VINOGRADOV’S THREE PRIME THEOREM

NICHOLAS ROUSE

ABSTRACT. I sketch Vinogradov’s 1937 proof that every sufficiently large odd
integer is the sum of three prime numbers. The result is dependent on nu-
merous intermediate results, some of which I prove and others of which have
proofs too long to give here. The main technique is decomposition into major
and minor arcs.
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1. THE VON MANGOLDT FUNCTION AND COUNTING REPRESENTATIONS
Definition 1.1. We define the von Mangoldt function as
logp if n =p" for a prime number p,
A(n) = :
0 otherwise.
The motivation for introducing this function is another function.

Definition 1.2.

rin) = > A(k)A(k2)A(ks).

ki+ko+ks=n

The function 7(n) is the number of ways to express n as the sum of three num-
bers that each are either prime or a power of a prime number with weight of
log(p1) log(p2) log(ps) attached to that value. Clearly, if there are no representa-
tions of a given integer (in our case, we shall be interested in odd integers) as the
sum of three prime numbers, then r(n) = 0. However, r(n) # 0 does not guarantee
that such a representation exists, only that one of prime powers does. However,
from partial summation we can see that the prime powers contribute less than the

actual prime numbers, so a bound on r(n) will be sufficient.
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2. A FIRST BOUND

Consider the sum
S(a) = Z A(n)e?mHie
k<N
for some arbitrary constants n and N. We can recover something resembling r(n)
if we take the cube of the sum

S(a)® = Z A(kl)A(k:z)A(k3)62ﬂ(k1+k2+k3)ia.
k1,k2,ks<N

This looks similar to r(n) but there is the issue that k1, ke, and k3 are each less
than a constant NV rather than their sum equal to another constant n. We will
decompose the sum so that ki, ko and k3 = n is part of the sum.

S(a)? =" > Alk)A(k2)A(ks) | 2™
n ki+kot+kz=n
ki,k2 ks <N
Again, this is not quite r(n) because if n > N, the inner sum will not necessarily
count all representations (appropriately weighted, of course). However, this is not
really an issue as we can denote the inner sum r(n, N) and point out that it is
identical to r(n) for n < N, so we’ll write S(a)? as

S(a)? = Z r(n, N)e2mme,

n

We have a Fourier series, so we can find the coefficients of the Fourier series

(2.1) r(n) = S(a)de 2™ dq,
R/Z

where R/Z is the quotient group of the real numbers modulo the integers. As a
brief remark, R/Z is isomorphic to the unit circle, so the integral can be understood
as integrating over the circle. Appropriately, the technique of setting up such an
integral is called the Hardy-Littlewood circle method. There is no obvious way
to bound this integral, but the approach of Vinogradov is to consider the integral
over subintervals of R/Z. The subintervals are the major arcs (denoted 9t) and
the minor arcs (denoted m). Intuitively, the major arcs are the subintervals near a
rational number with a small denominator. Minor arcs are everything else in R/Z.
We will define major and minor arcs more precisely.

3. SOME DEFINITIONS

Definition 3.1. For constants n and B, let P = log?(n) and Q = n/log?®(n).
For any ¢ < P and a such that 1 < a < g where the greatest common divisor of a
and ¢ (henceforth denoted (a,q)) is 1, we define

a
o — =
q

M(a,q) ={a € R/Z|

1
<gh

Moreover, let 99t be the union of all such M(a,q) and m be the complement of M
in R/Z.

Lemma 3.2. m is nonempty.
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Proof. Any two major arcs are disjoint. To prove this, we take 3 #+ Z—: Then we
have for sufficiently large N

a d S 1 S 1 - 2
¢ d| e " P27 Q
Since the major arcs are then not all of R/Z, m is nonempty. O

If we can bound (2.1) when integrating over the major and minor arcs individ-
ually, we will succeed in bounding the whole integral. For the sake of exposition,
however, we will first state some basic definitions from group theory and analytic
number theory for objects we will use.

Definition 3.3. For integers a and ¢, the congruence class or residue class of
a mod g is denoted as a4 and defined as

a,={a+kn|keZ}.

Moreover, the integer a is said to be the representative integer or simply the repre-
sentative for the residue class.

Definition 3.4. The integers modulo ¢ (denoted Z/qZ) is the set of all congruence
classes @ mod ¢g. That is
7)qZ = {a, | a € Z}.

