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On the zero-in-the-spectrum conjecture

By MicHAEL FARBER and SHMUEL WEINBERGER*

Abstract

We prove that the answer to the “zero-in-the-spectrum” conjecture, in the
form suggested by J. Lott, is negative. Namely, we show that for any n > 6
there exists a closed n-dimensional smooth manifold M", so that zero does
not belong to the spectrum of the Laplace-Beltrami operator acting on the L2
forms of all degrees on the universal covering M.

1. The main results

M. Gromov formulated the following conjecture (cf. [5, p. 120] and also
[6, pp. 21 and 238]):

CONJECTURE A. Let M be a closed aspherical manifold; is it true that
zero is always in the spectrum of the Laplace-Beltrami operator A,, acting on
the square integrable p-forms on the universal covering M, for some p?

If the Strong Novikov Conjecture (see [15]) holds for the fundamental
group w1 (M), then 0 € Spec(A,) for some p (see [12, p. 371] and also [7, p.
166], both of which rely on the fundamental work of Kasparov [10]). Hence a
counterexample to Conjecture A would also be a counterexample to the Strong
Novikov Conjecture.

J. Lott raised a more general “zero-in-the-spectrum” question. We refer
the reader to survey articles [12] and [13].

CONJECTURE B. Is it true, that for any complete Riemannian manifold
M zero is always in the spectrum of the Laplace-Beltrami operator A,, acting
on the square integrable p-forms on M, for some p?
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J. Dodziuk and J. Lott showed that the answer to this question is positive
for manifolds of low dimension and also for some classes of higher dimensional
manifolds. G. Yu obtained in [17], [18] results, confirming Conjecture B under
some additional geometrical and topological assumptions.

In this article we shall disprove Conjecture B. We construct counterexam-
ples, which are universal covers of compact Riemannian manifolds of arbitrary
dimension n > 6. Conjecture A remains unsettled.

THEOREM 1. For any n > 6 there exists a closed n-dimensional smooth
manifold M, so that for any p = 0,1,...,n the zero does not belong to the
spectrum of the Laplace-Beltrami operator

A, : AP (M) — AP

@ (o) (M),

acting on the space of L*-forms AZ(?Q)(M) on the universal covering M of M.

Our proof of Theorem 1 will be based on the fact that it can be restated
in an equivalent form using the notion of extended L2-homology, introduced
in [3]:

THEOREM 2. For any n > 6 there exists a closed orientable smooth
n-dimensional manifold M, so that extended L?-homology Hy(M;%(7)) = 0
vanishes for all p. Here m denotes the fundamental group m = m (M), and
?%(r) denotes the L2-completion of the group ring Cx].

Equivalence between Theorem 1 and Theorem 2 can be established as
follows. Zero not in the spectrum of the Laplacian A, : AJ(DZ) (M) — A1(02)(]\~4)
for all p is equivalent to vanishing of the extended L?-cohomology H*(M; £2(r))
(cf. [3]), according to the de Rham Theorem for extended cohomology (cf. §7
of [4] and also [16]). Vanishing of the extended L2-cohomology is equivalent
to vanishing of the extended L2-homology H.(M;¢%(m)), because of Poincaré
duality (cf. [3, Th. 6.7]).

The proof of Theorem 2 is based on the following theorem:

THEOREM 3. There exists a finite 3-dimensional polyhedron Y with fun-
damental group m(Y) = m = F X F x F, where F denotes a free group with
two generators, such that the extended L*-homology H,(Y; ¢?()) = 0 vanishes
forallp=0,1,....

The strategy of our proofs of Theorems 2 and 3 is similar to the method
used by M. A. Kervaire [11], who constructed smooth homology spheres with
prescribed fundamental groups. Our proof uses an L?-analogue of the Hopf
exact sequence.

Next we state a result in the direction of Conjecture A, which is essentially
a Corollary of Theorem 3.
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THEOREM 4. There exist an aspherical 3-dimensional finite polyhedron
Z and a normal subgroup H C m = m1(Z) such that the extended L?-homology
Hy(Z;6%(n/H)) vanishes for allp=0,1,... .

