CHEEGER CONSTANTS AND L2-BETTI NUMBERS

LEWIS BOWEN

Abstract

We prove the existence of positive lower bounds on the Cheeger constants of manifolds
of the form X /T where X is a contractible Riemannian manifold and T’ < Isom(X)
is a discrete subgroup, typically with infinite covolume. The existence depends on
the L2-Betti numbers of T, its subgroups, and a uniform lattice of Isom(X). As an
application, we show the existence of a uniform positive lower bound on the Cheeger
constant of any manifold of the form H* /T where H* is real hyperbolic 4-space and
I’ < Isom(H*) is discrete and isomorphic to a subgroup of the fundamental group of
a complete finite-volume hyperbolic 3-manifold. Via Patterson—Sullivan theory, this
implies the existence of a uniform positive upper bound on the Hausdorff dimension
of the conical limit set of such a I" when I is geometrically finite. Another application
shows the existence of a uniform positive lower bound on the zeroth eigenvalue of the
Laplacian of H" /T over all discrete free groups I’ < Isom(H") whenever n > 4 is
even. (The bound depends on n.) This extends results of Phillips—Sarnak and Doyle,
who obtained such bounds for n > 3 when T is a finitely generated Schottky group.

1. Introduction
The Cheeger constant of a smooth Riemannian manifold M is defined by

area(dMy)

h(M) :=inf vol(Mp)

where the infimum is over all smooth compact submanifolds My C M with vol(My) <
vol(M) /2. For most of the paper we will be applying the Cheeger constant to infinite-
volume manifolds, in which case the infimum in the formula above is over all smooth
compact submanifolds. In this case, we could call #(M) the Fglner constant instead
of the Cheeger constant. For example, if M has infinite volume, then 2(M) = 0 if and
only if M is amenable. This paper is motivated by the following general problem.

Problem 1.1
Given a contractible smooth Riemannian manifold X and a family ¥ of abstract
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groups let /(X |¥) = infr A(X /") where the infimum is over all I' < Isom(X') such
that

o I' acts freely and properly discontinuously on X;

o I" is isomorphic to a group in F.

Compute /(X | ) for interesting special cases (e.g., when X is real hyperbolic
n-space H"” and ¥ is the class of free groups). We are especially interested in knowing
whether I(X | ¥) =0.

For example, let Free denote the class of free groups. For every € > 0 there is
a free group I < Isom(H?) such that the compact core of H?/ T is a pair of pants
with geodesic boundary components each of length €. The compact core has area 27
but H? /T has infinite area. It follows that #(H?/T") < 3¢/(2m). Since € is arbitrary,
I(H? | Free) = 0. Likewise, Isom(H?) admits a nonuniform lattice isomorphic to the
fundamental group of a fiber bundle over the circle so that the fundamental group
of the fiber surface is a rank 2 free subgroup A of Isom(H?) with #(H3/A) = 0. So
I(H3 | Free) = 0. The exact value of I (H" | Free) is unknown for n > 3. It is not even
known whether I (H" | Free) is monotone in .

To explain our main result it is convenient to introduce the following definitions.

Definition 1

Given a Riemannian manifold X and I' < Isom(X), we say that I" is geometric if
the action of I" on X is free and properly discontinuous. This ensures that X /T is a
manifold and the quotient map X — X /T is a cover.

Definition 2
Let us say that a residually finite countable group I' has asymptotically vanishing
lower dth Betti number if

timing 24V _
iminf =0,
N [[:N]

where the liminf is with respect to the net of finite-index normal subgroups N <1 T’
ordered by reverse inclusion. Equivalently, this holds if, for every € > 0, for every
finite-index normal subgroup N <1 T there exists a subgroup N’ < N such that N’ is
normal and has finite index in T and b4 (N')/([T : N’']) < €. For example, if T" has a
finite classifying space, then I" has asymptotically vanishing lower d th Betti number
if and only if bf) (I') = 0 by Liick’s approximation theorem [25, Theorem 0.1] (where

bc(lz) (T") denotes the d-dimensional L?-Betti number of I").

Our main result is the following.
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THEOREM 1.2

Let X be a smooth contractible complete Riemannian manifold. Let §; be the class
of all residually finite countable groups I" such that every finitely generated subgroup
I'" < T has asymptotically vanishing lower dth Betti number. Suppose there is a
residually finite geometric subgroup A < Isom(X) such that X/A is compact and
bP(A) > 0. Then 1(X | §4) > 0.

This is derived from a more general result (Theorem 7.1) concerning metric-
measure spaces (mm-spaces) in place of manifolds. In general, it appears to be a
difficult problem to determine whether a given group is in §;. However, we show
in Proposition 8.2 below that if I" is the fundamental group of a complete finite-
volume hyperbolic 3-manifold, then I" € §; for all d > 1 (and the same holds for
every subgroup of I'). Using this we obtain the following.

COROLLARY 1.3

If T < Isom(H") is geometric and isomorphic with a subgroup of the fundamental
group of a complete finite-volume hyperbolic 3-manifold and n > 4 is an even integer,
then h(H"/T) > I(H" | §,/2) > 0. In particular, I(H" | Free) > 0 for every even
integer n > 4.

Observe that we do not require the group I' to be finitely generated in the result
above.

Instead of the Cheeger constant, one might be interested in the bottom of the
spectrum of the Laplace operator of a smooth Riemannian manifold M, which we
denote by Ao(M). By [9],

h(M)?/4 < Xo(M). (1)

More precisely, Cheeger proved (1) when M is compact, but it is well known that it
generalizes to the noncompact case.

In order to compare Corollary 1.3 with previous results, recall that a classi-
cal Schottky group is a subgroup of Isom(H") generated by elements gi,...,gm
such that there exist pairwise disjoint conformally round balls By, B,,..., B, and
B}, B),..., B}, inthe sphere atinfinity S"~! = 9H" such that g; (S"~'/B/) = int(B;)
for every i. Phillips and Sarnak [30, Theorem 5.4] showed that for every n > 4 there
is a constant f, > 0 such that if " is any classical Schottky subgroup of Isom(H"),
then Ao(H"/T") > f, where Ao denotes the bottom of the spectrum of the Laplace
operator. This result was extended by Doyle [12] to n = 3. No such bound exists for
n=2.
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Classical Schottky groups are free groups so it makes sense to ask whether these
results hold for free groups more generally. Corollary 1.3 and (1) show that indeed
Ao(H"/T) > I(H" | §,/2)?/4 > 0 whenever n > 4 is even and T is a free group.

Instead of the Cheeger constant or Ay, one might be interested in the Haus-
dorff dimension of the limit set. The limit set LT" of a subgroup I' < Isom(H") is
the intersection of the sphere at infinity S”~! = gH" with the closure of I'x for
any x € H". Let HD(LT') denote the Hausdorff dimension of LI". In [33, Theo-
rem 2.21], Sullivan shows that if I' < Isom(IH") is geometrically finite without cusps
and HD(LT') > (n — 1)/2, then

Ao(H"/T) = (n—1—HD(LT))HD(LT). )

(Our definition of Aq differs from the definition in [33] by a sign.) If " is merely geo-
metrically finite, then this result holds with the limit set replaced by the conical limit
set by [5, Corollary 2.6] and [33, Theorem 2.17]. These results have been generalized
to other rank 1 symmetric spaces in [11]. From Corollary 1.3 and (1) we now obtain
the following.

COROLLARY 1.4

Forevery integern > 2, there exists a number do, < 2n—1 suchthat if A < Isom(H?")
is a geometrically finite discrete group isomorphic to a subgroup of the fundamental
group of a finite-volume complete hyperbolic 3-manifold, then the Hausdorff dimen-
sion of the conical limit set of A\ is at most day,.

In the opposite direction, it is shown in [20] and [21] that any Kleinian group
whose limit set has sufficiently small Hausdorff dimension is a classical Schottky
group.

The corollary above partially solves [23, Problem 10.27, p. 530]. Let us mention
in passing that the survey [23] is a rich source for examples and open problems about
Kleinian groups in higher dimensions.

It is a long-standing open problem to determine whether there exists a closed real
hyperbolic 4-manifold M that fibers over a surface with fiber a surface. Recently U.
Hamenstidt [18] has proven that no such manifold exists if both base and fiber are
closed. However, the other cases remain open. If there is such a manifold, then the
universal cover M is naturally identifiable with hyperbolic space H* and therefore
the fundamental group 7;(M) can be represented as a lattice in Isom(H*). More-
over, the fundamental group of a fiber surface can be represented as a discrete group
A < Isom(H*). This group is isomorphic to the fundamental group of a surface. So
Corollary 1.3 implies that 2#(H*/A) > 0. Because A is a normal subgroup of a lattice,
its limit set is the entire 3-sphere boundary of H*. However, it is not geometrically
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finite. It might seem reasonable, by analogy with the 3-dimensional case, to suspect
that by deforming A slightly (or by passing to a subgroup), it should be possible to
find, for every € > 0, a geometrically finite discrete group A’ < SO(4, 1) such that
the Hausdorff dimension of the conical limit set of A’ is at least 3 — € and A’ is iso-
morphic to the fundamental group of a compact surface. Corollary 1.4 implies this
intuition is incorrect.

Question 1

Let Surface denote the class of fundamental groups of closed surfaces of genus g > 2.
Is I(H* | Surface) realized? In other words, does there exist a geometric surface group
I' < Isom(H*) such that h(H*/T) = I(H* | Surface)? Suppose that there exists a
closed hyperbolic 4-manifold which fibers over a surface and T" is the fundamental
group of the fiber surface. Then is it true that 2(H*/ ") = I(H* | Surface)? This ques-
tion admits natural variations by replacing the Cheeger constant with Ao or HD(LT")
for example.

Question 2
Is I(H" | Free) > 0 when n is odd? Does the limit lim,_, o, /(H" | Free) exist? If so,
is it positive?

Remark 1

Corollaries 1.3 and 1.4 can be generalized to complex-hyperbolic space (by using [26,
Theorem 5.12] and Proposition 8.2 below). In fact, complex-hyperbolic manifolds are
always even-dimensional and it is known that the L2-Betti number of a lattice acting
complex-hyperbolic space does not vanish in the middle dimension. Therefore, we
obtain /(CH"” | §,) > 0 for all n > 2.

Remark 2

There are stronger results for quaternionic hyperbolic space and the octonionic hyper-
bolic plane because the isometry groups of these spaces have property (T) (see [10],
[11]). In fact it is known that if I" is a geometrically finite subgroup of the isom-
etry group of one of these spaces but I' is not a lattice, then there is a nontrivial
lower bound on the codimension of the Hausdorff dimension of the limit set of I"
which does not depend on I'. The analogous statement for real or complex hyperbolic
n-space is false (see [23]) essentially because there exist lattices which surject onto
infinite amenable groups.

Remark 3
It is an open question whether Theorem 1.2 holds without the residual finiteness
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assumptions (either on A or §;). However, in many interesting cases Isom(X) is lin-
ear, and therefore, by Maléev’s theorem, every finitely generated subgroup of Isom(X)
is residually finite.

Remark 4
It might be possible to obtain an explicit bound on I(H?" | §,) from the proof of
Theorem 1.2 and the results of [13], which show that Betti numbers are testable.

1.1. Outline
We begin by explaining the Benjamini—Schramm convergence of simplicial com-
plexes in Section 2. The highlight of this section is G. Elek’s result: if {K;}$2, is a
Benjamini—Schramm-convergent (BS-convergent) sequence of finite connected sim-
plicial complexes, then the normalized Betti numbers of {K; }?° | converge as i — oo.
This result is the key to the whole proof. In Section 3 we review mm-spaces, deferring
the proofs to the appendices. We generalize G. Elek’s result in Section 4 to sequences
of mm-spaces following an outline provided by G. Elek [14] in the closed Rieman-
nian manifold case. Section 5 reviews L2-Betti numbers and Section 6 provides some
tools for proving Benjamini—Schramm convergence.

The proof of Theorem 1.2 is in Section 7. Here is a brief and rough outline.
It suffices to prove the contrapositive: if {I;}72, is a sequence of residually finite
geometric subgroups of Isom(X) and lim; . #(X/ ;) — 0, then for all but finitely
many i there exist subgroups I'/ < I'; such that

ba(N) -0,
[T N]

2 o o
bé )(Fi’) :=11n]1V1nf

where the limit is over the net of finite-index normal subgroups of I' ordered by
reverse inclusion.

