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ABSTRACT. This paper will introduce and prove several theorems involving the
separation of convex sets by hyperplanes, along with other interesting related
results. It will begin with some basic separation results in R™, such as the
Hyperplane Separation Theorem of Hermann Minkowski, and then it will focus
on and prove the extension of this theorem into normed vector spaces, known
as the Hahn-Banach Separation Theorem. This paper will also prove some
supporting results as stepping stones along the way, such as the Supporting
Hyperplane Theorem and the analytic Hahn-Banach Theorem.
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INTRODUCTION

The intent of this paper is to introduce and prove several results relating to
the separation of sets by hyperplanes, terms that will be formally defined later.
Intuitively, the reader can think about drawing a line between two disjoint subsets
of R? such that the two sets are on different sides of the line, and thinking about
the conditions that will make this possible. Results that will be proved include the
Hyperplane Separation Theorem in R", as well as its generalization into normed
vector spaces, known as the Hahn-Banach Separation Theorem. In addition to this
topic being interesting in a mathematical perspective, it is also particularly useful
due to its many applications, such as in optimization problems. This paper will
assume that the reader is familiar with a few basic concepts (such as that of a
vector space) and with some fundamental analysis results, but at least a cursory
definition will be given for most of the terms and concepts used in the paper, so
little background is needed.
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1. CONVEX SETS

Before we can proceed to results about separation by hyperplanes, we need to
define what convex sets are and establish some basic results about them, since con-
vexity is the most important property that determines whether sets are separable.

Since we will define convexity for sets in a vector space, we will first recall that
a vector space is a set V' equipped with two operations, vector addition and scalar
multiplication, that satisfy the eight vector space axioms (the scalars are members
of a field F, usually taken to be the real or complex numbers). For the purposes of
this paper, the scalar field for a vector space will always be assumed to be the real
numbers; in this case, we have what is called a real vector space.

Also, it will be useful to define a normed vector space here, which establishes a
notion of length for a vector space:

Definition 1.1. A real normed vector space is a real vector space V, endowed
with a nonnegative real function || - ||, called a norm, which satisfies the following
properties:

(1) ||v]] > 0 forallv eV, |jv]| =0 if and only if v =0
(2) |lav|| = |a|||v]| for all e € R, v €V
(3) |lu+v|| < |ul| + [jv] for all u, v e V

It is important to note that the norm induces a notion of distance: the distance
between two vectors u and v in a normed vector space V' is given by |u — v]|.
Now, we may proceed to the definition of a convex set:

Definition 1.2. A set A in a real vector space V is said to be convex if for all z,
y € A and all ¢ € [0,1], the point tz + (1 —t)y € A as well.

In other words, if z and y are in a convex set, then any point in the line segment
connecting = and y will be in the set as well.
The following are several significant examples of convex sets:

Example 1.3.

e The open ball of radius r centered at x( in a normed vector space V', denoted
By (), is a convex set. More formally, B,(z9) = {z € V | ||z — z¢| < r}
is a convex set.

e Similarly, the closed ball of radius r centered at z( in a normed vector space
V, B(z0), is a convex set (the bar overhead denotes the closure). More
formally, B, (xo) = {x € V | ||z — zo|| < 7} is a convex set.

Examples of open and closed balls in R?

It will also be useful to introduce the following definition here, as it plays a large
role in convexity and separation results:
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Definition 1.4. By the Minkowski sum (or simply sum) of two sets A and B in
a vector space V', we mean the set A + B produced by adding each vector in A to
each vector in B. In other words,

A+B={a+blac A, be B}

The Minkowski difference (or simply difference) of two sets A and B is defined
similarly:
A—B={a—-blac A, be B}
A+ B and A — B are clearly subsets of the same vector space as A and B. Now,
we shall establish an important lemma about convex sets that will be used later on:

Lemma 1.5. If A and B are convex subsets of a vector space V, then A+ B is
conver.

Proof. Let x and y be two elements in A + B.
Then z = ay + by fora; € A, by € B, and y = as + by for as € A, by € B
So then for all ¢ € [0, 1],
tr+ (1 —t)y =t(ar +b1) + (1 —t)(ag + b2)
= ta1 + tbl + (]. — t)a2 + (]. — t)bg
= [tay + (1 — t)ag] + [tby + (1 — t)b]
€A €B

So for all z, y € A+ B and all ¢ € [0,1], we have that tz + (1 —t)y € A+ B,
meaning that the set is convex. (I

Note that A — B = A+ (—B), where the set —B is defined in the obvious way,
so A — B is convex as well if A and B are both convex.

2. CLOSED AND COMPACT SETS

Now, we shall restrict our attention to the the n-dimensional real coordinate
space R", which is certainly a vector space. The following definitions and results
will serve as a setup for the separation results we want to show in R".

