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OVERVIEW

e Points

e Complexes
— Céch
— Rips
— Alpha

e Filtrations

e Persistence
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POINTS
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e m samplesV = {my,ma, ..., m,,} from a manifoldM

e Samples are embedded, but intrinsic topology is lost

e Error: acquisition device noise and approximation
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POINT CLoUD DATA

(a) Surface (b) Molecule (c) Universe
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e-BALLS

o c-ball: B.(x) ={y|d(z,y) < €}.
e Open sets and topology

e Manifold isM = J,, . s Be(m;)
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CECcH COMPLEX

o Co(M)={convT |T C M, ), crBe(mi) #0}.
« 2L o( =2 -1
o C.(M)~M
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RIPS COMPLEX

e R(M)=A{convT | T C M, d(m;,m;) <e,m;,m; €T}.
e Still O ((7})) for thekth skeleton

e Need(k + 1)st skeleton for computingiy

Afra Zomorodian — CS 468 Lecture 8 - Page 7



ALPHA COMPLEX

’

o V(m;)={z eR’|d(x,m;) <d(z,m;)Vm,; € M}
o V(m;) = Bc(my) NV (my)
. A {coan T C M0, op V(mi) # @}

e A (M) ~M, A, C D, theDelaunay complex
e O(nlogn + nl4/?1)
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ALPHA COMPLEX

e Extendible to points with weights

e van der Waals model of molecules
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FILTRATIONS

o b ° b
o e
d° %

0| ab I 4. cd, ad ac abc acd

e Complexed’., R., A., compute homology!
e Whiche? Vary and get a filtration!

o A filtrationof acomplexK isf) = K°C K! C...C K™ =K.

Afra Zomorodian — CS 468

Lecture 8 - Page 10



BUNNY

nones

e 34,834 points, 1,026,111 complexes
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GRAMICIDIN A
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e 312 atoms, 8,591 complexes
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APPROACH

e |nput: point cloud

e Procedure:
— Pute-balls around points
— Compute complexX.

— Compute homology of complex
e Varyinge gives us a filtration

e Incremental algorithm gives homology of filtration
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HOMOLOGY OF A FILTRATION

o K'is afiltration

o Z\ =27, (K" andB. = B, (K') are thekth cycle and boundary
group of K'!, respectively.

e Thekth homology group ofs* is H., = Z} /B\.
e Thekth Betti numbers. of K' is the rank oH_..
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PROBLEM

17 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Y I
Filtration Signature (Tunnels)

e Features

e Noise spawned by noise, representation, etc.
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PERSISTENCE

e K'! be afiltration.

e Thep-persistentth homology group of<’ is
HY = Z,/(B," nzy),

e Thep-persistentth Betti number3,” of K is the rank oH.”.
e Well-defined
o 1 Hy — H.,

. l
° 1m77k’p ~ Hk’p.

e This lecture:Zs homology
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LIFETIMES

e Letz be a non-bounding-cycle, created when enters complex at
time:

e Thatis,(;+ at times

e : creates a class of homologous cydlgs

e [z] is merged with the boundary class at tilmehenr enters (;.--)
e 7 destroys: and the cycle clasg].

e Thepersistencef z, and its homology clasg|,isj — ¢ — 1.

e o is thecreator(positive) andr is thedestroyei(negative) oflz|.

e If a cycle class does not have a destroyer, its persistenge is
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LIFETIME REGIONS

« H? =2, /(B"" nZ)

e Basis element + By, lives during|i, j)
e 2 ¢ BL forl <j

e Thereforez ¢ B™? forl 4 p < j.

e p>0

o [ >
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o [ <j
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TOPOLOGYMAPS
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GRADED F|t]-MODULE

Afra Zomorodian — CS 468

o degé; + degMy (i, j) = dege;

a, b ae b
© Y
d° 5;
0 fLab [t [dh% | [ 2]lcdad]|[ 3] ac [[[ 4[] abe |[|[5 | acd |
e Degrees ohomogeneouelements:
a b c d ab bc cd ad ac abc acd
olo|1|1]| 1 1 2 2 3 4 5
01 ab be cd ad ac
d 0 0 t t 0
My = c 0 1 t o t2
b t t 0 0 0
a t 0 0o t2 43
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COLUMN ECHELON FORM

cd bc ab z1 z9

d 0 o o0 o0

My = c t 1 0 0 0
b 0 t 0 0

a 0 0 t 0 0

e Only column operations of type (1, 3)
e 21 —=ad—cd—t-bc—t-ab

e 2o =ac—t?-bc—t?-ab

e {21, 25} form homogeneous basis fadg

e rank M; = rank B;_1 IS number of pivots
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ECHELON FORM LEMMA

cd bc ab z1 z9 ]
a|[t] o o o0 o
My=| ¢ | ¢ 1 0 0 0
b 0 t 0 0
a 0 0 t 0 0

e (Lemma) The pivots in column-echelon form are the same as the
diagonal elements in normal form. Moreover, the degree of the basis
elements on pivot rows is the same in both forms.

e If only interested in degree of basis elements, read them off the
column echelon form.
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BASIS CHANGE LEMMA

My xmy My XNy,
e Represendy. interms of the basis computed fag
® 0,0k+1 =0, Mi;My41 =0

e (Lemma) To represerdt, . relative to the standard basis 10, ¢
and the basis computed @y, simply delete rows i/, ; that
correspond to pivot columns ik,
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PROOF

My X My My XMy g

e Replace columi by (columnz) + ¢(columny) to eliminate element

IN pivot row j
e = replacing column basis elementby e; + ge; in M}
e = replacing rowy with (row j) — g(row ) in M1

e Butrowj is eventually zero and rowis not changed. QED
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ALGORITHM

e NoO need for row operations

e Free columns correspond to positive simplices
e Pivot columns correspond to negative simplices
e NO need for matrix representation

e Sparse matrix computation of Betti numbers based on persistence
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DISCUSSION

e \We can compute:
— Cycles (components, cycles, voids)

— Bounding manifolds

e Points can be anything

— samples from high dimensional manifolds: configuration spaces
for robots (PRM), time-variant data, etc.

— samples of tangent complex for data-bgtx S?

e Need fast/-dim complex builder

Afra Zomorodian — CS 468 Lecture 8 - Page 31



