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1. Introduction

If M is an n-dimensional manifold endowed with a Riemannian metric g, then its scalar curvature x: M — R satisfies
the property that, at each point p € M, there is an expansion

k(p) 2
Voly(B:(p)) = Volgn(B,(0)) (1 6nt2)" + - )

for all sufficiently small ¢ > 0. A complete Riemannian metric g on a manifold M is said to have uniformly positive scalar
curvature if there is a fixed constant xo > 0 such that «(p) > «o > O for all p € M. For compact manifolds, obstructions
to such metrics are largely achieved in one of two ways: (1) the minimal hypersurface techniques in dimensions at most
7 by Schoen-Yau [40] and in dimension 8 by Joachim and Schick [24]; (2) the Dirac index method for spin manifolds by
Atiyah-Singer and its generalizations by Connes-Moscovici, Hitchin, Gromov, Lawson, Roe and Rosenberg, among others.

In the realm of noncompact manifolds it is now well recognized that the original approach by Gromov-Lawson [19] and
Schoen-Yau [40], which proves that no compact manifold of nonpositive sectional curvature can be endowed with a metric
of positive scalar curvature, is actually based on a restriction on the coarse quasi-isometry type of complete noncompact
manifolds. Connes and Moscovici [10] develop a higher index theory that proves that any aspherical manifold whose
fundamental group is hyperbolic does not have a metric of positive scalar curvature. Roe [33] subsequently introduces
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a coarse index theory to study positive scalar curvature problems for noncompact manifolds. Block and Weinberger [4]
investigate the problem of complete metrics for noncompact symmetric spaces when no quasi-isometry conditions are
imposed. They prove that, if G is a semisimple Lie group with maximal compact subgroup K and irreducible lattice I", then
the double quotient M = I'\G/K can be endowed with a complete metric of uniformly positive scalar curvature if and
only if I is an arithmetic group with rankg ™ > 3. This theorem includes, in light of the work of Borel and Harish-Chandra
[5], previous results of Gromov-Lawson [19] in rational rank 0 and 1. In the case when the rational rank exceeds 2, Chang
proves that any metric on M with uniformly positive scalar curvature fails to be coarsely equivalent to the natural one [6].

The Gromov-Lawson-Rosenberg conjecture states that a closed spin manifold M" with n > 5 has a metric of positive
scalar curvature if, and only if, its Dirac index vanishes in KO.(C;x ), where m = m1(M). While this conjecture is known
to be false in general, it has been verified in number of cases. To study compact manifolds (M, dM) with boundary with
respect to a positive scalar curvature metric that is collared at the boundary, one would ideally like to produce a C*-algebra
that encodes information about both 71(M) and 7r1(dM). In this paper we show that such an algebra can be constructed
with the appropriate properties, and apply it to obtain information about noncompact manifolds.

In the first section, we use the notion of localization algebras [47] and generalized asymptotic morphisms to define a
relative group C*-algebra C}; . (m1(M), m1(dM)) along with a homomorphism

Mmax: KO(M, OM) — KO*(C;M(JH(M), m1(0M)))

which we call the maximal relative Baum-Connes map. The usual Baum-Connes conjecture has many different guises, the
simplest of which is that the Baum-Connes map KO (EI") — KO,(C'I") is an isomorphism. The classical Strong Novikov
conjecture states that the Baum-Connes map is injective. One may similarly hope that the map e above is an injection
if M and dM are both aspherical. In line with the compact case, we show that, if M has a metric of positive scalar curvature
that is collared near the boundary, then the relative index of the Dirac operator in KO.(M, dM) belongs to the kernel of
Wmax- In this section, we also formulate a relative Gromov-Lawson-Rosenberg conjecture for manifolds with boundary,
which is a converse to the above statement. We prove that the relative Gromov-Lawson-Rosenberg conjecture holds for
torsion-free amenable groups satisfying certain conditions on their cohomological dimensions.

In the next sections, we offer a new index theory for noncompact manifolds with so-called admissible exhaustions. We
combine this theory with the machinery built in the first part of the paper to give various geometric applications: we
first construct a noncompact manifold M with an exhaustion | J:=,(M;, dM;) by compact submanifolds (of codimension 0)
with boundary such that each (M;, dM;) has a metric of positive scalar curvature collared at the boundary, but M itself
has no metric of uniformly positive scalar curvature. Next, we construct a noncompact manifold N whose space PS(N) of
uniformly positive scalar curvature metrics has uncountably many connected components.

A companion paper [7] will use the techniques of this paper and more complicated topology to obtain a contractible
manifold that has a positively curved exhaustion, but no metric of positive scalar curvature.

The authors are grateful to the University of Chicago, the Shanghai Center for Mathematical Sciences and the
Mathematical Sciences Research Institute for hosting their stays when the research for this paper was conducted. The
authors thank John Roe and Jonathan Rosenberg for useful comments and conversations. They also thank Eric Hilt and
Phil Hirschhorn for help in document formatting. Finally the authors wish to thank the referee for many useful suggestions
which helped to improve the exposition of this article.

2. The relative group C*-algebra and the relative Gromov-Lawson-Rosenberg conjecture

In this section, we introduce the concept of relative group C*-algebras and formulate a relative version of the Gromov-
Lawson-Rosenberg conjecture. The K-theory of the relative group C*-algebras serves as the receptacle of the relative
higher index of the Dirac operators.

In this paper all C*-algebras are real. We deal only with metric spaces X that are locally compact and uniformly
metrically locally simply connected; i.e. for all ¢ > 0 there is &’ < & such that every ball in X of radius &’ is simply
connected.

If G is a discrete group, denote by C;(G) and C;;,,.(G) the usual reduced and maximal real C*-algebras of G, respectively.
Let Y C X both be compact (metric) spaces. We wish to define a Baum-Connes map from the relative KO-homology
group KOZ(X , Y) to the KO-theory of some relative C*-algebra encoding the fundamental groups of both Y and X and the
homomorphism between them. Here we assume that both X and Y are path connected. Let ¢: C;\, (m1(Y)) = C: (m1(X))
be the map induced by the homomorphism j,: 71(Y) — m1(X). Consider the mapping cone C*-algebra of ¢ given by

Cp.max = {(a,f):f € Co([0, 1), Crgy(1(X))), a € Crgy(1(Y)), £(0) = p(a)}.
Define C_ (7r1(X), m1(Y)) to be the seventh suspension S7C¢,max of Cy, max. i.€. C¢$max®Co(JR7), where Cy(R7) is the C*-algebra

max

of continuous real-valued functions on R” which vanish at infinity. The seventh suspension is chosen because KO-theory

is eight-periodic. We call this algebra the maximal relative group C*-algebra of (7r1(X), 71(Y)). If in fact the homomorphism
J« is an injection, we can define a reduced relative C*-algebra C},,(71(X), w1(Y)) in the same way.

If M is a metric space, we say that a Hilbert space H is an M-module if there is a representation of the continuous

functions Cy(M) in H, that is, a C*~-homomorphism Cy(M) — B(H), the algebra of bounded operators on H. We will say

that an operator T : H — H is locally compact if, for all ¢ € Co(M), the operators Tg and ¢T are compact on H. We define
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the support, Supp(¢), of ¢ € H as the complement of the largest open subset U € M such that, if f € Co(M) and f is
supported on U, then f¢ = 0. An operator T: H — H on an M-module H has finite propagation if there is R > 0 such that
¢Ty = 0 whenever ¢, ¥ € Co(M) satisfy d(Supp(¢), Supp(¥)) > R. The smallest such R is called the propagation of T,
denoted by prop(T).

Recall that a locally compact metric space Z is said to have bounded geometry if there is a discrete subset Y C Z such
that (1) Y is c-dense for some ¢ > 0, i.e. d(z,Y) < c for all z € Z; (2) for all r > O there is N in the natural numbers such
that, for all p € Y, we have #{y € Y:d(y, p) < r} < N. In the remainder of the article, we assume that all spaces have
bounded geometry.

Definition 2.1. Let Z be a locally compact metric space. Let H be a Hilbert space and B(H) the algebra of bounded operators
on H.

(1) Denote by R(Z) the Roe algebra, i.e. the algebra of locally compact, finite propagation operators on some ample

Z-module H. Here a Z-module is called ample if p(f) is not a compact operator for any non-zero f € Cy(Z), where

p:Co(Z) — B(H) is the x-homomorphism in the definition of Z-module H (see Roe [33, Definition 4.5]).

Denote by C},(Z) and ;. (Z) the completions of R(Z) with respect to the reduced and maximal norm completions,

respectively. Here we define the maximal norm in the following way. If a € R(Z), then let ||a||mex = supy, [[¥(a)l,

where the supremum is taking over all x-homomorphisms v : R(Z) — B(W), where W is real Hilbert space. By the

bounded geometry assumption, the quantity | a||qx is finite by Gong-Wang-Yu [17, Lemma 3.4]. Note that, if Z is

compact, then the two completions are the same and coincide with &, the C*-algebra of compact operators, as R(Z)

is already all of K., N

(3) Let m1(Z) act on Z by deck transformations and let R( y712) be the algebra of operators in R(Z) that are invariant
under this action. We endow R(Z)”l(z with a maximal norm by defining ||a|mx = supy [[¥(a)l, where the
supremum is taken over all x-homomorphisms y: R(Z )”1(2) — B(H), where H is a Hilbert space. Note that, although
R(Z)"1?) is a subalgebra of R(Z), this maximal norm might be different from the one defined in (2) because the
domain of v is different. We also mention that we are not assuming that the group 7¢(Z) is acting on the Hilbert
space H and the algebras defined here are independent of the choice of the base point in the fundamental group
(up to an isomorphism).

(4) Denote by C;,(Z)™ @) and Crax(Z )”l(z the closure of the algebra R(Z )”1(2 with respect to the reduced and maximal
norms, respectively Here the max1mal norm is taken as in (3).

(2

—

Definition 2.2. For continuous bounded maps g: [0, 00) — R(Z), we define norms [|gllred = SUP;e[0.00) 18(E)llred and
11Imax = SUPtef0,00) 18(E)Imax- Suppose that

(a) g is uniformly bounded and uniformly continuous, and

(b) the propagation of g(t) tends to 0 as t — oo.

We define the following sets:

(1) Denote by R;(Z) the collection of maps g satisfying (a) and (b).

