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ABSTRACT

Excursion reflected Brownian motion (ERBM) is a strong Markov process defined in a
finitely connected domain D C C that behaves like a Brownian motion away from the
boundary of D and picks a point according to harmonic measure from infinity to reflect
from every time it hits a boundary component. We give a new construction of ERBM
using its conformal invariance and show how the Poisson kernel and Green’s function for
ERBM can be used to construct conformal maps into certain canonical classes of finitely
connected domains. One important reason for studying ERBM is the hope that it will be a
useful tool in the study of SLE in multiply connected domains. To this end, we show how
the Poisson kernel for ERBM can be used to derive a Loewner equation for simple curves

growing in a certain class of finitely connected domains.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Results

Oded Schramm [21] introduced a one parameter family of random processes now called
Schramm-Loewner evolution (SLE) as a proposed scaling limit for many discrete models
arising in statistical mechanics which were expected to be conformally invariant in the limit.
Since then, SLE has been extensively studied and has proven to be an important tool in
providing mathematical rigor to a number of predictions in statistical mechanics. The
definition of SLE in simply connected domains uses a classical result of Charles Loewner
[17]. Namely, if v (¢) : (0,00) — H is a simple curve parametrized such that ~ (¢) has
half-plane capacity a (t) and g (¢t) : H\7y (t) — H is the unique conformal map satisfying

li_>m gt (2) — z =0, then g; (2) satisfies the initial value problem
Z—00

a(t)

m7 90 () = 2, (1.1)

gt (2) =

where Uy is a real-valued function called the driving function. The differential equation in
(1.1) is one example of a Loewner equation. If (1.1) is solved with a (t) = 2 and Uy = kB,
where By is a standard one-dimensional Brownian motion, then the random family of maps
gt is generated by a curve [20] in the sense that the domain of g is equal to the unbounded
component of H\~ (¢) for a random family of curves 7 (¢). If 0 < k < 4, then ~ (¢) is almost

surely a simple curve. When x > 4, 7 (t) almost surely has self-intersections and when



k > 8 it is almost surely a space-filling curve. Chordal SLE, in H from 0 to oo is defined
to be the random family of curves 7 ().

It is natural to ask whether an SLE process can be defined in multiply connected
domains D C H in an analogous way. That is, is it possible to find an analog of (1.1) and
an appropriate driving function so that the solution of the resulting initial value problem is
generated by a curve with the properties one would expect of SLE,? An added difficulty of
the multiply connected case is that not all n-connected domains are conformally equivalent.
In the simply connected case, Schramm was able to show that any stochastic process that
satisfies the domain Markov property and is conformally invariant must come from (1.1)
with Uy a Brownian motion. Part of what makes this work is that H with a simple curve
removed is conformally equivalent to H. In the multiply connected case, requiring that SLE
have the domain Markov property and be conformally invariant is not enough to uniquely
determine the driving function. Bauer and Friedrich ([4],[5], [6]) defined a candidate for
SLE in multiply connected domains by solving a Loewner equation for a curve growing in
a multiply connected domain. They did not determine the “right” driving function for the
process to be SLE, but they were able to narrow down the possible choices. In separate
work ([22],[23]), Zhan took a similar approach. He showed that, in the case of the annulus,
if in addition to satisfying the domain Markov property and conformal invariance, SLE is
also assumed to be reversible, then the driving function is uniquely determined.

Recent work of Lawler [15] takes another approach to defining SLE in multiply connected
domains. His definition is motivated by work [11] of Lawler, Schramm, and Werner. They
showed that if D C H is a simply connected domain such that H\D is bounded and H and
D agree in a neighborhood of 0, then there is a local martingale M; with the property that
SLE in D is SLE in H weighted by M;. In [16], Lawler and Werner showed that this local
martingale is related to the Brownian loop measure. This led Lawler to suggest in [14] that

SLE in a multiply connected domain could be defined by using the Brownian loop measure



to specify its Radon-Nikodym derivative with respect to SLE in a simply connected domain.
In [15], Lawler defines SLE in multiply connected domains in this way and in the case of
the annulus, shows that the resulting process agrees with the one found by Zhan in [23].
Even though Lawler does not use a Loewner equation in a multiply connected domain to
define SLE, the analysis of a Loewner equation in a multiply connected domain is still an
important aspect of his work. The goal of this paper is to better understand the Loewner
equations appearing in work on SLE in multiply connected domains.

The study of Loewner equations in multiply connected domains is not new and goes
as far back as 1950 in work by Komatu [10]. These equations frequently feature special
functions that make the calculation work, but are introduced without motivation. In most

cases, we expect such functions can be given a probabilistic interpretation. For instance,
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Z—X

the special function in (1.1) is (z,z) — and the probabilistic interpretation is that the

1
Z—T

imaginary part of is equal to —mHyy (2, x), where Hy (2, ) is the Poisson kernel for
Brownian motion in H. We call a domain D C H a chordal standard domain if it is obtained
by removing a finite number of horizontal line segments from the upper half plane. In this
paper, we study a strong Markov process, excursion reflected Brownian motion (ERBM),
whose Poisson kernel can be used to prove a Loewner equation for a simple curve growing
in a chordal standard domain. Excursion reflected Brownian motion in a simply connected
domain is just Brownian motion and, in this case, the Loewner equation we get is just (1.1)

Roughly speaking, if D C C is a domain with n “holes,” ERBM is a strong Markov
process that has the distribution of a Brownian motion away from 0D and picks a point
according to harmonic measure from oo to reflect from every time it hits 9D. To understand
the behavior of ERBM, we consider the case that D = C\D. In this case, every time
ERBM hits dD, it picks a point uniformly on dD to reflect from. ERBM has what Walsh
([1], pg. 37) has called a “roundhouse singularity” in a neighborhood of . That is, in any

neighborhood of a time that it hits JD, it will hit 0D uncountably many times and jump



randomly from point to point on dD. Finally, an important property of ERBM is that it
is conformally invariant. This will be clear once we more precisely define what it means to
“pick a point according to harmonic measure from oo to reflect from.”