Definition 3.5. A Dirichlet character to modulus ¢ is any function y : Z — C
with the following properties:

(1) If p and ¢ are not relatively prime, then x(p) = 0. That is, if (p,q) # 1,

x(p) = 0.
(2) If (p,q) =1, then [x(p)| = 1.
(3) If ¢1 and g2 are any two positive integers, then x(q192) = x(q1)x(q2)-

If ¢ = 1, the Dirichlet character is called the trivial character and denoted yo. A
Dirichlet character x is called primitive modulo ¢ if for every divisor d of g there
exists an integer x = 1 mod d and (x,q) = 1, such that x(z) # 1. Moreover, the

set of all Dirichlet characters modulo ¢ is denoted Z/q¢Z.

4. WORKING WITH MAJOR ARCS

We start with an individual 9(a, ¢). For any character x to modulus ¢, we can
consider the Gauss sum

)= Y, x(m)emma,

meZ/qZ

We can consider another sum
1

@ ; X ()7 (X);

XEZ/qZ

where ¢(q) is the Euler totient function and is equal to the number of positive
integers less than or equal to ¢ such that (n,q) = 1 and ¥ is simply the complex
conjugate of the Dirichlet character. By the first property of definition 3.5 we have,

S X MR =0 (g £ L

XEZ/qZ



4 NICHOLAS ROUSE

However, if (n,q) = 1, then we have from the Gauss sum,
1 Tim
W@ 2 XwrR=grs > > X exmima.
X€Z/qL XGZ/qZ meZ/q

If we take m = nh mod ¢ we then have,

Z Z 27rim/q Z Z 27rinh/q

XEZ/queZ/qZ XEZ/quGZ/qZ
1 » _
~atp XS w0

€Z/q —
X€Z/qZL
26271-71/(1.

Then we have,
1

627rn/q —
1) ¢(q)

> x(m)r().

X€Z/qL

We return to the function S(«) and take o = a/q +

D A(k)emH /) 4 O(log?(N)).
k<N
(k,a)=1

The error term accounts for fact that this sum restricts S(«) to k values such that
(k,q) = 1. At any rate, we can manipulate this sum using (4.1)

1

S(a) = @ DAk Y x(ka)T(X)e¥ ™ 4 O(log?(N))
E<N XEZJIE.
-5 X O 0 xBARE +0fogt ().
x€TJE. E<N
Here we can use summation by parts
(4.2)
Z X(k)A(k,)e%rikﬁ — eQﬂ'z’Nﬁ Z X(n) _ 27”6/ Qﬁzuﬁ Z X
k<N n<N n<lu

We introduce v (z, x), which we define as
= > x(n)A(n)
n<zx
We can rewrite (4.2) as
N
(4.3) > X(k)A(K)e*™ P = 2mNBy(N, x) — 2mif / > P (u, x)du
k<N 1

We have reached the first very important lemma.
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Lemma 4.4. Let x be a nontrivial Dirichlet character to modulus q. If ¢ < log™ (2)
for a positive constant M, then

|¥(x, x)| = O(we™ @MDVIosle)),
for a positive constant C(M) which is a function of solely M.

This lemma is actually equivalent to the prime number theorem for arithmetic
progressions. This lemma is the first but not last result whose proof I must omit
for space considerations. We can apply the lemma to (4.3) to obtain a bound for
the nontrivial Dirichlet characters.

>~ X(RAGR)EPT = O((1+ || N)NeeVios)),
E<N

However, our lemma does not treat the contribution from the trivial Dirichlet char-
acter. We can work with another ¢ function (this one is known as the summatory
von Mangoldt function or the second Chebyshev function).

Y(x) =Y An).

n<z
Note that
_J1 if(n,q) =1
X700 if(n,q) £1
Then we have that
(@, x0) — (@) < > An) = O(log(q) log(x)).
n<lz
(n,q)>1

The prime number theorem gives us an additional bound for (),
(x)=a+ O(xe_c\/m).

We can set ¢ (u, xo) = |u] + R(u) to obtain

(4.5) R(u) = O(ue=V10sW),

We define another function

T(B): Z eQW’ikﬁ.