(2) Denote by Cf,4(Z) the closure of R;(Z) with respect to || - [|req, called the reduced localization algebra of X.

(3) Denote by Cf,.,(Z) the closure of R;(Z) with respect to || - [lma, called the maximal localization algebra of X. Here
the maximal norm is taken as in (2) in the previous definition.

(4) Denote by C7,,,(Zy1® and C} max(Z)™1#) the closure of the algebra R;(Z)"1@) with respect to the reduced and
maximal norrhs, respectively. Here the maximal norm is taken as in (3) in the previous definition.

Remark 2.3. When Z is compact, then the two localization algebras in (2) and (3) coincide.

For the rest of this paper, we will simplify notation and simply write C/(Z) for either the reduced or maximal
localization algebra.
Let X be a locally compact metric space. We shall briefly recall the local index map

ind : KOY(X) — KO.(C}'(X)),

first introduced by Yu in [47] We assume that * = 0mod 8. The other cases can be handled in a similar way with the
help of suspensions. Here KOf = KO*(Co(X)).

Let (H, F) represent a cycle for KOf (X), where H is a standard nondegenerate X-module and F is a bounded operator
acting on H such that F*F —I and FF* —I are locally compact, and ¢F — F¢ is compact for all ¢ € Co(X). For each positive
integer n, let {Uy;}; be a locally finite and uniformly bounded open cover of X such that diam(Uy ;) < % Let {¢n i}i be a
continuous partition of unity subordinate to the open cover. Define

11
F(6) = Y (0 — 02 FSZ +(t — (1 — DI, FéZ,00)
i
for all positive integers n and t € [n — 1, n], where the infinite sum converges in the strong topology. If prop denotes the
propagation of an operator, then notice that prop(F(t)) — 0 as t — oo.
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Observe that F(t) is a multiplier of the localization algebra C;(X) and is invertible modulo the localization algebra.
Hence the standard index construction in K-theory gives

ind (I(H, F)1) = [Pe] - [( 5o )] & KOo(C} (X)),

where Py is a certain idempotent in the matrix algebra of C;(X)* constructed as follows. We call this class ind (([(H, F)])
the local index of F. We choose Pg(t) to be the matrix

( F(OF*(£) + (1 = F(OF*(e)F(OF*(t) - F(e)(1 = F*(£)F(€)) + (1 = F(OF*(£))F(£)(1 — F*(£)F(t)) )
(1 = F*(6)F(£))F*(¢) (1= F¥(O)F(6))? '

See also Definition 4.2, page 1392, in Willett-Yu [45]. We write Pr for P(t) for simplicity. For the rest of this paper, we
also abbreviate [(H, F)] as [F] and ind ;[(H, F)] as ind ;[F].

The following isomorphism is proved in Yu [47, Theorem 3.2] in the case when X is a CW complex and for general
metric space X in Qiao-Roe [30, Theorem 3.4].

Proposition 2.4. The local index map ind ;: KO.(X) — KO.(C/(X)) is an isomorphism.

Definition 2.5. Let Y € X be compact metric spaces. In the definitions of Cj*(Y) and C/(X), we choose the Y-module and
X-module to be £?(Zy) ® H and ¢%(Zx) ® H such that Zy C Zy are countable dense subsets of Y and X, respectively, and
H is a separable and infinite-dimensional Hilbert space. The isometric inclusion from ¢%(Zy) ® H to £%(Zx) ® H induces a
homomorphism i: Cf(Y) — C/(X).

Remark 2.6. The choices of X-module and Y-module are not canonical. However i induces a canonical KO-theory
homomorphism.

Let C; be the mapping cone of i given by
G ={(a,f):f € G([0, 1), G (X)), a € C/(Y), f(0) = i(a)}.

Define the relative KO-homology group of (X, Y) to be KO.(X, Y) = KO.(57G).
This definition of relative KO-homology gives rise to a long exact pair sequence

o = KOL(Y) = KOL(X) — KOL(X,Y) = ---.

Lemma 2.7. Let X be a compact space and let K be the C*-algebra of compact operators on a separable, infinite-dimensional
Hilbert space. Then there are isomorphisms

XM = cHm(X) @ k

and

C;ax(x)nl(X) = Cra(mX) ® K.

max

Proof. In Roe [34, Lemma 2.3] the x-isomorphism
(RX)Y1™) = (R (X)) @ K

is proved. This algebraic *-isomorphism extends to the required *-isomorphism in both the reduced and maximal case,
since K is a nuclear C*-algebra. O

Proposition 2.8. Let X be a compact metric space with universal cover X. Thereise > 0 depending only on X such that, if
b is an operator in R(X) with propagation at most ¢, then b lifts to a (X)-invariant operator b of propagation at most ¢ in
R(X) and the lifting is unique.

Proof. In the definition of R(X), we choose the X-module to be Zz~(Zx) ® H such that Zx is a countable dense subset of X
and H is a separable and infinite-dimensional Hilbert space. Let p: X — X be the projection map. We define Zy = p~1(Zx).
We choose the X-module to be ¢2(Zz) ® H in the definition of R(X). Every operator b € R(X) can be represented by a
kernel k(-, -) such that k(x, y) belongs to K for all (x,y) € Zx x Zx and Supp(k) is contained in {(x,y) € X x X:d(x,y) < r}
for some r > 0. The smallest such r is the propagation of b. Now let K'(x',y") = k(p(x'), p(y")) for all (x',y’) € Zz x Zz
satisfying d(x', y') < r and kK'(x',y') = 0 for all (x', y') € Zy x Zg satisfying d(x’, y') > r. By the compactness of X, there is
& > 0 such that, if b has propagation at most ¢, then k’ represents an element b of R(X) and b has the same propagation
as b.

This discussion shows that there exists ¢ > 0 such that, if b € R(X) and prop(b) < &, then there is a unique lifting of
b in R(X) to ¢p(b) in R(X). O
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Note that, if the propagations prop(b;), prop(b;) < &/2, then this lifting respects multiplication and addition,
ie. p(b1b2) = ¢(b1)¢(b2) and ¢(b1 + b2) = ¢(b1) + P(ba).

Definition 2.9. Let s € [0, c0) and let X be a compact metric space. For all b € R;(X), denote by by € R;(X) the operator
given by by(t) = b(s + t) for all t € [0, 0o). Let € be as in the above proposition. For each b € R(X), there is s, > 0 such
that prop(bs) < & when s > s,. We define ¢(b) = b; € R, (X)"'™® when s > s,,.

The next result indicates that ¢ is an asymptotic morphism in the following generalized sense.

Lemma 2.10. Let X be a compact metric space. For all b € R;(X), let s, be given as in the previous definition.

(1) There is C > 0 such that, for all b € R (X), if s > sp, then

l¢s(b)llred < ClIbllres and [¢s(b)llmax < ClIbllmax-
(2) For all b € Ry(X), if s > sp, then ¢s(b)* = ¢s(b*).
(3) For all by, by € Ry (X), the operator
¢s(b1b2) — ¢s(b1)es(b2)
is zero for s bigger than a constant depending on by and b,.

Proof. Let {U,»}f’z ; be a finite open cover of X such that, for each i, the diameter of the union of all U; satisfying U; N\ U; # ¢
is less than &, where ¢ is as in Proposition 2.8. Let {¢;}; be the continuous partition of unity subordinate to {U;}. We have

ds(b) = Y1, b(gib).

In the reduced case, by the definition of ¢s and the choice of ¢;, we have

lds(@ib)llrea = ll@ibllred < lIbllred-
It follows that

”d’s(b)”red =< N”b”red

if s > sp.
In the maximal case, we have the following natural x-isomorphism:

RN = K @k, (m(X)),

where K is the C*-algebra of all compact operators on L*(D) for some fundamental domain of X. In the above isomorphism,
¢s(¢@ib) corresponds to k ® 1 for k € K, where 1 is the identity element in the maximal group C*-algebra C}; ., (71(X)). As
a consequence, we have

||¢s(§0ib)||mwc = ”‘pib”max = ”b”max«
It follows that

l¢s(D)llmax < NIbllmax

if s > Sp.
This proves (1). The proofs of (2) and (3) are straightforward. O

For any 71(X)-invariant operator a € RL()N()’”(X), if the propagation of a is sufficiently small, then there exists a unique
b € Ry (X) such that a = b, where b is as in Proposition 2.8. The map ¥ : a — b, gives a pushdown R;(X)"1®) — R (X)
for operators with small propagation. Such a pushdown induces homomorphisms

KO (Cf e X)1X)) — KOL(C}(X))
and
KOL(Cf roa(XY19) — KOL(CF (X))

which are inverses to the homomorphisms induced by the liftings. These homomorphisms can be defined as follows. By an
argument similar to the proof of Lemma 2.10, there exists a constant ¢ > 1 such that ||y (a)| < c||a| if the propagation of
a is sufficiently small. For simplicity, we only describe the homomorphisms for KOo. By an approximation, each element
in KO.(C;(X)"1™)) can be represented by a quasi-projection q € Rj(X)"® satisfying ¢* = q and ||¢* — q|| < 3. Let
gs € Rf(X)’”(X) be defined by gs(t) = q(t + s) for any non-negative number s. We choose s to be large enough so that g
has sufficiently small propagation. We now define the homomorphism

KOo(C;(X)"®)) — KO,(C}(X))
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by mapping [q] to [v¥(gs)], where  is the pushdown map and [¥/(gs)] is the K-theory element represented by the quasi-
projection v (gs). Observe that /(qs) is a quasi-projection since the pushdown map ¥ is norm-decreasing (up to the
constant c) for operators with small propagations.

Lemma 2.10 implies that the liftings ¢s induce isomorphisms KO, (C*(X)) — KO (O max (X )”1("’) and KO, (C/ (X)) —
KOL(C} (X yT1%0),
Definition 2.11. Let j.:7((Y) — m1(X) be the homomorphism induced by the inclusion Y — X. Then j, induces a map
n:Y — X such that n(gy) = i,(g)n(y) forallg € m(Y)and y € Y.

Note that such 5 exists because X and Y are metrically locally simply connected.

Let p be the covering map X — XandletY = p~I(Y). Let p': Y — Y be the covering map from the universal cover Y.
Let Y” be the Galois covering of Y corresponding to the subgroup ker(j,) of 71(Y). The deck transformation group of Y”
is 1(Y)/ker(j,), isomorphic to j,1(Y). For simplicity, we will denote 71(Y)/ker(j,) by j.m1(Y).