Since this paper was written, N. Higson, J. Roe, and T. Schick [8] have sim-
plified and generalized our construction of L?-invisible manifolds. They proved
that any finitely presented group m with vanishing extended L?-homology in
dimensions 0, 1, and 2 is the fundamental group of a closed n-dimensional M
(for any n > 6) with H,(M;¢?(m)) = 0 for all p. The result of [8] is a very
satisfying analogue of the theorem of Kervaire [11].

The authors are thankful to A. Connes and B. Eckmann for helpful con-
versations.

2. Proofs of Theorems 2, 3 and 4

A. Let 7 be a discrete group given by a finite presentation
T =|x1,x0,... Xy 11 =1 ro=1,... 1 =1
by generators and relations. We will assume that:

(a) The extended L2-homology of 7 in dimensions 0,1 and 2 vanishes; i.e.
Ho(m; £2()) = Hy(m;0%(7)) = Ha(m; £%(7)) = 0.

(b) Let X be a finite cell complex with fundamental group 71 (X) = 7, having
one zero-dimensional cell, n cells of dimension 1 and m cells of dimension
two, constructed in the usual way out of the given presentation of . Then
the second homotopy group m2(X) of X, viewed as a Z[r]-module, is free
and finitely generated.

Our purpose is to show that there exists a 3-dimensional cell complex Y,
obtained from X by first taking a bouquet with finitely many copies of S? and
then adding a finite number of 3-dimensional cells, so that

(2.1) H;(Y;%(m)) =0 forany i=0,1,....

B. The L?-Hopf exact sequence. First we will calculate the extended L?-
homology of X using the spectral sequence constructed in Theorem 9.7 of [3].
We will work in the von Neumann category C, of Hilbert representations of 7
(cf. [4, §2, ex. 5]). We will denote by £(C,) the corresponding extended abelian
category (cf. [4, §1]). Let X be the universal covering of X. We will use the
functors

Tox? (E2(x), Hy(X; ©))
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with values in the extended abelian category £(Cr), which are defined in
[3, p. 660] under the assumption that the homology modules H,(X;C) of
the universal covering admit finite free resolutions. In our case only two of
these homology modules can be nonzero (for ¢ = 0 and ¢ = 2), and (since
Hy(X;C) = C ® m(X)) our assumption (b) guarantees this finiteness condi-
tion for ¢ = 2. The functor Tord (¢2(r), Hy(X; C)) can be denoted by

(2.2) (1)@, Hy(X;C).

It is an analogue of the tensor product (cf. [4, §6]). Note that in general it takes
values in the extended category £(Cr); i.e., it may have a nontrivial torsion
part.

By Theorem 9.7 of [3], there exists a spectral sequence E} ,, where r > 2,
in the abelian category £(C,) with the following properties:

e The initial term of the spectral sequence is Equ = Tor, (P(r), Hy(X; C)).
e It converges to the extended L?-homology H,+q(X; (7).

For ¢ = 0 we have Hy(X;C) = C, and Tor] ((m), C) can also be under-
stood as the extended L?-homology of the Eilenberg-MacLane space K (7, 1).
We will use notation

(2.3) Torg(€2(7r), C) = H,(m; £2(7)).

It is an analogue of the group homology.

Since X is two-dimensional, the spectral sequence contains only two rows
(¢ = 0 and ¢ = 2) and may have only one nontrivial differential. Hence we
obtain the following isomorphisms:

(24)  Ho(X;0%(m)) ~ Ho(m; £2(n)) and Hi(X;0%(n)) ~ Hy(m; (7).
These are Hurewicz-type isomorphisms for extended L?-homology. The first
nontrivial differential of the E?-term is do : E%,O — E&z. Here E§70 =
Hs(m; £%(7)) and E(Z),Q = (2(1)&rHy(X; C). Using the Hurewicz isomorphism
Hy(X) ~ my(X) ~ m(X), we may write

B}y = E(m)drma(X)
and the above differential is
(2.5) do = Hz(m; 02(7)) — (1) @pma(X).