1<k<N

We again use summation by parts to obtain
N
T(B) = e2miNG _ 27m'NB/ e2miN B |u|du.
1
Applying this result to (4.2), we have

N
S Xo(K)A(K)e2™ = T(8) + e N R(N) — 2rifd / ¢"8 R(u)du.
R<N 1

We use (4.5) to get

N
T(B) +e27riNf3R(N) — QWiB/ 6“BR(u)du =T(8)+O((1 + |B|N)N€_010g(N)).
1
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So it is clear that the sum for the trivial Dirichlet character differs from the sum for
nontrivial Dirichlet characters given by the lemma by only the term T'(8). We can
combine the contributions from both the trivial and nontrivial Dirichlet characters
to obtain

(4.6)

7(x0)T(B) + O((1 + |8] N)Ne~VIes™) 1 5™ (x)x(a) (Wuwwm—cm )

X€EZ/qZ
XFXo

That is an estimate, but two facts about Gauss sums will improve it. First, we
need a definition.

Definition 4.7. The Mébius function p: N — {—1,0,1} is defined as

1 if q is not divisible by a perfect square and has an even number of prime factors,
u(q) = < —1 if q is not divisible by a perfect square and has an odd number of prime factors,
0 if q is divisible by a perfect square.

Lemma 4.8. Let 7(xo) be a Gauss sum and p(q) be the Mébius function, then

7(xo) = n(q).
Proof.
q
) = D vl = Y
m=1 m<q
(maQ):l

Setting m’d = m we have

=Y uld) D ETmY= ().

d=1 1<m’<gq/d

Lemma 4.9. Let 7(xo) be a Gauss sum, then

IT()] < va.

Proof. We will prove this fact for primitive Dirichlet characters and omit the longer
proof regarding imprimitve characters. Taking x primitive we have

X)) = Y X(h)ermh/e.
heZ/qZ
We can consider the square.
2 —\ |2 = wi(hi—h2)n
SN kM@= Y. DD X(h)x(hy) Y errihan/a,
neL/qL h1€Z/qZ ho€Z/qZ ner/qL
So then we have that
|2 2
)@ =q > x| =qe(q),
heZ/qZ

and it follows that

IT()] < va.
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With these two facts, we can significantly clean up (1.5) to obtain

S(a) = ZEZ;T@ + O((1 + || N)y/gNe Vs,

Returning to the definition of major arcs, we can set ¢ < P and |5] < % because a
is in the major arc M(a, q). So we have

o) = Ma) o—cy/oa(N)
S(a@) ¢(q)TB+O(N ).

If we take the cube, we can return to the Fourier series that we are interested in.
1/Q

/ SaSe—QTriNada — M(q)3 e—27riaN/q/
M(aq) é(q) ~1/Q

The ¢’ merely accounts for the possibility that there is different constant here. This
integral accounts for a single major arc. If we want to find the contribution of all
the major arcs, we will have to sum over all of them.

T(ﬁ)3e—2ﬂiNﬁd5+O<N26_cl /log(N)).

1/Q

q
/ SaBe2miNa g, — Z N(Q)3 Z p2miaN/q / T(B)?’e_%iNﬁdB—kO(N?e—C” /710%.(]\,)).
m = 00a) = ~1/Q
a,q)=1

The sum
q
Z e27riaN/q
a=1
(a,q)=1
is called Ramanujan’s sum and is denoted ¢,. We now make a detour into some

important definitions and results from number theory. The penultimate proof must
be omitted for space, but all others will be supplied.

Definition 4.10. An arithmetic function is a function f : N — C. Moreover, we
define addition for arithmetic functions f and g as

(f +9)(n) = f(n) +g(n).

Definition 4.11. An arithmetic function f is multiplicative if f(mn) = f(m)f(n)
whenever (m,n) =1

Lemma 4.12. If f is a multiplicative function of n and
lim f(p*) =0,
pk—00
where p* is a prime power (so the limit goes through all prime powers), then
lim f(n)=0.
n—roo

Proof. The hypothesis implies that there are only finitely many prime powers such
that |f(p¥)| > 1. We define

A= ]I )f(pk)’-

|fp*)|>1
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Clearly, A > 1. Choose € such that 0 < € < A. Then there are only finitely
many prime powers such that | fp* )’ > ¢/A. If we consider a fixed p* that divides
an integer n, there will only be finitely many integers n such that |f(pk)| > e/A.
It follows that if n is sufficiently large, there is at least one prime power p* that
divides n and |f(pk)| < €/A. Take p1,...,prs++ as pairwise distinct primes with
the following properties

(1) 1< |7k
( ) /A< ‘f(pf)‘ <lfori=r+1,..,r+s.

fori=1,..,r

‘f ’<6/Af01‘l—7’+5+1 W+ s+t
(4) t>1.

