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To motivate our result, consider Newton’s method N for solving the equa-
tion f(z) = 0, where f is a complex polynomial, f(z) = 2y a;z'. We write
N: & x § — S, where %, is the space of polynomials of degree =d and S is
the Riemann sphere C U . Then N(f, z) = N;(z) = z — f(2)/ f'(2) is ra-
tional over C in f and z; that is, N can be formed from the complex rational
operations (+, —, X, +) from the coefficients of f and z.

If z is sufficiently close to a zero { of f, then the iterates z, = Nf(2)
converge to { as k tends to . However, as is well known there is an open
set Uin & x C (if d > 2) such that this convergence will not happen for (f,
z)in U. See, e.g., Smale (1985). In this paper it was conjectured that no such
algorithm could be generally convergent. Curt McMullen settled the question
by proving the following result.

THEOREM (McMullen). Letd > 3andT: ¥, X § — S be any map ratio-
nal over C in f and z. Then there is no open set U C F; X S of full measure
with this property. If (f, z) € U, then Tf(z) = z, converges to a root of f as
k— oo,

Here a “set of full measure” means one whose complement has Lebesque
measure Zero.

McMullen’s -result can be paraphrased as saying there is no generally
convergent purely iterative algorithm, rational over C, for finding roots of
polynomials of degree =4. Here “purely iterative” means that the algorithm
can be expressed as a discrete dynamical system on S parameterized by the
polynomial. Equivalently, the algorithm is one point stationary.

The goal of this paper is to show that if one adds the operation of complex
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conjugation, then there do exist generally convergent purely iterative algo-
rithms for finding zeros of polynomials. This gives a complement of
McMullen’s theorem. Moreover our theorem works for n variables while
McMullen’s result, which depends on a recent one-variable theorem of Mafie,
Sad, and Sullivan (1983), remains unproved for two or more variables.

THEOREM. For any d, there is a map T: F; X § — S formed from the
complex rational operations and complex conjugation from the coefficients of
f € % and z € § with the following property: there is an open set of full
measure U C Fy; X S such that if (f, z) € U, then the iterates z; = T§(2)
converge to a zero of f.

Theorem 2 (complemented by Theorem 1) in Section 2 below is a slightly
sharper version of this result and moreover contains the n-variable case.

In Section 3 we give another example of a generally convergent purely
iterative algorithm which is presumably more efficient. This second example
is a modification of Newton’s method so that it has quadratic convergence
near a zero of a polynomial of multiplicity one. However, this algorithm uses
square roots of positive numbers as well as complex conjugation. Also, we
have not been able to extend the general convergence proof to more than one
variable, thus leaving open a problem which seems to us important and
challenging.

Of course there is a long history of results related to our work, a few of
which are mentioned in Smale (1985). Also, there are works of Kim (1985),
Hirsch and Smale (1979), Murota (1982), Wasilkowski (1983), and Wis-
niewski (1984). In Kim (1985) an algorithm similar to the one-variable case
of Section 3 is proposed and studied with respect to general convergence.

2

Let &, be the linear space of all polynomial maps C" — C" of degree <d,
d > 1 (more abstractly one could say: let E, F be complex Hilbert spaces of
dimension n and %; the space of all maps E — F whose (d + 1)st derivative
is identically zero).

Let U, be the subset of &; of those f: C* — C" which satisfy these three
conditions:

(a) The dth homogeneous parts of the coordinate functions f;,
i =1, ..., n, of fhave no common zeros except the origin. This implies
that f is proper (see Hirsch and Smale, 1979, for example).

(b) Iff(z) = O, then the derivative Df(z): C" — C" is nonsingular (our
calculus notation follows Lang, 1983).

() The map g: C" — R defined by g(z) = | f(2) |’ is a Morse func-
tion. Here we use the Hermitian inner product and norm on C". A Morse
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function is one with nondegenerate critical points. (Milnor, 1963, is a good
reference for Morse theory.)

Note that (c) implies grad g has finitely many zeros.

THEOREM 1. Uj is an open set of %, containing the complement of a real
algebraic subvariety; thus U, is an open set of full measure.

