- M. M. Cohen

A 6ourse in Simple-
| Homotopy Theory/,,

. S

L

Springer-Verlag New York - Heidelberg - Berlin

“



Marshall M. Cohen
Associate Professor of Mathematics, Cornell University, Ithaca

AMS Subject Classification (1970)

57C 10 UNIVERSITY
OF-CHICAGQ
LIBRARY
All rights reserved. /ﬁr"i r

No part of this book may be translated or reproduced in
any form without written permission from Springer-Verlag.

© 1973 by Springer-Verlag New York Inc.
Library of Congress Catalog Card Number 72-93439.

Printed in the United States of America.

ISBN 0-387-90055-1 Springer Verlag New York Heidélberg Berlin (soft cover)
ISBN 0-387-90056-X Springer-Verlag New York Heidelberg Berlin (hard cover)
ISBN 3-540-90055-1 Springer-Verlag Berlin Heidelberg New York (soft cover)

PO

To
Avis




PREFACE

This book grew out of courses which I taught at Cornell University and
the University of Warwick during 1969 and 1970. I wrote it because of a
strong belief that there should be readily available a semi-historical and geo-
metrically motivated exposition of J. H. C. Whitehead’s beautiful theory of
N simple-homotopy types; that the best way to understand this theory is to

\ know how and why it was built. This belief is buttressed by the fact that the
major uses of, and advances in, the theory in recent times—for example, the
| s-cobordism theorem (discussed in §25), the use of the theory in surgery, its
: extension to non-compact complexes (discussed at the end of §6) and the
proof of topological invariance (given in the Appendix)—have come from
| just such an understanding.
| A second reason for writing the book is pedagogical. This is an excellent
subject for a topology student to “grow up” on. The interplay between
geometry and algebra in topology, each enriching the other, is beautifully
illustrated in simple-homotopy theory. The subject is accessible (as in the
courses mentioned at the outset) to students who have had a good one-
semester course in algebraic topology. I have tried to write proofs which meet
the needs of such students. (When a proof was omitted and left as an exercise,
it was done with the welfare of the student in mind. He should do such
exercises zealously.)

There is some new material here'—for example, the completely geometric
definition of the Whitehead group of a complex in §6, the observations on the
counting of simple-homotopy types in §24, and the direct proof of the
equivalence of Milnor’s definition of torsion with the classical definition,
given in §16. But my debt to previous works on the subject is very great.
I refer to [Kervaire-Maumary-deRham], [Milnor 1] and above all [J. H. C.
Whitehead 1,2,3,4]. The reader should turn to these sources for more material,
alternate viewpoints, etc.

I am indebted to Doug Anderson and Paul Olum for many enlightening -
discussions, and to Roger Livesay and Stagg Newman for their eagle-eyed
reading of the original manuscript. Also I would like to express my apprecia-
tion to Arletta Havlik, Esther Monroe, Catherine Stevens and Dolores
Pendell for their competence and patience in typing the manuscript.

My research in simple-homotopy theory was partly supported by grants
from the National Science Foundation and the Science Research Council of
Great Britain. I and my wife and my children are grateful to them.

Cornell University Marshall M. Cohen
Ithaca, New York

February, 1972

—— -

1 Discovered by me and, in most instances, also by several others. References will be
given in the text.
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Chapter 1

Introduction

This chapter describes the setting which the book assumes and the goal
which it hopes to achieve.

The setting consists of the basic facts about homotopy equivalence and
CW complexes. In §1 and §3 we shall give definitions and state such facts,
usually without formal proof but with references supplied.

The goal is to understand homotopy theory geometrically. In §2 we
describe how we shall attempt to formulate homotopy theory in a particularly
simple way. In the end (many pages hence) this attempt fails, but the theory
which has been created in the meantime turns out to be rich and powerful in
its own right. It is called simple-homotopy theory.

§1. Homotopy equivalence and deformation retraction

We denote the unit interval [0,1] by I. If X is a space, 1y is the identity
function on X. _

If fand g are maps (i.e., continuous functions) from X to Y then f is
homotopic to g, written f ~ g, if there is a map F:X x [ — Y such that
F(x,0) = f(x) and F(x,1) = g(x), for all xe X.

f:X — Y is a homotopy equivalence if there exists g:¥ — X such that
gf ~1y and fg ~ 1y. We write X ~ Y if X and Y are homotopy equivalent.

A particularly nice sort of homotopy equivalence is a strong deformation
retraction. If X < Y then D:Y — X is a strong deformation retraction if there
is a map F:Y x I — Y such that

(1) l:"o = ly
(2) F(x) = xforall (x,f)e X x I
(3) Fi(») = D(y)forall ye Y.

(Here F,:Y — Y is defined by F(y) = F(y,t).) One checks easily that D is a
homotopy equivalence, the homotopy inverse of which is the inclusion map
i:X <Y. We write Yy X if there is a strong deformation retraction from
Y to X.

If f:X — Y is a map then the mapping cylinder M is gotten by taking the
disjoint union of X x I'and Y (denoted (X x I) @ Y) and identifying (x,1)
with f(x). Thus

_Xxhev

T ) = f(x)°

The identification map (X x I) @ Y — M, is always denoted by g. Since
1




2 Introduction
g|X x [0,1) and ¢|Y are embeddings, we usually write g(X x 0) = X and
q(Y) = Y when no confusion can occur. We also write ¢(z) = [z] if
ze(Xx @Y.

(1.1) If f:X — Y then the map p:-M ; — Y, given by
plxfl =[x1} =[f(x)], t<1
bl =Dl yeY

is a strong deformation retraction.

The proof consists of “sliding along the rays of M,.” (See [Hu, p. 18] for
details.) [ ’

(1.2) Suppose that f:X — Y is a map. Let i:X — M, be the inclusion map.
Then :

(a) The following is a commutative diagram

X——i——>Mf

| <

Y
(b) i is @ homotopy equivalence iff f is a homotopy equivalence.

Part (a) is clear and (b) follows from this and (1.1). [J

§2. Whitehead’s combinatorial approach to homotopy theory

Unfortunately, when given two spaces it is very hard to decide whether
they are homotopy equivalent. For example, consider the 2-dimensional
complex H—*"the house with two rooms”—pictured at the top of page 3.
H is built by starting with the wall S' x I, adding the roof and ground floor
(each a 2-disk with the interior of a tangent 2-disk removed), adding a middle
floor (a 2-disk with the interiors of two 2-disks removed) and finally sewing in
the cylindrical walls A and B. As indicated by the arrows, one enters the lower
room from above and the upper room from below. Although there seems to
be no way to start contracting it, this space is actually contractible (homotopy
equivalent to a point). It would be nice if homotopy theory could tell us why
in very simple terms.

In the 1930’s one view of how topology ought to develop was as combina-
torial topology. The homeomorphism classification of finite simplicial com-
plexes had been attacked (most significantly in [ALEXANDER]) by introducing
elementary changes or “moves”, two complexes K and L being ‘“combina-
torially equivalent” if one could get from K to L in a finite sequence of such
moves. It is not surprising that, in trying to understand homotopy equivalence,
J. H. C. WHITEHEAD—in his epic paper, “‘Simplicial spaces, nucleii and
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m-groups”—proceeded in the same spirit. We now describe the notions which
he introduced.