We are assuming the existence of a residually finite uniform lattice A < Isom(X)
with bflz) (A) > 0. We use a lemma due to Buser (see Lemma 7.3 below) to find com-
pact smooth submanifolds M; C X/I; such that for every r > 0 the ratio
vol(N,(0M;))/ (vol(M;)) tends to zero as i — oo where N, (dM;) denotes the radius
r neighborhood of the boundary of M;. After passing to a subgroup of I'; if necessary,
we can also require that M; has no short homotopically nontrivial loops (meaning that
every homotopically nontrivial loop in M; has length at least r; where lim; oo 1} =
+00). From these results we conclude that {M;}?° | Benjamini—-Schramm converges
to X. So our generalization of Elek’s result implies that lim; o0 b4 (M;)/ (vol(M;)) =
bc(12) (A)/(vol(X/A)) where bz (M;) denotes the ordinary d th Betti number of M;.

The Mayer—Vietoris sequence is employed to show (roughly speaking) that the
normalized Betti numbers b4 (M;)/(vol(M;)) are asymptotically bounded by the nor-
malized Betti numbers of I';. Liick approximation and residual finiteness allow us to
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replace ordinary Betti numbers with L2-Betti numbers and to compare these limits
with the L2-Betti numbers of the lattice A, proving Theorem 1.2. In Section 8, we
use treeability, almost treeability, and well-known results about L?-Betti numbers of
hyperbolic lattices to obtain Corollaries 1.4 and 1.3 from Theorem 1.2.

2. Benjamini-Schramm convergence of simplicial complexes

A rooted simplicial complex is a pair (K,v) where K is a simplicial complex and
v is a vertex of K. We say (K1,v1) and (K3, v;) are root-isomorphic if there is an
isomorphism from K; to K, which takes v; to v,. We let [K, v] denote the root-
isomorphism class of (K, v).

Let RSC denote the set of all root-isomorphism classes of connected rooted
locally finite simplicial complexes.

We define a topology on RSC as follows. Given a finite rooted simplicial complex
(L, w) and an integer r > 0, let U, (L, w) C RSC be the set of all [K, v] € RSC such
that the closed ball of radius r centered at v in K is root-isomorphic to (L, w). Here
we are employing a standard convention: the closed ball of radius r is the subcomplex
consisting of all simplices o in K with the property that every vertex v’ of o is of
distance at most r from v with respect to the path metric on the 1-skeleton of K.

We give RSC a topology by declaring each U, (L, w) to be a closed set. For A > 0
let RSC(A) C RSC denote the set of all root-isomorphism classes of connected rooted
simplicial complexes [K, v] so that every vertex of K has degree at most A. With the
subspace topology, RSC(A) is compact and metrizable. Moreover, each U, (L, w) N
RSC(A) is a clopen subset of RSC(A).

Definition 3

In general, if X is a topological space, then we let M (X ') denote the space of all Borel
measures on X with the weak* topology. Therefore a sequence {A;}72, C M(X)
converges to an element Ao, € M(X) if and only if, for every compactly supported
continuous function f € C(X), [ fdA; converges to [ fdAo as i — co. Also let
M1 (X) denote the subspace of Borel probability measures on X .

Given a finite connected simplicial complex K, let ug € M;(RSC) denote

1
MK = 7 Z 31k v]s
[V(K) vV (&)

where V' (K) denotes the set of vertices of K and d[x ,] denotes the Dirac probability
measure concentrated on [K, v] € RSC.
A sequence of finite connected simplicial complexes {K;}72, is BS-convergent

if the sequence {1k, }72, converges in the weak™® topology on M (RSC). In the spe-



576 LEWIS BOWEN

cial case in which there is a uniform degree bound A on the K;’s, this means that,
for every finite (L, w) € RSC and every r > 0, lim; .0 ptx; (Ur (L, w)) exists. The
graph-theoretic version of this notion was introduced in [4]. The next lemma is crucial
to our entire approach.

LEMMA 2.1

Let A >0, and let {K;}{2 | be a sequence of finite connected simplicial complexes
such that every vertex of every K; has degree at most A. If {K;}?° | is BS-convergent,
then 1im; 00 by (K;)/|V(K;)| exists for any d > 0 where by (K;) denotes the ordi-
nary dth Betti number of K;.

Proof
This is [13, Lemma 6.1]. O

The next lemma is a generalization of the above to convex sums of finite con-
nected simplicial complexes.

LEMMA 2.2

Let {n;}72, € M{(RSC(A)) be a convergent sequence in the weak* topology. In
addition, assume that for each i there exist finite connected simplicial complexes
K, ..., Kim; and positive real numbers t; 1, ...t m; such that

m;
ni = Z li,j WK; ; -
~

Suppose as well that there exist natural numbers N; such that |V(K; ;)| > N; for all
i, andlim;_oo N; = +00. Then for any d > 1,

it ba(Ki )
lim —-
i~oo ) il i jIV(Ki )l

exists.

Proof

By approximating the coefficients f; ; by rational numbers, we see that it suffices to
prove the special case in which each #; ; is a rational number, which we now assume.
Let D; > 0 be a natural number such that D;#; ; € Nforall i, ;.

1) (Dit;, ;)
Let Ki,j,...,Ki,j 4
K;, j. Let vlk j be a vertex of Ki(l;). Let L; be the disjoint union of Kl.(l;.) over all

1<k<D;tjand1=<j<m;. Let L;. be the smallest complex containing L; such

be disjoint complexes, each of which is isomorphic to
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k

kj to vijl forall 1 <k < D;t; ;, 1 <j <m;,and

that there is an edge in L} from v;
Dit; . .
an edge from v; "’ to vil,jJrl forall 1 < j <m;. Then L] is a connected complex

with vertex degree bound A + 2. Moreover,

m; m;
ba(L}) =Y Diti jbg(Kij).  |V(L)| =) Ditij|V(Ki,)|.

j=1 =1
which implies that

Lt jba(Ki )
Yt V(K I

So it suffices to show that lim; o bg(L])/|V(L})| exists. By Lemma 2.1, it suffices
to show that {L}}$2 is BS-convergent.

Let (A,a) be a finite rooted simplicial complex, let r € N, and as above, let
U,(A,a) C RSC be the set of all [K, v] € RSC such that the closed ball of radius r
centered at v in K is root-isomorphic to (A4, a). It suffices to show that p;, (U, (A, a))
converges as i — co. However, we observe that |y, (Uy(A4,a)) — ni(Ul,(A,a))| <
2|X;|/|V(L;)| where X; C V(L)) is the set of vertices at distance less than or equal
to r from the set {vff j }ik C V(L]). Since {n;}$2, is convergent by hypothesis, it
suffices to show that lim; . | X;|/|V(L})| = 0.

Because the vertex degrees of L; are bounded by A + 2, it follows that

ba(L)/|V(L)| =

mi
X < (A+2)"[{of b ju| < (A +2)7 ) Diti ;.
j=1

On the other hand,

m; mj
V(LD =" Diti j|V(Ki ;)| = Ni Y Diti ;.

j=1 j=1
So
| Xi|
<(A+2)"/Ni,
V(L) l
which implies that lim; o | X;|/[V(L})| = 0 as required. O

3. mm-spaces

In Section 4 we generalize Elek’s theorem (Lemma 2.1 above) by replacing the space
of rooted simplicial complexes with the space of pointed mm-spaces. In this section,
we present the basic definitions and results we will need. The standard reference for
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this subject is [17]. Our definition of mm”-spaces, given below, and the topology
on M" appear to be nonstandard. (At least, we did not find them in the literature.)
We should also mention that the Benjamini—Schramm convergence of random-length
spaces first appeared in [1]. Our notion is similar, although not exactly the same.

Definition 4

An mm-space is a triple (M, distyz, volps) where (M, distys) is a complete separable
proper metric space and volys is a Radon measure on M . We will usually denote such
a space by M leaving distys and volys implicit. A pointed mm-space is a quadruple
(M, p,distps, volys) where (M, distys, volps) is an mm-space and p € M. More gen-
erally, a pointed mm™ -space is an (n + 3)-tuple (M, p, distay, vol(l), e Volg\',;)) where
(M, distyy) is a complete separable proper metric space, p € M, and volgl) is a Radon
measure on M for every i. We will often denote a pointed mm”-space by (M, p)
leaving the rest of the data implicit. Two pointed mm”-spaces (M, p), (M’, p’) are
isomorphic if there is an isometry from M to M’ that takes p to p’ and vol%l) to
volgi,l), fori =1,...,n. We let [M, p] denote the isomorphism class of (M, p). Let
M" denote the set of all isomorphism classes of pointed mm”-spaces. Let Ml = M.

Definition 5 (A topology on M")

We define a topology on M" by declaring that a sequence {[M;, p;]}72, converges to
[Moo, poo] in M if and only if there exist a complete proper separable metric space
Z and isometric embeddings ¢; : M; — Z such that

il_i)fgo(‘/’i (M;), ¢i (Pi)) = (‘Poo(Moo)»(Poo(Poo))

in the pointed Hausdorff topology (see Definition 28 in Appendix A for the
definition of this topology);

. 1im; o 00 (95 ) Volgz_ = (Poo)* VOIE‘];)OO (in the weak* topology on M (Z)) for
all k.

THEOREM 3.1
With the topology above, M" is separable and metrizable.

The proof of this theorem is in Appendix B.

Definition 6

Every nonnull finite-volume mm-space M is associated with a measure pps € M; (M)
obtained by pushing forward the probability measure volys/(volas (M)) under the
map from M to M given by p — [M, p]. A sequence {M;}?2, of nonnull finite-
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volume mm-spaces Benjamini—Schramm converges if {jip; }72, converges in the
weak* topology on M (M).

4. A variant of Elek’s theorem
The purpose of this section is to prove a version of Lemma 2.1 for mm-spaces. We
first need some definitions to state the result properly.

Definition 7 (Special mm-spaces)
Let M be an mm-space. We say M is special if

. volys is nonatomic (i.e., volas ({x}) = 0 for every x € M);

. volyy is fully supported (i.e., volps (O) > 0 for every nonempty open set O C
M);

0 spheres have measure zero (i.e., for all p € M, € > 0, volyy({g € M :
distpr (p.q) = €}) = 0);

0 M is pathwise connected.

Let M, C M denote the subspace of isomorphism classes of pointed special mm-
spaces.

Definition 8

Let M be a metric space. We say that m is a midpoint of x,y (for m,x,y € M) if
distps (x,m) = distys (m, y) = (1/2) distpr (x, y). We say a subset X C M is strongly
convex if every pair x, y € X has a unique midpoint m € X.

Definition 9

Let M be a metric space, and let € > 0. A set S C M is e-separated if distps (s,5’) > ¢
for every 5,5’ € S with s £ 5. If Q C M, then S e-covers Q if for every g € Q there
isan s € S such that distps (g, s) < €.

Definition 10
Given a metric space M, p € M, and R > 0, let Bps(p, R) denote the closed ball of
radius R centered at p. Let Bj,(p, R) denote the open ball of radius R centered at p.

The main result of this section is the following.

THEOREM 4.1

Let {M;}2, be a sequence of finite-volume special mm-spaces. Suppose that
lim; o0 fM; = Moo € M1 (M) exists. We assume there are constants €,vg, vy such
that for every p € M; (and everyi =1,2,...)

0 v1 > volag; (B (p.20¢€)) = volp, (B, (p,€/2)) > vy >0,



580 LEWIS BOWEN

. Bj‘f,li (p,r) is strongly convex for every r < 10e.
Then lim; 00 by (M;)/(vol(M;)) exists for every d > 1 where bg(M;) denotes the
dth ordinary Betti number of M;.

The main ideas for the proof of Theorem 4.1 are due to G. Elek [14].

4.1. A brief outline

First we show how to construct for every rooted special mm-space (M, p) a random
discrete subset S C M which is e-separated and 3e-covering. The main difficulty is
showing that this construction can be made to depend continuously on [M, p]. Second
we let p5 : S — [5¢, 6€] be a random map and we consider the nerve complex K
of the open covering Bj, (s, p5(s)). To be precise, the vertex set of K is S and a
subset S' C S spans a simplex in K if (" g B, (s, 05(s)) # 0. Considering the case
M = M; with M; as in Theorem 4.1, we see that its random complex K; has degree
bound A. Moreover, we show that {K; }7° , is BS-convergent and K; is homotopic to
M;. (This uses a variant of Borsuk’s nerve theorem.) So we can use Lemma 2.1 to
finish the argument.