Definition 2.1. We say that a set A in R™ is closed if every convergent sequence
(an)nen € A has a limit a that is also in A. In other words, a closed set is one
such that all limit points are contained in the set.

Definition 2.2. A set A in R" is bounded if it is contained inside some ball of
finite radius.

The definition of a general compact set can be rather opaque and will not be
very insightful for the purposes of this paper. Instead, I offer (without proof) a
famous result that clarifies what a compact set is in R™:

Theorem 2.3 (Heine-Borel Theorem). A subset A of R™ is compact if and only if
it s both closed and bounded.

Then, by the Bolzano-Weierstrass Theorem, which states that every bounded
sequence in R™ has a convergent subsequence, we have that for a compact subset
A of R", every sequence has a convergent subsequence, whose limit is in A. For a
subset A of R, this characterization is often taken as the definition of compactness.

We shall prove the next lemma only for R® (although this lemma is also true for
any normed vector space).
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Lemma 2.4. Let A and B be subsets of R™. If A is closed and B is compact, then
A+ B is closed.

Proof. Let X = A+B. We wish to show that for any convergent sequence (x,,) C X,
the limit point is in X as well. Assume that (z,,) converges to a point z € R™.
Consider (a,,) € A and (b,,) C B such that (z,) = (a,)+ (by). By the compactness
of B, (b,) has a subsequence (b, ) such that (b,, ) converges to a limit point b € B.
Now, consider (an,) = (2, ) — (bn, ), which converges to x — b, as every convergent
subsequence converges to the same limit as its sequence (meaning (z,,) converges
to z). Because A is closed, z — b is a point in A. Finally, consider = (x — b) + b,
which is a point in the set X, as it is the sum of two elements, one in A and one
in B. Thus, (z,) converges to a point € X. This implies that X = A + B is
closed. d

This also implies that A — B is closed if A is closed and B is compact.
It will be useful to also define the closure of a set, which gives us the ‘smallest’
closed set that contains the given set, as well as some other related terms:

Definition 2.5.

e The closure of a set A in R™, denoted A, is the set A including its limit
points.

e The boundary of a set A in R", denoted JA, is the set of points that are
members of both the closure of A and the closure of A¢, the set complement
of A. In other words, 0A = AN Ac.

e The interior of a set A in R*, denoted /i, is the set A excluding its bound-
ary. In other words, A = A\ A.

Now, the next lemma will establish that the closure of a convex set retains its
convexity:

Lemma 2.6. Let A be a subset of R™. If A is convez, then A is also convex.

Proof. Let x, y € A. By the definition of closure, there exists sequences (),
(yn) € A with limits x and y, respectively. Now, because A is convex, we know that
for each z; and y;, and for all ¢ € [0, 1], we have tx; + (1 —t)y; € A. This establishes
the sequence (tz,, + (1 —t)y,) C A, which is convergent by the convergence of (z,)
and (y,). So we have that tz + (1 —t)y € A, as A includes all limit points of A.
This establishes that A is convex. (]

We need one more important result about compact sets before we can finally
establish results about separation of sets in R". T shall present it without proof:

Theorem 2.7 (Extreme Value Theorem). Every continuous real-valued function

on a compact set attains its extreme values on that set.

3. HYPERPLANE SEPARATION IN R"™

Now, we finally have the tools to establish some separation results in R™ with the
standard Euclidean norm, which is of course a normed vector space. Our primary
means of separation here will be through hyperplanes, which I now define:

Definition 3.1. Let p € R™ be nonzero, and let ¢ € R be constant. The set H(p, ¢)
consisting of all vectors x € R" such that

P =p1T1 + P22+ ... +Ppp =¢C
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is a subset of R™ called a hyperplane. More concisely, a hyperplane H(p,c) of R®
is the set {z € R" | p -z = c}.

Hyperplanes according to this definition have one dimension less than the space
they reside in, so hyperplanes in R? are lines, while hyperplanes in R? are planes.
Additionally, they divide R™ into two half-spaces, which I denote

Op,e)={zeR"|p-z>c}

Plp,c)={zeR" |p-z<c}
We can also consider the closure of the two half-spaces, referred to as the closed
half-spaces:
O = (r e R* o >0)
Plp,c)={zeR" |p-z<c}
Lastly, it is helpful to note that p can be thought of as as a vector that is
orthogonal to the hyperplane at every point.
One more definition is necessary to formalize the notion of separation:

Definition 3.2.

e We say that two nonempty sets A and B in R" are separated by a hyper-
plane if there exists a p € R™ nonzero and a constant ¢ € R such that
p-a>c>p-bforalla€ Aandallbe B.

e We say that two nonempty sets A and B in R" are strictly separated by
a hyperplane if there exists a p € R™ nonzero and a constant ¢ € R such
that p-a>c>p-bforalla € A and all b € B.

