THE FLABBY CLASS GROUP OF A FINITE CYCLIC GROUP

RICHARD G. SWAN

ABSTRACT. This is an expository paper on work of Endo and Miyata which
leads to a computation of the flabby class group of a finite cyclic group.

1. INTRODUCTION

The aim of this paper is to give a proof of the calculation of the flabby class
group of a finite cyclic group due to Endo and Miyata [2]. In the next section I will
recall the definition and some basic facts about this group. In the final section I
will give some examples to show that the invertibility conditions used by Endo and
Miyata cannot be removed. I would like to thank M.—c. Kang for useful comments
and for showing me his results on some related problems.

2. SOME BASIC RESULTS

For convenience I will repeat here the results given in [6, §8] omitting the proofs.
Let 7 be a finite group and let £, be the class of torsion free finitely generated
Zm—modules. As usual we refer to such modules as mlattices. Let Perm, be the
subclass of permutation modules, those having a Z-base permuted by m. Let P,
be the class of invertible modules i.e. direct summands of permutation modules.
Define F; to be the class of 7-lattices such that Exty,_(F, P) = 0 for all permutation
modules P and therefore for all invertible modules P. We refer to the elements F’
of F, as flabby (or flasque) modules. Define C to be the class of m-lattices such
that Exty, (P, C) = 0 for all permutation modules P and therefore for all invertible
modules P. We refer to the elements C of C, as coflabby (or coflasque) modules.
Define M* = Hom(M,Z). This interchanges C, and F, and preserves P,. The
notation H"(w, M) will always refer to the Tate cohomology theory [1, Ch. XII]
unless otherwise specified.

Lemma 2.1. A w-lattice M lies in Fr if and only if H-Y(x', M) = 0 for all
subgroups ©' of © and it lies in Cr if and only if H' (', M) = 0 for all subgroups
7w of w

Remark 2.2. Since H' (7', M) — H'(n’,, M) is injective on p-torsion where 7/, is
a Sylow p-subgroup of 7/, it is sufficient to assume H*(7’, M) = 0 for p-subgroups
7’ in order that H' (7', M) = 0 for all subgroups 7’

Lemma 2.3. P, CC, N Fx.

Lemma 2.4. For any w-lattice M there are short exact sequences 0 — M — P —
F—-0and0— C — Q — M — 0 where P and @ are permutation modules,
FeF,, and C € Cy.

Corollary 2.5. Let M be a w-lattice. The following are equivalent:
1
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(1) M is invertible.
(2) Exty, (F,M) =0 for all F in Fy.
(3) Ext, (M,C) =0 for all C in Cy.

Definition 2.6. Define an equivalence relation on F, by F} ~ F5 if and only if we
have I, & P; =~ Fy ® P, for permutation modules P; and P,. Let F, be the set of
equivalence classes of F' € F. It is a monoid under direct sum. I will refer to F
as the flabby class monoid of 7.

If M is a w-lattice, choose an exact sequence 0 - M — P — F — 0 as in
Lemma 2.4 and let p(M) be the class [F] of F in F;.

Lemma 2.7. p(M) is well defined.

Lemma 2.8. Let M and N be w—lattices. Then p(M) = p(N) if and only if there
are ezxact sequences 0 > M - FE— P —0and0 —- N — E — @Q — 0 with P and
Q permutation modules.

Definition 2.9. If M is a m7—module I will write (M)q for M/t(M) where t(M) is
the torsion submodule of M.

Let R be a Dedekind ring and let 8 : Zm — R be a ring homomorphism. Define
¢p : Fr — C(R) by sending [F] to (R®zx F')o. This is a well defined homomorphism
of monoids. If 7 is abelian and A is the integral closure of Zz in Q7 then A is a
product of Dedekind rings so we get a map ¢ : F, — C(A4). Our object is to prove
the following theorem.

Theorem 2.10 (Endo and Miyata). If & is a finite cyclic group then c : F, — C(A)
is an tsomorphism.

Except for the examples in the final section, the results discussed in this paper
are due to Endo and Miyata.

3. SOME MORE USEFUL FACTS

Lemma 3.1. Let 0 - M’ — M — M"” — 0 be a short exact sequence of m—lattices
with M invertible. Then p(M) = p(M') + p(M") in F.