4.2. Pointed mm-spaces with a weighted discrete set
We will use the following definitions as technical tools for proving Theorem 4.1.

Definition 11

A pointed mm-space with a weighted discrete set is a quadruple (M, p, S, f) where
(M, p) is a pointed mm-space, S C M is a locally finite set, and f : S — [0,1] is a
function. By locally finite we mean that Bys(p, R) N S is finite for every R > 0. Two
such spaces (M, p, S, f),(M', p’,S’, f') are isomorphic if there is an isomorphism
from (M, p) to (M’, p’) which takes S to S” and f to f’. Let MSF denote the set
of all isomorphism classes of pointed mm-spaces with a weighted discrete set. We let
[M, p, S, f] € MSF denote the isomorphism class of (M, p, S, f).

Definition 12 (A topology on MISF)
Given [M, p, S, f] € MSF, define volgzl) on M to be the counting measure on S, and

define volgsl) on M to be the atomic measure corresponding to /. So
vol ) (E)=|ENS|. vl (E)= > f(s)
seENS

for any E C M. This defines an embedding of MSF into M?3. We give MISF the
induced topology.
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Definition 13 (Pointed mm-spaces with a discrete set)

A pointed mm-space with a discrete set is a triple (M, p, S') where (M, p) is a pointed
mm-space and S C M is locally finite. Two such spaces (M, p,S), (M’, p’, S’) are
isomorphic if there is an isomorphism from (M, p) to (M’, p’) (as elements of M)
which maps S bijectively to S’. Let MS denote the set of all pointed mm-spaces with
a discrete set up to isomorphism. We let [M, p, S] € MIS be the isomorphism class
of (M, p, S). There is an obvious projection map MSF — MS. We endow MS with
the quotient topology. Alternatively, MIS can be embedded into M? by [M, p, S] —

[M, p,distys, volyy, volgfl)] where volfl) is the measure volg\zl)(E) =|ENS]|.

4.3. Random discrete subsets of mm-spaces
The first step in the proof of Theorem 4.1 is to associate to an mm-space a random
discrete subset in a natural way. First we need a few more definitions.

Notation 1
Given a random variable X, let Law(X) denote the law of X. So Law(X) is a proba-
bility measure on the space of all values of X.

Definition 14

If (Y,1) is a purely nonatomic finite measure space and k > 1 is an integer, then
(Y*,1%) denotes the direct product of k-copies of (¥, 1) and ((I,:), (2)) denotes the
projection of (Y*,1%) onto the space of all unordered subsets of Y of cardinality
k. Because A is purely nonatomic, this is well defined: the large diagonal in Y* has
measure zero with respect to AKX A uniformly random subset S C Y of cardinality
k is a random subset with law equal to (2) / |(£)| where |(£)| denotes the total mass

of (2)

LEMMA 4.2

Let € > 0. There exists a continuous map ¥ : M, — M1 (MS) such that, for any
M, p] € My, if [M', p’,S'] € MS is random with Law([M', p’, S']) = ¥ ([M, p]),
then [M', p'l = [M, p] and S’ is e-separated and 3e-covers M almost surely. More-
over, ¥ does not depend on the point p in the following sense. If (M, p],[M,q] €
M, and [M, p,S],[M,q,T] € MS are random with Law([M, p, S]) = ¥ ((M, p)).
Law([M,q,T]) = ¥ (M, q]), then Law(S) = Law(T).

Proof

Fix (M, p) to be a pointed special mm-space. For j € N, let S jM be a Poisson point
process on M of intensity 1. To be precise S jM is a random subset of M characterized
by the following properties.
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1. If O C M has finite volume, then S;"I N Q@ is uniformly random with cardi-
nality n; o where 7; o is a discrete Poisson random variable with parameter
A = volpy (Q). So Prob(n;,0 = n) = [voly (Q)" exp(—volay (0))]/(n!) for
n=0,1,2,.

2. If {Q;}72, are pairwise disjoint Borel subsets of M of finite volume, then the
random variables {S ]M N Q;}2, are jointly independent.

Alsolet f; M. LS M _, 10, 1] be a random function with law Leb® 7" where Leb denotes
the Lebesgue measure on the interval [0, 1]. We require that {S; ! }52, and { f; LTS
are jointly independent.

i,j=1

CLAIM 1
The map (M, p] € M, — LaW([M,p,S}M,ij]) € M (MSF) is continuous for
each j.

Proof

Let {[M;, pi]}$2, C My, be a sequence with lim; o [M;, pi] = [Moo, Poo] € M.
So there are a complete separable proper metric space Z and isometric embeddings
;i : M; — Z (for 1 <i < 00) such that

lim @;(M;, pi) = ¢oo(Moo, Poo), 1im (¢;)« voly; = (¢o0)« VOlar, -
1—>00 1—>00

The first limit above is in the pointed Hausdorff topology, and the second is in the
weak* topology. These limits imply that the Poisson point process with intensity 1
with respect to the measure (¢;)« volys, converges in law to the Poisson point pro-
cess with intensity 1 with respect to the measure (¢oo)« VOlps,,. Similarly, if

is defined on g; (Sjl.lli) by fi(gi(s)) = iji (s), then Law(¢; (S]%), ;) converges
to Law(gooo(Sju”), foo;)» Which implies that Law([M;, p, SjMi , fJMi]) converges to
Law([Mo, p, S]M‘X’,f]M""]) as i — oo. O

The idea behind the proof is to construct a random subset S¥ C | ; jenS M such
that the map [M, p] — Law([M, p, SM]) satisfies the conclusions of the lemma. We
build SM in stages. In the first stage, we identify a random subset TIM cS IM such
that U IM =S IM \ TlM is e-separated. In the nth stage we identify a random subset
TM c SM such that if UM := SM \ TM | then U<, U;j" is e-separated. Finally
we let SM = U?ozl U JM . Randomness is used in the construction of each TJ.M in
order to ensure continuity of the map [M, p] — Law([M, p, SM]). Next we present
the details.

Let ¢ : [0,00) — [0, 1] be a continuous function satisfying the following:

0 o) =1ift <e,
0 o) =0if r > 2e.
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For each pair s,¢ € U;ozl S]M, let X(s,t) € [0,1] be a random variable with
Lebesgue distribution. We require that the X(s,¢)’s are jointly independent. Let TIM
consist of every s € SM such that there is some r € SM with fM(s) < fM(t) and
¢(distar (s, 1)) > X(s,1). Let UM = SM \ TM  Note that UM is e-separated almost
surely.

CLAIM 2
The map [M, p] € M+ Law([M, p, UM]) € My (MS) is continuous.

Proof

Let{[M;, p;,S f1 142, € MISF be a (deterministic) sequence with lim; o0 [M;,
p,-,SlM",f1 ] = [Moo, Poo> 1M°°, flM°°] € MSF and such that f1M°° is injective. So
there are a complete separable metric space Z and isometric embeddings ¢; : M; —
Z such that

lim i (M;. pi) = goo(Moo, poc). lim (g)« voliy) = (po0) voly

)

foreach k = 1,2, 3 where vol% , VO are as in Definition 12. By Claim 1, it suffices

to show that Law(¢; (TIM 7)) converges to Law(gooo(TlM“)).
Suppose that x; € S;

1im ¢; (X)) = Poo(Xe0)
1—>00

for some x € S IM °°. Then flM[ (x;) converges to flM‘x’ (X¥s0)-

Let W(x;) be the set of all s € S17" N By, (x;, 2€) such that £, (x;) < £, ().
The probability that x; € TlMi is the probability that ¢ (distpy, (x;,5)) > X(x;,s) for
some s € W(x;). Note that W(x;) is finite and ¢; (W(x;)) converges to @oo (W (Xco))
as I — oo in the Hausdorff topology because f;"*° is injective. Also the values of
the functions flMi converge in the sense that if y; € W(x;) and lim; 0 ¢; (y;) =
Yoo (Voo), then flMi (yi) converges to f1M°° (¥o0)- Since ¢ is continuous, the proba-
bility that x; € TIM " converges to the probability that x., € TIM * asi — oo. Because
{x;i )92, is arbitrary, this implies the claim. O

For (M, p) € M, we inductively define TnM R U,f” (for n > 2) by: TnM consists of
every x € SM such that there exists y € SM U Uj<n UM with fM(x) < fMy)
and ¢ (distps (x,y)) > X(x, y). Let UM SM \ TM Note U M 5 e-separated
almost surely.

j=n U

CLAIM 3
The map [M, p] — Law([M, p, UM]) € M (MS) is continuous for every n.
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The proof of this is similar to the proof of Claim 2 so we will skip it. Let S¥ =
U;ozl U ]M . Note that SM is e-separated almost surely. We claim that S™ 3e-covers
M if M is special. To see this, let ¢ € M. Let n > 0 be an integer, and consider
the event that en U JM has trivial intersection with B{, (g, 3¢). Conditioned on this
event, the probability that U,f” has nontrivial intersection with B}, (g, 3€) is bounded
below by the probability that S,{” N Bf, (g, 3¢) consists of a single point contained in
B (g, €). In particular, there is a positive lower bound on this probability (depending
on ¢g) which is independent of n. This uses the hypothesis that vol s is fully supported
because M is special. By the law of large numbers then, with probability 1, S™ N
B3, (q.3€) # 0. This proves that S M 3¢_covers M as claimed. To finish the lemma,
define ¥ ([M, p]) := Law([M, p, SM]). The continuity of ¥ follows from Claim 3.

O

Proof of Theorem 4.1
Let MS' be the set of all [M, p,S] € MS such that there is a unique s € S with
distar (p,s) < distar(p,s’) forall s’ € S. Given [M, p, S] € MS',let p5 : S — [5¢, 6¢€]
be a random function defined by the following:
0 for each 1 € S, Law(p® (1)) is the normalized Lebesgue measure on the inter-
val [5¢, 6¢];

. the family {5 (¢) : ¢ € S} is jointly independent.
In other words, the law of pS is the product measure (Leb[5€,6€])s where Leb(s¢ 6]
denotes the Lebesgue measure on the interval [5¢, 6¢€] normalized to have total mass 1.
Let ©(M, S, p5) be the nerve complex of {By, (s, p3(s)) 1 s € S}. To be precise, the
vertex set of X (M, S, p%) is S and for every S’ C S there is a simplex in X (M, S, p5)
spanning S’ if and only if (,cgs By (s, p5(5)) # 0. Let v € S be the unique element
closest to p, let ©(M, S, p5), be the connected component of X (M, S, p5) contain-
ing v, and let vy, , s = Law(Z (M, S, p%)y,v) € M(RSC).

Let (K, v) be a finite rooted simplicial complex, let » > 0 be an integer, and let
U,(K,v) be the set of all [K’,v’] € RSC such that the ball of radius r centered at v’
is isomorphic to (K, v) as rooted simplicial complexes.

CLAIM 1
The map [M, p, S] € MS' +— v, p,s (U, (K, v)) is continuous for every (K, v), r > 0.

Note that the reason why we choose the radii p randomly rather than determin-
istically is to make this claim true.

Proof of Claim |
Let W, (K, v) be the union of all sets of the form U, (K’,v") where [K’,v'] € RSC is
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such that there is a simplicial embedding ¢ : K — K’ which maps v to v’ and is bijec-
tive on the 0-skeleton. With the use of inclusion-exclusion, it is possible to express
VM, p,s (Ur(K,v)) as a finite linear combination of numbers of the form
v, p,s (Wi (K, v")). So it suffices to show that the map (M, p, S) = v p.s(W; (K,
v)) is continuous.

So let {[M;, p;. S;]}?2, C MS' be a sequence with lim; ,o[M;. pi, Si] = [Mwo,
Poo» Soo] € MIS". Without loss of generality, we may assume that there is a complete
proper separable metric space Z containing M; for 1 <i < oo such that

. distyy; is the restriction of distz to M; (for all i);
. (M;, p;i) converges to (Mo, Poo) in the pointed Hausdorff topology;
. (S;, pi) converges to (S0, Poo) in the pointed Hausdorff topology.

Let R = 100€¢r. Since each §; is locally finite, there is an integer n > 0 and s; 1,. ..,
Si,n € S; such that

0 lim; o0 $i,j = Soo,j for each j,

. Bz(pi,R)NS; C{si1,...,8in} foralli.