Note also that this differential must be a monomorphism (viewed as a mor-
phism of the abelian category £(Cy)), since Hz(X; (7)) = 0 (recall that X
is two-dimensional). The spectral sequence above yields the following exact
sequence

0 — Ha(ms £2(m)) S £(m)@xma(X) 2 Ha(X: () — Ha(m, () = 0.

It is an L? analogue of the Hopf exact sequence.
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We conclude (using (2.4) and our assumptions (a)) that
Ho(X:£%(m)) = H1(X; £2(m)) = 0
and Ha(X; ?(7)) can be found from the exact sequence

(2.6) 0 — Ha(m; (7)) — (1) @xma(X) LN Ho(X; £3(7)) — 0.

C. We will now specialize our discussion to the following group
mn=FXF X F,

where F' is a free group with two generators. We will denote the free gen-
erators of the factor number r (where r = 1,2,3) by af,a). We will fix the
presentation of 7 given by six generators ai,al,a?, a3, a3, a3 and the following
twelve relations

(af.db)y=1, for k#1, kl1e€{1,2,3}, ije{l,2},

~Lw~1 denotes the commutator.

where (v, w) = vwo

Note that H;(F;¢*(F)) is nonzero only for j = 1 and has no torsion.
Indeed, the Eilenberg-MacLane space K (F,1) = S*Vv S! is one-dimensional and
so the extended L?-homology vanishes in dimensions j > 1 and Hi(F;/?(F))
is torsion-free (the top dimensional extended L2-homology of any complex is
torsion-free). Ho(F;£%(F)) vanishes by a theorem of Brooks [2] since F is not
amenable.

Using the previous remark we see that 7 satisfies condition (a) above,
as follows from the Kiinneth theorem for the extended L?-cohomology; cf.
Appendix, Theorem 7 (the terms containing the periodic product in formula
(3.9), vanish; cf. Proposition 5, statement (b)).

Let us show that this group m, together with its specified presentation,
satisfies condition (b). The two-dimensional complex X constructed out of
this presentation will have one zero-dimensional cell e, six 1- dimensional cells
el,e2, el and twelve two—dlmensmnal cells 61132, 611]3, 12]3 Here e¥ denotes the 1-
cell corresponding to the generator a and ekl denotes the 2-cell corresponding
to the relation (a¥, a]) 1.

Let 0 — Oy — C; — Cy — 0 denote the chain complex of the universal
covering X. The boundary homomorphism acts as follows

ek = (aF —1)e°

7
65; = (aF-1) é—(aé—l)ef.
Using the Hurewicz isomorphisms ma(X) = m(X) = Hy(X), we may
compute the group my(X), viewed as a Z[r]-module, as the kernel of

0: CQ — Cl. Let
o= CQ, T = Z)\lZ 12 ZAIS 13 Z}\23 23 )\Z@ c Z[ﬂ'],

i 'Lj iJ 1] ij Cij
ij
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be an element with dx = 0. Then the following equations hold:
YiMfap —1) =3 A (af - 1),
3, Al ad 1) 4 55, At - 1) =0,
S (ol — 1)+ S - 1) =0,
Hence we may write
>\12 ok Mz]k( -1), lejzk € Z[n],
A= ka( - 1), M?j?’k € Z[r|,

)‘21]3 = Zk Hzljgk(a%: - 1)7 /J’zlj3k € Z[ﬂ-}

Therefore we obtain
(2.7) Wisk = ok = —Hikj-

Conversely, any system y;7) € Z[r] satisfying (2.7) determines a cycle x € Cy,
Oz = 0. This proves that mo(X) is a free Z[r|-module of rank 8 with the basis

(28) Lijk = (azl - 1) 321:3 - (CL - 1) 3]? +( ap — 1) 7,]’ i?jvk € {172}

Note that the Eilenberg-MacLane complex K = K(m, 1) is B x B x B,
where B is the bouquet of two circles; K is obtained from X by adding eight
three-dimensional cells e;;, where i, 7, k € {1, 2}, which correspond to different
triple products of 1-dimensional cells of B. It is easy to see that the boundary
of e;;1, is given by

Oeiji, = Tiji € mo(X).
The chain complex of the universal covering K is
0—-C3—>Cy—Cy— Cy—0,
where Cj is the free Z[w]—modu}e generated by the cells e;;; and the rest is the
same as the chain complex of X.