Proof. First work over the complex numbers.

LetA C &;be the set of fsuch that the dth homogeneous parts of the f; have
a nontrivial common zero. Let B C %; be the set of f such that the f; and Det
Df (z) have a common zero. By elimination theory of algebraic geometry (see
Van der Waerden, 1950, p. 15), A and B are each contained in algebraic
subvarieties of %, of complex codimension 1. See Renegar (1984) (also
Smale, 1981) for this (in particular Renegar’s Proposition 5.1). Thus it
remains to deal with (¢).

For this, the same procedure works, using the real numbers instead of the
complex numbers. The equations (polynomial, real) this time are given by

(i) Dg(z): R — R, Dg(z) = O (real derivative),
(i) Det D%g(z) = 0. Q.E.D

For f € %;, define an endomorphism 7;: C" — C" by
Te(z) =T(2) =z — h. grad g(2),  g(2) = [[f@IP,

where
i(l + [D'g( g “0>(1 + | grad g(2) )"~

Here || ||2 denotes the sum of the squares of the corresponding components,
which is greater than or equal to the operator norm squared || |*. The follow-
ing argument shows this.

Let V, W be inner product spaces. Express L(V, W) as matrices with respect
to an orthonormal basis of V and W. Let || || denote the Euclidean norm and
| llop the operator norm. If A: V — L(V, W) is linear, and L(V, W) has the
operator norm, then the multilinear norm of A is the operator norm of A,

“A (Ul) “o “A (Ul)(vz) “
= sup 1AWy _ o NAWDWI T
14l = 530 =51 = S50 ol Toa]

Now since || [|e = || [l on L (V, W) the operator norm of A: V — Lg(V, W) is
= operator norm of A and ||A ||z = [|A[l,,- Now induction finishes the argu-
ment.
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THEOREM 2. For each f € Uy, there is an open set V; C C" of full
measure such that for z € V;, Tz) = z; converges to a zero of f as k — .

The proof of Theorem 2 uses two propositions.

PROPOSITION 1. Let z € C" with grad g(z) # O and let z' = T(z). Then
8(z') < g(2).
Proof. Expand g by a Taylor series about z, and evaluate itatz' = T(z),
d Dig(z ;
g(z') = g(2) — h.|grad gD + 2(—hz)‘—f.g,—-2 grad g(2)'".
i=2 :
Then Proposition 1 is a consequence of this lemma:

LeMMA 1. If grad g(z) # O, then

S — 11289 (gra g (1

i
i=2 b

Proof of Lemma 1. Dividing by the left-hand side, it is sufficient to show

mmMWW>]

4 |Dig()
h 3 128 O g g2 < 1

i=2

(Here we use the operator norm on D'g(z); cf. Lang, 1983.) Since h, < 1,
this amounts to

4 |D'g(2) .
3 1 g g < 1.

The last follows from the definition of h,, the fact that 1 + x2 > x for any
x > 0, and the fact that |A| < || A .

PROPOSITION 2. Let f € Uy, 6 € C" satisfy f(6) # 0, and grad g(0) =
0. Then the set W*(8) of all z such that TX(z) — @as k — « has measure zero.

For the proof we use some lemmas.

LEMMA 2. 6 is not a local minimum of g.

Proof. This is a consequence of the maximum principle.

LeEMMA 3. DT(0) has an eigenvalue greater than 1.

Proof. DT(6) = I — hyD*g(8), so Lemma 3 follows from Lemma 2.

From the center manifold theory (see, e.g., Hirsch, Pugh, and Shub,
1977), it follows that there are arbitrarily small neighborhoods U of @ such
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that W*(8) N U is contained in a closed set of measure 0, in fact a differ-
entiable disc of codimension one W7 (8, U) = Wf(U) = WU) with the
property that 7" (W<(U)) N U C WU).

Next note that T is real algebraic and nondegenerate in that its image
contains an open set by checking near the roots as below; in particular the
Jacobian determinant det(DT) vanishes on a real subvariety of codimension
one.

Proposition 2 now follows. W*(8) C W<(8) = Uy T-HW<(U)), which
has measure zero since it is the countable union of measure zero sets.