If Kand L are finite simplicial complexes we say that there is an elementary
simplicial collapse from K to L if L is a subcomplex of K and K = L U a4

where a is a vertex of K, 4 and a4 are simplexes of K, and ad N L = aA.
Schematically,

K

We say that K collapses simplicially to L—written K ~y L—if there is a finite
sequence of elementary simplicial collapses K = Ky — K, — ... — K, = L.
For example, any simplicial cone collapses simplicially to a point.

b
o N e N o< N T N

If K \y L we also write L s K and say that L expands simplicially to K.
We say that K and L have the same simple-homotopy type? if there is a finite

2 This is modern language. Whitehead originally said “they have the same nucleus.”
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sequence K = K, — K; - ... > K, = L where each arrow represents a
simplicial expansion or a simplicial collapse.

Since an elementary simplicial collapse easily determines a strong deforma-
tion retraction (unique up to homotopy) it follows that, if K and L have the

same simple-homotopy type, they must have the same homotopy type.
WHITEHEAD asked

If two finite simplicial complexes have the same homotopy type, do they
necessarily have the same simple-homotopy type ?

Despite the apparent restrictiveness of expanding and collapsing, it is quite
conceivable that the answer to this question might be yes. To illustrate this
and to show that simple-homotopy type is a useful notion, let us return to the
house with two rooms.

Think of H as being triangulated as a subcomplex of the solid cylinder
D? x I where D? x I is triangulated so that D2 x [ \y D? x 0 \y #
(= point). Now, if the solid cylinder were made of ideally soft clay, it is clear
that the reader could take his finger, push down through cylinder A, enter
the solid lower half of D? x I and, pushing the clay up against the walls,
ceiling and floor, clear out the lower room in H. Symmetrically he could then
push up the solid cylinder B, enter the solid upper half and clear it out.
Having done this, only the shell H would remain. Thus we can see (although
writing a rigorous proof would be unpleasant) that

* 1 (D? x I) \¢ H.

Hence H has the same simple-homotopy type as a point and, a fortiori, H is
contractible. i

So we shall study the concept of simple-homotopy type, because it looks
like a rich tool in.jts own right and because, lurking in the background, there
is the thought that it may be identical with homotopy type.

In setting out it is useful to make one technical change. Simplicial com-
plexes are much too hard to deal with in this context. WHITEHEAD’s early
papers [J. H. C. WHITEHEAD 1, 2] are a marvel in that, besides the central
concepts introduced, he overcame an enormous number of difficult technical
problems related to the simplicial category. These technical difficulties later
led him to create CW complexes [J. H. C. WHITEHEAD 3] and it is in terms of
these that he brought his theory to fruition in [J. H. C. WHITEHEAD 4]. In the
next section we summarize the basic facts about CW complexes. In Chapter II
the expanding and collapsing operations are defined in the CW category and
it is in this category that we set to work.

§3. CW complexes

In this section we set the terminology and develop the theorems which will
be used in the sequel. Because of the excellent treatments of CW complexes

CW complexes 5

which exist (especially [ScHUBERT] and [G. W. WHITEHEAD]) proofs of standard
facts which will be used in a standard fashion are sometimes omitted. The
reader is advised to read this section through (3.6) now and to use the rest of
the section for reference purposes as the need arises.

A CW complex K is a Hausdorff space along with a family, {e,}, of open
topological cells of various dimensions such that—letting K/ = | ] {e,|dim e,
< j}—the following conditions are satisfied:

CW 1: K= J e, and e,N e; = & whenever « # B.

CW 2: For each cell e, there is a map ¢,:Q" — K, where Q" is a topolo-
gical ball (homeomorph of I" = [0,1]") of dimension n = dim e,, such that

(a) q:a|Q°" is a homeomorphism onto e,.
(b) 900" = K7!

CW 3: Each ¢, is contained in the union of finitely many e,.

CW 4: Aset A < Kisclosed in Kiff AN ¢, is closed in &, for all e,.
Notice that, when K has only finitely many cells, CW 3 and CW 4 are auto-
matically satisfied.

A map ¢:Q" — K, as in CW 2, is called a characteristic map. Clearly such
a map o gives rise to a characteristic map ¢':I" — K, simply by setting ¢’ = ¢h
for some homeomorphism A:I" — Q". Thus we usually restrict our attention
to characteristic maps with domain I, although it would be inconvenient to
do so exclusively. Another popular choice of domain is the n-ball
J" = Closure (3I"*1 —1I").

If : 0" — K is a characteristic map for the cell e then ¢|6Q" is called
an attaching map for e.

A subcomplex of a CW complex K is a subset L along with a subfamily
{eg} of the cells of K such that L = (] ¢; and each &, is contained in L. It
turns out then that L is a closed subset of K and that (with the relative topol-
ogy) L and the family {e;} constitute a CW complex. If L is a subcomplex
of K we write L < K and call (K,L) a CW pair. If e is a cell of K which does
not lie in (and hence does not meet) L we write e € K—L.

Two CW complexes K and L are isomorphic (denoted K ~ L) if there
exists a homeomorphism 4 of K onto L such that the image of every cell of
K is a cell of L. In these circumstances # is called a CW isomorphism. Clearly
h~!is also a CW isomorphism.

An important property of CW pairs is the homotopy extension property:

(3.1) Suppose that L < K. Given a map f:K— X (X any space) and a
homotopy f,:L — X such that f, = f|L then there exists a homotopy
F:K— X such that Fy=f and FJ|L=fJ|L, 0 <t < 1. (Reference:
[ScHUBERT, p. 197]). O

As an application of (3.1) we get
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(3.2) If L < K then the following assertions are equivalent:

) Ky L
(2) The inclusion map i:L < K is a homotopy equivalence.
(3) my(K,L) = 0 for all n < dim (K—L).

COMMENT ON PROOF: The implications (1) = (2) and 2) = (3) are
elementary. The implication (3) = (1) is proved inductively, using (3) and
the homotopy extension property to construct first a homotopy (rel L) of 1 K
to a map fy: K — K which takes K° into L, then to construct a homotopy
(rel L) of £y to f,: K — K such that fi(K!) = L, and so on. []

If K, and K; are CW complexes, a map f: Ko — K, is cellular if
S(K§) < K7 for all n. More generally, if (K,,L,) and (Ky,L,) are CW pairs,
a map f:(Ko,Lo) — (Ky,L,) is cellular if f(Ki U Ly) < (KU L)) for all n.
Notice that this does not imply that f|L,:Ly — L, is cellular. As a typical
example, suppose that I" is given a cell structure with exactly one n-cell and
suppose that f:I" — K is a characteristic map for some cell e. Then (1", orm
— (K, K"™') is cellular while f|8]" need not be cellular.

If f~ g and g is cellular then g is called a cellular approximation to f.