In section 7 I will show that the hypothesis that M” is invertible cannot be
omitted in general.

Proof. Choose a sequence 0 — M — P — F — 0 with P permutation and F
flabby. Factoring out M’ we get 0 — M"” — P/M' — F — 0. This splits since
F is flabby and M"” is invertible. Therefore P/M' ~ F & M". Tt follows that
P/M’ is flabby since F' and M" are. The sequence 0 - M’ — P — P/M’' — 0
shows that p(M') = [P/M'] = [F] 4+ [M"]. Since M" is invertible we can write
M" @ L = @Q where @ is permutation and the sequence 0 — M" — Q — L — 0
shows that p(M") = [L]. Therefore p(M) = [F] = [F]+ [Q] = [F]+ [M"] + [L] =
p(M') + p(M"). O
Lemma 3.2. Let 0 — M’ 5 M 5 M” — 0 be a short exact sequence of Zr—
modules. If it splits over a Sylow p—subgroup m, for each prime p then it splits over
.
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Proof. Let f, : M" — M be a mp—homomorphism such that jf, = 1. Let 7 =
Uo,m, be a left coset decomposition and let g,(z) = > 0, fp(0, 1x). Then g, is a
m—homomorphism and jg, = |7 : m,|. Choose a, € Z such that ) a,|7 : mp| = 1.
Then h =) a,g, is the required splitting. (Il

Lemma 3.3. If M is a m-lattice which is invertible over each Sylow subgroup T,
then M is invertible.

Proof. Choose an exact sequence 0 - M — P — F — 0 as in Lemma 2.4 with F’
flabby over w. By Lemma 2.1, F' is flabby over all subgroups of w. Therefore the
sequence splits over all Sylow subgroups and therefore splits by Lemma 3.2. [

4. CycLic GROUPS

We now discuss some results which hold for cyclic groups and more generally for
groups whose Sylow subgroups are cyclic.

Lemma 4.1. If all Sylow subgroups of @ are cyclic then C, = Fr

Proof. By Remark 2.2 it is enough to check this for cyclic groups since all p—
subgroups are cyclic. Since the cohomology of a finite cyclic group is periodic with
period 2 [1, Ch. XII], we have H*(7', M) = 0 if and only if H=1(x’, M) = 0 for
cyclic 7. O

Lemma 4.2. If f,g € Z[z] are non—zero then the sequence 0 — Zx]/(f) —
Zx]/(fg) — Z[x]/(g) — 0 is exact.

Lemma 4.3. Let m be a finite cyclic p—group of order n with generator x. If M
is a finitely generated torsion free module over Zmw/®,(x) = Z[(,] then p(M) is
invertible.

Proof. Let n = pg and let 7" = w/ < 2% >. The factorization 2" —1 = &, (z)(22—1)
shows that the sequence 0 — Z[(,] — Zr — Zn"” — 0 is exact. It follows that
p(Z[(,]) = [Zn"] = 0. Since M is projective over Z[(,] we can write M ®N = Z[(,]"
so p(M) + p(N) = rp(Z[(,]) = 0 showing that p(M) is invertible. O

It is clear that an element [F] of F,; has an inverse if and only if F is invertible.
Therefore the following theorem characterizes the groups m for which F; is a group.

Theorem 4.4. Let 7 be a finite group. Then Pp = Fr if and only if all Sylow
subgroups are cyclic.