For a discrete group 7 we will denote by Cf (7) C C} () the real part of the
reduced C*-algebra, i.e. the norm closure of the real group ring R[r] C C[n].
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D. PROPOSITION. Let F' be the free group with generators ay,as. Then
there exist uy,us € Cr(F) C Cx(F) such that

(i) wi(ar —1) +wuz(ag —1) =0,
(ii) for any pair vi,ve € £2(7) with
(2.9) vi(ag — 1) +wva(ag —1) =0
there exists a unique w € ¢2(t) such that

V1 = wuy, V2 = wWu?.

Here we consider F' as a subgroup of m = F' X F' x F, identifying it with
one of the factors. The reduced C*-algebra C(F) C C}(m) acts in the usual
way on £2(r).

Proof. For convenience, we will assume in the proof that F' is the third
factor in w. Consider the standard complex

(2.10)  2(F)e 2(F) % 2(F), (v1,v2) — vila; — 1) + va(ag — 1),

calculating the extended L2-homology of the bouquet S'V S' of two circles
with coefficients in ¢2(F). The operator d is onto; this claim is equivalent to
Ho(STV St £2(F)) = 0 (the latter was observed above in C using a theorem of
Brooks [2] and the fact that F' is not amenable). Since x(S!V S1) = —1 and
H; (ST v SY2(F)) = 0 for j # 1, it follows by the Euler-Poincaré principle
(in the extended category of ¢£2(F)-modules) that kerd = H(S* Vv S'; 2(F))
is one dimensional; i.e., it is isomorphic to ¢?(F). Here we use the fact that
the von Neumann algebra N (F') is a factor.

Let P: (2(F) @ (?(F) — (2(F) @ (?(F) be the orthogonal projection onto
ker d. We claim that the element P(1,0) belongs to

(2.11)  CR(F)@® CR(F) C CHF) @ Cr(F) C (*(F) @ (*(F).

Let d* be the adjoint of d. Then ker d = ker(d*d). Moreover, the image of d*d
is closed and thus zero is an isolated point in the spectrum of d*d. Hence we
may use the holomorphic functional calculus (Cauchy’s formula) in order to
express the projector P as

1
P=_ _opx 1
5] /F(z d*d) " dz,

where I' is a small circle around the origin. This explains that P(v1,vs) belongs
to CH(F)®Cx(F) (cf. (2.11)), when we assume that that vy, ve lie in the reduced
C*-algebra C(F'). Moreover, since the operator d*d is real, we obtain that
P(vi,v2) € CR(F) @ CR(F), for v1,v2 € C{(F).
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We will now set
(ul,uQ) = P(l,O).

Then (i) is clearly satisfied.

We want to show that the restriction of P on the first summand ¢?(F) in
(2.10) gives an isomorphism P : £2(F) — kerd. Since both kerd and ¢*(F)
have von Neumann dimension one, and the spectrum of P contains only 0
and 1, we conclude that it is enough to show that P(v,0) = 0 for v € (*(F)
implies v = 0. If P(v,0) = 0; i.e. (v,0) € (kerd)", then (v,kerd) = 0, i.e. v is
orthogonal to the projection of kerd on the first summand ¢?(F). From this
we will obtain that necessarily v = 0 if we show that the projection of ker d on
the first summand is dense.

Let f; : (2(F) — (*(F) be operator x + z(a; — 1), where i = 1,2. It is
clear that f; and fy are injective and hence their images are dense. We claim
that f| 1(irn f2) is dense. If not, let H denote the orthogonal complement
to the closure of f;!(im f2). Then we may apply Proposition 2.4 from [4];
it implies that H must intersect im fo, which is impossible. Hence it follows
that the projection of ker d on the first summand ¢?(F) (which coincides with
frt(im f2)) is dense.