Let E; be the set of all t = (ty,...,t,) € [5¢,6¢€]" such that if p: S; — [5¢, 6¢]
is any function with p(s; ;) = t; for all j, then (Z(M;,S;,p)y;,vi) € Wi (K, v)
where v; € §; is the unique closest point to p;. By definition, vy, p,,s; (Wr(K,v)) =
Leb?seﬁe](Ei)'

Note that E; is open (because the nerve complexes are defined in terms of open
sets). Also, the definition of W, (K, v) implies that E; has the following monotone
property: if 7 € E; and ¢’ € [Se,6€]" satisfies ¢ > ¢; for all j, then t" € E;. In
order to estimate the volume of E;, let f; : [Se,6€]"~! — [5¢,6¢] be the function
fi(t1,...,th—1) =t, where t, is the largest number in [5¢, 6¢] such that (¢1,...,t,) ¢
E; if such a number exists. Otherwise, set f;(¢1,...,t,—1) = 5¢. Then the comple-
ment of E; is the region below the graph of f;. So

Vs i (Wi (K ) = Lebfsc 6¢ (Ei)
= 1 - / ﬁ(tlv ey [nfl) d Leb?5;}6€](t1, coog tnfl).

Because lim; o0 Si,; = Seo,j for each j and (M;, p) converges to (Moo, Poo), it
follows that { f;}72, converges pointwise to f. The bounded convergence theo-
rem now implies that vz, p..s; (W, (K, v)) converges to V., peo,Seo (Wr (K, v)) as
I = 00. U

Given a special mm-space M, s € M, and r > 0, let x(s,r) > 0 be the smallest
radius such that volys (B (s,k(s,7))) = r if such a number exists. Let «(s,r) =
+o00 if no such number exists. Let MiS(r) be the set of all (M’, p’, S’) € MS such
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that dista/(p’,s) < k(s,r) for some s € S’. Similarly, let MS°(r) be the set of all
(M’, p’,S") € MS such that distps (p’, s) < k(s,r) for some s € S”.

Let M; be as in the statement of Theorem 4.1, let p; € M; be uniformly random,
let S; C M; be such that Law([M;, p;, Si]) = F ([M;, p;]) as in Lemma 4.2, and
let A; = Law([M;, p;, S;i]) for 1 <i < oco. By the hypotheses of Theorem 4.1 and
Lemma 4.2, A; converges as i — 00 to a measure Ao, € M1(Mjp). Let [Moo, oo,
Soo] € MIS be random with law A... By hypothesis, M, is a special mm-space almost
surely.

CLAIM 2
(a) Moo (IMS(vo/2)) = 0 where OMS(vo/2) = MiS(vg/2) N MS \ MS(vo/2);
() limjse0 A (MS(v0/2)) = oo (MS(vo/2)) = vo/(2v1).

Proof of Claim 2
Note that, for every s € M;,

K(s,v0/2) <k(s,vp) <€/2

because volyy, (BI‘{,II_ (s,€/2)) > vo > 0 and because M; is special, so spheres in M;
have measure zero. Because A; converges to Ao, and MS(r) is closed in MS, the
portmanteau theorem implies that

limsup A; (MS(r)) <Aoo (MS(r)) Vr>0. 3)

i—00
Because MS°(r) is open in MS,

liminfA; (MS°(r)) > Ao (MS°(r)) Vr>0. 4)

Now observe that

|Si|r
vol(M;)

Ai (MS"(r)) = Ai(MS(r)) =
if r < vy because spheres in M; have measure zero, x(s,vg) < €/2, and S; is
e-separated. In particular, if 0 < ry, r; < vy, then

Moo (MS? (r1)) _ liminfi o0 Ai (MS°(r1)) - hmmfki(MS"(rl)) _n
Aoo(MS(r2)) ~ limsup;_, o, A; (MS(r2)) ~ i»oo A;(MS(r2)) 72

Similarly,

o MS(r1)) _ limsup; o0 A (MS(ry)) _ Ai(MS(r1)) _ n

Noo (MS®(r2)) — Tminfi o0 A (MS°(2)) — TooUP T (MS°(r)) 72
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So for any sufficiently small § > 0,
r—90 - Aoo(MS(r1 —§)) - Aoo(MS°(r1))
1248 7 AaocMS%(r2 +8)) = Aoo(MS(r2))

= Poo(MS(r1)) _ Aco(MS°(r +8) _ 1148
T Ao (MS%(r2)) T Aoo(MS(r2—=8)) T r2 =6’

By sending § \ 0 we see that

" _ Aeo(MS(r1)) _ Aeo(MS’(r1))
r2 Ao(MS°(r2))  Aco(MS(r2)) -

In particular, Aoo (MS(v0/2)) = Ao (MS°(vo/2)), which implies that A, (0MS(vo/
2)) = 0. By (3) and (4),

lim A; (MS(vo/2)) = Ao (MS(vo/2)).
1—>00
Because By, (q,3€) < vy (for any g € M;) and S; is 3e-covering, it follows that
v1|S;| = vola, (M;).
Because «(s,v9/2) < ¢€/2 and §; is e-separated it follows that the collection of balls

of radii x (s, v9/2) centered at s € S; is pairwise disjoint. Therefore

|Si|ve/2 v
i (MS(vo/2)) = W?M) > ﬁ > 0.

S0 Ao (MS(vo/2)) = vo/(2v1) > 0. O
By Claim 2 and the portmanteau theorem, A; converges to A, in the weak*

topology as i — oo where A; denotes the normalized restriction of A; to MS(vo/2).
More precisely,

o M(ENMS(vo/2))
M(E) = NS (or2)

for every Borel E C MS.
If T C B, (s,20¢) is any e-separated subset, then because

v1 > voluy, (Bjy. (¢.20€)) = volus, (Byy. (q.€/2)) > vo >0

for every ¢ € M;, we must have vg|T| < v;. So |T| < v1/vg. So setting A := vy /vy,
we see that the degree of any vertex in X (M;, S;, p5i) is at most A. So if Vi =
S M, pis; AN (M, pi. Si), then v] € M;(RSC(A)). By Claim | and the fact that
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MS(vo/2) C MS', lim; 500 v} (Ur (K, v)) = v, (Ur(K,v)) for every finite (K,v) €
RSC(A) and r > 0. Because each v € M (RSC(A)) and the sets U, (K, v) generate
the Borel sigma-algebra of RSC(A), it follows that v] converges to v}, in the weak*
topology as i — oo.

Let [K;,w;] € RSC be random with law v]. We claim that the law of w; given
K; is uniform over the vertex set of K; (for 1 <i < 00). Indeed, the set of vertices of
K; is S; and w; € §; is the nearest point to p; when p; € M; is chosen uniformly at
random subject to the condition that distas, (p;, w;) < x(w;, vo/2). The element w;
is uniquely determined by p; because S; is e-separated with €/2 > k(w;, vo/2). So
the balls By, (s,k(s,vo/2)) are pairwise disjoint for s € S; and each has the same
volume, namely, vo/2. Therefore w; is uniformly distributed over S; as required.

Because each M; is special, each is pathwise connected. This implies that K; is
connected. It now follows from Lemma 2.2 that

E[bx (Ki)]

_— 5
A B[V 2

exists, where [E[-] denotes the expected value.

Because BXli (s,r) is strongly convex for every r < 10¢, for any subset S’ C S;,
either (;eg/ Bzou,» (s, p5 (s)) is empty or it is strongly convex. In the latter case, it
is contractible by [31]. This implies that K; is homotopy equivalent to M; by [19,
Corollary 4G.3]. (This is a slightly stronger version of Borsuk’s nerve theorem [6].)
So E[br (K;)] = b (M;). Because of (5) it now suffices to prove that

E[[V(K:)]]
m
i—>00 VOl(Mi)

exists.
Note that |[V(K;)| = |S;| = vol(M;(v9/2))(vo/2)~! where M;(vy/2) is the set
of all ¢ € M; such that distay; (g, s) < k(s,vo/2) for some s € §;. So

. —1 .. E[vol(M;(vo/2))]
= (v0/2) 1]—1>r20 vol(M;)

= (vo/2)~" ll_lglo i (MS(v0/2)) = (v0/2) ™" Aoo (MS(v0/2)). OO

E[[V(K)]
m —
i—00 VOI(M,')

The next result is not needed in the remainder of the paper. However, it seems
worth recording for the sake of future research. This result was first obtained by G.
Elek [14].

Definition 15
We consider any Riemannian manifold X as an mm-space with distance disty equal
to the Riemannian distance and measure voly equal to the Riemannian volume form.
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COROLLARY 4.3

Let {M;}?2, be a sequence of connected closed smooth Riemannian n-manifolds.
Suppose that {M;}°2 | Benjamini-Schramm converges in the sense of Definition 6.
Suppose also that there are constants 8, k such that, for each M;, all sectional curva-
tures are bounded from above by k and all Ricci curvatures are bounded from below
by 8. Suppose also that the injectivity radius of M; tends to infinity as i — co. Then
the normalized limit

ba (M)
m
i—00 VOI(M,')

exists for every d > 1.

Proof

It suffices to check that the conditions of Theorem 4.1 are met. The volume bounds
on balls follow from [8, Theorems 3.7 and 3.9]. The strong convexity of small balls
follows from [8, Theorem 7.9]. The other conditions are trivial to verify. O

5. L2-Betti numbers
In this section, we quickly review facts about L?-invariants used in the proof of The-
orem |.2. We refer the reader to [26] and [27] for background.

Given a topological space X with a continuous I'-action (where I" is a countable
discrete group), we may define the L2-Betti numbers b,(cz) (X; N()) (for k € N)
(where N (I") denotes the von Neumann algebra of I'). For simplicity, we let b,(cz)(X )
denote b,(cz) (X N (1(X))) where X is the universal cover of X and 71 (X) acts on X
in the usual way. These numbers are known to be homotopy invariants. Hence we may
define the L2-Betti numbers of a countable discrete group I' by b,gz) () := b,(cz)(B )
where BT is any classifying space for I" (i.e., BT is a connected CW-complex with
m1(BT) isomorphic to I" and 77, (BT") = 0 for all n > 2).

THEOREM 5.1

Let M be a finite connected CW-complex. Suppose there is a decreasing sequence
{N;}$2 | of finite-index normal subgroups N; < w1 (M) such that (;2; N; = {e}. Let
M; — M be the finite cover associated to N;. Then for any integer k > 0,

i br (M;
1m

_ 1.2
A T N ok M,

where b,(cz) (M) is the kth L?-Betti number of M and by (M;) is the ordinary kth Betti
number of M; (with real coefficients).
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Proof
This is [25, Theorem 0.1]. ]

6. Unimodular measures

Measures of the form pps (where M is a nonnull finite-volume mm-space) have a
special property called unimodularity, which is a kind of statistical homogeneity. We
will use this property to prove the convergence of certain sequences in M1 (M). To
begin we need a few definitions.

Definition 16

A doubly pointed mm-space is a quintuple (M, p, q,distys, volps) where (M, distyy,
volys) is an mm-space and p, g € M. We will usually denote such a space by (M, p, q),
leaving the rest implicit. We say (M, p.q) and (M’, p’,q’) are doubly pointed-
isomorphic if there is an isometry from M to M’ which takes p to p’, g to ¢’, and
volys to volys . Let DM denote the set of all isomorphism classes of doubly pointed
mm-spaces. We let [M, p,q] € DM denote the isomorphism class of (M, p,q). We
can embed DM into M? by [M, p, g, distas, volps] — [M, p,distar, volas, 84] where
84 is the Dirac probability measure concentrated on {g}. We give DM the induced
topology.

Definition 17
Let A € M;(M). Define measures A;, A, on DM by

dAi(IM. p.q)) = d volp (q) dA(IM., p]).
dAr (M. p.q)) = d vols (p) dA([M.q)).

For example, this means that if f is a positive Borel function on DM, then

/ F(IM. p.ql) A (IM. p.q]) = / £ (IM. p.ql)d volag (@) dA([M. p)).

We say that A is unimodular if A; = A,. This term originally appeared in percolation
theory (see, e.g., [3] and the references therein).

Example 1

Let M be a nonnull finite-volume mm-space, and let p € M be a uniformly random
point. Then Law([M, p]) = upy € M;(M) is unimodular. Assume that M is con-
nected, let M be the universal cover of M, and let pE M be an inverse image of
p. The pointed-isometry class of (M , p) does not depend on the choice of p. Also
Law([M, p]) is unimodular.
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LEMMA 6.1
The space of unimodular measures in M1(M) is closed in My (M).