Proof. We know that P, C F, in any case by Lemma 2.3. Suppose all Sylow
subgroups of 7 are cyclic. If M is flabby over « it is flabby over all subgroups of
7 by Lemma 2.1. By Lemma 3.3 it is enough to show M invertible over the Sylow
subgroups so we can assume that 7 is a cyclic p—group. Write || = n and n = pq
where n and ¢ are powers of p. Let x generate m, let M’ = {m € M|®,(z)m =
0}, and write 0 - M’" — M — M"” — 0. Clearly M" is torsion—free. Since
2" —1 = ®,(z)(x? — 1), 27 — 1 annihilates M" which is therefore a lattice over
7" =mx/ < x?>. We can assume by induction that the theorem holds for 7", the
case n = 1 being trivial. We claim that M" is flabby over 7 i.e. H (7', M") =0
for all subgroups 7’ of mr. This is clear for 7/ = 1. If 7/ % 1 then M'™ = 0 since it is
annihilated by ®,,(z) and by z¢ — 1 where 7’ =< 2¢ >, d < n, ged(®",2¢ - 1) =1
over Q and M’ is torsion free. It follows that HO(x',M’) = 0 and the exact
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cohomology sequence gives 0 = H~'(x/, M) — H~'(x',M") — H(x',M’) = 0
showing that M" is flabby over 7. It follows that M" is also flabby over "/ = 7w/ <
x? > since a sequence 0 — P — E — M"” — 0 over 7" with P permutation has
the same properties over m and therefore splits over m and so over 7”. Induction
now shows that M" is invertible over 7" and therefore also over 7. By Lemma 3.1
we now have p(M) = p(M') + p(M"). Now p(M") = —[M"] is invertible and so
is p(M') by Lemma 4.3. Therefore p(M) is also invertible. Choose a sequence
0 - M — P — F — 0 with P permutation and F' flabby so that p(M) = [F]
and therefore F' is invertible. By Lemma 4.1, M is coflabby so the sequence splits
giving M @& F' ~ P and showing that M is invertible.

For the converse let I be the augmentation ideal of Zw. We will show that if
p(I*) is invertible then all Sylow subgroups are cyclic. Let n be the order of .
The cohomology sequence of 0 — [ — Zm — Z — 0 shows that H'(w,I) = Z/nZ.
Choose a sequence 0 — [* — P — F — 0 with P permutation and F flabby
so that p(I*) = [F]. Then 0 — F* — P* — [ — 0 gives 0 = H(m, P*) —
HY(m,I) — H?(m, F*) showing that H?(w, F*) has an element of order n. If p(I*)
is invertible then so is F' and therefore so is F*. Write F* & L = Q where @ is
permutation. Then H?(7, Q) has an element of order n. Let Q = ®Zm/m;. Then
H?(m,Q) = ®H?(n,Zr/m;) = ®H?(m;, Z). Let r = ord,(n). Some H?(r;,Z) must
have an element of order p” so the next lemma shows that the Sylow subgroup of
m; is cyclic of order p” and therefore the same is true of . O

Lemma 4.5. Let 7 be a group of order n, let p be a prime and let q be the highest
power of p dividing n. If H*(w,Z) has an element of order divisible by q then the
Sylow p—subgroup of 7 is cyclic of order q.

Proof. The sequence 0 — Z % 7 — 7./qZ — 0 gives 0 = H'(n,Z) — H(r,Z/qZ) —
H?*(m,Z) 4 H?(n, 7). Tt follows that H'(r,Z/qZ) = Hom(x, Z/qZ) has an element
of order q so there is a map of 7 onto Z/gZ. This clearly implies the result. O

5. DEVISSAGE

The aim of this section is to prove a devissage theorem which will be the main
tool in the proof of the main theorem. The only property of p : £, — F, which
is needed is that of Lemma 3.1 so I will state the theorem more generally for a
map ¢ : L, — G assigning an element of an abelian group G to each Zm—lattice
and satisfying the following property: If 0 — M’ — M — M" — 0 is exact with
M invertible then ¢(M) = ¢(M') + $(M"). For any abelian group M I will write
(M) for M/t(M) where t(M) is the torsion submodule of M.

Theorem 5.1. Let 7 =< z: 2V = 1 > be a cyclic group of order N with generator
x and let n|N. Let M be an invertible Zr—lattice. Then

¢(M/(x" = 1)M) =Y ¢((M/Pa(x)M)o)
d|n

In section 7 I will show that the hypothesis that M is invertible cannot be
omitted in general. By the Md6bius inversion formula, this theorem is equivalent to
the following result.
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Corollary 5.2. Under the same conditions we have
S/ (@)M)o) = 37 ()M /(o ~ 1))
d|n
where p is the Mobius function.

Note that M /(2™ —1)M will be torsion free by the following simple observation.

Lemma 5.3. If 7 acts on a set X and 7’ is a normal subgroupof m then Zn /7' @z
Z|X) = Z|X/7"].