We can write n as
r+s r+s+t

_ ki
n= le II » IT »
1=r+1 i1=r+s+1
Then we have
r4+s+t

|—H‘fpz \ I |reh)| < Ay <
i=r+1 1=r+s+1
O
Lemma 4.13. For ¢ > 0 and sufficiently large n,
n'T¢ < ¢(n) < n.
Proof. Clearly, if n > 1, then ¢(n) < n, and for prime number p, ;57 < 2, 50 we
have
pm(lfe) _ pm(lfe) _ p pm(lfe) - 2
o(p™) pm—pmt p-1\ pm )T pme
It follows that
i pm(l—e)
im =
pri—oo G(p™)
We point out that Z;(—;) is multiplicative and invoke Lemma 4.11 to obtain
i nl—e
im
n—oo ¢(n)
O

Lemma 4.14. Let
q

§ 27'riaN/q

(1) cq is multiplicative in q.
(2) If, for p prime, p® is the highest power of p that divides n, then

o(p®) ifB<a,

cpr(n) = —p*  iff=a+l,
0 if 6>a-+1.
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Lemma 4.15. Let

o0

o) £ 20040

B(N) converges absolutely and uniformly in N and has Euler product
1 1
600 =TT (1~ e ) 1T (14 =)
p|N ptN
Moreover, there exist positive constants ¢y and co such that for all positive odd N
1 < ®(N) < Ca.

Proof. Clearly we have ¢,(IN) < ¢(n). For positive e and sufficiently large ¢, by
Lemma 4.12, we have

1(g)cq(n) 1 1
?(q)3 = ?(q)? S

So &(NN) converges absolutely and uniformly in N. Moreover, using Lemma 4.13

with # = 1, we have
p—1 ifp|N,
cp(IN) = . |
-1 if pt N.

Since the Mobius function, the Euler totient function, and Ramanujan’s sum are
all multiplicative, we can evaluate the Euler product for &(N).

> pj ij N CpN
o) =11 1+2u<¢gpj)§ ) :H<1‘¢<(p>3)>

3 I3
1 1
= H 1—— H 1+ —— .
(o) (i)
oIV (=12 % (p—1)
It follows that for all N > 0 there exist ¢; and ¢z such that ¢ < &(N) < ca. As
an observation, note that &(N) =0 when N is even. O

We can use this estimate to bound another part of the sum.

q>P q>p

where B is a constant that we will choose later. We can combine these two results
to bound the sum that actually appears in the integral over the major arcs.

(4.16) > ‘W = B(N) + O(log” BTH(N)).

)
We have obtained suitable bounds for a term in the integral over the major arcs,
but we still have to treat another term. We will do this by splitting the integral
into an integral with more tractable limits of integration and a term we can bound
more easily.

1/Q . 1 . 1-1/Q
[ r@peas = [ e mVias 0 ( [ oy dﬂ) .
-1/Q 0 1/Q
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We invoke that we defined T'(5) as a geometric series and can evaluate it as such.
We define |[|z||g/z as the distance between 2 and the nearest integer.

T(ﬁ) e27'rz'((N+1)B) _ 2mip O( ) N 1 )
= . = O(min ,—— |).
e2mif — 1 18] lr/z

We can evaluate the rightmost term.

1/Q ) 1 )
[ rpe s — [ 1 Nas + o)),
~1/Q 0

We express @ in terms of N as in the definition of major arcs.

' 3 —2miNB 2 ! 3,—2miNp N?
/OT(B)e dﬁ-l-o(Q):/OT(ﬁ)e dﬁ—’—O(bg‘LB(ZV)).

The remaining integral counts representations of N as the sum of three positive
integers. So we can have a bound for it.

/1 T(B)*e 2™NPap = %(N ~1)(N-2)= %Nz + O(N).
0

Combining these results we have a complete bound for the integral.

Ve 3, —2miN N? N?
(4.17) /wt(ﬂ) e Bap = - +0 <log4NB(N)> .
Combining results we obtain a desirable bound for the integral over the major arcs.
(4.18) / S(a)de 2 iNado = 1cﬁ(N)N? +0 (}f) .
m 2 log (N)

5. THE MINOR ARCS

As the name perhaps implies, the minor arcs are less important than the major
ones. In fact, Vinogradov’s theorem relies on the minor arcs contributing sufficiently
small amounts that the major arcs dominate. The integral we must consider then
is over the minor arcs. We can begin with some straightforward bounds.

/mS(a)Se*Q’”Nada < (mn?x|5(a)|)/m‘5(a)2‘da.

