1 Basic Measure Theory

e Definitions

1. Eis the cube in R™: {(x1,29,...2,):0<2; <1Vi=12,...n}

2. The upper measure of a subset A of the cube is
m*(A) = inf Y " m(Ry)
k

where the inf is taken over all collections {Ry} of rectangles whose union covers
A. The lower measure of A is

m«(A) =1—m"(E - A).
3. A subset A of E is said to be measurable if m*(A) = m.(A). In this case we say
m(A) is this common value.

4. A function f : R™ — C is called measurable if f~*(S) is measurable for all open
S in C. (Note: We can replace “open” by “closed” in this definition, and get
exactly the same definition.)

5. A function is called simple if it is measurable and takes only countably many
values.

6. If f is simple, taking values vy, ys, 3, . . ., then

/A Flaydm =3 yim(A),

where A; = f~!(y;) N A.

7. A measurable function f is integrable on A if there exists a uniformly convergent
sequence of simple functions {f;} having f as its limit. In this case,

/ f(z)dm = lim [ fi(x)dm
A
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e Exercises

1. If a set A is countable, prove from the definitions that it is measurable with
measure zero.

2. The Cantor set C consists of all real numbers in [0,1] whose base 3 representation
can be written with no 1’s. For instance, 0.00202022 (base 3) is in C, while
0.02201022021 is not. Note that, for example, 1/3 = 0.1 = 0.02222222...,s0 1/3
¢s in C. Find the measure of C. Note that C is uncountable!

3. Define f : R — C by
[ 1/q if x =p/q is rational
f) = { 0  otherwise

Prove that f is measurable.

4. Show that the definition of the integral in Definition 7 makes sense; i.e. show that
the limit is independent of the choice of the uniformly convergent sequence {f;}.



2 Exercises on the Stone-Weierstrass Theorem

NOTATION

C.(R) = continuous functions on R with compact support.

Co(R) ={f € C(R) | Ve > 03K C R compact such that |f(z)| < e for z ¢ K}
C>([—1,1]) = those functions in C([—1, 1]) that have a C*° extension to an open neighbor-
hood of [—1,1].

1. (a) Are the even polynomials dense in C(]0,1])?
(b) Are the even polynomials dense in C'([—1, 1])?

2. The Weierstrass Theorem is not valid for C'(R). Prove that if a function f(z) can be
uniformly approximated on R by polynomials, then f(z) is itself a polynomial.

3. Let
S = {zp(x)|p(z) is a polynomial }

T = {f(z)]| f(x) is continuous on [—1,1] and f(0) = 0}
Is S dense in T with respect to the norm || f|| = sup,¢;_q 1 [f(2)]?
4. Let
N
S = {Z fn<I>gn(y) ’ g€ C([(]? 1])}
n=0

Prove that S is dense in C(][0, 1] x [0, 1]).
5. (a) Let
51:{2’6@)|z|:1}
Prove using the Stone-Weierstrass Theorem that the space of polynomials in z
and Z is dense in C'(S1).

(b) A trigonometric polynomial is a finite sum of the form

f(z) = Z ane™
Deduce as a consequence of (a) that the trigonometric polynomials are dense in
{f € C(l=m7]) | f(=m) = f(m)}.
6. (a) Prove, using the Stone-Weierstrass Theorem, that C2°(R) is dense in Cy(R).
(b) Prove, using the Stone-Weierstrass Theorem, that C*°([—1, 1]) is dense in C'([—1, 1]).

(c) Prove, using (b), that C2°(R) is dense in LP(R) for 1 < p < co. You may assume
C¢(R) is dense in LP(R) for 1 < p < 0.

In the above exercise, it may be useful to use the function

fa) e~ (TP @D for 2 e (—1,1)
xTrT) =
0 for x € (—1,1)

which is in C*°(R), positive on (—1,1) and 0 elsewhere.



3 Hilbert and Banach Space Exercises

1. When does a norm come from an inner product?

(a) Suppose E is a vector space with inner product <,>, and let || f||? =< f, f >.
Prove the Parallelogram Law:

1f =+ gl +11f = all* =2 (111" + llgl*)

(b) Using the Parallelogram Law, prove that there does not exist an inner product
<,> such that ||f||? =< f, f > for the norm

1£]l = Es[l_llfl}lf(x)\
on C([—1,1]).

(c) Using the Parallelogram Law, prove that there does not exist an inner product
<, > such that [|f||* =< f, f > for the norm

in=(fir)”

on LP(R) for p # 2 and 1 < p < 0.

2. The importance of the completeness axiom for Hilbert and Banach spaces.
Completeness is needed to prove a key lemma in Hilbert space theory: If C is a
nonempty closed convex subset of a Hilbert space ¥ and x € E then there is a unique
point ¢y € C such that

e — el = e —
inf [l — | = |}z  co|

From this lemma, the projection operator is constructed and the Riesz Representation
Theorem is proved. Completeness is also necessary for two of the three major theorems
in Banach space theory: the Open Mapping Theorem and the Principle of Uniform
Boundedness. Below is an elementary and frequently used application of completeness.

Suppose E is a normed linear space and F' is a Banach space. Let L' : B/ — F be
a bounded linear operator defined on a dense subspace E’ of E. Prove that L’ has a
unique extension L to a bounded linear operator L : £/ — F.

3. An application of orthogonality

(a) Let F be an inner product space and let E = {ey,...,e,} be a finite orthonormal
set in F. For f € F| let

Pf=Y " <frex>e
k=1

Then show (f — Pf) L E.



(b) Let f € L*([0,1]). Prove, using (a), that for each positive integer n, there is
a unique polynomial p, of degree < n such that ||f — p|| > ||f — pa|| for each
polynomial p of degree < n.

4. Banach or not?

(a) Is {f € C[-1,1]] f(0) = 0} with || f| = SUP,e(_11) | f()| a Banach space?

(b) Is {f € C[-1,1]| f(z) = 0 in a neighborhood of 0} with | f|| = SUDe_11) | f ()]
a Banach space?

(¢) Is C([—1,1]) with || f|]| = f(0) a Banach space?

(d) Is C.(R) with ||f]| = supxeR |f(z)| a Banach space?

(e) Is Co(R) = {f € C(R) | Ve > 0 3K C R compact such that |f(z)| < € for z ¢
K} with ||f|| = sup,er | f(2)| a Banach space?

L? SPACE EXERCISES

1. Show that for a measure space X such that pu(X) < oo and p; < py, then LP?(X) C
LP1(X), but this is not true if X = R.

2. Show that if 1 < p; < p < py < oo then LP*(R) N LP2(R) C LP(R).

3. By Exercise 7, for a given function f, the set of all p, 1 < p < oo for which f € LP(R)
must be of one of the following types: (a) empty (b) finite or infinite open, closed, or
half-open interval (c) a single point. Each of these cases does arise, and we verify this
for case (¢) now.

Let
0 ifx <0
1
—{ ——— if0<z<] > 2
f(z) izl 1 r<gorzx
0 if § <z <2

Show that f € L*(R) but f ¢ LP(R) for p # 2 and 1 < p < oo.
4. Let 0 < p < 1.
(a) Define

is1= ( f1s) ”

Show that || - || is NOT a norm on LF(R) = {f| [|f|P < oo}

(b) Define
1l = / P

Show that || - || is also NOT a norm on LP(R), but that d(f,g) = || f — g|| does
define a metric on LP(R).