As aresult we obtain from the above arguments that for any pair (v, v2) €
ker d (i.e. which is a solution of (2.9)) there exists w € £?(F), so that P(w,0) =
(v1,v2), i.e. v1 = wuy and vy = wug. This is in fact a part of our statement
(ii).

In order to prove (ii) in full generality, observe that
(2.12) (1) = C(F)o*(F)&CP(F)

(cf. Appendix), and thus (by the Kiinneth theorem for extended L?-homology,
cf. Theorem 6) we find that the kernel of the operator

d:0(m) @ P (r) — C(n), (v1,v9) — vi(ar — 1) +vaag — 1),
equals (2(F)@02(F)&H1 (ST v SY 2(F)); (i) now follows. O
E. Now we describe the kernel of the Hurewicz homomorphism
h: 2(m)@pma(X) — Ha(X; £2(m)).

Let ui € C}(m), where s = 1,2,3 and ¢ = 1,2, denote the element given by
Proposition D applied to the factor F' C m, s = 1,2, 3. Here we consider C}(F)
as being canonically embedded into the von Neumann algebra N ().

We claim that the kernel of the Hurewicz homomorphism h is generated
by the element

(2.13) y=>_ u}u?uia;”k € Cr(m)@xma(X).
ijk
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More precisely, any element x € (?(7)@,m2(X) with h(z) = 0 has the form
x = py for some p € £2(r).

Note that the product py makes sense because the coefficients of y in the
basis x;, belong to Cx(m) C Cy ().

First, it is easy to check (using (2.8) and (i) of Proposition D) that indeed

h(y) = 0.
Let

xr = Z,uijk:rijk S 52(7T)®7F7T2(X), h(.%') = 0,
ijk
be an arbitrary element of ker h, where u;;; € ¢%(m). Using (2.8), we obtain

(equating to zero the coefficients of the cells e?i) the fact that for any pair of
indices j, k,

2
Zuijk(a} — 1) =0.
=1

Hence, applying Proposition D, we conclude that there exist ;. € ¢%(7) such
that

(2.14) Mije = Njkuzl'

We write again h(x) = 0, equating to zero the coefficients of the cells el
and using (2.14). We obtain that for any pair of indices i, k,

(2.15) > wjrui(a; —1) = [ZMM(@ - 1)] ui = 0.
j j

Note that wu§ = 0 for w € £?(7) implies wuj = 0 (by (2.9)) and from the
uniqueness statement in Proposition D, (ii), we obtain that w = 0. Therefore
(2.15) implies

> wjklai —1)=0
J
and hence by Proposition D,

Wik = uku?, where . € %().

Substitute again p;j;, = ukuzlu? into h(x) = 0 and equating to zero the coeffi-
cients of the cells e},? we obtain

(2.16) [Z p(ai — 1)] uzlug =0, andhence Zuk(az —1)=0.
k k

Using Proposition D as above we finally obtain

pp = puy, where p € %(w).

1,2

Therefore, we find that p;;, = pu; uju% and x = uy. O
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F. Our goal is to show that one may add eight cells of dimension 3 to
the bouquet X V S% such that the obtained 3-dimensional complex Y will have
trivial extended L*-homology

H;(Y;62(m) =0, j=0,1,....
For the proof, we examine again the exact sequence (2.6):
(2.17) 0 — Hy(m; 2(1)) 2 (1) @rma(X) 2 Ha(X; 2(m)) — 0.

As we know, ¢ maps the generator y of Hz(m; ¢*(r)) according to formula
(2.13); i.e., ¢ is given by a matrix with entries in Cf (7) C C) (). Let

Q : (M) Rrma(X) — (7)) @rma(X)

denote the orthogonal projection onto (im ¢)*, the orthogonal complement of
the image of ¢. Since X is two-dimensional, Hz(X;%(7)) has no torsion and
therefore im ¢ is closed. Note that (im ¢)* coincides with ker(¢¢*). Since
the image of ¢¢* is closed we conclude that zero is an isolated point in the
spectrum of ¢¢* and hence we may write

Q=L [z =00z,

21

where I is a small circle round zero. Therefore, in the basis x;j the projector
Q is given an (8 x 8)-matriz with entries in C{ ().