It follows that if M is a permutation lattice over Zr then so is Zw /7’ Qz. M.
The same is therefore true for invertible lattices.
We also need the following fact which is easily checked.

Lemma 5.4. Let M' - M — M" — 0 be an ezact sequence of abelian groups.
Suppose that M" is torsion free and the kernel of i is torsion. Then 0 — (M')g —
(M)o — M" — 0 is ezxact.

Lemma 5.5. Let w be a cyclic group of order N with generator x. Let M be a
Zm-module. Let n|N and let f,g € Z[X] be such that fglz™ — 1. If M/g(x)M
is torsion—free then 0 — (M/f(x)M)o — (M/f(x)g(z)M)g — M/g(x)M — 0 is
exact.

Proof. By Lemma 4.2 the sequence 0 — Z[X]/(f) — Z[X]/(fg) — Z[X]/(g)
0 is exact. Since fg|z™ — 1, this sequence is the same as 0 — Zm/(f(x))
Zr/(f(x)g(x)) — Zx/(g(z)) — 0. Applying — ®z, M shows that

Tort™(Zm /g(z), M) — M/ f(x)M — M/ f(z)g(x)M — M/g(x)M — 0 is exact.
Since the Tor term is torsion and M/g(z)M is torsion—free, Lemma 5.4 applies. O

—
—

We now turn to the proof of Theorem 5.1. Let p1,...,p, be the distinct prime
divisors of n. Construct a sequence dg, d1, . ..,dsr_1 as follows. Let dy = 1 and d; =
p1. If do,dy,...,dos—1_1 have been defined for s > 1 (using p1,...,ps—1) let d, =
Psdas _p,—1 for 2571 < v < 25—1. Therefore doa—1, ..., ds_1 i8S pedys—1_1, ..., psd1, Psdo-
Note that d, is squarefree since the p; are distinct. Also the number of primes
dividing d, is congruent to v modulo 2. (If this holds for v < 257! — 1 then for
2571 <y < 25—1, the number of prime divisors of d,, is 1 more than that of dos_, 1
and so is congruent to 1 +2° —v — 1 =v mod 2.) It follows that px(d,) = (—=1)".

Let e, = n/d, and define fi(X) = [[F_o(X% — 1)D” for k = 0,...,2" — 1.
We also set f_1(X) =1

Lemma 5.6.
(1) fx is monic and lies in Z[X].
(2) for(X) = for_1(X)(XF —1) = forg1(X)(X2H+1—1) for0 < k <271 1.
(3) fel(X™=1), fo=X"—1, and for—1 = @ (X)

Proof. The irreducible factors occurring in fj are cyclotomic polynomials ®; for
certain h|n. Fix such an h. Since ordg, (¢ — 1) is 1 if hle and 0 if not, we see
that ordg, fx = €0 + -+ + €& where ¢, = (—1)" if hle, or, equivalently, d, |7 and
€, = 0 otherwise. Clearly ¢x = 1. We claim that the sequence €, ..., €sr_1 is either
1,0,0,...,0 or consists of alternate +1’s and —1’s with 0’s between. Suppose this
is true for €, ..., €gs-1_1 where s > 1. If p, does not divide 3 then d, does not
divide 7 for 2571 <y <25 —150¢€,...,69_1 1S €0,...,€95-1_1,0,0,...,0 which
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has the required form. If ps does divide 7 then, for 2571 < p <25 —1, d, divides
% if and only if dps 1 divides 7. It follows that €, = —€as_,,_1 80 €q,..., €251
iS €9,...,€95-1_1,—€9s—1_1, -+ — €1, —€g which again clearly has the required form.