We have Y’ = m1(X) Xj,»,v) Y”. This decomposition gives rise to a natural *-homomorphism

w X Y//))*nl(Y) — C* (Y/)rrl(X).

Choose countable dense subsets Zy of Y and Zy of X such that Zy C Zx. Let H be a separable and infinite-dimensional
Hilbert space. We use the modules ¢*(p~'(Zy))®H, £*(p~"(Zx))®H, *((p')"'(Zy))®H, and £*((p")~"(Zy))®@H, respectively,
to define Cj, (Y/)"1%), Cr (X)X, G (YY), and G (Y7 Ym1(Y),

max

Lemma 2.12. There exists a *-homomorphism
1//// C* ( )7‘[1(Y N C* Y//)j*rrl(Y)

such that there is ¢ > 0 for which, if k € C*(Y )”1(” is an operator with propagation at most € and is represented as a kernel
k on (p’)~'(Zy) with values in K, then there is a unique kernel ky on Zy with values in K such that k(x,y) = ky(p(x), p(y))
for all x,y € p~1(Zy) satisfying d(x, y) < & and " (k) is represented by a kernel k" on (p”)~'(Zy) with values in K such that
K'(x,y) = ky(p"(x), p"(y)) for all x,y € (p")~'(Zy) satisfying d(x, y) < e.

The homomorphism v in the above lemma can be considered as a folding construction. In the special case when
jomi(Y) is trivial, we have Cx_ (YY) = C*_(m(Y)) ® K and C:(Y"y*1Y) = Kk, where K is the algebra of compact
operators. Then ¢ is equ1va1ent to the homomorphism induced by the canonical *-homomorphism from C};, (1(Y)) to

C taking each finite sum dem(Y cgg to den(Y) g, where ¢, € C for all g.

Proof. Let H be the kernel of the homomorphism j,:71(Y) — m1(X). Let k be an operator in R(?)’”(Y) represented
by a kernel k(x,y) on (p’)"'(Zy). We define a kernel kq(x,y) on (p')"'(Zy) by the formula kq(x,y) = D hen K(hx, y) for
all x,y € (p')"'(Zy). Note that the above sum is finite since k has finite propagation. We have k,(hix, hoy) = kq(x,y)
for all hy,h, € H and x,y € (p')"'(Zy). For each x,y € (p')"'(Zy), let [x], [y] be the corresponding pair of equivalence
classes in (p”)"(Zy) = )" 1(zy)/H. We let K'([x],[y]) = ka(x,y). Note that k" is well-defined. We now define
a s-homomorphism ¥": R(Y Y . R(Y”y) given by ¥”(k) = k”. By maximality, this map " extends to a
s«-homomorphism Gy, (YY) s cx (y7)«mi) We choose & > 0 small enough such that d(hx, x) > 10¢ for all h # e
inHand all x € Y. lf d([x], [y]) > &, then d(hx,y) > ¢ for all h € H. Therefore if k has propagation at most ¢, then k”
has propagatlon at most ¢. If ¢ is small enough, there is a unique kernel ky on Zy such that k(x, y) = ky(p(x), p(y)) for all
X,y €Ep~ (Zy) satisfying d(x,y) < e and ky has propagation at most ¢. If d(x, y) < &, then d(hx y)<eforallh #einH
and x,y € Y. Therefore ka(x,y) = k(x,y) if d(x,y) < . It follows that k”(x,y) = ky(p”(x), p"(y)) for all x,y € (p”)"1(Zy)
satisfying d(x,y) <e. O

Let /" be as in Lemma 2.12 above and let v/’ be as previously defined. We now define a x-homomorphism
Ymax = ¥ 0 Y"1 Cgy(YY1Y) — G (X)), (2.13)
This homomorphism can in turn be used to construct a *-homomorphism
Vima GV = G (X1,
Let Cy, ., be the mapping cone of . mqx given by
{(@.):f € Col10. 1), G g X)™1X)), @ € G (V)™ £(0) = Y max(@)}.

Recall that i: Cj(Y) — C(X) is the homomorphism induced by the inclusion Y — X, and ; is its mapping cone. For each
(b, f) € G; with uniformly finite propagation, i.e. prop(b) < oo and supy,<;(prop(f(t))) < oo, there is s ¢y > 0 such that
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prop(bs) < e and prop(f(t)) < ¢ for all s > s, 5). We define
Xs.max(D, f) = (¢s(bs), ¢s(f(-)s)) € Cx//L,muX

for all s > s ), where ¢ is as in Lemma 2.10. The map xs max induces a homomorphism
(Xs.mm)*: I<O*(S7Ci) - I<O*(S7C\//L.max)'

This homomorphism can be defined as follows. For simplicity, we only consider the KOy case. Each element in KOy(S”C;)
can be represented by a quasi-projection q in (S C;)* with uniform finite propagation satisfying ¢* = q and ||g> —q|| < ﬁ,
where C is as in Lemma 2.10 and (S”C;)" is obtained from S”C; by adjoining a unit. Lemma 2.10 implies that ¢’ = xs.max(q)
is a quasi-projection satisfying (¢')* = ¢’ and ||(¢')?> — ¢|| < %, We now define [xsma(q)] to be the K-theory element in
I<O*(S7Cm_max) represented by the quasi-projection q'.

Let e be the evaluation homomorphisms induced by the evaluation maps at 0 from szax(i)’”(x) to (X)X and
from szax(?)”l(y) to C,(Y)1 ™). These homomorphisms induce maps e,: KO.(S7Cy, 1) = KOL(S7Cy,y) at the level of
KO-theory.

Define mqe to be the composition given by

) (Xs,max)*

KO.(S7C KO.(S"Cy, 1) 2 KOW(S7Cppan)-

By definition, tmqy is then a map
Mmax: KOL(X, Y) = KO(Crg,(m1(X), 71(Y)))
which we call the maximal relative Baum-Connes map. A reduced relative Baum-Connes map

Hred: KOL(X, Y) = KOL(Ct (w1 (X), 71(Y)))

red

can be similarly constructed if the homomorphism j from 7¢(Y) to 71(X) is injective.

Conjecture 2.14. Let Y C X and suppose that X and Y are both aspherical compact spaces.

(1) (Relative Novikov conjecture) The maximal relative Baum-Connes map
Mmax: KOL(X,Y) — I(O*(C;ax(ﬂl(X), m(Y)))

is an injection.
(2) (Relative Baum-Connes conjecture) If j: w1(Y) — m1(X) is an injection, then the reduced relative Baum-Connes map

Jred: KOL(X, Y) = KOL(Clg(mr(X), m1(Y)))

is an isomorphism.

Remark 2.15. If the classical Baum-Connes conjecture holds for 771(X) and 7(Y), then statement (2) is true for the pair
(m1(X), 71(Y)). In general the maximal relative Baum-Connes conjecture may not be an isomorphism. The real version
(KO) of the Baum-Connes conjecture follows from the classic (complex version) of the Baum-Connes conjecture (see
Baum-Karoubi [2]). After inverting 2, even the injectivity of the complex Baum-Connes map implies the injectivity of the
real Baum-Connes map (see Schick [38, Corollary 2.13]).

Recall that the notion of K-amenability was formulated by Cuntz [11, Definition 2.2]. This notion can be extended to
the KO-setting.

Theorem 2.16. Suppose that Y C X are aspherical compact spaces such that w1(Y) and 71(X) are K-amenable and satisfy
the Baum-Connes conjecture.

(1) Then pmqy is an isomorphism.
(2) Assume also that w1(Y) — m1(X) is an injection. Then jiyeq iS an isomorphism.

Proof. By the definition of K-amenability, the natural homomorphisms C} . (71(X)) — Ci(m(X)) and G, (m1(Y)) —
C}(m1(Y)) induce KK-equivalences. If 71(X) and m4(Y) are K-amenable and satisfy the Baum-Connes conjecture, and if
m1(Y) injects into 1(X), then the KO-theory of the reduced relative group C*-algebra coincides with the KO-theory of the
maximal relative group C*-algebra.
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The theorem is proved from the following commutative diagram and the five-lemma.

KOpi1(Y) — > KOy 1(C*(1(Y)))

KOp41(X) —————> KOn11(C*(m1(X)))

KOpi1 (X, Y) — > KOpy1 (C*(r1(X), m1(Y)))

KOp(Y) ————————> KO,(C*(m1(Y)))

KOu(X) ——— KOu(C*(mi(X))) O

We now prove that the existence of positive scalar curvature implies that a particular index vanishes in the
KO-theory of the relative group C*-algebra. For the rest of this section, the C*-algebras involved are maximal. If the
reduced relative group C*-algebra is well defined, then the rest of this section extends to the reduced case as well. We
will use C*(;r1(X), m1(Y)) to denote both the reduced and maximal relative group C*-algebra when the use of such a
notation does not cause confusion.

Let M be a spin manifold with boundary N = dM. We assume that the dimension of M is 0 mod 8. The other cases can
be handled in a similar way with the help of suspensions. More specifically, in dimension k mod 8 for some 0 < k < 8,
we consider the manifold M x R, We can define a relative higher index of the Dirac operator associated to the space
M x R in KOo(C*(7r1(M), 71(dM))® CL*(]RS*")). We can apply the same argument below to show that this relative index
vanishes in KOo(C*(7r1(M), 71(0M)) ® CL*(Rg"‘)) if (M, 0M) is a compact spin manifold with boundary endowed with a
metric of positive scalar curvature that is collared at the boundary. This relative higher index corresponds to the relative
index of the Dirac operator associated to M under the isomorphism

KOo(C*(7r1(M), m1(aM) ® C;'(R® ™)) = KOK(C*(4(M), 711 (3M))).

The above isomorphism can be implemented by the external product formula for the index of the Dirac operator
on a product of two manifolds. As a consequence, the relative index of the Dirac operator associated to M vanishes in
KOy (C*(r1(M), m1(0M))) if (M, 0M) is a compact spin manifold with boundary endowed with a metric of positive scalar
curvature that is collared at the boundary.

