two previous exercises show that we have a splitting of chain complexes
A, =N, D,.

Conclude from the above that the projection A, — /L/D* induce an
isomorphism on homology.