The projective Cg (m)-module determined by @ is stably free; we know
that adding a free one-dimensional module (generated by y) makes it free.
Therefore we may consider the bouquet X1 = X V S? so that Ha(Xq;£2(7)) =
Ho(X; 02(m)) @ £%(7) and m2(X1) = m2(X) @ Z[r]. Thus, the exact sequence
(2.17) for X,

(2.18) 0 — Ha(m; (1)) 5 C2(m)@rma(X1) 2 Ha(X1; 2(n)) — 0
will have the following property: the orthogonal projection
Q1 : () @rma(X1) — () Dpma(X1)

onto (im1))* is given by a (9 x 9)-matriz with entries in Cf () which deter-
mines a free Cg (m)-module of rank 8.

We may reformulate the last statement as follows: there exists a
Z[r]-homomorphism

(2.19) 7 ¢ (Z[a])° — Cr(m)@xma(X1)

such that the following composite

(2.20) ()& (Z[r])* D (1)@ pma(X1) B Ha(Xy; ()
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is an isomorphism. Now we will use the fact that the rational group ring Q|r]
is dense in Cg () with respect to the operator norm topology. Hence we may
approximate vy by a Z[r]-homomorphism

7 ¢ (Z[x])° — Q] @ ma(X1)

so that the similar composition (2.20) is an isomorphism. Finally, we may
multiply 1 by a large integer N to obtain a Z[r]-homomorphism

Yo 1 (Z[n])® — Z[r] @x m2(X1) = T2(X1)
such that the composition
(2.21)  (2(m))® = 2(m)@(Z[a])* "D P (m)@rma(X1) L Ho(Xy; ()

is an isomorphism.
Let z1,...,23 € ma(X1) be images of a free basis of (Z[r])® under 7o.
Realize each z; by a continuous map f; : S? — X1, where j = 1,...,8, and let

Y=Xuelu...uel

be obtained from X; by glueing eight three-dimensional cells to X; along
fi,---, fs- We claim that

(2.22) H;(Y;62(m) =0 forall j=0,1,....

In order to show this, we note that H;(Y, X;¢*(r)) vanishes for all j # 3 and
the 3-dimensional extended L2-homology H3(Y, X; ¢2(7)) equals (¢2())%. The
boundary homomorphism 0 : Hz(Y, X; 2(7)) — Ha(X;¢%(7)) is an isomor-
phism since it coincides with (2.21). Hence (2.22) follows from the homological
exact sequence of the pair (Y, X). This completes the proof of Theorem 3.

G. Now we may complete the proof of Theorem 2, having constructed
above a finite 3-dimensional polyhedron Y. For any n > 6 we may embed Y
into R"! as a subpolyhedron. Let N C R"*! be a regular neighborhood of
Y ¢ R*"!. We will define M as the boundary of N, i.e. M = ON.

First note that the inclusion M — N induces an isomorphism of the
fundamental groups and thus 71 (M) = 7 = F x F' x F, where F is a free group
in two generators. We want to show that

(2.23) H;(M; (7)) =0, foral j=0,1,....
In the exact homological sequence
oo H(M () — (N3 £3(m)) — M (N, M () — ..