Now for the proof of Theorem 2. Let f € U, and g = ||f|]*. If z, is a critical
point of g let W*(zy) be the set of z € C" such that T*(z) — zas k — . Then
define

w= U W) ad V=C -W
grad g(z)=0
f(2)#0
Letz € V.. We claim that z, = T*(z) converges to a zero of f as k — ., By
property (a) of f (since f € Uy) the set of z, is bounded; therefore by Propo-
sition 1, z, must converge to a zero of grad g. Since z & W, this zero of
grad g is also a zero of f. By property (c) of f any zero z; of f is a sink of
—grad g; that is, all the eigenvalues of —D(grad g)(z,) are negative. By the
definition of A, all the eigenvalues of —h,,D grad g(z,) are negative but
greater than —1. Thus all the eigenvalues of DT (z)) = I — h, D grad g(z)
are greater than zero but less than one. Thus z; is a sink for T.

This shows that W*(z) is open, and V} is open. Moreover, there is a disc
Dy around z, mapped into its interior by a contraction for any g in U close
enough to f. It follows by continuity that if z € W*(z,) and f € U, then (f, z)
is in the interior of U = {(f, 2) | f € U;and z € V;}. Thus U is open and of
full measure in %; x C". QED

3

Let f be a polynomial of one variable, f(z) = 2§ az’,z € CU = = §.
Define

R Y Te)
T 2 (D T’

where
d .
o(r) = 2 rt and £ e = m?x|ai|'
i=0

Let p(z) = min(1, k,) and define Tp: S — § by T;(z) = z — p(z) X
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(f(z)/f'(2)). Here note that the max and min of positive numbers may be
expressed in terms of square roots, e.g.,

- +
max(a,b)=|a2b|+|a2bl, V(a — b)? = |a - b|.

Next let G, be the space of polynomials of one variable, degree <d, with
zeros and critical points all distinct.

THEOREM 3. Let f € G,. Then there is a closed set W; of measure zero
such that if z & W;, then T} (z) converges to a zero of f as k tends to .
Moreover T; is Newton’s method in a neighborhood of each zero of f.

Proof. The last statement follows from the definitions. We now prove the
rest.
Define for each z € C, f a polynomial with f'(z) # 0,

fP@) |V f@)
k! f'(z) If' @I

PROPOSITION 3. Let f be a polynomial and z € C, with f(z) # 0,
f'(2) # 0. Let h satisfy

alz, f) = sup

0<h<1/2aqa, a= alzf).
Then for

2=z f(()) £ < 1F@)].

Proof. Expand f by Taylor’s series about z so

e

and

|f(2')| R @
el "”’E EENTET

<=1-h+h Z(hoz)"_1

i=2

=1—-h+ h(ha)( ) <1 QE.D

1 - ha
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This generalizes easily to polynomial maps from one Banach space to
another.

PROPOSITION 4. (a) Let f be a polynomial, z € S, and ¢(r) = =L, r'.
Then

[f @ |f x| 2])?
lf'@Fe(zl) -

alz, f) =
(b) Letr > 0. Then

200 _ |
20°07 ~

This is proved in Smale (1986), where in fact (a) is proved for Banach
spaces.

PROPOSITION 5. Let f € Gy, f'(8) =0, W¥0) = {z|T*z) > 0, as
k — «}. Then W*(0) is a closed set of measure 0.

Proof. By the argument of Proposition 2 of Section 2, it is sufficient to
prove Proposition 5 locally, in a neighborhood of 6.

To that end we calculate the derivative DT (8): R? — R?, where R? is just
C. For z in a neighborhood of 6, p(z) = k, and we may write T(z) as

¢(|z))f(2)

26 (DAL @

T(z) =z —

SO

___o(6Dse) _
261 0D f 1] £(6) ] (Df "(2))=o(v)

for v € R2. Now D (f'(2)),=0(v) = f(8)v.
Thus the linear map DT(@) has the form DT(8)(v) = v — BT, where
B = f(0)"(0)d (| 6])/2¢'(| 8D fll| F(O) .