(3.3) (The cellular approximation theorem) Any map between CW pairs,

S:(Ko,Lo) — (Ky,Ly) is homotopic (rel. Ly) to a cellular map. (Reference:
[ScHUBERT, p. 198])). O

If 4 is a closed subset of X'and f: 4 — Y is a map then X U Y is the identi-
fication space [X @ Y / x = f(x) if x € A]. d

(3.4) Suppose that Ky < K and f:K, — L is a map such that, given any cell
e of K=Ky, f(e NKy) < L" ' where dime = n. Then ka)L is a CW

complex whose cells are those of K—K, and those of L. (More precisely the
cells of K ka L are of the form q(e) where e is an arbitrary cell of K—K, or

of L and q:K @ L — K U L is the identification map. We suppress q whenever
possible). [

Using (3.4) and the natural cell structure on K x I we get

B3.5) If f:K — L is a cellular map then the mapping cylinder M, is a CW
complex with cells which are either cells of L or which are of the form e x 0 or
e x (0,1), where e is an arbitrary cell of K. ]

Combining (1.2), (3.2) and (3.5) we have

(3.6) A cellular map f:K — L is a homotopy equivalence if and only if
M; K 0O

CW complexes 7
Cellular homology theory

If (K,L) is a CW npair, the cellular chain complex C(K, L) is defined by
letting C(K, L) = H(K"UL,K""' U L) and letting d,:C(K,L) - C,_ (K, L)
be the boundary operator in the exact sequence for singular homology of the
triple (K" UL, K" ' UL, K""2UL).

C.(K, L) is usually thought of as “the free module generated by the
n-cells of K—L”. To make this precise, let us adopt, now and forever,
standard orientations w, of I"(n = 0,1,2,...) by choosing a generator w, of
Hy(1°) and stipulating that the sequence of isomorphisms
Hy (14, 017 =220 H, (@I Y) <2 H, Q17 < H(I"I")
takes w,.; onto —w, (Here I"'=1""'x0). If :I">K is a
characteristic map for e, € K—L we denote {p,> = (p,)4(w,) Where (p,):
HI" 21"y - H (K" U L, K""! U L) is the induced map. Then the situation
is described by the following two lemmas.

(3.7) Suppose that a characteristic map o, is chosen for each n-cell e, of K—L.
Denote K; = K/ U L. Then

(a) Hj(Km Kn—l) =0 lf] #n

(b) H(K,, K,_,) is free with basis {{p,>|el e K—L}

(c) If c is a singular n-cycle of K mod L representing vy € H,(K,, K,_)
and if |c| does not include the n-cell e,, then n,, =0 in the expression
y =Y nlp,. (Reference: [G. W. WHITEHEAD, p. 58] and [SCHUBERT,

p. 300). OJ

A cellular map f:(K,L)—~(K',L) clearly induces a chain map
f+:C(K,L)y -~ C(K',L") and thus a homomorphism, also called f,, from
H(C(K,L)) to H(C(K",L"). Noting this, the cellular chain complex plays a
role in the category of CW complexes analogous to that played by the
simplicial chain complex in the simplicial category because of

(3.8) There is a natural equivalence T between the “‘cellular homology”
functor and the ‘“‘singular homology” functor. In other words, for every CW
pair (K,L) there is an isomorphism Ty ,: H(C(K,L)) — H(|K|, |L|), and for
every cellular map f:(K,L) — (K',L") the following diagram commutes
T
H(C(K,L) —— H(IK], |L])
A S
H(C(K',L)) — 5 H(K'], |L'])
The isomorphism Ty ; takes the homology class of a cycle Z n{@,,> € Cy(K, L)
onto the homology class of the cycle Z 1., € S|(K, L), where ¢, is a singular

chain representing{g,,>. (Reference: [G.W. WHITEHEAD, p. 65] and [SCHUBERT,
p.305). O
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(3.9) Suppose that f:K — L is a cellular map with mapping cylinder M 3
Then C(M/,K) is naturally isomorphic to the chain complex (€,6)—the
mapping cone” of fy: C(K) — C(L)—which is given by
%n = Cn—l(K) @ Cn(L)
an(-x‘l_y) = - n—l(x)+[f*(x)+d;,r(y)]a X € Cn—l(K)’ y € Cn(L)
where d and d' are the boundary operators in C(K) and C(L) respectively.

By “naturally isomorphic” we mean that, for each n, the isomorphism
constructed algebraically realizes the correspondence between n-cells of
M;—K and cells of K"™' U L" given by ¢" 1x(0,1) = ¢"~! and u" <> u"
(e tacellof K, u"acell of L).

PROOF OF (3.9): Let {e,} be the cells of K and suppose that characteristic
maps ¢, have been chosen. Then (Kx 7, Kx0) is a CW pair with relative
cells of the form e,x1 and e,x(0,1) possessing the obvious characteristic
maps @, and @,x1;. If dime, = n—1, let (> = ®u,14(w,-1) and
P X1 = (p,x1)s(w,) be the corresponding basis elements of
C(KxI,Kx0). In general, if ¢ = Z"K%) is an arbitrary element of

C,—1(K), set cxI = Zn‘(<%-‘> x I). In the product cell structure for I" we

have w, € C,(I") and (exercise—induction on # suggested) dw, = Y (=1
j=1

(1% @n—1 =1 0x0,—1) € C,_,(I") Where i;,:1""! - I" is the characteristic

map i;,(¢y,.. . ,t,=q) = (¢4, . Slij— 18t . t,—y), € = 0,1. This gives dw, =

Iy, 1%@n— 1 —1p 04wy~ 1 —(dw,_y xI). Interpreted in C(I",1""'x0) this be-

comes dw, = i, 14, —(dw,_, xI), and applying the chain map (@, % 1))

we get

d({@ey x 1) = Lp>=(d>,> xI) € C,_ (K x I, Kx0).
Let {us} be the cells of L, with characteristic maps ;. Then

9x:C(Kx I, Kx0) ® C(L) - C(M,K), and C(M 1K) has as basis—from
the natural cell structure of M s—the set

{ax(pa> x D)€, € K} U {9 p>lug e L},

Define a degree-zero homomorphism T: C(M 1K) —% by stipulating that
T(q4({pey x D) = <p,> and T(g,<$y>) = (y;>. Notice that (with the
obvious identifications) Tg,|C(Kx 1) = f,:C(K) - C(L) and Tq,(c x D=c
for all ¢ € C(K). Thus
Td[q4(<pe> x D] = Tq,d[{p,> x 1]

Tg«[{po> = (d<{p,> x I)]

= Tq:({@a>) — Tqx(d<p,> x I)

= falpe) —d{p,)

= Koy = 0T[gs({po> x 1]
It follows trivially that T is a chain isomorphism. (]

CW complexes ) 9
Covering spaces

We turn now to covering spaces. Connectivity of the base space will be
assumed throughout this discussion

(3.10) If K is a CW complex then K is locally contractible. Thus for any
subgroup G < =,(K) there is a covering space p: E — K such that p 4(m,E) = G.
In particular K has a universal covering space. (Reference: [SCHUBERT,
p.204). O

We define p: E — K to be a covering in the CW category provided that p
is a covering map and that E and K are CW complexes such that the image of
every cell of E is a cell of K. By a covering we shall always mean a covering
in the CW category if the domain is a CW complex. Nothing is lost in
doing this because of

(3.11) Suppose that K is a CW complex and p: E — K is a covering of K. Then
{¢,le. € K, &, is a lift of e, to E}

is a cell structure on E with respect to which E becomes a CW complex. If
®.:1" — K is a characteristic map for the cell e,, if &, is a lift of e, and if
1" = E is a lift of ¢, such that $,(x) € &, for some x € I", then ¢, is a
characteristic map for é,. (Reference: [SCHUBERT, p. 251]). [

(3.12) If p:E — K is a covering and f-K' — K is a cellular map which lifts to
iK' — E then [ is cellular. If fis a covering (in the CW category), so isf. O

Since a covering which is also a homeomorphism is a cellular isomorphism,
(3.12) implies that the universal covering space of K is unique up to cellular
isomorphism.