It follows that ords, fi is either 0 or 1 showing that fj is a monic polynomial

and divides X™ — 1. The preceding argument also shows that 23571 €, = 0 if

25—t

o €, = 0 or if ps divides 2

Therefore Zgril €, = 0 unless no p, divides

E.
% so that h = n. This shows that for_; = ®,(X). The remaining assertions are
obvious. O
Now let 7 =< z : 2V = 1 > be a cyclic group of order N with generator x

and let n|N. Let M be an invertible Zr—lattice. Define My = (M/fr(x)M)o,
set M_1 = 0, and let Qr = M/(z® — 1)M. Then My = M/(z" — 1)M = Qo,
Mor_1 = (M/®,(x)M)o and @, is invertible for all £ by Lemma 5.3. In particular,
Q@ is torsion—free. By Lemma 5.6 and Lemma 5.5 we get short exact sequences
0 — Mop—1 — Moy — Qo — 0 and 0 — Map1 — Moy — Qopy1 — 0 for 0 <k <
27=1 — 1. By the additivity property assumed for our function ¢ we get ¢(May) =
P(Mag—1)+¢(Qar) = ¢(Mag+1)+¢(Q2r+1)- It follows that ¢(Magi1)—P(Mag—1) =
#(Qar) — ¢(Q2x+1). Summing from k =0 to k = 2""1 — 1 and using M_; = 0 we
get ¢(Mar_1) = 212/:01(71)%)(@”). Since the d,, run over all squarefree divisors
of n, p(dy) = (—1)” and u(d) = 0 if d is not squarefree we can write this as
B(M /D, (2)M) = 3y i(d)S(M/ (28 — 1)M) = ¥y, p(2)6(M/(w — 1)M). This
proves Corollary 5.2 and Theorem 5.1 follows by the M&bius inversion formula.

6. PROOF OF THE MAIN THEOREM

Let t =< z : 2V = 1 > be a cyclic group of order N with generator z. Let
A be the integral closure of Zm in Qn. Then A = Hn|N R, where R, = Z[(,] is
the ring of integers of the cyclotomic field Q(¢,,) and x maps to (¢,). The map c:
Fr — C(A) =[],y C(Ra) sends [F] to (R, ®zx F')o. Therefore if ¢(F") = 0 then all
(Rn®zx F)o are free. Now, by Corollary 5.2, we have p(Ry,) =3y, w(2)p(Zw [ (x4~
1)) = 0 since all Zn /(2% — 1) are permutation modules. Therefore it follows that
p((Ry, @z F)o) = 0 since (R, ®zx F)o is free over R,. By Theorem 5.1 we have
p(F) =32, n P((Rn ®zr F)o) = 0. Since F is invertible we can write F'® G = P
where P is permutation and the sequence 0 — F — P — G — 0 shows that
p(F) = [G] = —[F] and it follows that [F] = 0 showing that ¢ : F, — C(A4) is
injective.

To see that ¢ is onto we consider the map C(Zn) — F; sending [P]—[Q] in C(Z)
to [P] — [@] in Fy. Since P is projective, R,, ®z, P is torsion free, being projective
over R,. Therefore the composition C(Zr) — F, — C(A) is the canonical map
sending [P] —[Q] to [A®zx P] — [A®z: Q]. Since this map is onto by the next (well-
known) lemma it follows that F, — C(A) is onto and therefore an isomorphism. It
also follows that C(Zn)/C(Zn) ~ F, where C(Zn) is the kernel of C(Zn) — C(A).

Lemma 6.1. C(Zxn) — C(A) is onto.

Proof. Let [P] — [Q)] lie in C(A). Find a sequence 0 —» P — Q — X — 0 where X
is finite of order prime to the index of Zw in A. Let 0 = S - F — X — 0 be a
resolution of X over Zm with F free. Then S is projective and [F] — [S] maps to
[P] — [Q] in C(A). This follows by tensoring A with 0 — S — F — X — 0 over
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Zm and applying Schanuel’s lemma. Note that A @z, X =, X since locally either
Zr=Aor X =0,and 0 > ARz S - ARz F — ARz X — 0 is exact for the
same reason. (This also follows from the fact that A ®z, S is torsion free.) g

In the next section we will also need the following observation.
Corollary 6.2. The map p: C(A) — Fy is an isomorphism.

Proof. Let M be a flabby m-lattice. Then M is invertible. By Theorem 5.1 (with
n being the order of 7) we see that p(M) lies in the image of p : C(A) — F. Since
p(M) = —[M] in F; this shows that p : C(A) — Fy is onto. Since C(A) = F, by
Theorem 2.10 it follows that p: C(A) — F; is an isomorphism. O

7. EXAMPLES

In this section I will give examples to show that the invertibility conditions in
Lemma 3.1 and Theorem 5.1 cannot be omitted.
As above let A be the integral closure of Zw in Qm. If 7 has order n then

2ms
A= Hd|n Ry where Ry = Z[(4] with {4 = e d and the generator o of ™ maps to
Cq in R4. The following lemma will be useful.