Proof

Let 7w : My (M) - M(DM) x M(DM) be the map (1) = (A;, A,). This is a contin-
uous map. Since the space of unimodular measures is 771 ({(A1,A2) : A1 = A2}), it
must be closed in M7 (M). O

Remark 5

Let ¥ C M;(M) be the space of all measures of the form pps where M is a finite-
volume mm-space and ups = Law([M, p]) where p € M is uniformly random. The
relative closure ¥ N M (M) C M (M) is the space of sofic measures. Are all uni-
modular measures sofic? This question is a generalization of the well-known problem:
are all groups sofic? It is also a generalization of the problem: are all unimodular net-
works sofic? This was first asked in [3].

Definition 18

If X is an mm-space, then Isom(X) denotes the group of all measure-preserving
isometries ¢ : X — X . To be precise, we require ¢, voly = voly. A subgroup A <
Isom(X) is a lattice if there exists a measurable subset A C X of positive finite-
volume such that {yA : y € A} is a partition of X. Such a set is called a fundamental
domain for A.

LEMMA 6.2

Let X be an mm-space. Suppose there is a lattice A < Isom(X). Then there is a
unique unimodular measure p € Mi(M) such that p-almost every [M, p] € M is
such that (M, distps, volypy) is isomorphic with (X, disty, voly).

Proof

Let A C X be a measurable fundamental domain for A. Let 7 : X — M be the map
7(p) = [X, p]. Let v = m«[(volx)|a/(volx (A))] be the pushforward of the normal-
ized volume on X restricted to A. It is easy to check that v is a unimodular measure
on M. This shows existence.

Now suppose that p is as in the statement of the lemma. To be precise, u €
M1(M) is a unimodular measure such that p-almost every [M, p] € M is such that
(M, distyy, volys) is isomorphic with (X, disty, voly). It suffices to show that u = v.
Let A C M be measurable. Suppose that v(A) = 0. We will show that ;1(A4) = 0. Note
that voly (=1 (4) N A) = 0. Since A is a fundamental domain of a lattice, this implies
that voly (7 ~!(4)) = 0. Define a function f on DM by f([M, p,q]) = 1 if there is
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a doubly pointed-isomorphism from (M, p,q) to (X,p’.q’) and p’ e =1 (4) N A,
q' € A.Let f([M, p,q]) = 0 otherwise. Because u is unimodular,

volx (A)u(A) < //f([M,p,CI])dvolM(q)dM([M,p])

- [/ (UM, p.ql) d volag (p) du(IM. 1) = 0.

So (A) = 0. Because A is arbitrary, u is absolutely continuous to v. So there exists
a nonnegative measurable function r’ such that du = r’ dv. By pulling back under 7
we see that there is a nonnegative measurable function r on A such that

4 voly |a

volx (A) )(p)

dp((X. pl) =r(p)d
Because u is unimodular d voly (q) diu([X, p]) = d volx (p) diu([X, q]). Therefore

r(p)d volx(q) d volx(p) =r(q) d volx (p) d volx (q).

In particular, 7(p) = r(q) for almost every p,q € A. This implies that © = v as
required. U

Next, we determine conditions under which a sequence of mm-spaces Benjamini—
Schramm-converges to the unique unimodular measure concentrated on pointed-
isomorphism classes of mm-spaces that are isomorphic with X.

Definition 19
Given a metric space M and a subset M’ C M, let 9M’' = M’ N M \ M'. For r > 0,
let N, (M) be the closed radius-r neighborhood of M’ in M.

Definition 20

If M is a path-connected metric space and M’ C M, then covrad(M’ | M) is the
supremum over all » > 0 such that if = : M — M is the universal cover and pE
(M) C M, then 7 restricted to B 77(p. 1) is an isometry onto its image.

LEMMA 6.3

Let X be a pathwise-connected mm-space with a cocompact subgroup A < Isom(X).
Let {T'; }72, be a sequence of geometric subgroups of Isom(X), and let M; C X/ T;
be a finite-volume closed subspace. Suppose that

. lim; o0 covrad(M; | X/ T';) = +o00 and

. lim; o (VOI(N,(0M;)))/(vol(M;)) = O for every r > 0.
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Then lim; o0 L M; exists in My (M) and is the unique unimodular measure supported
on the set of pointed-isomorphism classes of mm-spaces that are isomorphic with X .

Proof

Let p; € M; be uniformly random. (So pas, = Law([M;, p;]).) The two hypotheses
on {M;}?2, imply for every r > 0, the probability that By, (p;,r) C M; tends to 1
as i — 00. Moreover, the probability that By, r; (p;,r) is isomorphic with a ball in
X tends to 1 as i — oco. (The universal cover provides the isometry.) It follows that
if (oo is any subsequential limit point of {1 az, }$2,, then jioo-almost every [M, p] is
such that M is isomorphic with X. Lemma 6.1 implies that oo is unimodular, and
Lemma 6.2 implies that (1 is the unique unimodular measure supported on pointed-
isomorphism classes of mm-spaces that are isomorphic with X .

It now suffices to show that {115y, } 72, is precompact (so that a subsequential limit
exists). Let D C X be a compact set such that AD = X. Let p; € X be a lift of p;
under the covering map X — X/T;. Let p; € D be a point such that Ap; = Ap/.
Note that the pointed-isomorphism class of (X, p;') depends only on p;. Therefore
Law([X, p/]) € M(M) is well defined. Because D is compact, {Law([X, p/])}$2,
is precompact. Fix r > 0. As noted before, with probability tending to 1 as i — oo,
B, (pi. r) is isomorphic with Bx (p/,r). So {Law([ B, (pi. 1), pi])}72, is precom-
pact in M (M), which implies, since r is arbitrary, that {115y, }72, is precompact. [

7. Proof of Theorem 1.2
We will derive Theorem 1.2 from Theorem 7.1 below, which essentially is a version
of Theorem 1.2 for mm-spaces. First we need a few definitions.

Definition 21
Let X be an mm-space, and let r > 0. We define the radius-r Cheeger constant of X
by

. . volx(N;(dM))
B T

where the infimum is over all pathwise-connected compact subsets M C X with pos-
itive volume such that voly (M) < volx (X)/2. (Recall that IM = M N X \ M and
N, (0M) is the closed radius-r neighborhood of M .)

Definition 22

For any class of groups ¥, mm-space X, and r > 0 let [,(X | ¥) = infp 2, (X/T)
where the infimum is over all geometric I" < Isom(X) such that I" is isomorphic to a
group in .
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THEOREM 7.1
Let X be a contractible special mm-space (Definition 7). Suppose that

o there exists a residually finite geometric cocompact lattice A < Isom(X) and
bP(A) > 0;
d ’

. there exists an € > 0 such that every ball of radius less than or equal to 10€ in

X is strongly convex.
Then there exists r > 0 such that I.(X | §3) > 0 where §; is as in Theorem 1.2.

Example 2
Letd > 2, let T; denote the d -regular tree, and let X; = T; x T,;. We could consider
Ty to be an mm-space by making each edge isomorphic with the unit interval. Then
let voly, = volr, x volr,, and set distx, equal to the sum of the distances of its
coordinate projections. This makes X; into a CAT(0) space and therefore every ball
is strongly convex. Moreover, Isom(X;) equals the automorphism group of 7; x Ty
as a cell-complex.

Because every lattice A < Aut(7y x Ty) has béz) (A) > 0, it follows from The-
orem 7.1 that I, (X4 | ) > 0 for some r > 0. The second L?-Betti numbers of free
groups vanish. So 4, (X4/T) > I, (X4 | §2) > 0 for any free group I' < Isom(Xy).

The next lemma shows that by passing to a subgroup I'/’ < I'; we may substan-
tially simplify the problem. We will need the following definition.

Definition 23 (Asymptotic lower Betti numbers)

Let I" be a residually finite countable group, and let d > 1 be an integer. Let
ba(N)

[C:N]

ba(T') = liminf
a () 1n]1vln

where the limit is over the net of finite-index normal subgroups of I' ordered by
reverse inclusion. Equivalently, Z;d (T") is the smallest number x such that for every
€ > 0 and every finite-index normal subgroup N < I' there exists a finite-index nor-
mal subgroup N’ < T with N’ < N and

o b ()
T:N]

In the special case that T" has a finite classifying space, Ed () = b[(iz)(F) by Theo-
rem 5.1.

LEMMA 7.2
Let X be as in Theorem 7.1. Let {I';}$2 | be a sequence of geometric residually finite
subgroups T'; <Isom(X) such that lim; oo hy (X /T;) = 0 for every r > 0.
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Then there exist subgroups I']' < T'] < Ty and positive-volume compact subsets
M C X/T,, M/ C X/T such that
(@) M) is a pathwise connected compact subset of X/ T'/ for each i;
()  lim; o0 (VOl(N(dM]")))/(vol(M[")) = O for every r;

(¢)  lim;ocovrad(M/" | X/T") = oo;

(d)
ba(T} ba (T
liminf ~20D _ jiminp 2201
1—>00 VOl(Ml-) 1—>00 VOl(Mi)
Proof

By hypothesis, there exist path-connected positive-volume compact sets M; C X/ T
such that
vol(N; (3M;))
im ————— =
i—00 VOI(M,')

for every r > 0 where we have dropped the subscript on voly, r; (-) for simplicity.

Because X is contractible and T'; acts freely and properly discontinuously, we
may identify I'; with the fundamental group 1 (X/I}). Let T’} < T; be the image
of 7r1(M;) under the natural map from 77 (M;) — 71(X/I;) induced by inclusion
M; — X/T;. Let ¢; : X/I'] — X/T; be the covering map, and let M/ be a path-
connected component of ¢; "' (M;). The choice of I} implies that ¢; restricted to M/
is a homeomorphism onto M;. So M/ is compact and

vol(N, (M)
S T R 2

for every r > 0.

For each y € I/, let L; (y) denote the infimum over all numbers 7 such that there
is a p € X whose image in X /T is contained in M/ and disty(p,yp) < r. This
number depends only on the conjugacy class of y in I'/. So we may think of L; as a
function on the set of conjugacy classes of I';.

Let r > 0. We claim that there are only a finite number of I';-conjugacy classes
[y] with L;([y]) < r. To obtain a contradiction, suppose that y1,y5,... € I'/ is an
infinite sequence of pairwise nonconjugate elements with L;(y;) <r.Let p; € X be
such that the image of p; in X/ I} isin M/ and distx (p;,y;pi) <r.LetY; C X bea
compact set which surjects onto M under the covering map X — X/ T'}. After conju-
gating y; if necessary, we may assume that p; € Y; for all i. After passing to a subse-
quence if necessary, we may assume that lim; _, o p; = poo and lim;_, o ¥i Pi = goo
exist. It follows that lim; ;00 ¥ ¥; 1400 = goo- This contradicts the assumption that
I'; acts properly discontinuously and freely on X. So there are only a finite number
of I'/-conjugacy classes [y] with L; ([y]) < r as claimed.
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Because I'; is residually finite, I“lf is also residually finite. So there is a finite-
index normal subgroup I'/" < I'/ such that I'/" does not contain any nontrivial element
y € T} with L;(y) <i. We may choose I'/’ to also satisfy

ba(T) ~ vol(M))
[F/ //] _bd(rt{) < l—l
This implies that
ba(T ba (T
minf 220D jiming a(I7) 7

t—>oo vol(M]) i»oo [I]:T7] VOl(Mi/)'

Let ¥; : X/T'/ — X/T} be the quotient map, and let M/ = y;"'(M/). Because
71 (M;) surjects onto I'/ (under the natural map from 7y (M;) — 71 (X/I})), it fol-
lows that 771 (M) also surjects onto 71 (X /T/) >~ I'/. This implies that M/ is path-
connected.
Note that covrad(M" | X/T/") > i/2. So lim; o covrad(M]" | X/T/) = oo
The restriction of ¥; to N,(M/') is a finite-degree covering map onto N, (M]).
So

vol (N, (0M")) = [T} : T}'] vol(N, (9M)), vol(M/") = [T} : T/'] vol(M]).