(3.13) Suppose that (K, L) is a pair of connected CW complexes and that
p:K —> K is the universal covering. Let L = pL If iy:im L =, m K is an
isomorphism then p|L: L—L is the universal covering of L. If, further,
Ky LthenK + L.

PROOF: Lis a closed set which is the union of cell)s of K (namely, the lifts of
the cells of L). Thus Lis a subcomplex of K. Clearly p|Lis a covering of L.
We shall show that, if i, is an isomorphism, L is connected and simply
connected. Notice that, by the covering homotopy property,
psim(K,L) ~ w(K, L) for all i > 1. To see that Lis connected, notice that
(K, L) = 0 since we have exactness in the sequence

(L) —> my(K) > my(K, L) — mo(L) —> mo(K).

Thus =, (K, L) = 0. Hence by the connectedness of K and the exactness of the
sequence

0 = m)K, L) - mo(L) > mo(K)

it follows that Lis connected.
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Lis 1-connected because of the commutativity of the diagram

mIl—<s7R=0

o,

m L —g—>7rlK

Hence p: L—> L is the universal covering.

Finally, K y L implies 7(K,L) = 0 and hence =(K, L) = 0 for all
i>1.Thus Ky Lby(3.2. O

(3.14) Suppose that f:K — L is a cellular map between connected complexes
such that fy:m K — L is an isomorphism. If K, L are universal covering

spaces of K, L and f: K — Lis a lift of f, then M 7 is a universal covering space
of M,.

Exercise: Give a counter-example when f,, is not an isomorphism.

PROOF OF (3.14): | if cellular and M\ L,soM 7 is a simply connected
CW complex. Let p: K~ K and p’: L— L be the covering maps. Define
a: Mz — M, by
afw, ] =[pw), ], O<t<l,wek
oz] = [p'(2)], zeL

If [w, 1] =[z] then jw) =z, so ofw, 1] = [p(w), 1] = [fp(w)] = [p’F(w)]
= [p’(2)]. Hence « is well-defined. It is clearly continuous. Notice that
«|(M;—L) = «|Kx[0,1) = px1;,, and «|L = p’. Thus «|M;—L) and
al Lare covering maps, and « takes cells homeomorphically onto cells.

Let B:M; — M, be the universal cover of M,, with R = B~Y(K),
L=pB""(L). By (313), BIL:L—~L is a universal covering. Since
f#:m K —m L is an isomorphism, so, by (1.2), is i, :m K =, M. Hence K
is simply connected, using (3.13) again. But clearly B|(M,—L):M,—L
— M;—L is a covering and (M, —L,K) = n(M,~L,R) = 0 for all i.
So M —L is simply connected and B|(M,—L) is a universal covering also.

Now let &: M; — M be a lift of «. By uniqueness of the universal covering
spaces of M;—L and L, &@ must take M;— L homeomorphically onto M,—L
and L homeomorphically onto L. Thus 4 is a continuous bijection. But it is
clear that & takes each cell e homeomorphically onto a cell &(e). Then 4 takes
e bijectively, hence homeomorphically, onto 4(e). The latter is just a(e)
because if ¢ is a characteristic map for e, dp is a characteristic map for a(e),
so that d(e) = dp(I") = &(2). Since M; and M, have the weak topology with
respect to closed cells it follows that & is a homeomorphism. Since f& = «
it follows that « is a covering map. [

Consider now the cellular chain complex C(K, L), where X is the universal
covering space of Kand L < K. Besides being a Z-module with the properties
given by (3.7) and (3.8), C(K,L) is actually a Z(G)-module where G is the
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group of covering homeomorphisms of K or, equivalently, the fundamental
group of K. We wish to explain how this richer structure comes about.

Recall the definition: If G is a group and Z is the ring of integers then
Z(G)—the integral group ring of G—is the set of all finite formal sums
Y nig:, n;€Z, g; € G, with addition and multiplication given by

Znigi + Zmigi = Z(ni+mi)gi
(Z nigi)'(z mjgj) = Z(nimj) (g:2)

One can similarly define R(G) for any ring R.

Let p: K — K be the universal covering and let G = Cov (K) = [the set of
all homeomorphisms 4: K — K such that ph = p]. Suppose that L < K and
L= p~'L. Each ge G is (3.12) a cellular isomorphism of K inducing, for
each n, the homomorphism g.:C,(K,L)— C,(K,L) and satisfying
dg, = g.d (where d is the boundary operator in C(K, L)). Let us define an
action of G on C(K,L) by g-c = g(c), (g€G, ceC(K L)). Clearly
d(g-c) = g-(dc). Thus C(R, L) becomes a Z(G)-complex if we define

(Z nigi)'c = Zni(gi'c) = Zni(gi)*(c)
The following proposition shows that C(K,L) is a free Z(G)-complex with a
natural class of bases.

(3.15) Suppose that p: K — K is the universal covering and that G is the group
of covering homeomorphisms of K. Assume that L < K and L= p~'L. For
each cell e, of K—L let a specific characteristic map @,:I" —~ K (n = n(a))
and a specific lift ,: 1" — K of @, be chosen. Then {{$,>|e, € K—L} is a basis
for C(K,L) as a Z(G)-complex.

PROOF: Let + = *, be a fixed point of I" for each n. For each y € p~ g (%),
let ¢, , be the unique lift of ¢, with ¢, (*) = y. Since p: R — K s the universal
covering, G acts freely and transitively on each fibre p~'(x). Thus each §,,,
is uniquely expressible as ¢,,, = g o @, for some g € G and {$, ,|y € p~ '@ (*)}
= {g - ¢,/g e G}. But, by (3.7) and (3.11), C(K,L) is a free Z-module with
basis

{<¢a,y>} = {<g°¢a>} = {g*<¢a>} = {g<¢a>}

where g varies over G and ¢, varies over the given characteristic maps for
K—L. Thus each c € C(K, L) is uniquely representable as a finite sum

¢ = Zni,a(gi'<¢a>)
= Z (Z "i,azgi) : <¢a>
=2 1{&:>, 1. € Z(G)

Therefore {{p.> e, is a cell of K—L} is a basis of C(R,L) as a Z(G)-module. O
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The fundamental group and the group of covering transformations

If we choose base points x € K and % € p~!(x) then there is a standard
identification of the group of covering transformations G with =, K = m (K, x).
Because of its importance in the sequel, we review this in some detail.