Lemma 7.1. Let R be a Dedekind ring and let A O R be a domain containing R
and finite over R. Let I be an ideal of A such that A= R+ 1 i.e. R/J = A/I
where J = RN I. If I is principal then so is J.

Proof. We can assume I # 0. Since [ is principal, we have an exact sequence
0—-A— A— A/I — 0. Regarding this as a sequence over R and noting that
A is projective as an R—module we see that [A/I] = [A] — [A] = 0 in K((R). But
A/I ~ R/J so[R/J] =[R]—[J] =0. Since cancellation holds for finitely generated
projective modules over a Dedekind ring we have J =~ R. (]

The following lemma is an extension of the example considered in [5].

Lemma 7.2. Let q be a prime such that R, contains a non-principal prime ideal
p whose norm is a prime p. Let P be a prime ideal of Ry, extending p. Then ‘P is
also non—principal and of norm p so that Ry/p — Rpq/B is an isomorphism.

Proof. We have R,q = Ry[(p] = Rqlz]/Pp(x) so Rpg/pRpq = Fplz]/Pp(z) =
Fplx]/(x — 1)P~1. This is local with residue field F, so there is a unique prime
ideal B of R,, lying over p and it has residue field F, and 90 is not principal
otherwise Lemma 7.1 would imply that p was principal. O

Remark 7.3. Standard density theorems show that such an ideal p will exist when-
ever R, has class number h # 1. An explicit example used in [7] is given by ¢ = 23
and p = 47. This is proved as follows: Since p = 1 mod ¢, F,, contains a prim-
itive g—th root of 1 so R, has a prime ideal p with R,/p ~ F,. To see that p is
non-principal let B = Z[@] which is a subring of R,. If p was principal then
Lemma 7.1 would imply that p N B was principal but it is easy to check that there
is no element of B with norm p so this is impossible. An similar argument is given
in [5].

We make R,,/P into a Zr—module by Zr — R,; — R,q/P and make R,/p
into a Zm-module by Zm — R, — R,/p. Our examples are based on the following
observation.
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Lemma 7.4. Let p and q be as in Lemma 7.2 and let 7 be cyclic of order pq. Then
the natural map Rq/p — Rpq/B is a Zm—isomorphism.

Proof. We can identify R,/p and R,/ with I, so that R, — F,, is the restriction
of Ryq — F,. The map Zm — Rpq — Rpq/P sends o to the image & of (pq in I,
while the map Zm — R, — R,/p sends o to the image 7 of {, in F,,. Since ¢, = (%

pq
this shows that n = £P. Since F,, satisfies the identity P = x, we have n = { so the
two maps are the same. O

Now Ko(A) = [I4),, Ko(Ra). Since Rq is a Dedekind ring, Ko(Ra) = Z ® C(Rq)
where the class (a) in C'(Rq) corresponds to [Rg] — [a] in Ko(Rq). So Ko(A) =
C(A) @ I where F =[], Z is free abelian and C(A) = [],,, C(Ra).

Let Go(Zr) be the Grothendieck group having generators [M] for all finitely gen-
erated m—modules M with relations [M] = [M']+[M"] for all short exact sequences
0—-M — M — M"— 0. Define Ko(A) — Go(Zr) by sending [M] to [M] with
M considered as a Zm—module. This gives us a map C(A) — Go(Zm).

Theorem 7.5 ([1, Corollary 6.1]). Let p and q be as in Lemma 7.2 and let © be
cyclic of order pq. Then C(A) — Go(Zm) is not injective.

Proof. We have C(A) = C(Z) x C(Rp) x C(Ry) x C(Rpq). The class of P lies in
C(R,q) while the class of p lies in C(R,). The images of these elements in Go(Z)
are [Rpq] — [B] = [Rpq/P] and [R,] — [p] = [R,/p]. By Lemma 7.4, these elements
are the same and the lemma follows. O

Corollary 7.6. Let p and q be as in Lemma 7.2 and let w be cyclic of order pq.
Then p : L — Fy does not satisfy p(M) = p(M') + p(M") for all short exact
sequences of w-lattices.