Now (6) and (7) imply that lim; o (VOl(N, (0M")))/ (vol(M]’)) = 0 and

. ba(T) o ba(TY)
liminf —~ =liminf ———-. 0
i—oo VOl(M;)  i—oc vol(M")

Proof of Theorem 7.1
Let {I';}72, be a sequence of geometric residually finite subgroups I'; < Isom(X)
such that lim; 0 /1,(X/T;) =0 for every r > 0. Let I'/ < T/ < Ty, M C X/T7},
and M/ C X/T"/ be as in Lemma 7.2. It suffices to show that, for all but finitely
many i, Ed(r;) > 0.

By hypothesis, there exists an € > 0 such that every ball of radius less than or
equal to 10€ in X is strongly convex. For sufficiently large i, covrad(M;" | X/T) >
10€, which implies that each ball of radius less than or equal to 10e with center in
Nioe(M]") is strongly convex. Moreover, for any p € X there is some r > 0 such that
Bx (p,r) maps isometrically onto the ball of radius r centered at the image of p in
X/ T/ This is because I']" acts properly discontinuously and freely (because I'; does
and I'/' < T7). So for every ¢ € X /T there is some number « (¢) such that every ball
of radius less than or equal to x(g) centered at ¢ is strongly convex.
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Let S; C X/ T’/ be aset, and let p: S; — (0, 00) be a function such that
. S; N M/ is e-separated and 10e-covers M/";
. p(s) = 10€ for every s € S; N M/";
. p(s) < 10€ for all s € S;;

. Bx,ry (s, r) is strongly convex for every s € S; and r < p(s);
. {B;’(/ rr(s,p(s)) :s € S;} is locally finite and covers X /T
Let l

U = \{BY o (5.p) -5 € Si 01 MY,

Observe that Mi” C U; and U; is pathwise connected (because Ml.” is pathwise con-
nected). Because S; N M/" is finite we can choose 0 < §; < € so that if

0 = U{BX/FI(/ (s.p(s)—8i):s€Sin M/},

then U] is homologically equivalent to U; (in the sense that they have the same Betti
numbers), lim; o0 vol(U/)/(vol(U;)) = 1, and M/ C U/. In particular, U/ is path-
wise connected. Note that U/ is closed while U; is open. For simplicity we have
dropped the subscript on voly/, 1"[{/(') = vol(-).

Because M/ C U/ C Nyge(M]') it follows that
. lim; oo covrad(U/ | X/ T;) = 400 and
. limsup; _, o (Vol(N, (aU/)))/(vol(U/)) < limsup;_, o (VOI(Nrt10e(dIM/)))/

(vol(M/")) = 0 for every r > 0.
Let p; be a uniformly random point of U/, and let u; = Law(U/, p;) € M(M).
By Lemma 6.3, lim; o i = oo 1S the unique unimodular measure supported on
pointed-isomorphism classes of mm-spaces that are isomorphic with X.

To apply Theorem 4.1 (to U/) we need to check a few more hypotheses. We claim
that there is a vy > 0 such that for every p,q € X if distxy(p,q) < 10€ — §;, then
vol(Bx(g,€/2) N Bx(p,10€ — 6;)) > vo. If this is false, then there are sequences
{pi}52,.1g;152, € X and {i;}52, C N such that distx(p;.q;) < 10e — &;; and
lim;_, oo vol(Bx(q;,€/2) N Bx(pj,10€ —§;;)) = 0. Let D C X be a compact set
that surjects onto X/A. By replacing p;.q; with g;p;,g;q; for some g; € A if
necessary, we may assume that each p; € D. After passing to a subsequence if nec-
essary, we may assume thatlim; o0 pj = Poo, iMj 500 §; = Goo, and lim;_, o, §
800 € [0, €] exist. Let n > 0. For all sufficiently large j,

B

Bx(qoo,€/2—1) N Bx(poo, 10€ =800 — 1) C Bx(qj,€/2) N Bx(pj,10€ — ;).

This implies that voly (B% (goo. €/2) N B (Poo. 10€ — 8o0)) = 0. However, Bx (poo.
10€ — §0) is strongly convex and so there is a geodesic from poo t0 goo iN Bx (Poo,
10€ — 8o0). It follows that BY (¢eo.€/2) N BE (Poo. 10€ — 8o0) is a nonempty open
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set. Since voly is fully supported (because X is special), this is a contradiction. This
proves the claim. Note that vy does not depend on i.

If i is sufficiently large, then covrad(U; | X/ T'/) > 10€, which implies that every
(10€ — §;)-ball in X /T'/" which lies in U/ is isometric with a (10€ — §;)-ball in X.
Therefore, for every ¢; € U/, vol(Bx, v (gi,€/2)NU)) = Vol(BUl_r(qi,e/2)) > V.
Also because X /A is compact, there is a vy > 0 such that By (x,20¢) < v; for
every x € X. This implies that By (g;i,20€) < vy too. The hypotheses of Theo-
rem 4.1 have now been checked. That result implies that lim; o0 (b4 (U/))/ (vol(U}))
exists.

Because A is residually finite, there exists a decreasing sequence {A;}{2, of
finite-index normal subgroups of A such that (72, A; = {e}. Note that the cov-
ering radius of X/A; tends to infinity as i — co. So Lemma 6.3 implies that
lim; 00 L X/A; = Moo- Theorem 4.1 now implies that

ba(U)) . ba(X/Ay)
im = lim ————.
i—>00 VOl(Ui/) i—>00 VOl(X/Ai)
Because X is contractible, X/A; is a classifying space for A;, which implies that

ba(X/A;i) =bg(A;). Because X/A; is a[A : A;]-fold cover of X/A, it follows that
vol(X/A;) =[A : Aj]vol(X/A). By Theorem 5.1,

i00 VOI(X/A;)  i—o00 [A: A;]vol(X/A) _ vol(X/A)’

ba(X/A) _ ba(A:) by’ ()

So we have established that

i 24U _ b7
i»oovol(U/) — vol(X/A)

Because U] is homologically equivalent to U; and lim; o vol(U/)/(vol(U;)) = 1,
we have that

o ba(U) bP(A)
m =

i—oo vol(U;) ~ vol(X/A) ®

Let
Wi = {Bg s (5.0()) 5 € 5 \ M},
SV = (Si\M/)U{s €S0 M/ : By, 1.(s.p(s)) N W; # B},

V; = U{B;/Fl{/(s,p(s)) :se S/}
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Let K; be the nerve complex of {BX/F,/(s,p(s)) :s € 8;}. Let KiU C K; be the
%o (5:p(9)) s € Si N M}, Similarly, let K} C K; be the

nerve complex of {BX/F,,(S, p(s)):se SiV}.

nerve complex of {B¢

Because each BY ., (s, p(s)) is strongly convex (for s € S;), it follows that any

X/T/
nonempty 1ntersect10n/ of such balls is also strongly convex and is therefore con-
tractible (see [31]). By [19, Corollary 4G.3], this implies that K; is homotopic to
X/T7, Kl.U is homotopic to U;, and Kl-V is homotopic to V;. Therefore, by (K;) =
ba(X/T}]) = ba(I']') (since X/I'/" is a classifying space for I/ since X is con-
tractible), by (KY) = by (U;), and by (K)) = by (V;).

We claim that K; Vu K; Y = K;. To see this, suppose that T C S; spans a simplex
in K;. Then either T C KU or there exists s € T \ M/'. For any t € T, BX/F,,(I

p() N BX/F,,(s,p(s)) # 0. Since BX/F;,(s,p(s)) C W;, this implies that ¢ € SIV.

Since ¢ is arbitrary, the simplex spanning 7" is contained in KiV. Since T is arbitrary,
KV UK) =K;.
The Mayer—Vietoris sequence

> Hy(KY nkY)— Hy (kY)Y ® Hy(K)) — Hy(K;) — -
implies that
ba(Ui) = ba(K{) < ba(K:) + ba (K7 N K[') = ba(T}) + ba(K N K}). (9)
Ifse M/ and Z C B M/ (s,20€) is any e-separated subset, then because
vy > vol(Bj‘{Jl,,(qJOe)) > Vol(BfMi/,(q, €/2)) >v9>0

for every g € M/, we must have vg|Z| < vy. So | Z| < v /vo. So setting A := vy /vo,
we see that the degree of any vertex of KiU is at most A. So by (KiU N KI-V) is at most
the number of d-simplices in K; Un K; Y, which is at most the number of vertices of
KY n K} multiplied by ( ). The vertex set of KY N K} is S/ ={se Sin M/ :

X/Fl(/(s p(s)) N W; # @}. So

A
ba(K¥ N KY) <|S]] (d) :
Note that S; is contained in the 20e-neighborhood of 0M;’. Because S; is
e-separated and each (e/2)-ball has volume at least vy (for some vog > 0 indepen-

dent of i), we have |S/|vg < vol(N29e(0M]")). So

ba(KV N KY) < 3! vol(N20e (9M]")) (2) ‘
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Therefore,

14 VOl(NZOG(aMi//))
vy limsup ———
i—00 vol(U;)

1(N2oe (OM
d i—>00 vol(M]")

lim sup

ba(K{Y NKY) _ (A
i—00 VOI(Ui) -

d

Lemma 7.2, the fact that M/” C U, (8), and (9) now imply that

o ba(T) o ba(TY) L ba(TY)
liminf ~ = liminf ————=- > liminf
i—00 VOl(Ml-) i—00 VOl(Mi) i—oco vol(Uj)
ba(U;)) bag(KY NKY
> liminf d( l)_ d( i 1)
i—>00 VO](U,') VO](Ui)
_ W
vol(X/A) =~
So Ed (T') > 0 for all but finitely many i. This implies the theorem. O

We now turn to the proof of Theorem 1.2. We will need the following lemma to
smooth out the Cheeger submanifolds of X/ T.

LEMMA 7.3 (Haircutting lemma)

Let M be an infinite-volume complete Riemannian n-manifold. Suppose there is a § >
0 such that the Ricci curvature of M is at least —8*(n — 1) (everywhere). Suppose as
well that h(M) < 1. Then there exist a pathwise connected compact subset M" C M
and a function f :Rsg — Rs¢ such that for every R >0

vol(Ng(dM"))

woicagr = RO (10)

Moreover, f depends only on § and dim(M ).

Proof

This is contained in [7, Lemma 7.2] except in one detail: M" is not required to be
pathwise connected. However, a small perturbation of the proof yields a pathwise
connected subset. To explain this, let us recall the construction of M’ from [7]. Let
€ > 0, and let A be a smooth compact submanifold of M with

area(dA)

T(A) <h(M)(1+¢).
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Let r > 0 be a sufficiently small constant (how small depends only on the dimen-
sion). Let

M'={peM :vol(AN By (p.r)) > (1/2)vol(Bu(p.r))}.

Note that IM' = {p € M :vol(AN By (p,r)) = (1/2) vol(Bp (p.7))}.

(In Buser’s notation, By (p,r) is denoted by U(p, r), M’ is denoted by Z, oM’
is denoted by X, N;(0M’) is denoted by X', and area(dA)/(vol(A)) is denoted by
H.)

Let K1,..., K;; be the components of M’. Observe that

m

area(dA) Z area(dA N K;) vol(K; N A)

vol(ANM") ~ &= vol(K; N A) vol(AN M)’

In particular, area(dA)/(vol(A N M’)) is a convex sum of area(dA N K;)/(vol(K; N
A)). So there exists a component K; such that

area(dA N K;) area(dA) vol(A)
vol(K; N A) = vol(AN M’ =1+ oh(M) vol(ANM’)’

According to [7, equations 4.6 and 4.9], vol(A N M’) > cvol(A) where ¢ = 1 —
(4H#B(4r))/(j(r)B(r)) = 1/2 (in Buser’s notation). Therefore,

area(dA N K;) area(dA)
2(1 M).
VolK; N A) = vol(An by = 2L+ OhB)

Let M” be the closure of K;. It is now possible to replace M’ with M"” in the
proof of [7, Lemma 7.2] (which is mostly contained in [7, Section 4]) to conclude that
M satisfies (10). O

Proof of Theorem 1.2

Because X /A is compact, [8, Theorem 7.9] implies that there exists an € > 0 such that
every ball of radius less than or equal to 10¢ in X is strongly convex. So Theorem 7.1
implies that 7, (X | §;) > 0 for some r > 0. Lemma 7.3 implies thatif /(X | §;) <1,
then 1, (X | §5) < f(r)I(X | ;) for some function f which depends only on the
dimension of X and a lower bound on its Ricci curvature. Thus /(X | §;) >0. O

8. Applications
In this section we prove Corollary 1.3. The starting point is the following.

LEMMA 8.1
If A is a lattice in Isom(H?") for some n > 1, then b,(,z) (A) > 0.
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Proof
This is contained in [26, Theorem 5.12]. O

Remark 6
Theorem 5.12 of [26] also shows that if A < Isom(H") is a lattice, then bg)(A) =0
unless d = n/2 is an integer.