For each a:(I,) — (K,x), let & be the lift of « with &0) = %. Let g[,]:k —-K
be the unique covering homeomorphism such that 8ri(®) = a(1). We claim
that, if y € K and if w:(£,0,1) — (K,%,y) is any path, then

8ra(¥) = « * pw (1)

where pw is the composition of w and p, and “*” represents concatenation of
loops. To see this, note that of*\p'&(l) = p/c:(l) where p/c\u is the unique lift of
pw with ﬁc\u(O) = &(1). But g, (p%(0)) = 8t(®) = &(1), 50 gp,oPp@ is such a
lift. Hence pw = g[a]oﬁu and

&xpa(l) = g(pall)) = gry(y)-

The function § = 8(x,%):m, K — G, given by [«] - 8a)> 1S an isomorphism.
For example, it is a homomorphism because, for arbitrary [«], [8] € m K, we
have (by the preceding paragraph)

g[a](g[ﬁ](i)) = g[a](B(l))
P~
= axpf(1)
= (1)
= Zrars(®)
Hence gi,1° 8157 = 8paypp, since they agree at a point.

Suppose that p:K—>K and p’:L—L are universal coverings with

p(%) = x and p'(J) = y, and that Gx and G, are the groups of covering

transformations. Then any map fi(K,x) —(L,y) induces a unique map
J#:Gx — G, such that the diagram

I
Gy —X— G,
8(x,%) 8(».5)

m(Kx) —L s 7 (Ly)

commutes. (We believe that it aids the understanding to call both maps f,.)
This map satisfies

(3.16) If g € Gy and J«(K,%) — (L.$) covers f, then fy(g) o f = fog.
PROOF: Since these maps both cover f, it suffices to show that they agree at
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a single point—say X. So we must show that (f(2))(j) = fg(%). Lettingx be a
loop such that [«] corresponds to g under 6(x,%), we have

Je(®) = Ja(1)
= (foa)(1), since Ja(0) = § = fa(0)
= GO SAlD)F), where £ imy(Kox) - (L)
= (0D 0053~ YD)
= (f@)). O




Chapter 11

A Geometric Approach to Homotopy Theory

From here on all CW complexes mentioned will be assumed finite unless
they occur as the covering spaces of given finite complexes.

§4. Formal deformations

Suppose that (X, L) is a finite CW pair. Then K g L—i.¢., K collapses to
L by an elementary collapse—ift

(1) K=LuUe ' Ue wheree"and e" ! are notin L,

(2) there exists a ball pair (Q", 0"™') ~ (I", I""') and amap ¢: 0" - K
such that

(a) @ is a characteristic map for e"
(b) ¢|Q""! is a characteristic map for ¢" !
() (P""") = L"7*, where P""! = C1(8Q"— Q" V).

In these circumstances we also write L o7 K and say that L expands to K by an
elementary expansion. 1t will be useful to notice that, if (2) is satisfied for one
ball pair (Q", 0", it is satisfied for any other such ball pair, since we need
only compose ¢ with an appropriate homeomorphism.

Geometrically, the elementary expansions of L correspond precisely to
the attachings of a ball to L along a face of the ball by a map which is almost,
but not quite, totally unrestricted. For, if we set ¢, = @|P"~! in the above
definition, then @q:(P"™*, 8P"™") — (L"" !, L"~ %) and

(K.L)= (LY 0" L)

Conversely, given L, any map ¢o:(P"" !, 8P""') — (L"~!, L"~?) determines
an elementary expansion. To see this, set K = LU Q" Let o:L @ Q" — K
@Po

be the quotient map and define ¢(0""!) = ¢"~ !, ((3") = ¢". Then K =
Lue" ' Ue"isa CW complex and L ¢ K.
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" (4.1) If K x L then (a) there is a cellular strong deformation retraction

D:K — L and (b) any two strong deformation retractions of K to L are homo-
topic rel L.

PROOF. Llet K=Lue 'ue" By hypothesis there is a map
@o: 1" ' —L""! such that (K,L) = (qu’J I",L). But L;JI" is just the
0 0

mapping cylinder of ¢,. Hence, by (1.1) and its proof there is a strong defor-
mation retraction D:K — L such that D(e") = ¢o(/""') = L"~'. Clearly D
is cellular.
If D, and D,:K—L are two strong deformation retractions and
i:L < K then iD, ~ 14 ~ iDyrel L. So D, = D,iD, ~ D,iD, = D,. [
We write K™\ L (K collapses to L) and L » K (L expands to K) iff there
is a finite sequence (possibly empty) of elementary collapses

K=K, K, 5... « K, =L

A finite sequence of operations, each of which is either an elementary expan-
sion or an elementary collapse is called a formal deformation. If there is a
formal deformation from K to L we write KA L. Clearly then, L A K.
K and L are then said to have the same simple-homotopy type. If K and L have
a common subcomplex Kj, no cell of.which is ever removed during the
formal deformation, we write K 5 L rel K.

Suppose that K = Ky — K; — ... = K, = L is a formal deformation.
Define f;:K; — K, ; by letting f; be the inclusion map if K; & K;,, and,
(4.1), letting f; be any cellular strong deformation retraction of K; onto K
if K; ¢ K;+1. Then f'=f,_...f1fo is called a deformation. It is a cellular
homotopy equivalence which is uniquely determined, up to homotopy, by
the given formal deformation. If K’ < K and f=f,_;...fo:K—L is a
deformation with each f;|K’ = 1 (so K L rel K’), then we say that f is a
deformation rel K'.

Finally, we define a simple-homotopy equivalence f: K — L to be a map
which is homotopic to a deformation. f'is a simple-homotopy equivalence rel K’
if it is homotopic, rel K’, to a deformation rel K.

Some natural conjectures are

(@) If /K — L is a homotopy equivalence then f is a simple-homotopy
equivalence.

(II) If there exists a homotopy equivalence from K to L then there exists
a simple-homotopy equivalence.

In general, both conjectures are false.®> But in many special cases (e.g., if
m,L = 0 or Z (integers)) both conjectures are true. And for some complexes
L, (I) is false while (II) is true.

In the pages ahead, we shall concentrate on (I)—or, rather, on the
equivalent conjecture (I') which is introduced in §5. Roughly, we will follow
WHITEHEAD's path. We try to prove that (I) is true, run into an obstruction,

3 See (24.1) and (24.4).
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get some partial results, start all over and algebraicize the theory, and finally

end up with a highly sophisticated theory which is, in the light of its evolution,
totally natural.

Exercises :

4.A. If K L then any given sequence of elementary collapses can be
reordered to yield a sequence K = K, K ...K, =L with
Ki=K Ve ve " whereny >n > ... > Mgy

4.B. If K is a contractible 1-dimensional finite CW-complex and x is any
O-cell then K ™\ x.