Proof. If this condition was satisfied then p : £, — F}; would factor through G (Z)
and therefore so would p : C(A) — Fy. Since C(A) — Go(Zr) is not injective, this
contradicts Corollary 6.2. (]

If f is an endomorphism of a module M we write ;M for the set of elements
of M annihilated by f. Let m be a finite cyclic group of order n with generator
o. If M is a Zm-lattice then ¢ )M is the largest R,~lattice contained in M and
(M/®,,(0))o is the largest R, —lattice which is a quotient of M. We give an example
to show that these two R, —lattices need not be isomorphic.

Lemma 7.7. Let w be a finite cyclic group of order n with generator o. Suppose
X" —1= f(X)g(X) in Z[X] Then i Zr = g(o)Zm

Proof. Clearly g(o)M C y)M for any Zm-module M. Suppose f(o)h(c) = 0
in Zw. Then f(X)h(X) = (X" — Dk(X) = f(X)g(X)k(X) in Z[X] so h(X) =
9(X)k(X) 0

Theorem 7.8. Let p and q be as in Lemma 7.2 and let m be cyclic of order n = pq.
Then there is a Zm-lattice I such that ¢, (o)1 is not isomorphic to (I/®,(o)I)o.

Proof. Let I be the kernel of the map Zm — R,, — R,,/B =F,. Then (I/®,(0)])o ~
B since the sequence 0 — I — Zm — F, — 0 gives an exact sequence I/®, () —
R, — F, — 0 and the kernel of the left hand map is torsion since QI = QZm.
On the other hand, ¢,(»)/ =~ R, since we have an exact sequence 0 — ¢ _ (51 —
o, ()L — F, and, by Lemma 7.7, ¢ (5)Z7 = V(o)Zm where ¥(X) = (X" —
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1)/®,(X). By Lemma 7.7, we see that (o) : Zn — ¥(o)Zn has kernel ®,(0)Zx
so U(o)Zr =~ R, and ¥(o) maps to zero in F,. The last statement follows from
the fact that ¥ = ©,®2,0, = (X7 — 1)@, so ¥((,) = (¢ — 1)Pp(¢n) but (, maps
to 1in F,. 0

We now show that the hypothesis that M is invertible cannot be omitted from
Theorem 5.1. We use the same [ as in the proof of Theorem 7.8.

Theorem 7.9. Let I be the kernel of the map Zm — R,, — F,,. Then
p(I) # Y p((I/®a(x)D)o)
d|n

Proof. Let 7" be the quotient group of m of order q. The map Zr — F), factors
through Zn”. Let J be the kernel of the resulting map Zn” — F,. Chasing the
diagram

0 I Zr F, 0
| | |
0 J Zr" F, 0

gives the exact sequence 0 — [ — Zn & J — Zzn” — 0. By Lemma 3.1 we get
p(I)+p(Zx") = p(Zw)+p(J) so that p(I) = p(J). Now J is projective over Zn" and
therefore invertible so by Theorem 5.1 we have p(J) = > y,, p((J/®a(0)J)o). Now
J/®4(0)J is torsion for d = n and d = p and (J/P1(0)J)g is free over Ry = Z so
p(J) = p((J/®q4(c)J)0). The sequence 0 — J — Zn" — F,, — 0 gives J/®,(0)J —
R, — F, — 0 and the image of the left hand map is (J/®4(0)J)o = p so we have
p(I) = p(J) = p(p). If Theorem 5.1 held for T we would have

p(1) =Y p((I/®a(0)1)o).
d|n
Since C(A) = @, C(Ra), Corollary 6.2 shows that Frr = @, pC(Ra) and the
term p((I/®q4(0)I)o) lies in the summand pC(Rq). Since p(I) = p(p) lies in pC(Ry),
the other terms must be 0 so p((I/®,(c)I)o) = 0. But in the previous section we
showed that (I/®,(c)I)p ~ . Since P is not principal and p : C(A) — F; is an
isomorphism, this is a contradiction, proving the theorem. ([l
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