The above definitions establish that A and B either lie in different O(p, ¢) and
P(p,c) (in the case of separation) or in different O(p, ¢) and P(p,c) (in the case of
strict separation).

Now, we shall establish and prove our first separation result:

Lemma 3.3. Let A be a nonempty, closed, and convex subset of R™. Let xqy be a
point in R™ such that xog ¢ A. Then there exists an ag € A and p € R™ nonzero
such thatp-a>c=p-ag > p-xg for all a € A.

Note that the separation established in the lemma is stronger than separation,
but not quite as strong as strict separation.

Proof. Let ag € A be a point that realizes the minimum distance from any point in
A to xg. That is, ag € A is a point such that for all a € A, ||xg — ag|| < ||zo — all.
We must first show that such a point exists:

First, note that the standard Euclidean norm ||-|| is continuous. Now, note that A is
nonempty, so there is a point z € A. Let Z = AN Bj;_y,| (7o), where Bj;_z, (7o)
is the closed ball of radius ||z — x¢|| centered at xg. Z is clearly closed and bounded,
so Z is compact. Also, note that xo ¢ Z. Thus, we can use the Extreme Value
Theorem to find a point in Z that minimizes the distance from xy to any point in
Z (in other words, the norm function attains a minimum in Z). Call this point
ap. Finally, note that this construction causes all points in A \ Z to be not closer
to z¢ than any point in Z (or causes A\ Z to be empty), so ag is also a point
that minimizes the distance from x( to the entire set A i.e. ag is a point such that
lzo — ao|| < ||zo — a| for all a € A.
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Let p = ag — o and ¢ = p - ag. We first note that p is nonzero because g ¢ A,
but ap € A. We need to show that these values satisfy p-x¢o < ¢ and p-a > ¢ for
all a € A. The first inequality is easier to show:

P XTo=p-To—pP-ap+p-ao
=p- (2o —ao) +p-ao
=p-(=p)+p-ao
= —pl* +p-aq
<p-ap==c
The last line follows from the fact that because p is nonzero, —||p||? is necessarily
negative.
Finally, we need to show that p-a > ¢ for all a € A, a harder task:

By the convexity of A, we know that w = ta + (1 — t)ag € A for all t € [0,1] and
all a € A. So now we consider

lzo = aol|* = [lzo — w]|* = ||zo — aoll* — llzo — (ta + (1 — t)ao)||?
= [lzo — aol|? = [lzo — ta — ag + tao|?
= (0 — av) - (a0 — a0)~
[(zo — ao) + t(ao — a)] - [(xo — ao) + t(ao — a)]
= (zg —ag) - (xo — ag) — [(wo — ao) - (xo — ap)+
2t(ag — a) - (xo — ag) + t2(ag — a) - (ap — a))
= —2t(ag — a) - (xg — ag) — t*(ag — a) - (ag — a)
= —2t(ap — a) - (=p) — t*lag — a|®
— 1[2p- (ay — a) — t]ao — af|?]
Now, we will show by contradiction that it cannot be true that p-a < ¢ = p - ag,

meaning that p-a > ¢. Assume by contradiction that p-a < ¢. Then we have that

p-(ap—a)=p-ay—p-a

=c—p-a
~—~
<c
>0

So then continuing with the manipulations above, we have that for ¢ sufficiently
small, it is certainly true that 2p - (ap — a) > t||ag — a||?, which then implies that
lzo — aol|* = ||xo — w||* > 0 for t sufficiently small. This in turn implies that
lzo — aol] > ||zo — w||. However, this indicates that the distance from w to xq is
less than then distance from ag to zg, which cannot be true since we established
that ag attains the minimum distance from any point in A to zg. Thus, we have
reached a contradiction, so it must be true that p-a > ¢ for all a € A.

Thus, we have established that p-a > ¢ =p-ag > p-z¢ for all a € A. This
completes the proof. O

Now, with this lemma, we can prove the Supporting Hyperplane Theorem, which
we can use to easily prove one version of the Hyperplane Separation Theorem. First,
I define what a supporting hyperplane is:
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Definition 3.4. We say that a nonempty set A in R is supported by a hyperplane
at the point x¢p € R" if there exists a p € R™ nonzero such that p-a > p-x¢ for all
a € A.

This definition establishes that the set A is contained entirely in one of the closed
half-spaces O(p, ¢) or P(p, c) created by the supporting hyperplane.

Theorem 3.5 (Supporting Hyperplane Theorem). Let A be a nonempty and convex
subset of R™. If xg & A, then A is supported by a hyperplane at xg.

Proof. We distinguish two cases: zg ¢ A and z € A.