Of course, the whole interval [0,1] will contribute more on the integral than just
the minor arcs, so we can bound the integral over the minor arcs above with that
interval and obtain a more workable integral.

(st [ [st@?]ae< (max ) [ [sta?]aa

We can treat this integral using the definition of S(«).

/1 502/ da= 37 AG) Y A(kg)/ g2rmialia=ha) o,

1
0 ki<N k2 <N 0

Taking k1 = k3 = k we have a bound.
(5.1) Y Ak) Y A(kg)/ e?mieti=h) o = N " A(k)? = O(Nlog(N)).

1
k1 <N ko<N 0 k<N



VINOGRADOV’S THREE PRIME THEOREM 11

We have to consider max |S(a)|. We will start by working with the definition of
m
minor arc. Take « € m and ¢ < P.

a 1 log*?(N)
oa—— —=——
] Q N
We can generalize to a statement about all elements of the minor arcs.
al  log?B(N)
2 inf - - ——
(5.2) of o . > ~

We are in need of the last lemma whose proof is too lengthy to give here.

Lemma 5.3. For a € R, C > 0, fized k, and sufficient large N, if

) 10g28(C+4)(N)
> 2 o~ 7
1§d§16110r;;£<0+4><1v> 1dal/z 2 N ’
then
1 TinQ —
v 3 umemin| = Oftog “H (V)
1<n<N

The statement of the lemma involves the Mobius function. We will have to
manipulate it to work with the von Mangoldt function. We can work with the
definitions of these two functions.

) = T los(d)s (’;) .

The Mobius function is not defined on values other than the natural numbers, but
we can fill in the function by taking p(z) = 0 when = ¢ N. We can rewrite the von
Mangoldt function in terms of this new Md6bius function.

A(n) = log(d)p (nd) .
d<n
We can rewrite S(a).
S(a) = A(n)e*™me.
n<N

Note that this is simply the original definition of S(«). We replace the von Mangoldt
function with the Mdobius function.

Z A(n)eZﬂ'ina — Z Zlog(d)u (Z) e2mina
n<N n<N d<n

We define m = 4 and further manipulate the sum.

Z Z log(d)p (Z) emine — Z log(d) Z p(m)emimde

n<N d<n d<N m<X

We transform (5.2) to something that resembles the conditions on the lemma by
considering the distance from ga to the nearest integer.

log*?(N)

inf
n anHR/Z > N

1<q<logB (N)
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We can recover the conditions on the lemma with B = 9(C' + 4). We can bound
S(a) in the minor arcs.

< Z log(d) N/d

<N log# —*(N/d)

N
Z ~ — |
log g 6 d<N <log o G(N)>

We can bring this bound with (5.1) to obtain a bound over the minor arcs.

3 72772No< _ N2
(5.4) /S da O<10g9 6(N)>'

6. VINOGRADOV’S THEOREM
We can combine these results into Vinogradov’s theorem.
Theorem 6.1. For A >0,
r(n) = 1os(N)N’Z +0 <JXQ> .
2 log™(N)

Proof. From (2.1) we have

r(n) = S(a)de™ 2™ dq.
R/Z

From major and minor arc decomposition, we split the integral obtaining,

S(a)3e—27rmada:/ S(a)?’e_%"mdoz—l—/ S(a)3e—27mio¢da.
R/Z m m

From (4.14), we have
, 1 N2
S(a)le 2" Nogy = —S(N)N> +O | ——— | .
/zm () J6(N) T

From (5.4) we have

2
/ S(a)3672‘n’i]\7wda =0 BN .
m log? ~%(N)

We take B = 9(A + 6), and note that the power on the logarithm is much smaller
in the denominator of the error term from the minor arcs than that from the major
arcs, so we have

. . 1 N2
n) = S(a 3672”””da+/ S(a)e ™ q = —&(N)N>+O0 | ———— | .
)= [ st (@) S6(N) T

O

Corollary 6.2. Every sufficiently large odd integer is the sum of three primes.
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Proof. By Lemma 4.14 (N) is bounded for all odd N, so for sufficiently large N,
N? is much greater than &(N), so 7(n), the number of representations of n as the
sum of three prime powers, is bounded below for sufficiently large N. Moreover,
we can see by partial summation that the contribution from sums of proper prime
powers is much less than that of prime numbers. Therefore, for sufficiently large
values of N, N has a representation as the sum of three prime numbers. ([l
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