We extend the manifold by attaching a cylinder W = N x [0, co) to the boundary, forming a noncompact manifold Z.
Let D be the Dirac operator on Z. Let f be an odd smooth real-valued chopping function in the sense of Roe on the real
line satisfying the following conditions: (1) |f(x)| < 1 for all x and f(x) — £1 asx — +o00; (2) g = fZA— 1 € S(R), the
space of Schwartz functions, (3) if f and g are the Fourier transforms of f and g, respectively, then Supp(f) € [—1, 1] and
Supp(g) € [—2, 2]. Such a chopping function exists (cf. Roe [32, Lemma 7.5]). We define

1 [
Fp = f(D) = E/ F(t) exp(itD)dt (2.17)

We remark that the above formula is well defined in our real Hilbert space setting since f is a real-valued function. By
condition (3) above, it follows that the propagation of Fp is at most 1. Let

0 F
e (2 0).

Let [F] be its homology class in I(Og(Z ) = K0°(Co(Z)). We simplify the notation by replacing Pg, with Pp. We write

ind ([F]) = [Py] — [( 0o )] & KOo(C/(2)),

where Pp is an idempotent in the matrix algebra of C;(Z)* and ind is the local index map. The element Pp — ( (I) 8 >

belongs to the matrix algebra of the localization algebra C/(Z).

Let v be an invertible element in the matrix algebra of Co(R7)" representing the generator in KO_;(Co(R7)) =
KOo(Co(R?)) (see Atiyah [1] or Schréder [41, Proposition 1.4.11]). Let ip = v ® Pp + I ® (I — Pp). Then we have
rD‘l = v '®Py+1® (I — Pp). If xy is the characteristic function on M, let tpy = (1 ® xm)w(1 ® xm) and
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(tl;])M =(1® XM)‘EEl('l ® xm)- In the future pages, we will simply write xy for 1 ® xu. For all s € [0, 1], define
wp m(s) to be the product

I (1 — S)TD.M I 0 I (1 — S)TD'M 0 —I
0 I —(1=s)ty w1 0 I I o0 )

Define
Qou(s) = wo.m(s) ( v ) wpl(S)

Now define /(N € M) to be the closed two-sided ideal of C;(M) generated by C;(N) considered as a subalgebra of C/'(M).
Then tp v and (151)1\/, both lie in C{(M) ® Co(R”). Both rD.M(rD’l)M — I and (751)MTD,M —lliein (NS M)® Co(R"). As
a consequence gp y(0) is an element in the matrix algebra of (C/(N € M) ® Co(R7))*.
I 0

0

LetP0:< 0

)andr:v®P0+I®(I—P0).Wehave

T =0T QP+ 1Q (I —Py).

For all s € [0, 1], define w(s) to be the product

I (1-9) I 0 I (1-9) 0 —I
0 I —(1—s)x 1 1 0 I I o)

dls) = w(s) ( b ) w(s)

Let

We define [gp] to be the KO-theory element

[(qp,m(0), ap,m(-))] — [(q(0), q(-))]

in KOo(S”C;), where C; is the mapping cone associated with j: C;(N € M) — C;(M) and S’C; = G; ® Co(R7). The inclusion
map i : (f(N) — /(N € M) induces an isomorphism

KO, (C}(N)) = KO,(C/(N € M)).

The above isomorphism can be proved as follows. Let N’ be a closed subspace of M such that N’ is diffeomorphic to
N x [0, 1] and the diffeomorphism maps N x {0} to N. Let i; be the inclusion map from N to N’ and let i, be the inclusion
map from N’ to M. The inclusion map i; induces a homomorphism

(i1)s : KOL(G/(N)) — KOL(C(N € N")).
By a Lipschitz homotopy argument, we know that the map (i), is an isomorphism. The map i, induces a homomorphism:
(i2)« : KOL(C/(N S N)) — KOL(C/(N € M)).

We can show that the map (i), is an isomorphism by constructing the following inverse homomorphism 7 from
KO.(C}(N € M)) to KO.(C/(N < N’)). For simplicity, we describe the construction of w when * = 0. By an approximation,
each element in KOo(C'(N € M)) can be represented as a quasi-projection g with finite propagation in (N € M)
satisfying q* = g and ||q> — q|| < 1/10. For any s € [0, c0), let g; be an element in C/(N € M) defined by q,(t) = q(t +s).
[q] is equivalent to [gs] in KOo(C/(N S M)). When s is sufficiently large, q; is supported near N and is therefore an
element in C(N € N'). We define 7([q]) = [gs] € KOo(C/(N < N’)). Note that the K-theory class [gs] € KOo(C/(N € N"))
is independent of the choice of s for sufficiently large s. It is now straightforward to check that (i;), and 7 are inverses
to each other. We have

It follows that the map i, is an isomorphism.

As a consequence, we have the isomorphism KOO(S7Cj) = KOp(M, N).

We call the class [gp] the relative KO-homology class of D. We define the relative higher index of D to be u(qp) €
KOo(C*(m1(M), 7w1(N))).
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oM =N W =N x [0, o0)

Z, = M Uy (N x [0, n])

Theorem 2.18. If (M, 0M) is a compact spin manifold with boundary endowed with a metric of positive scalar curvature that
is collared at the boundary, then the relative higher index of the Dirac operator is zero in KO,(C*(w1(M), w1(0M))).

Proof. As before, let N = M and Z = M Uy (N x [0, 00)). Denote by Z, and Z/ the truncations Z, = M Uy (N x [0, n]),
Z = M Uy (N x [0, 2]), and let T, be the subset of Z, given by T, = N x [g n|. We assume that the dimension of Z is
0mod 8. The other cases can be handled in a similar way with the help of suspensions (refer back to the section after
Theorem 2.16).

Let u € [1, o0) and write

ind ,(uD) = [P,p] — [( 0o )} € KOo(CI(2)).

We define wp z,(s) and qp z,(s) by replacing M with Z, in the definitions of wp u(s) and gp m(s), respectively, before
Theorem 2.18. By the propagation speed of the wave equations associated to D, we know that the propagation of exp(itD)
is less than or equal to |t|. It follows that the propagation of P, is less than or equal to 100u. This estimate is based on
the matrix formula before Proposition 2.4 and the formula of Fp given by (2.17).

Claim 2.19. For all u > 0, there exists N, > 0 such that, for all n > N,, we have

Xz, (QuD,z,.(O) - ( )) Xz, =0,
Xy <quD,zn(0) - ( )) Xz, =0,
Xz, <QuD,z"(0) - ( >> X, = 0.

Proof. Leto = tpz, and § = (rL;)1 )z,- We can compute

qu,zn(0)< 0o )w;;,znw)

_ < (2o —apa)f (2o —apa)l — pa) )
(U= Ba)B (I = Bay ’

We note that (2o — a¢fa)B = a(l — Ba)B + (B — 1)+ I. Let N, = 100u. Let p;:Z x Z — Z be the projection onto
the ith coordinate; i.e. p1:(z1,22) + z; and p,:(z1, 22) +> 2. Using the formulas for « and g, and the fact that P,p has
propagation at most 100u, we know that the images under p; of the supports of the elements a8 — I, Ba — I, (I — Ba)B
and «(l — ap) are all disjoint from Z, when n > N,. As a consequence, the elements Xz (B —1), xz (Ba —1), (@B —Dxz,
(B = Dxz, (I = Ba)Bxz and xza(l — af) are all zero when n > N,. Now our claim follows. O

I
0
I
0
I
0

OO0 oo ©

Let PuD = Xz,Pup in, where xz, is the characteristic function on Z,. By the construction of P,p we have |[P;p|| < 10. As

a result, we have ||P || < 10, glvmg an upper bound for ||q,p z, ||. Together with the above claim, this implies that, for all
u>0, []_[ qup.z,(0 1 € [1,(57CH(Zu)) T /ED,(S7C}(Za))" belongs to the image of the inclusion map

[’y /EB (S"CH T — ]_[ (S7CH(Zy)) /EB (S"CHZ))t,

n
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where (S7C/(Z,))" and (S7C}(T,))" are respectively obtained from S”C;(Z,) and S”C}'(T,) by adjoining a unit. We introduce
this quotient of an infinite product by the direct sum to have a convenient place to encode vanishing for all sufficiently
large n.

Identify [T, gup.z,(0)] with the corresponding element in

[T67 @y /s’ @)

n

Now ([T, 9up.z,(0), [T, qup.z,(s)) gives an element in the matrix algebra of
[[s’Gor /@G
n n

where s € [0, 1] is the variable and Cj, is the mapping cone of the homomorphism j,: S7C*(T ) — S7C*( )

Recall that W = N x [0, oo) and let W' = N x R be the double of W. Let D’ be the Dirac operator on W'. Let W’ be
the universal cover of W’ and D’ be the lifting of D’ to W'. Let D be the lifting of D to Z, the _universal cover of Z. Recall
that P,7(0) and P 3(0) can be expressed in terms of the wave operators exp(itD’) and exp(itD) (respectively P,y (0) and
P,p(0) can be expressed in terms of the wave operators exp(itD') and exp(itD)). As a consequence, we know that P, (0)
and P,;(0) are respectively liftings of P,p/(0) and P,p(0). Define

Xn, uls) = quf),fn(s)v
where P(~ = x3,Pupxz,- Note that T, is a subset of W’ and Z, is a subset of Z. Define
Ynu = Qi i (0),

where W, = N x (—o0, n]. By an argument similar to the proof of Claim 2.19, we know that []_[n yn,u] is an operator in
the image of the inclusion map:

1_[( ~ 7r1 N) /@ S7C* nl(N))+ s 1_[ 57 7'[1(N /@(57 W/ 1 N))

n

We identify [T, ¥n.u| with an element in [,(S”C*(T, T 1 MyE /@, (S7C* (T, Ny T,
By Lemma 2.12 and Formula (2.13), there is a natural - homomorphlsm

dn: CH (T, )™ — C*(Z,)m ™),

Note that here it is crucial to use the maximal C*-algebras.
For each n, the map ¢, induces a natural x-homomorphism

STCH TN — §7CH(Z ™,
which we still denote by ¢,. We have

[]‘[ ¢n(yn,u>} = []‘[xn,uw)}

in [1,(S7C*(Z, ™))+ /@D, (S7C*(Z, 1™ )*. The above identity can be seen as follows. Let g be any real valued function
in S(R), the space of Schwartz functions, such that its Fourier transform g is compactly supported. Our desired identity
would follow from

on(x7,8(D)x3,) = x3,8(D)x3,

when n is sufficiently large relative to the size of the support of g. The above formula follows from the fact that exp(itB/)
and exp(itD) are respectively unique solutions to the heat equations associated to D’ and D and the following identities:

g(D) t)exp(itD')dt,

“
g(D) = Wir / t)exp(itD)dt.