If 2o ¢ A, we can apply Lemma 3.3 on A and the point xg, as A is closed and
by Lemma 2.6, A is also convex. Then there exists a p € R nonzero such that
p-a>c>p-xgforalla € A. Thus, it is in fact true that p-a > p-x¢ for all a € A.

If 79 € A, then it is necessarily true that zq € 04, as ¢ ¢ A. So then for all
e > 0, there exists some z, € B.(xo)NA". Thus, there is a sequence (z,) in A° that
converges to xg. For each z;, consider the set A — {2;}. Now, notice that we have
the difference between a closed set A and a compact set {z;} (since a set containing
only one point is closed and bounded), so by Lemma 2.4, A — {;} is closed. Also,
we have a difference between two convex sets (a set containing only one point is
trivially convex), so by Lemma 1.5, A — {z;} is convex as well. Also, since z; ¢ A,
we have 0 ¢ A — {2;}.

Then, using Lemma 3.3 on each A — {z;} and the point 0, we have that there
exists p; € A—{z;} such that p;-(a—2z;) > p;-0 = 0 for alla € A. Thus, p;-a > p;-2;
for all @ € A. Now, let p; = m Note that each p; € {z € R" | ||z| = 1}, a
compact set. Also, note that p; - @ > p; - z; is certainly true as well. Because each
p; belongs to the same compact set, (p,,) has a convergent subsequence whose limit
liesin {z € R" | ||z|| = 1}. Denote this limit p. Now, since (z,) converges to xg, by
the continuity of the dot product when one argument is fixed, we have p-a > p-xg
for all @ € A. Thus, this inequality certainly holds for all a € A as well. (]

Now, our first Hyperplane Separation Theorem can be proven easily:

Theorem 3.6 (Weak Hyperplane Separation Theorem). Let A and B be nonempty
and convex subsets of R™. If A and B are disjoint, then A and B can be separated
by a hyperplane.

Proof. Consider the set Z = A — B. By Lemma 1.5, Z is convex since both A

and B are convex. Also, note that A and B are disjoint, so 0 ¢ Z. Then, by the

Supporting Hyperplane Theorem, there exists a p € R” such that p-z2>p-0=0

for all z € Z. Now, note that all z € Z are of the form a — b for a € A and

be B. Thenp-z=p-(a—b) >0, so we have that p-a > p-b for all a € A and

b € B. Thus, inf {p-a} > sup{p- b}, and we know that inf {p-a} > —oco because
acA bEB acA

it is bounded below by p - by, where by can be any point in B. Similarly, we know

that sup{p - b} < o0o. So we can choose ¢ any real number between sup{p - b} and
beB beB

ing{p-a} to obtain p-a>c>p-bforalla € Aandall be B. O

ac

The separation in the theorem above can be strengthened into strict separation
if we make more assumptions about A and B. This is the Strong Hyperplane
Separation Theorem:
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Theorem 3.7 (Strong Hyperplane Separation Theorem). Let A and B be nonempty
and conver subsets of R™. Let A be closed and B be compact. If A and B are dis-
joint, then A and B can be strictly separated by a hyperplane.

Proof. Again, consider the set Z = A — B. Z is convex by Lemma 1.5 and closed
by Lemma 2.4. Also, 0 ¢ Z because A and B are disjoint. Thus, we can apply
Lemma 3.3 on the set Z and the point 0. Thus, there exists a p € R™ nonzero such
that p- 2>k >p-0=0 for all z € Z. Thus, in order to obtain a strict inequality,
we can say that p-z > % > 0 for all z € Z. Now, note that all z € Z can be written
in the form a — b for a € A and b € B. Thus, p- (a —b) > £ > 0. This means that
p-a> g +p-b>p-bforalla € Aand b e B. Since this chain of inequalities is
true for all b € B, it remains true if we replace the middle term with its supremum.
Now, because B is compact and the dot product is certainly continuous when one
argument is fixed, we have by the Extreme Value Theorem that

k k
e b)Y = 2 b
supls +p- 0} = a5 -0}

k
= — .b
2+p 0
for some by € B. Now, we have p-a > %—l—p-bo >p-bforallae Aand b e B. We

can set ¢ = g + p - by to get our desired inequality: p-a >c>p-bforall a € A
and b € B. |

A

H
Hyperplane Separation in R?

There are many other interesting separation results in R" that can be proven,
such as results involving cones or other types of separation. Additionally, the Hy-
perplane Separation Theorems have numerous applications, such as in optimization
problems (See [2] for some constrained optimization results and see [6] for many
other applications of hyperplanes and convex sets). However, this paper will now
focus on the generalization of the Hyperplane Separation Theorem into normed
vector spaces, commonly known as the Hahn-Banach Separation Theorem.