It now suffices to show the following.

PROPOSITION 8.2
If T is a torsion-free lattice in Isom(H?), then I" € §; forall d > 1.

Proof

The fact that T" is residually finite is well known: I" is linear (since it is a subgroup
of SO(3,1)) and all finitely generated linear groups are residually finite by [28]. Let
I'" < T be finitely generated. Observe that T is the fundamental group of a hyperbolic
3-manifold (namely, H3/T"’). By the Scott core theorem [32], I'/ has a finite classify-
ing space. By Liick’s approximation theorem (Theorem 5.1), it suffices to show that
bl(iz) (T") =0forall d > 1. This is handled in Lemma 8.9 below. In fact, we will prove
something stronger: that I' is almost treeable, as defined next. O

Definition 24 (Treeability and almost treeability)
Let I" be a countable discrete group. Let (g) be the set of all unordered pairs of ele-

mentsin ', and let §(T") = 2(2) be the set of all subsets of (g) with the product topol-
ogy. Because I is countable, this means that §(I") is a compact metrizable space.
(In fact, it is homeomorphic to a Cantor set.) Associated to any element x € §(I")
is a graph G, with vertex set I' and edge set x. Observe that I' acts on §(I") by
gx={{ga,gb}:{a,b}ex}forgel',xe&().

Let #(I") denote the set of all x € §(I") such that G, is a forest (i.e., every
connected component of G, is simply connected). Let 7(I") C £ (I") denote the set
of all x € F(I') such that G, is a tree. The action of I" preserves both ¥ (I") and
T(T).

We say that I' is treeable if there is a I'-invariant Borel probability measure on
T(I"). The group I' is almost treeable if for every finite set F' C I' and every € > 0
there exists a I"-invariant Borel probability measure  on & (I') such that if x € ¥ (I)
is random with law p, then with probability greater than or equal to 1 — € the set F'
is contained in a connected component of G. In particular, if T is treeable, then I is
almost treeable.
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Treeability was introduced in [2] and almost treeability first appeared in [16].
The connection between almost treeability and L2-Betti numbers is furnished by the
following.

LEMMA 8.3
If T is almost treeable, then b,(cz) (') =0 for every k > 2.

Proof
This is [16, Theorem 0.8]. O

It is technically easier to work in the realm of equivalence relations. So we intro-
duce the following definitions.

Definition 25
Let (X, ) be a standard Borel probability space, and let E C X x X be a discrete
Borel equivalence relation. (Discrete means that every equivalence class is at most
countable.) We say that E is treeable (mod p) if there exists a Borel subset H C E
such that H is symmetric (so (a,b) € H = (b,a) € H) and the graph Gy with
vertex set X and edge set {{a,b} : (a,b) € H} is such that for p-almost every x € X
the connected component of Gy containing x is a tree spanning the E-class of x.
We say that E is almost treeable (mod p) if there is a sequence {H;}72, of
symmetric Borel subsets H; C E such that the corresponding graphs G g, are forests
and for almost every x € X and any y in the E-class of x we have that x and y are
contained in the same component of H; for all but finitely many i.

The connection between equivalence relations and groups is given by the follow-
ing.

PROPOSITION 8.4

A group T is treeable if and only if there is a free probability-measure-preserving
(pmp) action T ~ (X, i) such that if E is the orbit-equivalence relation E = {(x, gx) :
x € X, g €'}, then E is treeable (mod ). Similarly, T is almost treeable if and only
if there is a free pmp action I' ~ (X, (t) such that the orbit-equivalence relation E is
almost treeable (mod |1).

Proof
In the case of treeability, this is [24, Proposition 30.1]. The almost treeable case is
similar (and an easy exercise). O
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LEMMA 8.5
If T is treeable and T' < T, then T is treeable. Similarly if T is almost treeable and
IV < T, then I is almost treeable.

Proof
This is a consequence of Proposition 8.4 and [15, Propositions 5.8 and 5.16]. U

LEMMA 8.6

Treeability and almost treeability are measure-equivalence invariants. Therefore, if
I'y, Ty are lattices in a locally compact group G and T’y is almost treeable, then T’y
is almost treeable.

Proof
In the case of treeability this is [ 15, Proposition 6.5]. Almost treeability is similar. [

LEMMA 8.7
If T is the fundamental group of a surface, then I is treeable.

Proof

If T is free, then this is obvious as the usual Cayley graph of I' is a tree. If T is
amenable, then this is a well-known consequence of the fact that there is a unique
hyperfinite I I;-equivalence relation [29] (see also [24, Chapter III, Proposition 30.1]
to see the connection). If T" is the fundamental group of a closed surface of genus
greater than or equal to 2, then I" is measure-equivalent to a free group since I" can be
realized as a lattice in Isom(H?) (and so can any finite-rank nonamenable free group).
Lemma 8.6 now implies that I" is treeable. O

LEMMA 8.8
Lattices in Isom(H?) are almost treeable.

Proof

Let A < Isom(H?) be a lattice such that H3/A is a manifold which fibers over a circle
with the fiber being a noncompact surface. It is well known that such lattices exist
(see, e.g., [22]). Note that A can be expressed as A = F, xg Z where F, denotes
the free group of some rank r > 2 and 0 : F, — F, is an automorphism. We can
therefore write elements of A as pairs (f,n) with f € F, and n € Z subject to the
multiplication rule

(fim)(g.m) = (f6"(g).n + m).

Now let p > 0 be an integer, and let i be a uniformly random integerin {0, ..., p —1}.
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Let S = {s1,...,8,} C F, be a free generating set. Let E; € §(A) be the set
containing
. {(fim),(fsj,m)}forevery f € F;,1<j <r,andm eZ with p | (m —1i);
. {(fim),(f,m+ 1)} forevery f € F, and m € Z with p{(m —i —1).
Observe that the graph with vertex set A and edge set E; is a forest. Moreover, the law
of E; is an invariant probability measure A, on §(A). Finally, for any (f.n), (g,m) €
A with n <m, (f,n),(g,m) are in the same connected component of (A, E;) if and
only if there does not exist an integer ¢ with n < g < m such that p t (¢ —i — 1). This
occurs with probability equal to (p — |m —n|)/p if |m —n| < p. In particular, this
probability tends to 1 as p — oo. This implies that A is almost treeable.

By Lemma 8.6, it follows that every lattice in Isom(H?) is almost treeable. [

LEMMA 8.9
If T is a subgroup of the fundamental group T of a complete finite-volume hyperbolic
3-manifold, then bl(l,2)(F’) =0 for every d > 2.

Proof

This is true because I is almost treeable by Lemma 8.8, every subgroup of an almost
treeable group is almost treeable by Lemma 8.5, and any almost treeable group A has
bf) (A) =0 for every d > 2 by Lemma 8.3. O

Proof of Corollary 1.3
This follows from Theorem 1.2 and Proposition 8.2. O

Appendices

A. Pointed subsets and measures of a metric space
The purpose of this appendix is to prove Theorem 3.1. We begin by studying pointed
measures and pointed subspaces of a given metric space Z and their limits.

Definition 26
A pointed measure on a topological space Z is a pair (u, p) where p € Z and u is a
Borel measure on Z. A pointed subset of Z is a pair (X, p) where X C Z and p € Z.

Definition 27
Given a subset F' of a metric space Z, let N (F,€) denote the open e-neighborhood
of Fin Z.
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Definition 28
We say that two pointed measures (41, p1), (42, p2) on a metric space Z are (¢, R)-
related if, for every closed F; C Bz(pi, R),

p1(F1) < ua(Ng(Fy.e)) + e, p2(F2) < 1 (Ng(Fa,€)) + €,

and distz (p1, p2) < €. We say two pointed subsets (X1, p1), (X2, p2) of Z are (¢, R)-
related if distz (py, p2) < € and

Bz(p1.R)N X1 C Nz(X3,¢), Bz(p2.R) N X C NZ(X1,€).

A sequence {(X;, pi)}$2, of pointed closed subsets of Z converges to (Xoo, Poo) in
the pointed Hausdorff topology if, for every €, R > 0, there is an I such thati > [
implies that (X;, p;) and (X, Poo) are (€, R)-related.

LEMMA A.1

If pointed measures (w1, p1), (12, p2) are (€1, Ry)-related and (u2, p2), (143, p3)
are (€3, Ry)-related, then (1, p1), (U3, p3) are (€1 + €3, R3)-related where R3 =
min{R; —2¢,, Ry —2¢1}. Similarly, if (X1, p1), (X2, p2) are (€1, Ry)-related pointed
subsets and (X2, p2), (X3, p3) are (€3, Ry)-related pointed subsets, then (X1, p1),
(X3, p3) are (€1 + €3, R3)-related.

Proof
Let F C Bz(p1, R3) C Bz(p1, Ry) be closed. Then

NZ(F.,€1) C Bz(p1,R3 +€1) C Bz(p2, Rz + 2€1) C Bz(p2. R2).
Therefore,
p1(F) < p2(Ng(F.€1)) + €1 < us(Ng(NZ(F.€1).€2)) + €1 + €2
< u3(NZ(F.€1 + €)) + €1 + €.

The other inequality is similar. The result for pointed subsets is similar. U

LEMMA A.2

Let Z be a proper metric space. Let (i, pi) (for 1 <i < 00) be pointed Radon
measures of Z with lim; oo Pi = Poo- Then lim; o i = Lo in the weak™ topology
if and only if for every €, R > 0 there exists I such that i > I implies that (i, p;)
and (Loo, Poo) are (€, R)-related.

Proof
Suppose that lim; o0 i = lLoo in the weak™ topology. Let €, R > 0. Let & C C.(Z)
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be a finite set such that for every compact subset F C Bz (poo, R + €) there exists
g € ¥ suchthatg = 1on F, g = 0 on the complement of N5 (F,€),and0 < g < 1on
all of Z. To see that such a set exists, let 0 be any finite open cover of Bz (pso, R+ €)
by open balls of radius less than €. Let ¥/ = {gy : U € @} be a partition of unity
subordinate to @. Let ¥ be the set of all sums of the form Y {gy : U € O’} over all
subsets O’ C O.If F C Bz(poo, R + €) is compact and g =) {gy : U € O, U N
F #@},then g=1o0n F,0<g <1, and g =0 on the complement of N (F,¢) as
required.

Let [ be large enough so that i > I implies that distz (p;, peo) < € and |u; (g) —
Uoo(g)| <e€forall g e F.Let F C Bz(p;, R) be closed. Then F C Bz(poo, R+ ¢€).
So there exists g € ¥ as above. Observe that

pilP) < [gdi <+ [ oo e+ pa(N3(F.)

Similarly, if F C Bz(peo, R), then

hoolF) < [ gdiica <e+ [ g e+ milNg(F.0)

This shows that i, (oo are (€, R)-related.

Now suppose that for every €, R > 0 there exists / such that i > I implies that
(i, pi) and (foos Poo) are (€, R)-related. Then there exist sequences {€; )72, {R; }72,
such thatlim; _, o €; = 0, lim; , o0 R; = 400, and (i, p;) and (oo, Roo) are (€;, R;)-
related.

CLAIM 1
For any compact S C Z,

Jim ge; (NZ(S,€)) = proo(S).

Proof
For all sufficiently large i, S C Bz(pi, Ri —€;) N Bz(Poo, Ri —€i). So

Poo(S) < i (NZ(S.€i)) + € < pLoo(NZ(S,2€;)) + 2¢;.

By taking the limit as i — oo, the claim follows. This uses the fact that peo(NZ (S,
2¢;)) is finite for all sufficiently large i, which is true because (oo is Radon and Z is
proper. O

Now let f be a real-valued compactly supported continuous function on Z. It
suffices to show that lim; _c0 i () = tteo(f). Let S denote the support of f, and
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for o < B let
Fla.f)={xeZ:a<f(x)<B}NnS.