Denote by Cy, the mapping cone of the map ¢;,. The element [ [, (¥n,u. X,u(S)) gives a KO-theory element

{H(yn,u, xn,u<s)>}

n

in KOg (T, S”Cp /D S”Cs)-
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Let Vy.,: [2[0, n] — L%[0, 1] be the isometry given by f(-) — ﬁf(n-) for all f € L?[0, n]. Let Vo1 *[3, n] — L[5, 1]
be the isometry given by f(-) — ﬁf(n) for all f e [?[0, %]. We can similarly construct isometries V{,H:LZ(ZH) — 13(Z))
and V; : Lz(Tn) — Lz(ﬁ ). Conjugation by V7, and V; , gives us a *-isomorphism Cy, — C,. Recall that

CHT) ™ = Gy (mi(N) ® K,
CH(Zpy "™ = (11(M)) @ K.

The map ¢, can be naturally identified with ¢ ® Id via the above isomorphisms. Hence Cy, is naturally isomorphic to
Cp ® K. Identifying (S7Cy,, )" with (S'C, ® K)* for sufficiently large n, we have the equation [(¥n,u, Xn.u(s))] = u([gp]) in
KOo(SC,), where K is the algebra of all compact operators. Note that here we are using the fact that the C*-algebra S”Cy
is stable. The above equation can be seen as follows. We have a natural x-isomorphism: S”C; = S7C;,, where Cj, is defined
as in the paragraphs after Claim 2.19. This algebra isomorphism induces an isomorphism at the K-theory level:

KOo(S”Gj) = KOo(S7S}, ).

In the above isomorphism, when n is large enough, [gp] corresponds to [(qup,z,(0), qup.z,(s))], where [(qup.z,(0), qup,z,(s))]
is defined as in the paragraphs after Claim 2.19. This implies that

w(lgp]) = u(l(qup.z,(0), Gup,z,(s))]).
By definition, we have
M([(quD,Zn(O)’ qup,z, (S))]) = [(yn,us Xn.u(s))]'

Combining the above equations, we have the desired equation.
It follows from the above paragraph that there is a natural isomorphism

¥: KO (]_[ S"C/EP s7c¢n> — KOy (]_[ s'C,/EP s7c¢>

such that

v ([]:[(yn,u,xn,u(s))]) = {]‘[ M(QD):| :

where u(gp) € KOo(S7Cp) = KOo(C*(1(M), 1(N))) was defined as the relative higher index of D before Theorem 2.18
and KOo([,S7Cy/€6D, S”Cy) is identified with

[ [ K0o(S”Cy)/EP KOo(S7Cy).

When M has a metric of uniform positive scalar curvature, then by the Lichnerowicz formula we know that Pfl%)(O)

I 0. . .
o o )in the operator norm as u — oo, n — oo and n > N,. More precisely, for any given ¢ > 0,
there exists u. > 1 for which, given any u > u,, there is a natural number N, such that

I 0
||Pfj§(0)—( 0 o )u <e

for all n > N,. We remark that here we are using the fact the operator Disa regular and essentially self-adjoint operator
acting on the maximal Roe algebra viewed as a Hilbert module over itself (see [21]).
As a consequence, we know that

I 0 00
ru5ywﬁ—>v®<0 O)+I®<O I)

(1T 0
yn,u—>exp<2m(0 0)):1

in the operator norm as u — oo, n — oo and n > N,. Together with the formula for x,,(s), we then have
[TT,Wn.us Xnu(s))] = 0 in KO ([T, S”Cy/D, S”Cy). Therefore it follows that p(qp) = 0. O

converges to

and

As mentioned in the introduction, the Gromov-Lawson-Rosenberg conjecture states that a closed spin manifold M"
with n > 5 has a metric of positive scalar curvature if, and only if, its Dirac index vanishes in KO, (C}), where = = m1(M).
We formulate now a relative version of this conjecture.
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Remark 2.20. A recent article of Schick-Seyedhosseini provides a different proof for a weaker version of the above
vanishing theorem [39].

Conjecture 2.21 (Relative Gromov-Lawson-Rosenberg). Let (N, dN) be a compact spin manifold with boundary. Let n be the
dimension of N. If the relative higher index of the Dirac operator D is zero in KO,(C*(;t1(N), m1(dN))), then there is a metric
of positive scalar curvature on N that is collared near oN.

Remark 2.22.

(1) This conjecture is made by analogy to surgery theory, where obstructions to surgery for degree one normal maps
have this formal structure.

(2) By the Gromov-Lawson surgery theorem [19, Theorem A] and Schoen-Yau [40, Corollary 6] as improved by
Gajer [16], the -7 case of the conjecture is correct.

(3) Because of the failure of stability for the ordinary Gromov-Lawsonconjecture (Schick [37, Example 2.2] and Dwyer-
Schick-Stolz [12]), we recognize that, in general, this statement cannot be true as stated. One should either interpret
it as a stable conjecture (i.e. after crossing with some number of Bott manifolds, see Rosenberg-Stolz [35]) or as
a guide to formulate the correct statement in the unstable situation. We hope to address this matter in a future

paper.

In Rosenberg-Stolz [35], the index map a: 2" (Brr) — KO,(C*r) is factored in the following way:
2P"(Br) 2> koy(Br) B KOu(Brr) 2> KO(CF)

where p: ko,(Br) — KO,(Brr) is the canonical map from connective to periodic KO-homology and A is the standard
assembly map. This sequence can be generalized to pairs. Let (N, dN) be a manifold with boundary and let # = 71(N)
and 7*° = m1(0N). Then we have a composition

Q2B Br™) 25 kon(Brr, Br™®) > KOu(Br, Br™) & KO,(C*(, 7).

Let Pos"(Brr, Br™°) be the subgroup of ;7" (B, Br>) consisting of bordism classes represented by pairs (M", aM", f)
for which M admits a metric of positive scalar curvature that is collared near the boundary.

There is a map from dM to Bz classifying its universal cover oM. By elementary homotopy theory, the composite
map to Bz coincides up to homotopy with the map M — B classifying its universal cover M. The homotopy extension
principle then implies that we have a map of pairs (M, M) — (Bm, Bt ).

Theorem 2.23. Let (M, dM) be a spin manifold with boundary of dimension > 6. Let 7 = m{(M) and 7*®° = m1(0M). Let
u: (M, 0M) — (Bm, Br®) be the map described above. Then (M, 0M) has a positive scalar curvature metric which is collared
near the boundary oM if, and only if, the index D,[(M, 0M), u] lies in Posﬁ"(Bn, B ), where Posﬁ"(Bn, B ™) is the image
under D, restricted to PosP""(Brr, B ™).

Proof. First we will explain that the capacity of a spin manifold M" for n > 6 to admit a positive scalar curvature metric
depends only on its spin cobordism class. As in the closed case, this result follows from the Gromov-Lawson surgery
theorem, or equivalently the reduction to spin cobordism. For manifolds (M, dM) with boundary whose boundary is
collared, there is a relative surgery theorem that follows from an improvement by Gajer [16] of the usual Gromov-
Lawson surgery theorem. Gajer’s theorem provides a positive scalar curvature metric which is a product on a collared
neighborhood for the trace of the surgery. We remind the reader that the Gromov-Lawson theorem holds if the spin
cobordism respects fundamental group and the dimension is at least 5. The proof of our theorem requires two applications
of the Gajer/Gromov-Lawson Theorem, as we will now demonstrate. Let (M, dM) and (M’, dM’) be cobordant and suppose
that (M’, 9M’) has a metric of positive scalar curvature that is collared near the boundary.

Gromov-Lawson surgery for the boundary allows to change the cobordism boundary W from boundary M to boundary
M’ by another one, cobordant to the first, which has a positive scalar curvature metric that is product near boundary M
and boundary M’, extending the positive scalar curvature metric on M’. We get a new cobordism W from M to M’ which
has a positive scalar curvature metric on M’ and boundary W, and near boundary M’ the metric is a product metric with
a quadrant, which we can straighten (metrically) to a half space H. We can modify the interior bordism in such a way
that Gromov-Lawson/Gajer surgery allows to extend the positive scalar curvature metric on M’ over the new bordism.
This construction is sufficiently local to leave the metric untouched on boundary W an M’.

As a next step, we need to show that all the elements of the kernel of the map from relative spin bordism to relative
ko have positive scalar curvature, i.e. that ker D, € Pos?"'(Br, Br ). Both away from the prime 2 and at the prime 2, the
inclusion can be obtained from the relative versions of existing theorems. Away from 2, the result holds by readapting the
result of Fiithring [ 15] on Baas-Sullivan theory. This result was stated in Rosenberg-Stolz [36] as unpublished work of Jung.
Fiihring proves that a smooth spin closed manifold M of dimension n > 5 admits a metric of positive scalar curvature if
its orientation class in ko,(Br) lies in the subgroup consisting of elements which contain positive representatives. At the
prime 2, we can extend Theorem B (2) of Stolz [43]. Here he proves the following. Let X be a topological space. Suppose
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that T,(X) is the subgroup of fo’m(X) consisting of bordism classes [E, f o p], where p: E — B is an HP?-bundle over a
spin closed manifold B of dimension n — 8 and f is a map B — X. Then the map £2,7"(X)/Ta(X) — kon(X) is a 2-local
isomorphism. In the papers of both Fithring and Stolz it is effectively shown that the kernel of D, is a homology theory.

As such we can extend these results to pairs. O

Corollary 2.24. Let p: ko,(Bw, Bn*) — KO,(Br, Br*) and
A: KOn(Brr, Bn®) — KO,(C*(m1, 77°))

be as above, with n > 6. The Relative Gromov-Lawson-Rosenberg conjecture holds if p and A are both injective.

Theorem 2.25. Let n > 6. Let N" be a manifold with boundary such that 71(N) and r1(dN) are both amenable. Suppose that
m1(dN) — m1(N) is an injection and that the cohomological dimensions of 7w1(N) and r1(dN) are less than n. If the classifying
spaces Brri(N) and Brr1(dN) are finite complexes, then the Relative Gromov-Lawson-Rosenberg conjecture holds for the pair
(N, dN).