4. THE HAHN-BANACH SEPARATION THEOREM

The Hahn-Banach Theorem is one of the central tools and results of functional
analysis. One of its formulations, usually referred to as the Hahn-Banach Separation
Theorem, is a generalization of the Hyperplane Separation Theorem into normed
vector spaces.

We will first establish the general Hahn-Banach Theorem for any real vector
space in order to help us prove the separation theorem, but we will need several
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definitions first (recall that for our purposes, we assumed that the scalar field of a
vector space is always the real numbers):

Definition 4.1. By a functional, we mean a scalar-valued function defined on a
vector space. In our case, a functional is simply a function p : V' — R, where V is
a real vector space.

Definition 4.2. A functional p on a real vector space V is said to be linear if

(1) p(u+v) =p(u) +p(v) for all u,v € V
(2) plaw) = ap(v) foralla e R, v eV

Note that the dot product (with one argument fixed) in R®, which we used many
times in the preceding section, is an example of a linear functional.

Definition 4.3.

e A functional p on a real vector space V is called subadditive if p(u + v) <
p(u) + p(v) for all u,v € V.

e A functional p on a real vector space V is called positive homogeneous if
p(av) = ap(v) for alla > 0 and v € V.

Note that the norm is clearly a subadditive, positive homogeneous functional.

Definition 4.4. A subspace of a vector space V is a subset of V which is itself a
vector space.

Definition 4.5. Let S be a subset of a real vector space V. The span of S,
denoted span(S), is the smallest subspace of V that contains S. Equivalently,
the span of S is the set of all finite linear combinations of elements in S, i.e.
span(S) = {\v1 + Aava + ... + Mvg | v; €S, A\ € R}, where k> 1.

We will also need to define some terms and symbols related to set theory. This
will be nonexhaustive, as the purpose of this paper is not to delve into set theory.

Definition 4.6.

e Given a set X, a relation on X is a subset R of X x X.

o A relation R is called reflexive if (z,x) € R for all z € X.

o A relation R is called transitive if (z,y) € R and (y, z) € R implies that
(x,2) € R.

e A relation R is called antisymmetric if (z,y) € R and (y,z) € R implies
that z = y.

o A reflexive, transitive, and antisymmetric relation R on a set X is called a
partial ordering. In particular, we use the notation z < y if (z,y) € Ris a
partial order, and x < y when x # y.

e Two elements x and y of a set X along with a partial ordering < are
comparable if either x X yor y x

e A subset C of a set X with partial ordering < is called a chain if any two
elements of S are comparable. In other words, for all x, y € C, either z < y
ory =<

e An element z € X is called an upper bound for a subset Y of X if y < =
forally e Y.

e An element x € X is called a mazimal element for X if x < y holds only
when y = x.



10 ROBERT PENG

The relation < on the real numbers is a familiar example of a partial ordering.
Now, we have the definitions to state the following lemma, one of the most
important propositions in set theory, which I will not offer a proof for:

Lemma 4.7 (Zorn’s Lemma). If P is a nonempty partially ordered set such that
every chain has an upper bound, then P contains a maximal element.

The most important use of this lemma (for us) is that it allows us to prove that
there is a ‘maximal extension’ in the proof of the Hahn-Banach Theorem. There
are actually many interesting results about Zorn’s Lemma that unfortunately do
not coincide with the goals of this paper (such as its equivalence with the Axiom
of Choice, etc.).

Now, we are finally in the position to state and prove the general form of the
Hahn-Banach Theorem.

Theorem 4.8 (Hahn-Banach Theorem). Let V' be a real vector space, and let U
be a subspace of V. Let p be a subadditive, positive homogeneous functional on V.
If f is a linear functional on U such that f(v) < p(v) for allv € U, then there is a
linear functional F on V such that F(v) = f(v) for allv € U and F(v) < p(v) for
allveV.

In other words, this theorem allows certain linear functionals defined on some
subspace to be extended to the entire vector space, making it a particularly useful
tool. Additionally, several geometric/separation results follow (and are actually
equivalent) to this theorem, and they are of particular interest to us.

Proof. Let P be the collection of all ordered pairs (Z, g), where Z is a subspace of
V that contains U and g is a linear functional on Z that is equal to f on U and is
less than or equal to p on Z. First, note that P is nonempty because it contains
(U, f). Now, we establish a partial ordering on P by (Z1,91) < (Z2,g9) if Z1 C Zs
and if g = g for go in Zy. If {(Z4,94) | @ € A} is a chain (where A is an arbitrary

indexing set), then it would have an upper bound (Z, g), where Z = U Zy and g

acA
is a linear functional on Z defined by g(v) = gq(v) for all v € Z,,.