Let {a;};_, be a sequence of real numbers such that oy <min{ f(x) :x € Z} <y <
cc<max{f(x):xeZ} <o and peo(F(oz,0)) =0 foreveryt =1,...,r
By Claim 1,

r—1

limsupffdul < hmsupzamm (Ng(F(ar,ar11).€i))

i—00 i—00

r—1

= Zat-l—ll’LOO(F(at’ at-i—l))

t=1

<(sup a1 —ay Moo(S)+/fduoo

1<t<r
We now minimize over all such sequences {; }/_; to obtain limsup;_, ., [ f dpu; <

[ f ditoo. Similarly,

li_minf/fd,ui

1—>00

fdpi =2 flloo Y i (NZ (Flew, 1), €))

t=1

> 11m1nf2/
i—00 NG (F (ot ,004-1)5€;)

S du

= liminf Z

i—00 /;V 9 (F(ar,ar41),€;)

r—1 r—1
>1lmlnfz(¥t,uz Nz(F(Olt,Olt—i-l) 61 :Zatﬂoo(F(Olt,Olt—i-l))

i—>00
t=1

= —( sup s o) ee() + [ 1 dt
1<t<r

Maximizing over all such sequences {«; }}_, and combining with the previous inequal-
ity, we obtain lim; o0 [ f dii = [ f dpioo. Because f is arbitrary, this implies that
lim; 0 i = Moo as required. O

B. mm-spaces
We can now define (e, R)-related pointed mm”-spaces. This will allow us to define
open neighborhoods in M".
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Definition 29 ((e, R)-related mm™ -spaces)

We say that mm”-spaces (M1, p1), (M>, p2) are (e, R)-related if there exist a metric

space Z and isometric embeddings ¢; : M; — Z such that

. (p1(M1),01(p1)), (02(M3), p2(p2)) are (€, R)-related as pointed subsets of
Z;

. forevery k =1,...,n, ((¢1)« VOlE{Z,(pl(pl)) and ((¢2)x Volgz,(pz(pz)) are
(e, R)-related as pointed measures of Z.

Let Ne,gr(M, p) denote the set of all [M’, p’] € M" such that (M’, p’) is (¢/, R)-

related to (M, p) for some €’ < € and R’ > R. We show below that this is an open

set.

Definition 30
A pseudometric d on a set X is a function d : X x X — [0, 0c0) satisfying all the
properties of a metric with one exception: it may happen that d(x, y) = 0 even if

X #y.

LEMMA B.1

Let Z be a set equal to a disjoint union Z = |_|72 | M; of its subsets M;. Suppose that
for each i there is a metric distyy, on M;, suppose that there is a collection {L}jecy
of subsets L; C Z, and suppose that for each j there is a pseudometric distr
on Lj. Suppose as well that if x,y € Lj N M; for some i, j, then disty, (x,y) =
distz ; (x, ). Lastly, we assume that for any x,y € Z there is a sequence x = X1, X2,
..., Xp =Y such that for each i either x;,x; 11 € My, for some k or x;,x;41 € L; for
some j. Then there is a pseudometric distz on Z such that

. distz (x, y) = dista; (x, y) for any x,y € M;, for any i;

. distz (x, y) <distz; (x,y) forany x,y € L; forany j.

Proof

For each x, y € Z we define distz (x, y) =inf} ;_, disty, (Xk, Xk+1) where the infi-
mum is over all sequences x = x1,...,x, = y and choices Ny € {M;}$2, U{L;}jes
such that xz,xz+1 € Ni for all 1 <k < r. It is easy to check that the conclusions
hold. O
LEMMA B.2

Suppose that {(M;, p;)}?2, is a sequence of mm" spaces such that (M;, p;) and
(M, pj) are (€ij, R;j)-related for all i, j (where €;j, R;j are positive real numbers).
Then there exist a complete separable metric space Z and isometric embeddings
@i : M; — Z such that for all i, j, k
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. (@i (M;), 0i(pi)), (9j(M;),@;(pj)) are (€;j, R;j)-related as pointed subsets
of Z;

0 ((pi)« Volgz @i (pi)) and ((¢;)« VOIE‘IZ, ,0;j(p;)) are (eij, Rij)-related as
pointed measures of Z.

Proof
For each i, j, there exist a complete separable metric space Y;; and isometric embed-
dings ¢;; : M; — Y;;,¥i; : M; — Y;j such that
. (¢ij (M;), $i; (i), (Wij (M), ¥ij(pj)) are (€, Rij)-related as pointed sub-
sets of ¥;;;
© (B volly) i (pi)) and ((¥))xvoly) i (p) are (i, Ryj)-related as
pointed measures of Y;; for every k.
Let Z’ be the disjoint union of M; (i = 1,2,...). By Lemma B.I there exists a
pseudometric distzs on Z’ satisfying the following.
J If x,x" € M; C Z', then distz (x, x") = distpg (x, x”).
® If x; € M;,x; € Mj, then distz/(xi,xj) =< diStYl.j (¢ij (x), Vij (xj)).
This induces an equivalence relation on Z’ by x ~ y if distz/(x,y) = 0. Let Z” =
Z'/ ~ with the metric distz~([x], [y]) = distz/(x, y). Let (Z,distz) be the metric
completion of (Z”,distz~). For each i there is a canonical isometric embedding ¢; :
M; — Z and the union of the images of these embeddings is dense in Z. So Z is
separable.
Forany i, j,thereisamap 7;; : ¢;; (M;)Uv;; (M) — Z suchthat 7r;; (¢;; (x;)) =
@i (x;) if x; € M; and ;5 (Y5 (x;)) = ¢j(x;) if x; € M. This map is distance non-
increasing: disty;; (x, y) > distz (7t (x), 77;; (). Since ((¢ij)« Volgfz,qf)ij (pi)) and

()« Volgz i (pj)) are (€i;, Rij)-related this implies that ((¢;)« VO]%’Z,(/J,’ (pi))

and  ((¢))«voly . ¢;(p;) are (e, Rij)-related. Similarly, (¢; (M;), ¢ (pi)),
(pj(M;),0;(pj)) are (€;5, R;;)-related as required. O

LEMMA B.3

If (M1, p1), (M, p2) are (€1, Ry)-related and (M>, p>), (M3, p3) are (€2, R2)-
related, then (M1, p1), (M3, p3) are (€1 + €2, R3)-related where Rz = min(R; —
262,R2 —261).

Proof
This follows from Lemmas B.2 and A.1. O

PROPOSITION B.4
A sequence {[M;, p;]}72, C M" converges to [Mwo, poo] € M" if and only if for every
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€, R > O there exists an I such that i > I implies that (M;, p;) is (¢, R)-related to
(Mso, Poo)-

Proof

Suppose that {[M;, p;]}$2, C M" converges to [M, poo] € M". By definition, this
means that there exist a complete separable proper metric space Z and isometric
embeddings ¢; : M; — Z such that (¢;(M,;),p;(p;)) converges to (¢oo(Moo),
¢¥oo(Poso)) in the pointed Hausdorff topology and (¢;)x volgz converges to

(¢00) volg(,;)oo as i — oo. The proposition now follows from Lemma A.2.

Let us now assume for every €, R > 0 that there exists / such thati > I implies
(M;, pi) is (€, R)-related to (M, poo). By Lemma B.3 this implies that, for any
i,j>1,(M;, p;)and (M;, p;) are (2¢, R — 2¢)-related. So there exist positive real
numbers €;, R; such that
0 lim; 500 €; =0, lim; 00 R; = +00;

. (M;, pi),(M;, p;) are (¢;, R;)-related for every 1 <i < j < oo.

By Lemma B.2, there exist a complete separable metric space Z and isometric embed-

dings ¢; : M; — Z such that forevery 1 <i < j <oo

. (pi (M;), i (pi)). (9; (M), 9 (p,)) are (€, R;)-related;

© forevery k=1,....n, ((g)xvoly), 6i (i), ((9))x Vol @ (p))) are (e,
R;)-related.

By replacing Z with the closure of the images of the M;’s, we may assume, without

loss of generality, that the union ( ;2 ; ¢; (M;) is dense in Z. Without loss of gener-

ality, we may also assume that each M; C Z and ¢; is the inclusion map. This helps

simplify notation.

We claim that Z is proper. It suffices to show that every ball centered at po
is sequentially compact. So let R > 0, and let {x;}?2, C Bz(pco. R). There is a
sequence {y; }7, such that, for each 7, distz (x;, y;) < 1/i and y; € M,;) for some
n(i). It suffices to show that a subsequence of {y; }$2, is convergent. If there is some
J such that {y;}°, N M; is infinite, then, since M is proper, it follows that there is
a convergent subsequence. Otherwise, lim; o0 12(i) = 400.

Observe that

distz (pi, yi) < distz(pi. poo) + distz(poo, Xi) + distz (x;, yi) < €46y + R+ 1/1.

In other words, y; € Bz(pi, R + 1/i + €,()). If i is large enough, then R,) >
R+ 1/i + €,4¢)- Because (M, ), Pn(i)), (Moo, Poo) are (€n(i). Ruy)-related,

Bz(pi, R+ 1/i + €4a)) N My C Ng (Mo, €1))-

So there exists z; € Mo, with distz (y;, z;) < €,(;). Note that
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distz (z;, poo) < distz(z;, y;) + distz(yi,x;) + distz(X;, poc) < €ni) + 1/i + R.

Because M, is proper, this implies that {z; }72; has a convergent subsequence. Since
distz(z;, x;) < distz(z;, y;i) + distz(yi, X;) < €,) + 1/i tends to zero as i — oo,
this implies that {x; }72; has a convergent subsequence as required.

The proposition now follows from Lemma A.2. O

LEMMA B.5
For any [M, pl e M" and €, R > 0, the set N, (M, p) C M" is open.

Proof

Let {[M;, pi]};2, be a sequence in M" \ N¢ gr(M, p) which converges to [Mso, Poo]-
If [Moo, Poo] € Ne,r(M, p), thenthere existane’ < € and R’ > R such that (Moo, poo)
and (M, p) are (¢, R")-related. Choose €”, R” > 0 so that ¢/ + ¢’ <€ and R <
min(R’ — 2¢”, R” — 2¢’). By Proposition B.4, there is an i such that (M;, p;) and
(Moo, poo) are (¢”, R")-related. Lemma B.3 now implies that [M;, p;] € Ne (M, p).
This contradiction proves that the complement of N¢ g(M, p) is closed. U

We can now prove Theorem 3.1, which states that M” is separable and metriz-
able.

Proof of Theorem 3.1
First we show that M” is metrizable. For [M, p],[M’, p'] € M", let

1
R +2¢’

p(IM, pl,[M’, p'l) = infe +

where the infimum is over all €, R > 0 such that [M, p] and [M’, p'] are (e, R)-
related. In order to check the triangle inequality, let [M;, p;] € M” (for i = 1,2, 3),
and suppose that (M1, p1), (M>, p>) are (€1, Ry)-related and (M», p,), (M3, p3) are
(€2, Ry)-related for some €1, €2, Ry, Ry > 0. By Lemma B.3,

1
min{R1 — 262, R2 — 261} + 261 + 262
1
min{R1 + 2€1, R> +2€2}

1 1
< - L
- (61+ R1+261)+(62+ R2+2€2)

By minimizing the right-hand side over all €1, €2, R, R, such that (M1, p1), (M3, p2)
are (€1, Ry)-related and (M5, p2), (M3, p3) are (€3, Ry)-related, we see that p satis-

P([Ml,l?l], [Ms,Ps]) <€ +ée+

=€ +€+
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fies the triangle inequality. It is therefore a metric on M”. It is continuous by Lemma
B.5. So M" is metrizable.
To show that M" is separable, let g, be the set of all [M, p] € M" such that M is

a finite set and distyy, VOlgll), e, volg,;) are rational-valued. Note that I% is countable.
We claim that F, is dense in M. Let F” be the set of all [M, p] € M" such that M
is finite. An exercise shows that the closure of ]Ffé contains F”. So it suffices to show
that F” is dense in M. For this purpose, let [M, p] € M". Let M (M) denote the set
of all measures . € M (M) with finite support. It is well known that M (M) is dense
in the space of Radon measures on M in the weak™* topology. So there exist measures
ugk) € M (M) such that lim; o ul(k) = Volg;) for every k. Let X; be a finite subset
of M containing {p} U |Jz_, supp(ugk)) such that [ 72, X; is dense in M. We may
regard (X;, p) as an mm”-space with distance disty; equal to the restriction of dists
to X; and measures Volgﬁ) equal to Mgk). By definition [X;, p] converges to [M, p] in

M" as i — oo. So F”" and therefore ]Ffé are dense in M" as claimed. O
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