Proof. Let A= m;(N) and B = m1(dN). The E? term for the Atiyah-Hirzebruch spectral sequence for KO,(K(A, 1), K(B, 1))
is Hy(A, B; KO,). Similarly the E2 term for ko,(K(A, 1), K(B, 1)) is Hy(A, B; kog). The groups coincide when g > 0. There
is a comparison map between the spectral sequences from the ko-sequence to the KO-sequence (for instance, see page
180 of [14]) which is an isomorphism on E? for ¢ > 0. The reason that this map may fail to be an isomorphism on
E® is that there are differentials for the KO-sequence that can start in the fourth quadrant and end in the first. For this
reason, a nonzero element in ko, can vanish in KO,. But if n > max{cd(A), cd(B)}, differentials can only come from the
line p + q = n+ 1 with p < max{cd(A), cd(B)}. But then q is positive and the map is therefore an isomorphism.

Using Higson-Kasparov [22, Theorem 1.1] extended into the KO setting, we see that the KO-theory groups of C ()
and C} () are given by the KO-theories of their classifying spaces. Thus the relative assembly map A: KOn(Brr, Bt™°) —
KOy(C*(7r1, m{°)) is an isomorphism. The rest of the proof is as the last paragraph of Theorem 2.23. O

Remark 2.26. This unstable version of Conjecture 2.21 for large n obviously implies the stable version of the conjecture
for all n.

3. A new index theory for noncompact manifolds

In this section we will develop a new index theory for a noncompact manifold. Our index theory will depend on a
choice of an exhaustion.

Definition 3.1. Let (Y, d) be a noncompact, complete metric space. Suppose that Y is also metrically locally simply
connected, i.e. for all ¢ > 0 there is ¢’ < ¢ such that every ball in X of radius &’ is simply connected. LetY; C Y, CY; C .-
be a sequence of connected compact subsets of Y. We say that {Y;} is an admissible exhaustion if

(DY =UZ Y

(2) for each j > i, there is a gonnected compact subset Y;; € Y such that ¥; = Y;; U Y; and Y;; NY; = 0Y;, where
dY; =Y; —Y; for all i and Y; denotes the interior of Y;;

(3) d(3Y;, 9Y;) > oo as |j —i| — oo.

Often we will write {Y;; Y;;} for the exhaustion.
Let {Y;; Y;;} be an admissible exhaustion of Y. Define D} to be the C*-algebra inductive limit given by

Di = lim G (mi(Y;), m(Yij)) ® K,

Jj—o00,j>i

where K is the C*-algebra of compact operators. Let
o0
HD?‘ = {(al, a,...):a; € D}, sup [lai|| < oo} .
i=1 !

There is a natural homomorphism piy1: Df,; — Dj induced by the group homomorphisms given by inclusions of the
corresponding spaces. Let p be the homomorphism from ]_[f; D; to ]_[21 D} mapping (ay, az, .. .) to (p2(az), p3(az), .. .).

We now define the C*-algebra A(Y) by:

AlY) = {a eC ([o, 1], HD;‘) s p(a(0)) = a(l)] .

i=1
Notice that A(Y) is the C*-algebra inverse limit of the D} in a certain homotopical sense. In particular, this C*-algebra
encodes dynamical information about how the fundamental groups of the pieces of the exhaustion interact with each
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other. We emphasize that the definition of A(Y) depends on the exhaustion {Y;} of Y. We will now define an index map
o: I(O’f(Y) KO(Co(Y)) — KOL(A(Y)).

There exists g9 > 0 such that, for any closed subspace Z of Y, any operator on a Z-module with propagation less than
or equal to &g > 0 can be lifted to the universal cover of Z. One can prove that the above constant g exists because Y is
metrically locally simply connected (as defmed in the beginning of Section 2). The proof is similar to that of Proposition 2.8.

If an operator F represents a class in KO (Y), for each ¢ < 1%0, we can choose another operator F, representing
the same K-homology class such that the propagation of F, is smaller than ¢. F, can be constructed as follows. Let
{¢:}i be a continuous partition of unity subordinate to an open cover {U;}; of Y satisfying diameter(U;) < €. We define

F, = Zi(q&i)%F(cpi)%, where the convergence is in strong operator norm. F, is equivalent to F in the K-homology group.
Let
. I 0 "
ind (F-D)=[Pe1= | o o )|€Koo(C(Y)),

where Pg, is the idempotent in the matrix algebra of C;(Y)* as given in the definition of the local index such that the
propagation of P, (t) is less than 100 < g for all t > 0.

Let P(’) = Xxy;Pr. Xy, and let P(’ be the lifting of P(’) to Y], the universal cover of Y;. Let v be an invertible element

in the matrlx algebra of Co(R7)* representmg the generator in KO_1(Co(R7)) = KOy(Co(R?®)) (see Atiyah [1] or Schroder
[41, Proposition 1.4.11]). Let

7 =v@PL(0)+1® (I — PY(0))
and let
(. = v @ PP(0) + 1 ® (I — PY(0)).

For all s € [0, 1], define wU)( ) to be the product

I (1-9)7) I -0 I (1-s)7) 0 —I
0 I —(1 =)z ) 1 0 I 10 )

For each k, there exist j, > k and a sequence of positive numbers {g;} converging to 0 such that 100e; < &g and

Yk = w,(r’s" (0) (I) g (wu")(O))‘1 has propagation less than ¢ for all k, and there is a unique z;, with propagation at

most &g in the matrix algebra of (S’ max(Y )’”(Y"Jk’)+ such that yx = ¢y, (z¢), where ¢y j, is the x-homomorphism from

the matrix algebra of (S”C max(? ki y10kie))* to the matrix algebra of (S7C,;‘mx(7]-k Y1)y Note that the existence of such
a x-homomorphism follows from Lemma 2.12 and Formula (2.13). The existence and uniqueness of such z is a result of
the following claim, Proposition 2.8, and the assumption that y, has small propagation and the requirement z; has small
propagation.

Claim 3.2. Let %k be the universal cover of Y;, and let my: Y Y;, be the covering map. Then we have
Vi = Ko v VX v, © (- X”,:I(Yk,jk))

when k and ji are sufficiently large.

Proof. This proof is identical to that of Claim 2.19. O
Let 1 € [0, 1]. We define z(A) by replacing PU" with (1 )P(”;) + APU"*’l) in the above definition of z,. Define
k+
V(&) = @i (zk(1)). Let ¥ be the natural homomorphlsm Yi: S7 Cmax(Yk )”“YJk — S7C,j‘mX(ijJrl )”1( i) . Again, the existence
of v, follows from Lemma 2.12 and Formula (2.13). Let

n() = v® (1= PP +3P) 1@ — (1= My + 3P0 ))
and
tlé()") — v—l ® ((«1 _ A)wk(ng)) + )\'ngJrl)) +I®I— ((1 _ )\)w (P(lk) + )\.Pok+1)))

fkl

for all A € [0, 1]. Recall that PU’;) is an element in the equivariant localization algebra and P(“‘)(O) is its evaluation at 0.
For all s, A € [0, 1], define (wk( ))(A) to be the product

I (1-9)ud) I 0 I (1-s)u) 0 —I
0 I —(1=s)T)(r) 1 0 I I o)

Define
(())A) = (wi($))() ( 0o ) (wils)N ™"
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Note that (1 — )L)l/fk(PUk ) + )\P(”;“] is an idempotent outside a small neighborhood of 7, +1(
+
characteristic function of the complement of the small neighborhood, then

X1 = 20PPY 4 2BV = (1 = MpwnP) + 4B )

Y jesr 1 L& if x is the

and

X1 = 2P+ PP = (1= M B) + (B,
As a consequence, the pair (zx(1), (ck(-))(1)) lies in (S7D;)+, where Dj is as in the definition of A(Y). Let ay = (z(+), ck(+)).
Let b = (q(0), q) be as in the definition of the relative K-homology class of D in Section 2. Let

p=(b,b,....b,...)
viewed as an element of (A(Y))". We finally define the index of F in KOp(A(Y)) to be
o([F1) = [(a1, az, .. .)] = [(p(0), p)] € KOo(A(Y)).

One can similarly define the index map o': KO!{(Y) — KOn(A(Y)) when n % 0mod 8 with the help of suspensions (refer
back to the section after Theorem 2.16).

The proof of the following vanishing theorem contains some of the same elements as are found in Section 2, but now
in the context of a noncompact manifold M.

Theorem 3.3. Let Y be a noncompact space with an admissible exhaustion {Y;}. Let M be a noncompact manifold. Assume
that there is a uniformly continuous proper coarse map f:M — Y with an admissible exhaustion {M;; M;;} of M such that
each M; is a compact manifold with boundary oM;, f~(Y;) = M;, f~1(Y:;) = M;j and f~'(3Y;) = dM;. Suppose that M is spin
and let Dy be the Dirac operator on M. If M admits a metric of uniform positive scalar curvature, then the index o (f,[Dy]) of
Dy is zero in KO, (A(Y)), where f,: KOZ(M) — KO?:(Y) is the homomorphism induced by f.

Proof. We assume that the dimension of M is 0 mod 8. The other cases can be handled in a similar way with the help
of suspensions (refer back to the section after Theorem 2.16).

Let Y;, M;, Y;; and M;; be given as in the statement of the theorem. In this proof, all C*-algebras are the maximal ones.

Let f be an odd smooth chopping function on the real line satisfying the followmg conditions: (1) f(x) — =1 as
x —> do00; (2) g = f* — 1e S( ), the space of Schwartz functions, (3) 1ff and g are the Fourier transforms of f and
g, respectively, then Supp(f ) € [—1, 1] and Supp(g) € [—2, 2]. As stated earlier, such an odd chopping function exists
(cf. Roe [32, Lemma 7.5]).