Let us first verify that Z and g are well-defined and fulfill the necessary condi-
tions. Z is clearly a subspace of V' that contains U. To see that g is well-defined,
suppose that v € Z, and v € Zg. Because Z, and Zg are in a chain, we have
that either (Z,,g9q) < (Z3,98) or (Zg,98) < (Zu,ga). Without loss of generality,
assume that the former is true. Then Z, C Zg and gg = g, for gg in Z,, meaning
that gg(v) = go(v) for v € Z,. This implies that g is well-defined. Addition-
ally, g is linear because for u, v € Z, there exists some a such that u, v € Z,,
so then for ¢, 7 € R, we have g(Cu + 1v) = ga(Cu+ 7v) = Cgalu) + 19a(v) =
Cg(u) +ng(v). So finally, we can conclude that (Z, g) € P is an upper bound of the
chain {(Z,,9a) | @ € A} ie. (Za,9a) < (Z,g) for all a.

Now, we can see that P fulfills the assumptions of Zorn’s Lemma, so P has a
maximal element, which I denote (Y, F'). Now, we must show that Y is in fact equal
to V, in which case I is our desired extension of f into V. Assume by contradiction
that Y # V, so then there exists some v9 € V\Y. Let Y/ =Y + span{vo} =
{v+ Ay | v €Y, A € R}, So now, we will find some (Y’,F’) € P such that
(Y,F) < (Y', F'), which will contradict the maximality of (Y, F').

We already have that Y C Y’ and that Y’ is a subspace of V that contains U.
Now, we will need to show that I/ = F for I’ in Y, and also that the F’ fulfills
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the conditions for (Y’, F’) be in the collection P (i.e. we need to show that F” is a
linear functional that coincides with f on U and satisfies F’ < p on Y’). For some
a € R fixed, we can define F'(v 4+ Avg) = F(v) + Aa for all v € Y, A € R, with
F'(vg) = a. Then it follows immediately that F” is linear and that F’' = F for F’
in Y (which in turn implies that F’ coincides with f on U, as (Y, F) is in P and is
maximal, meaning that (U, f) < (Y, F)). So finally, we just need to show that we
can choose an « such that F/ <pon Y’.
In other words, we need an « such that when A > 0, we have

(4.9) F'(v+ Xvg) = F(v) + Aa < p(v + Avp)
and when A < 0, we have (by letting A = —p)

(4.10) F'(v— pvo) = F(v) — pa < p(v — pwg)
for all v € Y. Now, we see that (4.9) is equivalent to

(4.11) a < p(w+ ) — F(w)

for all w € Y if we divide by A and let w = ¥, and we see that (4.10) is equivalent
to
(4.12) a> F(x) — p(z — v)
for all z € Y if we divide by p and let = . We can combine (4.11) and (4.12) to
obtain
p(w +vo) — F(w) = a > F(x) — p(z — v)

for all w, z € Y.

Thus, to see that « exists and is well-defined, we need to show that

inf {p(w + vo) — F(w)} > sup{F(x) — p(z — vo)}
weyY €Y
This means that we need to show that
p(w +vg) — F(w) > F(z) — p(z — vo)
holds for all w, € Y. This is equivalent to stating that
(4.13) F(w)+ F(z) = F(w + z) < p(w 4 vo) + p(z — vo)
Now, we can show that (4.13) is true for all w, € Y, which will establish that we
can find a suitable . It is not a difficult task to do so:
F(w+ ) < plw+ )
= p(w + vy — vy + )
< p(w + vo) + p(z — o)

So, we are finally able to verify the existence of a proper a such that F' < p.

Thus, we can conclude that (Y”, F”) is in the collection P and that (Y, F) < (Y’, F").

This contradicts the maximality of (Y, F') established by Zorn’s Lemma, so we can
conclude that Y = V| with F' being the desired extension of f into V. (]

I will demonstrate the strength of the general Hahn-Banach Theorem by estab-
lishing some useful corollaries that follow. We will now work with normed vector
spaces, which play a very important role in functional analysis; in particular, Ba-
nach Spaces and Hilbert Spaces are both examples of normed vector spaces. Be-
cause we are working with normed vector spaces, we may consider bounded linear
functionals, which I define now:
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Definition 4.14. Let V be a normed vector space. A linear functional F' on V is
bounded if there exists some M > 0 such that |F'(v)| < M|v| for all v € V.

We will also need to define the norm of a bounded linear functional:

Definition 4.15. Let V be a normed vector space and F' be a bounded linear

functional on V. The norm of F is defined by ||F|| = sup {|F(v)|}.
loll<1

First, I will prove a useful lemma that establishes the equivalence of bounded and
continuous linear functionals. Thus, we can replace all the occurrences of ‘bounded
linear functional’ with ‘continuous linear functional,” and vice versa.

