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Remember Rolle's theorem
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Multiple roots are harder to see

If p has a root so does p2

but small perturbation p
R 25790 spbd.io
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terms of instability of roots

This is a serious practical
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STURM'S THEOREM

Better approach
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KEY PROPERTIES

So do the same for P with multiple

roots
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SYLVESTER's THEOREM

SEIDENBERG's METHOD

Reduce to existence of real points on

varieties Generali're the following

method from plane curves
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Use a resultant to

get a 1 variable equation for
solve with Sturm






































































































































WHAT CAN GO WRONG
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THIS ENABLES ELIMINATING VARIABLES

ONE AT A TIME

WORTH PAUSING To THINK ABOUT

THE COMPLEXITY OF THIS ALGORITHM
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Sylvester theorem
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BACK To REAL ORDERED FIELDS
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Can we be quantitative

What is the truth about

these algorithmic questions
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Here is the lovely ten Lang theorem

Chevalley Warning is that

Finite fields are Cz



Chevalley–Warning theorem
In number theory, the Chevalley–Warning theorem implies that certain polynomial equations in
sufficiently many variables over a finite field have solutions. It was proved by Ewald Warning (1935)
and a slightly weaker form of the theorem, known as Chevalley's theorem, was proved by
Chevalley (1935). Chevalley's theorem implied Artin's and Dickson's conjecture that finite fields are
quasi-algebraically closed fields (Artin 1982, page x).

Statement of the theorems

Proof of Warning's theorem

Artin's conjecture

The Ax–Katz theorem

See also

References

External links

Let  be a finite field and  be a set of polynomials such that the number of
variables satisfies

where  is the total degree of . The theorems are statements about the solutions of the following
system of polynomial equations

Chevalley–Warning theorem states that the number of common solutions  is
divisible by the characteristic  of . Or in other words, the cardinality of the vanishing set of 

 is  modulo .

Chevalley's theorem states that if the system has the trivial solution , i.e. if the
polynomials have no constant terms, then the system also has a non-trivial solution 

.

Contents

Statement of the theorems



Chevalley's theorem is an immediate consequence of the Chevalley–Warning theorem since  is at
least 2.

Both theorems are best possible in the sense that, given any , the list  has total
degree  and only the trivial solution. Alternatively, using just one polynomial, we can take f1 to be
the degree n polynomial given by the norm of x1a1 + ... + xnan where the elements a form a basis of
the finite field of order pn.

Warning proved another theorem, known as Warning's second theorem, which states that if the
system of polynomial equations has the trivial solution, then it has at least  solutions where  is
the size of the finite field and . Chevalley's theorem also follows directly from this.

Remark: If  then

so the sum over  of any polynomial in  of degree less than  also vanishes.

The total number of common solutions modulo  of  is equal to

because each term is 1 for a solution and 0 otherwise. If the sum of the degrees of the polynomials 
is less than n then this vanishes by the remark above.

It is a consequence of Chevalley's theorem that finite fields are quasi-algebraically closed. This had
been conjectured by Emil Artin in 1935. The motivation behind Artin's conjecture was his
observation that quasi-algebraically closed fields have trivial Brauer group, together with the fact that
finite fields have trivial Brauer group by Wedderburn's theorem.

The Ax–Katz theorem, named after James Ax and Nicholas Katz, determines more accurately a
power  of the cardinality  of  dividing the number of solutions; here, if  is the largest of the ,
then the exponent  can be taken as the ceiling function of

Proof of Warning's theorem

Artin's conjecture

The Ax–Katz theorem



The Ax–Katz result has an interpretation in étale cohomology as a divisibility result for the
(reciprocals of) the zeroes and poles of the local zeta-function. Namely, the same power of  divides
each of these algebraic integers.
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