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1 Fourier series

Consider periodic functions, functions defined on some finite interval, or func-
tions defined on the unit circle. All are equivalent; I prefer to think of functions
defined on [0, 1].

We observe:

1
/ e2rinTe2mimay = 1 if n =m; 0, if n # m.
0

So {e?7"%} is an orthonormal set in the Hilbert space L2([0, 1]). Let U, (x) =
2minx

Question. Is {U,} an orthonormal basis for L?([0, 1])?

Answer. Yes!

€

Sketch of proof It’s a basis if for any f € L2, there exists a
f 1 Z — C such that in L? norm, f is the limit of the following
sequence of trigonometric polynomials:

> fmu,

[n|<N

oo

N=1

I will only show that every L? function is the limit of some se-
quence of trigonometric polynomials.

Useful fact. If f € L*(R) or if f € L?([0,1]), then for every
€ > 0, there exists an h € L? such that h is uniformly continuous and
[|f — hl||L2 < e. (You will prove this fact in first-quarter analysis.)

If f is continuous, let

Fi(z) = /0 )@ — y)dy

where Qp(z) = cx[l + cos(2mz)]* = [l + U1 (z) + U1 ()], i
1
chosen so [; Qr = 1.



Then we can write

Qk(x - y) = Z Ck,n,mUn(ir)Um(y)

In|<k,|m|<k

for some constants C . m. S0 Fy(x) is a trigonometric polynomial.
But as k — 0o, Qk becomes very small away from the integers,
and so Fy(z) — f pointwise if f is continuous.

So the {U,} are a basis; if f € L?, then f =3 f(n)U,, for some f(n) € R.

Note that convergence is in L2, and in L? only. Fourier series in general
do not converge pointwise. (They do converge pointwise if f is, for example,
differentiable.)

We can write down a formula for the f(n):

1
Fn) = (£.U,) = /0 ¢=27I0 £ d.

Parseval’s Inequality: Since {U,} is a basis,

S ) = <Zf(n)Un,Zf(m)Um> ) = 1,

In particular, f(n) — 0 as n — oo for any f € L2

Note that we may define f(n) for f € L'([0,1]), via the above integral. In
this case, we still have that f(n) — 0 as n — co. (This is the Riemann-Lebesgue
Lemma.)

2 Fourier Transform

We now move on to functions defined on all of R, rather than just [0,1]. If
f € LY(R), we define the Fourier transform f by

f(e) = / 2T £ (1) do.

(Unless otherwise indicated, all integrals in this section are over the real number
line R.)

The Fourier transform has many nice properties. Assume that f,g € L'.
Then:

o If h(z) = f % g(x), then
ie) = [em= [ fgta ) dyds

( / eI f(y) dy) ( / e g (2) dZ)

F©)3(©)-
(Here * denotes convolution, that is, fx g(z) = [ f(y)g9(z — y) dy.)



If h(z) = f'(x), then h(§) = 2mi f(£).

rf(§) = rf(9), if r € R; f49(¢) = f(€) + §(¢), and so the Fourier
transform is a linear operator.

If h(z) = f(x — a), then h(€) = f(&)e2m¢,
If h(z) = 1f (%), r >0, then hE) = f(rz).

T r

o If f € L*, f is continuous.

o If ¢(z) = e~ ™" then ¢ = ¢.

That last example allows us to prove the Fourier inversion formula.
Theorem 1 If g € L' is continuous at x € R, and if either

e §is also in L', or

e g >0 everywhere and x = 0,

then

Proof Let ¢(z) =e ™" ¢, (2) = 14 (%). Note that [ ¢, =1 for
all » > 0.

Then if g is continuous, g(x) = lim,_.q g * ¢, (z).

So:

/e2wim£g(€) ¢ = /}E% e2mmﬁg(§)¢(r§) d¢
= lim [ e*™*G(&)e(re) dE.

r—0

This is where we use our conditions on §g. Switching limits with
integrals is an interesting subject you will look at in first-quarter
analysis.

Now,

/ T G(re)g(€) dE = / (1) / eV g(y) dy de
o) [ etrgrem0mag ay
/ gy)or(z —y)dy

So

r—0

o(e) = 1im [ g()én(x — y)dy = / €274 ) de

IWe will later define f for f € L? as well as L'. This result will not hold there.



In the section on Fourier series, it was the L? theory that was interesting.
Unfortunately, we can only define the Fourier transform for f € L!. So now we
look at functions in L' N L2

We have a very useful and interesting result:

Theorem 2 (Plancherel’s Theorem) If f € L' N L2, then f e L? as well, with

1f11z2 = 112
Proof Let f(z) = f(—x), and g(z) = f » f(x).
Now,
9(0) = / F@) 0= ) dz = || |12
and

g(x) = f(OF©) = If I,
so if we could apply our previous theorem (with z = 0), we would

be done.
We need only show that g € L' and g continuous. But

Juwlas = [| [ TG d0] ao

< /If(y)l/lf(y—w)\dxdyé 1712,

A

and so g € L'.

Recall our useful fact: if f € L2, then for every ¢ > 0, there is
some h € L? such that h is uniformly continuous and ||f — h||z2 < €.
Let § be such that |h(xz + ) — h(z)| < € for all z.

So

9z +6) — g(x)] = ‘/f(y)[f(y—x—é)—f(y—x)]dy
< /|f<y>||h<y—x—6>w(y—xﬂdy
+/\f(y)|\f(y—w—5)—h(y—x—5)|dy

+ [ 1@~ )~ by~ )] dy
< ellflls + 26111z

and so g is continuous. Thus we are done. m

We can use these to extend the Fourier transform (and its inverse) to all
of L.



If f € L?, there is some {f,} C L' N L? such that f, — f in L. For
example, let f,,(x) = f(x) if |x| < n and 0 otherwise; clearly f,, — f in L?, and
since | f] < max(L, | f]?),

/\fn<z>|dxs[ 1dx+/|f|2dx§2n+||flliz

and so f, € L.

Then by Plancherel’s theorem, { fn} is a Cauchy sequence in L?, and since
L? is a complete metric space, lim,_ oo fn exists in L?-norm, and so we can
define f: limy,— oo fn

Note that this means the Fourier transform of an L? function is an L? func-
tion. If f ¢ L', then f may not be continuous, and its value at a given point is
completely arbitrary.