Lemma 4.16. Let V' be a normed vector space. A linear functional F on V is
bounded if and only if it is continuous.

Proof. Assume that F' is bounded. Then we have that for all v, h € V', h nonzero,
|F(v+ h) — F(v)] = |F(v) + F(h) — F(v)] = |F(h)| < M]|h| for some M > 0.
Continuity at v follows from letting h go to zero.

Now, assume that F' is continuous. Then F' is obviously continuous at 0. Thus,
there exists a § > 0 such that |F(h)| = |F(h) — F(0)] < 1 for all h € V with
||h]] < & (we note that for any linear functional f, we have that f(0) = 0 due to
the fact that f(0) = f(0+0) = f(0) + f(0)). Thus, for all v € V nonzero, we have

1F(v)] = [l p(s o) = 1l pg e < 1 = 19 s F is bounded. O

ll]l (ol

The next theorem is an easy application of the general Hahn-Banach Theorem,
and it is generally called the Hahn-Banach Theorem for Normed Vector Spaces:

Theorem 4.17 (Hahn-Banach Theorem for Normed Vector Spaces). Let V' be
a normed vector space, and let U be a subspace of V. If f is a bounded linear

functional defined on U with norm ||f||u, then there is a bounded linear extension
F of f toV such that ||F|| = || fllu-

Proof. Let p(v) = ||f|lu]|v] in the Hahn-Banach Theorem. It is easily verified that
p is subadditive and positive homogeneous. We also see that f < p on U. So by
the Hahn-Banach Theorem, we have that there is a linear extension F' of f to V
such that F' < p. Now, by using the linearity of F' and the properties of norms, we
get the following chain of inequalities: —p(v) = —p(—v) < —F(—v) = F(v) < p(v)
for all v € V. Thus, we get that —||f||u|lv|| < F(v) < | fllulv], or in other words,
|F(v)] < || fllullv] for allv € V' (i.e. F is bounded). Since this is true for all v € V/,
it follows that || F|| < ||f||lu. Also, because F is an extension of f, it cannot have a
smaller norm, so we also have ||F|| > ||f|lz- This implies that ||F|| = ||f|lv O

Corollary 4.18. Let V' be a normed vector space, and let vg € V' be nonzero. Then
there is an bounded linear functional F' on V' such that ||F|| =1 and |jvo] = F(vo).

Proof. Let U = span{vg}. Define f on U by f(avy) = aflvgll, so f is clearly
a bounded linear functional with ||f||y = 1. By the Hahn-Banach Theorem for
Normed Vector Spaces, we see that there is a norm-preserving extension F' of f to

V that is also a bounded linear functional (so ||F|| = 1). Now, because vy € U and
F = f on U, we have that F(vg) = f(vg) = ||vo]|- O

Now, to begin the separation results for normed vector spaces, we will need
several other definitions, including a generalization of the definition of a hyperplane.
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Definition 4.19. Let C be a set in a real normed vector space V. The Minkowski
functional of C is a functional p : V' — R, defined by p(v) = in)\fc{)\ > 0}.
S

It is clear that a Minkowski functional is always nonnegative, but it is possible
that it can be equal to co. Note that the Minkowski functional of the unit ball
B;(0) is the norm || - ||.

Definition 4.20. Let V be a real normed vector space, F' be a continuous linear
functional, and ¢ € R be constant. A hyperplane in V is a set of the form H(F,c) =
{zr eV |F(zx) =c}.

We see now that hyperplanes in R™ are just a special case of this definition, where
the continuous linear functional is the dot product (with one argument fixed).

Definition 4.21. We say that two nonempty sets A and B in a real normed vector
space V are separated by a hyperplane if there exists a continuous linear functional
F on V and a constant ¢ € R such that F(a) > ¢ > F(b) for all a € A and b € B.

If O(F,¢c)={z €V |F(z) > c} and P(F,c) ={z € V| F(z) < ¢} are the two
closed half-spaces of a real normed vector space V, then this definition of separation
establishes that A and B lie in different O(F, ¢) and P(F,c).