LEMMA 4. The linear map R* — R? given by v — B7 has trace 0 and
determinant —| B|* < 0. Thus its eigenvalues are *||.

DT(8)(v) = v

The proof is simple and direct.
From the lemma it follows that the eigenvalues of DT () are 1 =+ | 8|. But

18] = lf"0)|o( o) _ [£"8)] 1
2lfle’ (0D~ Nl ¢"d6D’
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by Proposition 4(b), which can be seen to be less than 1. Therefore 8 is a
saddle point for Ty, proving Proposition 5.

For the proof of Theorem 3, note thatk, < 1/2a(f, z) by using Proposition
4(a). Thus Proposition 3 applies to T;. Now the same argument used in the
end of the proof of Theorem 2, using Proposition 3, yields Theorem 3.

One needs to remark that the operations involved in the definition of T (z),
besides the complex rational operations only require complex conjugation and
the square root of a positive real number.

The preceding arguments for Theorem 3 extend to the n-variable case
except for the local argument of Proposition 5. We give a short discussion.

The Newton vector field N(z) = —Df(z)”' f(z) is not generally globally
defined on C” because Df(z) may not be invertible. We desingularize N as
follows: Given the n X n complex matrix A, let A be the n X n matrix whose
(i, j)th entry is (—1)'"/ det A;, where Aj; is the (j, j)th cofactor of A. The
standard proof of Cramer’s rule for inverting a matrix gives

AA = AA = (det A)L. (a)

AN o
Now define ﬁ(z) = —Df(2) f(z). N(z) is globally defined, and

1

-(ED_f(Z—)N(Z) = N(Z).

Note that N(z) is zero in the following cases.
AN
(i) Df(z) has corank 2 or more; then Df(z) is identically zero.

AN
(i) Df(z) has corank 1 and f(z) € Image Df(z) = kernel Df(z).
(iii) f(z = 0.

DEFINITION. Let

ozl
2lf@ £ lnax ' (1 2ID3 DF ()

where || flluax = max;(|D'f(0)|/i!) and let p(z) = p(z) = min(1, K;(2)).

For a polynomial f such that Df (z) is invertible at the roots of f, p(z) extends
continuously to be identically one in a neighborhood of the roots of f and
p(@)|Df '(z)|| extends to be zero on the variety 3 of z such that
Det Df (z) = 0. Now let

Kf(z) =

i

T(2) = Ty(z) = z — p(2IDf ()7 f(2).

For f with nondegenerate roots, T is Newton’s method near the roots of f and
the identity on 3. Near 3,
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T(z) = z — K;@)Df '(2)f(z) = z + h(z) Det Df &) N(z)

where

_ o(z[)
h(z) -
2@ N1 lmax @ 2 DHIDS (2) [P

K:(z) < 1/2a(z, f), so Proposition 3 still applies. Add the additional hypoth-
esis that f is proper. Then the crucial question for the global behavior of T is
the nature of the set of points which tend to 2 under the iteration of f.

PrROBLEM 1. For all fin the complement of an algebraic subvariety of %,
of codimension =1, is it true that W*(2) = {z | TXz) —> 3as k — +oo} is in
a closet set of measure zero?

If we assume that § € X, that Df has corank one at 6 and is transversal to
the corank one matrices there, and moreover that f(6) & Image Df(0) and
Ker Df(8) is not tangent to X then T'(0)v = v + h(O)L(G)v N(8), where
L(0) is alinear map L(9): C" — C, h(8) # 0, and N(8) # 0 and thus T'(6)
has an eigenvalue larger than one. Now the theory of partially hyperbolic
fixed points (Hirsch, Pugh, and Shub, 1977) shows that locally near 6, W*(3)
has measure zero; i.e., there is a neighborhood U of 6 such that
{z € U|f4z) € U forall k > 0 and f*(z) — 3} has measure 0. This takes
care of most of the points in %, but generically there are points not satisfying
these hypotheses even for two variables.

PrOBLEM 2. If @ € C"and Df(0) is singular, under generic conditions on
f, is the set of z such that T%(z) — 6 as k — o contained in a closed set of
measure 07
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