Let Dy be the Dirac operator on M. We define

F =f(Du)= €1 /OOA(t)exp(itDM)dt.
2r ) o
Let
: I 0 .
ind (([F]) = [Pr] — [( 0 0 )] € KOo(C;(M)),

where Pr is the idempotent in the matrix algebra of (C(M))* as given in the definition of the local index.
Recall that there exists &g > 0 such that, for any closed subspace Z of Y, any operator on a Z-module with propagation

less than or equal to &g can be lifted to the universal cover of Z. Defme pY = xm;Pr xm;, where XM is the characteristic
function of M;. Let ng be the smallest natural number such that ny > ? We write
. it it
exp(itDy) = exp (—DM) .- exp <—DM> . (%)
No No

no
Let j/ > j be the smallest integer such that
d(M — M]'/, IVIJ) > 10n0£0.
Here ngsy is roughly 10. We emphasize that the condition of admissible exhaustion implies the existence of such j'. Let 1\711-/
be the universal cover of My. Using the formula for Pr in terms of exp(itDM) the identity () and the fact that exp(; - i DM)

has propagation less than &0 forall t € [—2, 2], we obtain a lifting ofPU to M We denote this lifting by P(’ We cla1m that

P}’) is an element in (C;*(My )”1(M’ )*. This follows from the formula for Pé’ in terms of x_ 71 exp(ltDM,) where

(M) (M)

my is the covering map M to My and x_ _1 is the characteristic function of T (M ). The operator exp(ltDM/ )x

(Mj)
well defined for all —2 <t < 2 using the unique local solution to the heat equation associated to DM

) 18
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Foranyi <j, let m; =i+ [J i1 and m; =i+ [14'] where [’ i1 and [] ') are respectively the integer parts ofj I and
¢
We define
Pt = XM, .PFXM "

i

where X, (i is the characteristic function of Mm/ i Let v be an invertible element in the matrix algebra of Co(R’)*
representmg the generator in

KO_1(Co(R”)) = KOo(Co(R)).

Define

zi; = v ® P(0) + 1 ® (I — PED(0)).
We have

o' =0 @ (0 + 1@ (1 — ()
Define

X = I Tij 1 0 1 Tij 0 —I
MTLoo TR 0 I I o0
I 0 1
Ujj = Xijj 0 0 Xi,j .

Let |j — i| be large enough such that

and

d(Mi, M — Mm,-.j) > 10“080.
We define v;; € (S7C*(Mim,;,))* and w;; € (S7C*(Mp,,;j))* by:
Vij = XMy Ui XM g+ (= X )
wij = XMmi,j-jui’jXMmi,j-f + I - XMmi,jJ)'
By the propagation of Pr and the formula for u; ;, we have
uij = (vij — @ (wi; — 1)+ 1.
This equality is proved exactly in the same manner as Claims 2.19 and 3.2. From the definitions of v;j and w;;, we then
have prop(v,]) < 100nggp and prop w,{) < ]OOnoeo

Let j' be as in the construction of P . Let M  be the universal cover of M;y and let 77; y be the covering map from iy 7
of M; j. Again using the 1dent1ty () and the formula for Pr in terms of exp(itDy) and the small propagation of exp( é; Dy),

we can lift P(” to an element P @) in (C*( )”“M ’)) where j' is defined as in the construction of the lifting of P,E’). Let
U;j be the llftmg of u;j to M,,]/ Let J—i be large enough such that
d(Mj, M — Mmi,j) > 100“080.

We define v;; € (S'C* (1VI- iy Y1 Mij )+ and w;j € € (S7C*(Min i Y1 Mii )Y+ to be the liftings of v;j and w; j respectively, where

Mim;; = ni;/l(Ml m,]) and M, j = 7, ]l(Mm”, ). We have

FL\II,'J' = (Ui‘j —I)@(w,‘,j —I)—FI.
Next we shall represent the index class o ([Dy]) as a KO-theory element explicitly constructed using the above liftings.
Let {ji} be a sequence of integers such that jj >Mk for each k and j; — ll‘</l — 00 as k — oo. Let z; be the image of
Wyj, under the inclusion map from m k)t to i k ety be the covering map from the
., under the incl from (57C* (M, )" iy to (57C (R ) " ). Let e th from th

universal cover of M]k to Mj , where j; be as in the construction of ﬁf!k’. Let Yk be the element in the image of the inclusion

map from (57" (e (M )" )" to (7€, )™™i')* defined by
k

Vi = i ji (2i)s

where qﬁ,”/ is the homomorphism from (S7C*(M, L) i "f:))+ to (ST*(IV[ ) ) Note that this homomorphism is
constructed in Lemma 2.12 and Formula (2.13).
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(M,

) ) we similarly define z,(1) by replacing

As before, let ¥ be the natural map :S7C*(I\7Ijl/() — S7C*(I\7Ij/k+l)
ng)(O) with (1— A)Pg")(o) + APE"“)(O) in the definition of z,. Note here that ng) is an element in the localization algebra

and PE")(O) is its evaluation at 0. We define yx(1) = ¢y, (zk(1)).
Let

() = v ® (1= PR + 10 +1® (1 - ((1- 1) + 15 ()
and
o) = v @ (1= ) + 2B (0) + 1@ (11— ((1 = (0 + 2B (0) )

for all A € [0, 1]. For all s, A € [0, 1], define (w(s))(A) to be the product

I (1-s)n() I 0 I (1-s)u) 0 I
0 I —(1=s)7(r) 1 0 I I o)

Define

(6ls))) = (wils))(3) ( 5o ) (s

Note that (1 — A)w,<(FUk)(O)) + )\Fg"“)(O) is an idempotent outside a small neighborhood of 71}.71 (M]-;(’j’r(+1 ), where 71}.71
k+1 k+1

is the covering map from My to My .
Tk Jiet1

As a consequence, for each A € [0, 1], the pair (zx(1), (c(-))(*)) lies in (S”D})™, where D is as in the definition of A(Y).
Let a, = (zx(A), (ck(+))(1)). Let b = (q(0), q) be as in the definition of the relative K-homology class of D in Section 2.
Let

p=(b,b,....b,...)
viewed as an element of (A(Y))". By a homotopy invariance argument, we have
o([Dm]) = [(a1, az, .. .)] — [(p(0), p)] € KOo(A(Y)).

In the above construction, for each @ > 1, we can replace respectively the Dirac operator Dy by oDy, ng by [ang] + 1,
and ji, by another natural number j;w satisfying d(M — Mj;( ) > 10angeg to obtain the index of aDy;:

o([aDu]) = [(a14, Q2.0 - - )] — [(P(0), P)] € KOo(A(Y)).

Notice that the KO-theory class o ([aDy]) € KOo(A(Y)) is independent of the choice of «.
For all k, we write ayy = (Zka, Cka)- Let Tk, be obtained by replacing D with «D in the definition of 7. By the
assumption that M has uniform positive scalar curvature and the local nature of the Lichnerowicz formula, we have

10 0 0
r’W"“®<o 0>+’®(0 1)

in the operator norm when o — oo. This result implies the vanishing of o([Dy]). O
Using the above notation D}, we note that, by Guentner-Yu [20], there is a Milnor exact sequence given by
0— 1(31 'KO,(D}) — KOL(A(Y)) — Liﬂll(O*(Dj‘) — 0. ()
This sequence gives rise to a commutative diagram
0 —— 1im 'KO,(Y;, 8Y;) —— KOI(Y) —— imKO,(Y;, ;) —— 0
| | ]
0—— @1 'KO,(D;) —— KO.(A(Y)) T> @I(O*(Df) —0

where the map ¢: KO,(A(Y)) — l(ir_nKO*(D;“) is induced by the *-homomorphism 7;: A(Y) — Dj from

AY) = {a eC ([o, 1], ]‘[D;") : p(a(0)) = a(l)}

i=1

to D} obtained from the ith component of the evaluation at 0. We will use this diagram in the next section.
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4. A manifold with exotic positive scalar curvature behavior

We will now construct a noncompact manifold M endowed with a nested exhaustion of compact subsets M;, such that
the M; can be endowed with positive scalar metrics which are in totality incompatible in the sense that M itself has no
metric of uniformly positive scalar curvature.

In the last section we introduced a Milnor exact sequence with a ljm! term. We quickly review some properties of
this functor. If {G;} is an inverse system of abelian groups indexed by the positive integers together with a coherent
family of maps fj;: G; — G; for all j > i, then l(ir_nlc,- is defined in category theory to be the first derived functor of l(ln
Eilenberg-Moore [13] also provides a description as follows. If ¥:[]G; — []G; is defined by ¥(gi) = (g — fi+1.i(8)),
then l(iLrﬂG,» is defined by l<ir_n1Gi = coker(¥). Gray [18] proves that, if each G; is countable, then 1(19@ is either zero or
uncountable.

An example of an inverse system with a nontrivial l(iﬂ]1 term is

S:{Zﬁzﬁ-..}

in which case we have the uncountable group lim'S = 74 /Z. Let S! denote the standard circle. Consider the composite

im
mapping cylinder Bs of the infinite composite -
St st «s! ...

which is capped off at the left end (see picture below), where each map takes z € S' to z.

St x 1 St x I St x I
:: <> <> <> BS

Y

Y2

Y3

Let Y; be the given exhaustion of Bs. For each i, let ¢;: (Yi1, dYi11) — (Y;, dY;) be the obvious collapse map. Notice
that Y; is contractible and that dY; is a circle for all j, but the comparison map dY, — 9Y; has degree 35-9, Consider the
sequence

0— l(iE‘KOn(Yj, aY;) — KOf{(Bs) — @I(OH(YJ-, aY;) — 0.
Proposition 4.1. The group l(iﬂlll(OZ(Yj, aY;) is nontrivial.

Proof. We have an exact sequence
K0,(Yi) — KO(Y;/0Y;) = KO(Y;, 8Y;) — KO:(3Y:) — KO1(Y;)

By the contractibility of Y;, we have @Z(Yi) =0 and ﬂ)](Yi) = 0. Therefore KO,(Y;, 8Y;) — KO¢(dY;) is an isomorphism.
Consider the commutative square:

KO, (Y;, 8Y;) ——— KO1(3Y;)

| J-

) —_
KOy(Yi—1, 0Yi_1) — KO1(0Y;_1)

<

11

It follows that ¢, is multiplication by 3. O

Theorem 4.2. Let ¢ € KOI,{(BS ), where Bs is endowed with the exhaustion by compact sets {Y;} as above. There is (M, f) €
2Pl (Bs) such that M is a non-compact spin manifold and f is a proper map from M to Bs satisfying
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(1) felDul = ¢;
(2) the inverse images (M;, dM;) = f~1(Y;, dY;) are compact manifolds with boundary such that the induced maps m1(M;) —
m1(Y;) and w1(0M;) — m1(9Y;) are all isomorphisms.