4.C. If K™\ x for some x € K° then K \x y forall y € K°.

4.D. If KL then there are CW complexes P and L’ such that
K ~ P L' = L. (In essence: all the expansions can be done first.)

§5. Mapping cylinders and deformations

In this section we introduce some of the important facts relating mapping
cylinders and formal deformations. The section ends by applying these facts
to get a reformulation of conjecture I of §4.

(5.1) Iff:K — L is a cellular map and if K, < K then M Mk,

PROOF: Let K = K, Ue, U ... Ue, where the e; are the cells of K—K,
arranged in order of increasing dimension. Then K; = KyVe U...uUeg
is a subcomplex of K. We set M, = Mk, and claim that M,y M,_, for
all i. For let ¢; be a characteristic map for e; and let g:(K;xI) ® L - M,
be the quotient map. Then M, =M;_,Ue U(e;x(0,1) and
g e (p:x1):I"xI— M, is a characteristic map for (e; % (0, 1)) which restricts
on I x0 to a characteristic map for e;. Clearly the complement of /™ x0in
o(I"xI) gets mapped into M it1. Hence M, M;_,. Therefore
M My, O

Corollary (5.1A): If f: K — L is cellular then M sNLoO

Corollary (5.1B): If K, < K then (KxI) N (KoxI) U (Kxi), i =0
orl.

Corollary (5.1C): If K, < vK and’K is the cone on K then vK vKy. O

Since we shall often pass from given CW complexes to isomorphic com-
plexes without comment, we give the following lemma at the very outset.

(5.2): (2) If (K, Ky, K3) is a triple which is CW isomorphic to (J, J,, J,) and if
K NKrel K, thenJ N J, rel J,.

(®) If K, K, and L are CW complexes with L < K, and L < K, and if
h:K, — K, is a CW isomorphism such that h|L =1 then Ky N K, rel L.
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PROOF: (a) is trivial and we omit the proof. To prove (b) it suffices to
consider the special case where (K, —L) N (K,—L) = . For if this is not the
case we can (by renaming some points) construct a pair (K, L) and iso-
morphisms h;:K — K;, i =1,2, such that (K—L) N(K;—L) = & and
such that 4;|L = 1. Then, by the special case, K; A K A K, rel L.

Consider the mapping cylinder M,. By (5.1),

M, My, = (LxI)U (K, x 1),

and, & being a CW isomorphism, the same proof can be used to collapse from
the other end and get M, (L x 1)U (K, x0). Now let /7, be gotten from
M, by identifying (x,#) = x if xeL, 0 <t < 1. Since (Ky=L)n (K,-L)
= (&, we may (by taking an appropriate copy of #7,) assume that K, and K,
themselves, and not merely copies of them are contained in the two ends of
M,. Then the collapses of M, (rel Lx I ) may be performed in this new context,
since* M, — (L x I) is isomorphic to M, —L, to yield K, » i, Kyrel L. [

If we let f:L x I — L be the natural projection, the argument in the last
sentence is a special case of:

(5.3) (The relativity principle.) Suppose that L, < K and fiL,—~L, isa
cellular map. If K N J rel L,, then K ka LynJ k; L, rel L, (by the “‘same”

sequence of expansions and collapses).
REMARK: In forming K LjJ L,andJ }J L, one uses a “copy” of L, disjoint

from K and J. By (5.2a) it doesn’t matter which copy. In particular if £ is an
inclusion map we have as corollary:

(5.3): Suppose that K\ L, and J U L, are CW complexes, with subcomplexes
K, L, and J, L, respectively, and suppose that KN L, =JNL, = L. If
KnJrelLythen KOUL, N JUL,relL,.

PROOF of (5.3): Suppose that K = Ky - K; — ... — K, = Jis a sequence
of elementary deformations rel L,. Let ¢;:K;® L, — K, kf) L, be the

quotient maps (0 < i < p). If K;,; /K, = K;,, Ue" ' Ue" andp:I" > K,
is a characteristic map for e" restricting to a characteristic map o|I"" ! for
e"! then ¢;p and g,(¢|I""") are characteristic maps for g,(¢") and gie" ™Y,
since ¢;|K;—L, is a homeomorphism and f is cellular. Thus

(Kis1 Y Ly) 7 (K; }J Ly) = (Kix4 \} L) Vgle"™ ) U gye”).

The result follows by induction on the number of elementary deformations. [

(54) If f: K — L is a cellular map and K x K, then M, KU M,

PROOF: Suppose that K =K, ¢ K,_;\ ... \(K,. For fixed i let
Kivy = K;U ("7 U e™) and let @:(I", 1" 1) — (¢", ¢*~ ) be an appropriate

4 This is spelled out in the next proof.
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characteristic map. Then

KU Mg, = KU Mg, U™ x(0,1) U e x(0, D).

Then, ¢ being the quotient map, go (px 1):(I"xL I"" ' xI) > KU Myx,,,
gives characteristic maps for these cells and meets the specifications for an
elementary collapse. Hence KU M., s KU Mg . The result follows
by induction. [

(5.5) If f, g: K — L are homotopic cellular maps then M, p M rel KU L.

PROOF: Let F:KxI— L be a-homotopy with F, = fand F, = g. By the
cellular approximation theorem we may assume that F is cellular. Then,
by (5.4),

Mp, U (KxI) 0 Mp™ Mg U (KxI)

since (KxI) Kxi(i =0,1). Now let m:KxI— K be the natural pro-
jection and let M = Mg Y K. By the relativity principle (5.3) the above
deformation gives

My o M MyrelKUL. [

(5.6) If /K, — K, and g:K, — K; are cellular maps then My N MU M,
rel (K, U K3) where MU M, is the disjoint union of M; and M, sewn
together by the identity map on K.

PROOF: Let F = gp: M; — K; where p: M; — K, is the natural retraction.
Then F is a cellular map, F|K; = gf, and F|K, = g. Since M, K, by
(5.1A), it follows from (5.4) that My M, U M,. On the other hand, since
K, < M,, (5.1) implies that My M, Thus M, » Mg M;U M,
where all complexes involved contain K, U K;. [
More generally we have

.7 If K, 'f—l>K2—£z—> -ffi+ K, is a sequence of cellular maps and
f=fpo1 ... fithen Mg\ My O Mg, U ...UM, rel (K, UK,), where
this union is the disjoint union of the M ; with the range of one trivially identi-
fied to the domain of the next.

PROOF: This is trivial if ¢ = 2. Proceeding inductively, setg = f,_; ... f3/2
and assume M, A M, U ...UM,  rel(K;UK). Then by (5.6) and
539
My= M, N Mg UM rel K UK,
NMy O Mg, UM, ) rel My VK, O

(5.8) Given a mapping f: K — L, the following are equivalent statements:
(a) fis a simple-homotopy equivalence.
(b) There exists a cellular approximation g to f such that M, ) K, rel K.
(c) For any cellular approximation g to f, M, n K, rel K.