We will now establish that we can ensure that the Minkowski functional be
subadditive and positive homogeneous by putting some requirements on the set it
is defined on:

Lemma 4.22. Let C be a nonempty convex set in a real normed vector space V' such
that 0 € C. The Minkowski functional of C, p(v) = in}\fC{)\ > 0}, is subadditive
ve

and positive homogeneous.
Proof. Positive homogeneity follows from

plo) =l 1> 0)

. A
N avgg‘c{a ~ 0}
= ap(v)

To obtain subadditivity, we can do the following: if € > 0 is given, let A\ and p
be positive numbers such that u = Ac¢; for some ¢; € C, v = pce for some ¢y € C,
A <p(u)+ 5, and p < p(v) + 5. So then

u+v=Acy + ucs

A
=+ c1+ c
Ot )
S—— N ad
€[0,1] €[0,1]
which implies that u+v € (A+ u)C by the convexity of C. Thus, by the definition
of the Minkowski functional, p(u + v) < A+ p < p(u) + p(v) + €, implying that

p(u+wv) < p(u) + p(v). O

Thus, the Minkowski functional is a viable functional to be used as the sub-
additive, positive homogeneous bounding functional required in the Hahn-Banach
Theorem. Now, we will finally be working with separation results in a normed
vector space. This is our first:
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Lemma 4.23. Let C be a nonempty convex subset of a real normed vector space V
such that C contains an interior point, and let xo ¢ C. Then there is a continuous
linear functional F' on V' such that F(x) < F(xg) for all z € C.

Proof. Without loss of generality, we can assume that 0 € C because if not, we can
simply translate C. Let X = span{zo} = {Azo | A € R}. We define the linear
functional f on X by f(Axg) = A\. We have that since zo ¢ C, Axg ¢ AC for
A # 0, so then if p is the Minkowski functional of C, we have p(Azgp) > A = f(Axo),
implying that f(z) < p(z) for all x € X. Then, by the Hahn-Banach Theorem,
there is a linear extension F' of f into V' that satisfies F(x) < p(x) for all x € V.
Now, for z € C, we have that F(z) < p(z) < 1 = F(=z¢) (since by definition, the
Minkowski functional p(x) < 1 when x € C'). So we have proven that F(z) < F(zg)
for all z € C. It remains to show that F'is continuous.

Since we assumed without loss of generality that 0 € C , we have that for a given
e > 0 and for all y with [|y|| sufficiently small, £, —% € C'. So because F((£) < 1
and F(—%) < 1, we have that —¢ < F(y) < ¢, “or in other words, |F(y)| < e for
lyl] sufﬁc1ently small i.e. ||y|| < 4. By the linearity of F' and setting y = x — z, we
have that |F(z) — F(z)| = |F(z — z)| < e for ||z — z|| < §. In other words, F is
continuous. ]

Note that the above lemma is a generalization of the Supporting Hyperplane
Theorem into normed vector spaces.

The following theorem is the goal of this paper. It is often called the Hahn-
Banach Separation Theorem for Normed Vector Spaces, and it is the generalization
of the Weak Hyperplane Separation Theorem (that we proved in the preceding
section) into normed vector spaces. Notably, the proof will work in almost exactly
the same manner.

Theorem 4.24 (Hahn-Banach Separation Theorem). Let A and B be nonempty
and convex subsets of a real normed vector space V. Furthermore, assume that A
and B are disjoint and that A has an interior point. Then there is a hyperplane
that separates A and B.

Proof. We consider the set Z = B — A, which is convex by Lemma 1.5. Since A
and B are disjoint, 0 ¢ Z. Also, note that it is necessarily true that Z has an
interior point. Then, the set Z with the point 0 fulfill the conditions of Lemma
4.23, so there exists a continuous linear functional F' such that F(z) < F(0) = 0
for all z € Z (recall that for any linear functional f, we have that f(0) = 0). Now,
note that all z € Z can be written as b — a for a € A and b € B. So then, we
have that F(z) = F(b—a) = F(b) — F(a) <0, or F(a) > F(b) for all a € A and
b € B. Thus, airelgF(a) > iélg F(b), and we know ;22 F(a) > —oo because it is

bounded below by F'(bg), where by can be any point in B (and F(by) # —oo by

the continuity of F'). Similarly, we know that sup F'(b) < co. So we can choose ¢
beB
any real number between sup F'(b) and 11612 F(a) to obtain F(a) > ¢ > F(b) for all
beB a
a€ Aandbe€ B. O

We see especially now that the Weak Hyperplane Separation Theorem estab-
lished in the preceding section is essentially just the Hahn-Banach Separation The-
orem, with the dot product (with one argument fixed) as the continuous linear
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functional. In fact, we even used the same process as proving the Weak Hyperplane
Separation Theorem to prove this theorem in that we first proved a generalization of
the Supporting Hyperplane Theorem and then used that to prove the Hahn-Banach
Separation Theorem.

There are numerous other separation results that can be established in a normed
vector space with the Hahn-Banach Theorem, including a generalization of the
Strong Hyperplane Separation Theorem. In fact, the Hahn-Banach Separation
Theorem can be even further generalized into topological vector spaces, although
this theorem takes much more work to establish and prove. The interested reader is
urged to look into [1] to see the Hahn-Banach Separation Theorem for Topological
Vector Spaces (although some basic knowledge of topology may be helpful before
doing so).
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