we have H;(N;(*(m)) = 0. Also, H;(N, M;(*(n)) ~ H""1=I(N; ¢3(r)) by the
Poincaré duality (cf. [3]) and H"™1=7(N;¢2(7)) = 0 because of (2.22), by the
Universal Coefficient Theorem (cf. [3]). Hence, (2.23) follows. O
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H. Theorem 4 follows from Theorem 3 combined with a theorem of Kan
and Thurston [9], as refined by Baumslag, Dyer and Heller [1]; see also Maunder
[14]. Indeed, the “asphericalization” procedure of [9] and [1], applied to the
complex Y of Theorem 3 gives a finite 3-dimensional aspherical polyhedron
Z and a continuous map t : Z — Y, which induces an epimorphism of the
fundamental groups and such that for every local coefficient system A on Y,
the induced map is an isomorphism ¢, : H,(Z;t*A) ~ H,(Y; A). We apply the
above isomorphism in the case A = ¢?(m1(Y)). Since vanishing of unreduced
L?-homology H,(Y;¢*(m1(Y)) is equivalent to vanishing of the extended L?-
homology H..(Y; £2(m1(Y')), we obtain that H,(Z; ¢*(7/H)) = 0 for all p, where
m =m1(Z) and H denotes the kernel of t, : m(Z) — m (V). O

3. Appendix: The Kiinneth theorem for extended L2-cohomology

1. A Hilbert category C is defined as an additive subcategory of the cate-
gory of Hilbert spaces and bounded linear maps, such that for any morphism
f: H — H' of C the inclusion ker(f) C H belongs to C and also the adjoint
map f*: H — H belongs to C; cf. [4]. It is shown in [4] that any Hilbert
category can be canonically embedded into an abelian category £(C), called
the extended abelian category.

Let C, C" and C” be three Hilbert categories and let

(3.1) ®:CxC — "
be a covariant functor of two variables (the “tensor product”) such that:

(a) For H € Ob(C) and H' € Ob(C’) the image H®H' has as the underlying
Hilbert space the tensor product of Hilbert spaces H and H';

(b) If f: H — H; is a morphism of C and f’ : H' — H] is a morphism of
C' then f&f : HOH' — Hi®H] is the tensor product of bounded linear
maps f and f’.

Recall that the tensor product if Hilbert spaces H&®H' is defined as the
Hilbert space completion of the algebraic tensor product H ® H' with respect
to the following scalar product (v ® w,v' @ w') = (v,v') - (w, w').

Suppose that (C,d) and (C’,d) are chain complexes in C and C’ corre-
spondingly. We assume that all chain complexes are graded by nonnega-
tive integers and have a finite length. Their tensor product (C,d)®(C’,d)
(defined in the usual way) is a chain complex in C”. Also, (C,d)®(C’,d) is a
projective chain complex in the abelian category £(C”) and its extended ho-
mology H.(C®C") is an object of the extended category £(C"). Our purpose
is to express the extended homology of (C, d)®(C’, d) in terms of the extended
homology H.(C) of (C,d) and H.(C") of (C',d).
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2. Ezample. Suppose that G and H are discrete groups. Let Cg de-
note the category of Hilbert representations of G. Recall, that an object of
Cq is a Hilbert space with a unitary G-action which can be continuously and
G-equivariantly embedded into a finite direct sum £?(G) @ ... ® ¢*(G); mor-
phisms of Cs are bounded linear maps commuting with the G-action. Then
we have the tensor product functor

(3.2) ®:Ca xChx — Caxn
which is of primary interest to us.

3. Tensor and periodic products. A tensor product (3.1) defines two bi-
functors £(C) x E(C") — &£(C"), which we now describe. Let X = (o : A" —
A) € Ob(€(C)) and Y = (B : B — B) € Ob(&(C’)) be two objects with  and
B injective. Consider the following chain complex in C”:

. a®1 i . 31,16

A® B — 0.

In other words, we view the objects X and ) as chain complexes of length 1
and then (3.3) is the tensor product of these chain complexes. The extended
homology of (3.3) in dimension 0 will be called the tensor product of X and Y:

(3.4) XRY = ((a®1,1808) : (A’®B) ® (A®B') — A®B).

The extended homology of (3.3) in dimension 1 will be called the periodic
product of X and Y:

. _1®ﬁ ASB
(3.5) X*y—<< a®1>'A®B Z),
where

(3.6) Z = ker K _iffﬁ > : (A®B) @ (A®B') — A®B)

It is easy to see that X®) and X'x)) are covariant functors of two variables.