Ed

P
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PROOF: (a) = (b): By the definition of a simple-homotopy equivalence,
there is a formal deformation

K=Ky—~K, —~...>K, =L

such that f is homotopic to any deformation associated with this formal
deformation. Let g =g,-1...8:8 be such a deformation, where

g::K; — K;,. Notice that, for all i, M,,x dom g; = K.
For if K; s K;.,, then

My, = (Kix DY Kiw i N (Ko D)X (Kix0) = K,
and if K; \q K., then, by (5.4)

My N Mg, YK = (K x DU (Kix0) N K x0 = K,
Thus
M,n M V...UM, _ rel K, by (5.7)
N M, UL UM, )N N M N Ky = K

(b) = (c): Suppose that g is a cellular approximation to f such that
M, n Krel K and that g’ is any cellular approximation to f. Then, by (5.5),
My N Myn Krel K

(c) = (a): Let g be any cellular approximation to f. By hypothesis M, A K,
rel K. Thus the inclusion map i:K < M, is a deformation. Also the collapse
M, L determines a deformation P: M, — L. Since any two strong deforma-
tion retractions are homotopic, P is homotopic to the natural projection
p:M,—L. So f =~ g =pi~ Pi= deformation. Therefore f is a simple-
homotopy equivalence. [

(5.9) (The simple-homotopy extension theorem). Suppose that X < K, < K
is a CW triple and that f:K, — L, is a cellular simple-homotopy equivalence
such that flX=1. Let L = KLfJ Ly. Then there is a simple-homotopy

equivalence F:K — L such that F|K, = f. Also K N\ L rel X.

PROOF: Llet F:K—L be the restriction to K of the quotient map
K®Ly—L. Then My = (le)\: M, where q:Kox1— M, is also the

restriction of a quotient map. But Kx 7 (K, xI) U (Kx0), so
Mg MU (Kx0) = M, UK, by (5.3)
A Krel K, by (5.8) and (5.3").

Clearly F|K, = fand, by (5.8) again, F is a simple-homotopy equivalence.
The last assertion of the theorem is true because

KNMpN Mpy = (XxIUL) 7 LxIN Lx0=L
and this is all done rel X = Xx0.5 [J

5 The reader who is squeamish about “L x 0 = L’ may invoke (5.2b).
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In the light of (5.8), Conjecture (I) of §4 is equivalent to

@): If (X, Y)isa CW pair and X + Y then XN YvrelY.

For, assuming (I'), suppose that f: K — L is a cellular homotopy equivalence.
By (1.2), M, » K. Hence by (I'), M, o K rel K; and by (5.8) f is a simple-
homotopy equivalence, proving (I). Conversely, assuming (I), suppose that
Xy Y—ie,:Y< Xis a homotopy equivalence. Then by (I), i is a (cellular)
simple-homotopy equivalence, so (5.8) implies that M, 5 Y rel Y. Therefore

X =Xx0 XxI=M N\ M;\Yrel Y,

proving (I').
We turn our attention therefore to Conjecture (I') and (changing nota-
tion) to CW pairs (K, L) such that K 2y L.

§6. The Whitehead group of a CW complex®

For a given finite CW complex, L, we wish to put some structure on the
class of CW pairs (K, L) such that K 3 L. We do so in this section, thus
giving the first hint that our primitive geometry can be richly algebraicized.

If (K,L) and (K',L) are homotopically trivial CW pairs, define
(K,L) ~(K', L) iff K o K’ rel L. This is clearly an equivalence relation and
we let [K, L] denote the equivalence class of (K, L). An addition of equivalence
classes is defined by setting

[Ka LI+[K, L] = [I<kLJ K, 1]

where K Y K’ is the disjoint union of K and K’ identified by the identity map

on L. {By 5.2 it doesn’t matter which “disjoint union of K and K’
identified . . . we take. Also by (5.2) the equivalence classes form a set,
since the isomorphism classes of finite CW complexes can easily be seen to
have cardinality < 2¢.} The Whitehead group of L is defined to be the set of
equivalence classes with the given addition and is denoted Wh(L).

(6.1) Wh(L) is a well-defined abelian group.

PROOF: A strong deformation retraction of K to L and one of K’ to L
combine trivially to give one of K Y K’ to L. Thus [K‘zl K’, L] is an element
of Wh(L) if [K,L] and [K’, L] are. Moreover, if [K, L] =[J, L], then
KkL) K' A Jklf K’ rel L by (5.3"), so [K Y K, L] = [JLI:! K’, L). Similarly, if

[K’, L) =[J, L], then [‘IY K, L =[J YJ’, L]. Thus the addition is well
defined.

6 The viewpoint of this section has recently been arrived at by many people indepen-
dently. It is interesting to compare [Stcker], [Siebenmann], [Farrell-Wagoner], [Eckmann-
Maumary] and the discussion here.
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That the addition is associative and commutative follows from the fact
that the union of sets has these properties.

The element [L, L] is an identity, denoted by 0.

If [K, L] e Wh(L), let D:K — L be a cellular strong deformation retrac-
tion. Let 2M), consist of two copies of the mapping cylinder M p» identified by
the identity on K. Precisely, let 2M), = Kx[—1, 1] with the identifications
(x, =1) = (D(x), —=1) and (x,1) = D(x) for all xe K. We claim that
[2Mp, L] = —[K, L].

Lx(=1)

A picture of

ZMD\I__;I(; Kx0

Proof of the claim:
My, L1+[K, L] = [2M} Y K, L]
= [(MD\gK)UMb,L]
=[MpUM), L] where i:LS K.
[But iD ~ 1y, s0 by (5.5), M;p A KxIrel (Kx 0) U K. So by (5.3") we have]
= [KxIU M}, L]
=[LxIUMp L] since KxIN (LxIuKx0)
=[Lx[-1,1],L] since Mp Lx[-1,0]
=[L,L]=0 since Lx[—1,1]N L=Lx]l.

In pictures, these equations represent

7
" N\ N\

25 A —

This completes the proof. [
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If f:L, — L, is a cellular map, we define f,: Wh(L,) — Wh(L,) by

fu lK Li] = K'Y My, L] Jo K L] = [K Ly, Ly]

K

L
! or

L,
L,

These definitions are equivalent because the natural projection p: M, - L,
is a simple-homotopy equivalence with p|L, = 1 which, by (5.9), determines
the deformation

(Mf\LJ]K)/&(Mf\LJ‘K)\;jLz = K&;Lz,rele.

It follows directly from the second definition that f, is a group homo-
morphism. From the first definition and (5.6) it follows directly that
8xfx = (gf)s. Leaving these verifications to the reader we now have

(6.2) There is a covariant functor from the category of finite CW complexes and
cellular maps to the category of abelian groups and group homomorphisms
given by L Wh(L) and (f:L, = Ly)— (fyx: Wh(L,) — Wh(L,)). Moreover
if f~ g then fy = gu.

PROOF: The reader having done his duty, we need only verify thatif f ~ g
then f, = g,. But this is immediate from the first definition of induced map
and (5.5). O

We can now define the forsion =(f) of a cellular homotopy equivalence
SfiLy —L, by

(f) = fulM;, L] = [M, i}, M, L) e Wh(L,).