Proof. We can replace Bs by a properly homotopy equivalent manifold with boundary by thickening an embedding of
it in a high-dimensional Euclidean space. Consider a class (W™, g) where g: W" — Bs is surjective and proper. We also
suppose that n > dim(Bs) + 4. Note that, by Wall [44] section 1A, all compact spin manifolds of dimension at least 4 are
spin cobordant to simply connected ones. Moreover, spin manifolds with boundary are cobordant rel boundary to simply
connected ones. We can use this notion inductively over the skeleta of a triangulation of Bs to arrange (by a cobordism)
that, for each simplex A, the transverse inverse image of A in W is simply connected. Recall that, after an arbitrarily small
perturbation, maps can be made transverse to given sub-objects of manifolds; the inverse images of the perturbed maps
are called the transverse inverse images. (See also the picture on page 122 of Wall [44] for the extension of solutions on
a skeleton to the whole space).

Then one obtains a map f: M — Bs from a noncompact spin manifold M so that the inverse image of each simplex is
simply connected, and therefore, for every subcomplex T of B, the inverse image f~'(T) has the same fundamental group
as T. In particular, for the transverse inverse images A’ of annular regions A; = Y; — Y51 of Bs, we have m1(A’) = Z, with
inner and outer boundary components mapping in by the identity and x3, respectively. In other words, we have proven
property (2). O

Theorem 4.3. Let & be a nonzero class lim1KOn+1(Yj, dY;) and consider & also as an element of KOf{(BS ). Let M be as given
in the above theorem with the exhaustion (M;, dM;). Then each M; has a metric of positive scalar curvature which is collared
at the boundary, but M itself does not have a metric of uniformly positive scalar curvature.

Proof. We can choose a metric on Y = Bs such that the map f in Theorem 4.2 is a uniformly continuous proper coarse

map.
We have a commutative diagram

J

0 —— im'KOy1(Y;, 3Y;) ——— KO} (Bs) ——— limKOu(Y;, 8Y;)

| |

0 ———— lim'KOp1(Df) ——— KOp(A(Bs)) ——— lim KO,(D}) ——— 0.

0 —— 1im'KOpy1(M;, IM;) —— KoY (M) — lim KO, (M;, 9M;) —— 0
_—

0

By the definition of D] and homotopy invariance of the fundamental group, we have
Df = Crp(mi(Yy), m1(3Y3)) ® K.

Since the Y; are contractible and the 9Y; are circles, the outer vertical arrows from the second to third row are
isomorphisms by Theorem 2.16, so the map KOf{(BS) — KO,(A(Bs)) is also an isomorphism. Note that by the choice
of M, the element & in I(Of{(Bs) will lift to the Dirac class [Dy] in I(Oi{(M ). By the commutativity of the diagram, the image
of [Dy] is zero in lim KO,(Y;, 8Y;) so it is zero in lim KO,(D;}). Therefore it is zero in each KO,(Dy).

Finally note that the relative Gromov-Lawson-Rosenberg conjecture holds in our case. The relevant group at any point
in the exhaustion is £2;”"(e, Z), where e is the trivial group. However since

spin xD? spin
2,75(e) — 2,/"(e, Z)

is an isomorphism, and since the index-theoretic obstruction is not lost by crossing with S!, the conclusion follows from
the Gromov-Lawson surgery theorem and Stolz’s classification of high-dimensional simply connected spin manifolds with
positive scalar curvature (Stolz [42]) for n > 7. Therefore there is a positive scalar curvature metric on each piece M; of
the exhaustion that is collared around the boundary. Moreover the image of [Dy;] is nonzero in KO,(A(Bs)) so M itself has
no metric of uniformly positive scalar curvature by Theorem 3.3. O

5. A manifold with uncountably many connected components of positive scalar curvature metrics
In this section we use the previously developed theory to identify a connected noncompact manifold M such that

PS(M), the space of complete positive scalar curvature metrics on M equipped with the C*°-topology, has uncountably
many connected components.
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In various spin cases, it can be shown using index theory that PS(M) has infinitely many concordance classes. In fact,
one can prove that the 7-sphere S’ is such a manifold (see Gromov-Lawson [19] or Lawson-Michelsohn [3]). Because the
set of positive scalar curvature metrics is open in the space of all Riemannian metrics, it is a point-set topological fact
that PS(M) has at most countably many components when M is compact. These properties may fail in the noncompact
case. In the compact open topology, positivity is not necessarily an open condition. In the uniform topology, we do not
have separability.

In the proof of the following theorem, we refer the reader to the paper of Xie-Yu [46, Theorem A], which develops
the notion of a relative higher index ind Dg, ,, on a closed spin manifold N with two Riemannian metrics g; and g.
This relative index is defined to be the higher index of the Dirac operator Dy, 4, on the infinite cylinder N x R, where
the cross section N x {x} is endowed with g; if x < —1 and with g, if x > 1 and the metric in N x [—1, 1] can be
chosen to be arbitrary. See Xie-Yu [46]. The nonvanishing of this relative index in KO,(Cm1(N)) gives information about
the concordance classes of positive scalar curvature metrics on N. In the case when the manifold M is not compact but
has an admissible exhaustion by compact sets, a similar theory shows that a relative higher index can be constructed in
KO,(A(M)), where A(M) is the algebra constructed in Section 3.

Prior to the theorem we also make the following observation. Let 7z be a fixed finitely presented group with generators
g1,...,8 and relations ry, ..., .. Let n > 5, Execute s successive 0-surgeries on S" to produce a manifold K’ with
fundamental group F;, the free group on s generators. The process of surgery on maps (see Wall [44] section 1A for
explicit details) shows that one can then perform a 1-surgery on K’ to produce a manifold with fundamental group F;/(r¢),
where (rq) is the subgroup of F; normally generated by r;. After performing these 1-surgeries successively with respect to
T3, ..., T, we obtain a manifold K with fundamental group . Since K is constructed from the sphere S" from surgeries
of codimension at least 3, it follows from the Gromov-Lawson surgery theorem [19, Theorem A] that K also has a metric
of positive scalar curvature.

A trivial example of a manifold with uncountably many components of positive scalar curvature metrics is the disjoint
union of countably many copies of S7. Here we present a connected example.

Theorem 5.1. There is a connected noncompact manifold M for which the set PS(M) of components of uniformly positive
scalar curvature metrics on M is uncountable.

Proof. Let 8 and B’ be two non-concordant metrics of positive scalar curvature on S’ detected, as in Gromov-Lawson [19]
by a relative index; they give rise to two non-concordant metrics « and &’ of positive scalar curvature on N = S! x §7
detected by relative higher index. Consider the iterated connected sum given by

M = N#N#...

with the obvious exhaustion M; = (N#---#N) — D". On each summand N we make a choice to endow N with either «
———

1

or o’. Apply the Gromov-Lawson surgery theorem to modify the metric near each glueing so that M is positively curved
at every point. Clearly the number of metrics on M constructed in this way is uncountable, and these metrics are all
in different connected components of PS(M) by an application of our relative higher index, which lies in KO,(A(M)) as
explained in the following. If 8, 8’ are two distinct metrics on M defined in this way, let Dg g be the Dirac operator on
the product M x R. Here the metric on M x (—oo, —1) is defined using the product metric of 8 on M and the standard
metric on (—oo, —1), and the metric on M x (1, oo) is defined using the product metric of 8’ on M and the standard
metric on (1, co). The metric on M x [—1, 1] can be an arbitrary complete metric. We can define a relative higher index
ind(Dg g/) of Dg g in KO,(A(M)). By the relative higher index theorem in Xie-Yu [46, Theorem A], the relative higher
index ind (Dy o) does not lie in the image of the map i,: KO.(R) — KO.(C}m(N)), where R is the one-dimensional real
C*-algebra and i: R — Cm1(N) is the inclusion map. The Pimsner Theorem (see [29, Theorem 18]) allows us to compute
KO,(Dj). The above facts and the relative index theorem of [46] imply that if 8, 8’ are two distinct metrics on M defined
as above, then (7;),(ind(Dg g)) is nonzero in KO,(D}) for i sufficiently large. Here m;: A(M) — Dj is the x-homomorphism
defined in Section 3. The restriction map to 1(&1 in the Milnor sequence () given after Theorem 3.3 tells us that the index
is nonzero in KO,(A(M)). Therefore 8 and B’ are two metrics of M that lie in different connected components of PS(M).
Since B and B’ are arbitrary, it follows that PS(M) has uncountably many components. O

Remark 5.2. A more general construction that provides a host of examples can be given as follows. Let W be an
(n + 1)-dimensional spin manifold with nontrivial higher A-genus. For example, we may take W to be the torus T"*!,
Let m = m1(W). By the discussion above, we can produce a manifold N" with a positive scalar curvature metric o and
m1(N) = 7. We can perform a 0-surgery on the disjoint union of N x I and W to create a connected manifold X’. Execute
additional surgeries (via surgery on maps) on X’ to arrive at a manifold X with fundamental group = and two boundaries
components both homeomorphic to N. (In other words, since 7’ = 7 * 7, we kill each element of 7z’ of the form g1g2_1,
where g and g, represent the same element of r.)

Let o’ be the positive scalar curvature metric on N as the other boundary component of X, as constructed by the
Gromov-Lawson surgery theorem. Let D,, . be the Dirac operator on N x R. Here the Riemannian metric on N x (—oo, —1)
is defined using the product metric of @ on N and the standard metric on (—oco, —1), and the metric on N x (1, 00) is
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defined using the product metric of «’ on N and the standard metric on (1, oco). The metric on N x [—1, 1] can be arbitrary.
From the nontriviality of the higher A-genus for W, we can infer that the relative higher index ind D, ., of N is nonzero
in KO,(C}m). We then form the iterated connected sum M = N#N# - - and proceed as before.

In [7], we provide examples of noncompact contractible spaces with exotic positive scalar curvature behavior. In
particular, for certain Davis manifolds, the universal cover has uncountably many nonconcordant positive scalar curvature
metrics.

We refer the readers to following articles for useful general background information relevant to this article: [8,9,23,
25-28,31].
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