PROPOSITION 5. Let ® : C x C' — C” be a tensor product functor (3.1).

Let X € Ob(E(C)) and Y € Ob(E(C')). Then
(a) XRY is projective if both X and Y are projective;
(b) X«Y =0 if X or) is projective;

X®RY is torsion if X or Y is torsion;

(c

(d) If C" is a finite von Neumann category then X x ) is torsion for any X
and ).

)
)
)
)
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Proof. Statements (a) and (b) follow directly from the definitions.

We prove (c) assuming that X = (a: A’ — A) is torsion, i.e. ima C A
is dense. From the definition of the tensor product ® it follows then that the
image of a®1 : A/©®B — A®B is dense and hence from (3.4) we see that XY@
is torsion.

It is enough to prove (d), assuming that both X and ) are torsion. Let
X =(ax:A - A and Y = (8 : B — B) with a and 3 injective and
with dense images. Then A’ is isomorphic to A and B’ is isomorphic to B
(cf. [4, §2]). Therefore (d) will follow if we can show that Z (given by (3.6))
is isomorphic to A®B. The projection of Z on the first coordinate gives a
morphism Z — A’®B which is injective (obviously) and has a dense image
(this follows from the proposition in §2 of [4]). Hence we obtain (using the
lemma in §2 of [4]) that Z is isomorphic to A/®B ~ A®B. O

THEOREM 6 (The Kiinneth formula). Extended homology H.(C&C') of
a tensor product, where (C,d) is a chain complex in C and (C',d) is a chain
complex in C', gives the equality

(3.7) Ho(CRC) = P H(C)H;(C) & P Hi(C) * H;(C).
i+j=n i+j=n—1

Proof. Let Z; C C; and Z! C C/] denote the subspaces of cycles. We
have the decomposition C; = Z; & Zf; the boundary homomorphism vanishes
on Z; and maps Z; into Z;_1. We denote by D; the short chain complex

=(d: ZJrl — Z;), where Z; stands in degree i and Z +1 stands in degree
{ + 1. Then C ~ @52 D;; i.e., C is isomorphic to the direct sum of the chain
complexes D;.
Similarly, we define chain complexes D} = (d : ZJ’ w10 — Z5) and O ~
72 Dj. Hence we obtain

(38)  CRC' ~P(D:i®D)), Hn(CRC') @H (D;&DY).
2

Now we observe that D; has nontrivial homology only in dimension 7 and
Hi(D;) = H;(C); similarly, D’ has nontrivial homology only in dimension j
and H;(D}) = H;(C"). Therefore D;©D has nontrivial homology only in
dimensions ¢ + j and ¢ 4+ j + 1, and

Hirj(Di®D}) = Hi(C)@H;(C"),  Hirjr1(Di@D}) = Hi(C) * Hi(C')

according to our definition of the tensor and periodic products. Formula (3.7)
now follows. 0
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THEOREM 7 (The Kiinneth formula for extended L2-homology). Let X,

X' be finite cell complexes with m = m(X), 7’ = m1(X'). Then

(3.9) Hu(X x X562 (m x ')

~ @ H(X; () EH (X3 ()
i+j=n
& @ HX; )+ (XA (x),

i+j=n—1

where the tensor and periodic products are understood with respect to functor

(3.2).

Proof. Let C*N(X ) and C,(X") be the cell chain complexes of the universal

coverings X and X’. We apply the previous theorem to chain complexes C' =

2(

T)@:C4(X) and C" = 2(7")&Cy(X'). Note that C is a chain complex in

category Cyr (cf. example above) and H,,(C) = H,(X; ¢?(x)). Similarly C’ is a
chain complex in C,v and H,,(C') = H,,(X'; £2(7')). Formula (3.9) follows from
(3.7) using the isomorphism £2(m)&£2(r') = £?(7 x 7') and the fact that the
chain complex C,(X) @z C(X') over Z[r x 7] is isomorphic to Cy(X x X'),
where we consider the obvious product cell structure on X x X'. O
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