A great deal of formal information about Whitehead groups and torsion
can then be deduced from the following facts (exercises for the reader):

Fact 1:1f K, L and M are subcomplexes of the complex K U L, with
M =KnNL and if K1y M then [KU L, L] = j,[K, M] where j:M — L
is the inclusion.

Fact 2: If K+ Ly M and i: M — L is the inclusion then [K, M]
= [L, M]+(i) (K. L] .
However it seems silly to extract this formal information when we cannot
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do meaningful computations. Conceivably every Wh(L) is 0 and this entire
discussion is vacuous. Thus we shall delay drawing out the formal con-
sequences of the preceding discussion until §22-§24, by which time we will
have shown that the functor described in (6.2) is naturally equivalent to
another functor—one which is highly non-trivial.

Finally we remark that the entire preceding discussion can be modified to
apply to (and was developed when the author was investigating) pairs (K, L)
of locally finite CW complexes such that there is a proper deformation
retraction from K to L. The notion of “elementary collapse” is replaced in
the non-compact case by “‘countable disjoint sequence of finite collapses”.
For a development of the non-compact theory see [SIEBENMANN] and
[FARRELL-WAGONER]. Also the discussion in [ECKMANN-MAUMARY] is valid
for locally finite complexes. Finally, the author thinks that [COHEN, §8] is
relevant and interesting.

§7. Simplifying a homotopically trivial CW pair

In this section we take a CW pair (K, L) such that X 1, L and simplify it
by expanding and collapsing rel L. We start with a lemma which relates the

simple-homotopy type of a complex to the attaching maps by which it is
constructed.

(71) If Kb =LUe, and K, = LUe, are CW complexes, where the
e; (i = 0,1) are n-cells with characteristic maps ¢;:1" — K; such that y|o1"
and @, |0I" are homotopic maps of 81" into L, then Ky N K, rel L.

PROOF: We first consider the case where e Ne, = & and, under this
assumption, give the set L U ¢, U e, the topology and CW structure which
make K, and K, subcomplexes.

Let F:ol"xI — L with F; = ¢;|¢I" (i = 0, 1). Give éI" a CW structure
and dI"x I the product structure. Then, by the cellular approximation
theorem (3.3) the map F:(81"x 1, 81" x {0, 1}) — (L, L"~') is homotopic to a
map G such that G|oI"x {0, 1} = F|oI"x {0, 1} and G(¢I"xI) < L". Define
@:o(I"x1)—> (LU ey e,)" by setting

lol"x I = G, olI"x {i} = ¢, i=0,1.
We now attach an (n+1)-cell to L U ey U e, by ¢ to get the CW complex
K=(LuVe, Ue,)hJ(I"xl).
Since @|/" x {i} is a characteristic map for e; we have

Koy=LUey #» K yLUe, = K, rel L.

If egNe, # &, construct a CW complex K = L Ué, such that
éoN (e Ve) = and such that é, has the same attaching map as e,.
Then, by the special case above, Ko A Ko A Ky, rel L. [0
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As an example, (7.1) may be used to show that the dunce hat D has the

same simple-homotopy type as a point. D is usually defined to be a 2-simplex
A? with its edges identified as follows

>3
<

Now D can be thought of as the 1-complex dA? with the 2-cell A2 attached
to it by the map @: 9A% — 8A? which takes each edge completely around the
circumference once in the indicated direction. Since this map is easily seen to
be homotopic to 1,2,

D = (307 Y A% p (9A7 Y A%) = AN 0,

See [ZEeMAN] for more about the dunce hat.
Before proceeding to the main task of this section we give the following
useful consequence of (7.1), albeit one which will not be used in this volume.

(7.2) Every finite CW complex K has the simple-homotopy type of a finite
simplicial complex of the same dimension.

SKETCH OF PROOF: We shall use the following fact [J. H. C. WHITEHEAD

3§15)]

(#) If J; and J, are simplicial complexes and f:J, —J, is a simplicial map
then the mapping cylinder M, is triangulable so that J, and J, are
subcomplexes. ’

If K is a point the result (7.2) is trivial. Suppose that K = L U " where ¢"
is a top dimensional cell with characteristic map @:I" — K. Set ¢, = ¢|9I".
By induction on the number of cells there is a simple-homotopy equivalence
Jf:L — L’ where L' is a simplicial complex. So, by (5.9),

K=LUe"NKUL =L U I
f foo

Triangulate dI" and let g:9I" — L’ be a simplicial approximation to fep,.
Then (7.1) implies that

L'y I"ANL U I
feoo g
Now L’ Y I" can be subdivided to become a simplicial complex as follows.

Consider 1" as I\ (9I"xI) where IJ is a concentric cube inside I" and
oI = a1"x0. Then |L’ Y I"l = |M, U I§|. If M, is triangulated according

to () and /3 is triangulated as the cone on /7 we get a simplicial complex K’
with |K'| = |L’ Y I"|. Tt is a fact that

L g'J I"\NK',rel L.

Simplifying a homotopically trivial CW pair 25

This can be proved by an ad-hoc argument, but it is better for the reader to
think of it as coming from the general principle that “subdivision does not
change simple-homotopy type”, which will be proved in §25. Thus we
conclude that K A K % L' NL'VUI" N K = simplicial complex. [

We now give the basic construction in simplifying a CW pair—that of
trading cells.

(71.3) If (K, L) is a pair of connected CW complexes and r is an integer such that
(@) 7(K,L) =0

ke ke kn
®K=Lvu() gul)gu...u (] e
i<1 iZ1 iZ1
Then K N M rel L where M is a CW complex of the form

kr+1 krtker+2 kr+3 kn
m=ro U oY e (Yoo On)

i=1 i=1 i=1 i=1

[Here the e/ and £ denote j-cells.]

PROOF: Let ¢[:I"— K be a characteristic map for &,(i= 1,2, ..., k,).
So @21y = K™™' =L'"' and ¢}:(I", aI") - (K, L). Since m(K,L) =0
there is a map F;:I'*! — K such that

F|I'x0 = o
FloI'xt = gloI', 0<t<l
F(I'x1) < L.

We may assume that, in addition,

F3(31'+1) < K
and
Fi(1r+l) P K'+1.

This is because, if F; did not have these properties, we could use the cellular
approximation theorem as follows. First we would homotop F;|oI"*?,
relative to (1" x0) U (81" x I), to a map G, with G,(I" x 1) < L". By the homo-
topy extension property, G; would extend to a map, also called G, of I't!
into K. Then G;:I'*! — K could be homotoped, relative to aI"*!, to
H;:I'*' - K™™', and H; would have the desired properties.

Let P = Ky Ir+? I rzy ... }kJ I'*% and let ¢;:I"*2 - P be the

identification map determined by the condition that ¢;|I"*!x0 = F,.
Recalling that J™ = Cl1(aI™*! —I™), we set

E*? =y (I'*?) and E7*' =y, 1<ic<k,

Then, by definition of expansion,

K P=KulJE*2