The existence of ERBM follows from more general work of Fukushima and Tanaka in
[9]. Their work uses the theory of Dirichlet forms and does not take advantage of the
conformal invariance of ERBM. An alternative construction making explicit use of the
conformal invariance of ERBM was proposed by Lawler in [13]. He proposed that ERBM
could be defined in any domain with “one hole” by first constructing the process in C\D
using excursion theory and then defining it in any domain conformally equivalent to C\DD

)

via conformal invariance. To define ERBM in a domain with “n holes,” multiple copies of
the process defined in a domain with “one hole” can be pieced together. We take this basic
approach and give a new construction of ERBM.

A function is ER-harmonic if it satisfies the mean value property with respect to ERBM.

More precisely, a function u is ER-harmonic if it is harmonic on D and, for any curve 7

surrounding a boundary component A of D,

u(A) = /n u<z>% dz].

Hapr (A, 2)
Eu(Ai,m)

hits 7. It turns out that a harmonic function v on D that is constant on each connected

where is the density for the distribution of the first time ERBM started at A
component of 9D is ER-harmonic if and only if it is the imaginary part of a holomorphic
function on D. For this reason, the study of ER-harmonic functions is a useful tool in the
study of conformal maps into certain classes of finitely connected domains.

Two important ER-harmonic functions are the Poisson kernel H gR (z,w) and Green’s
function G%R (z,w) for ERBM. In order to define these functions, it is necessary to choose

at least one boundary component of D at which to kill the ERBM. Once this is done, the



definitions and many of the properties of the Poisson kernel and Green’s function for ERBM
are similar to those for usual Brownian motion. The Poisson kernel for ERBM was first
considered by Lawler in [13] as a way of understanding a classical theorem [2] of complex
analysis stating that any n-connected domain D C C is conformally equivalent to a chordal
standard domain. He sketched a proof showing that the imaginary part of any such map
is equal to a real multiple of the Poisson kernel for ERBM. We give a complete proof here.
Furthermore, we use the Green’s function for ERBM to prove two other classical conformal
mapping theorems.

We finish this section by stating our main result. This result was conjectured by Lawler
in [13]. Let D be a chordal standard domain, v : (0,00) — D be a simple curve with
v(0) = 0, Dy = D\v(0,t), and b(t) be the excursion reflected half-plane capacity of
v (0, ). Excursion reflected half-plane capacity is a generalization of half-plane capacity to
multiply connected domains and parameterizing our curves so the excursion reflected half-

plane capacity is a differentiable function of time is the most convenient parametrization.

Theorem 1.1. For each t, there is a unique conformal map hy : Dy — hy (D) such that
hi (D¢) is a chordal standard domain and l;m hi(z) — z = 0. Furthermore, this map
Z—00

satisfies the initial value problem

(1) () = =b () Hioflpyy (he (2).00) . ho(2) =2,

where Uy = hy (7 (1)) and HhEt?Dt) (-, Ut) is a conformal map with imaginary part a real

multiple of HgR (-, Ut>

If D = H, then this theorem is just a restatement of (1.1).



1.2 Qutline of the Paper

Chapter 2 sets notation and contains necessary background material. In particular, we
outline the proof of the chordal Loewner equation for a simple curve growing in H as in
[12]. The basic structure of the proof of the analogous result for chordal standard domains
is the same and uses some of the same preliminary results. We conclude the chapter by
proving that if v is a curve in H satisfying v (0) = 0 and F' is a locally real conformal
transformation, then the time derivative of hcap (F (v [0,¢])) at 0 is equal to ' (0)a (0),
where a (t) = hcap (7[0,¢]). This result is stated in [12], but the proof is not given. We
actually prove a slightly stronger result, finding the error term as well.

In Chapter 3 we define and construct ERBM in finitely connected domains D C C.
First, we construct the process in C\ID by explicitly defining a transition kernel for ERBM
in terms of the transition kernels for Brownian motion and reflected Brownian motion and
then using general theory to show that there actually is a strong Markov process with this
transition kernel. Finally, we check that the strong Markov process we obtain satisfies our
definition of ERBM. Our construction is motivated by a similar construction of Walsh’s
Brownian motion in [3]. Once we have ERBM in C\D, we define ERBM in any domain
conformally equivalent to C\D via conformal invariance. In Chapter 3.4 we show how
countably many independent ERBMs in 1-connected domains can be pieced together to
construct an ERBM in an n-connected domain. ERBM in D induces a discrete time Markov
chain on the connected components of the boundary of D, which we discuss in Chapter
3.5. This chain was observed by Lawler in [13] and appears implicitly in classical work
on conformal mapping of multiply connected domains. We conclude the chapter with a
brief discussion of ER-harmonic functions. We prove a maximal principle for ER-harmonic
functions and show how ERBM can be used to construct ER-harmonic functions.

Chapter 4 introduces the Poisson kernel H gR (z,w) for ERBM and proves some of its

basic properties. We gather a number of estimates for H ER (z,w) that are used in Chapter

6



6 and show how H gR (-,w) can be used to construct conformal maps. More precisely, in
[13] Lawler proved that if the level sets of HgR (-,w) are Jordan curves, then HER (-, w)
is the imaginary part of a conformal map into a chordal standard domain. In Chapter 4.3
we complete this proof by showing that the derivative of H ER (-,w) always has full rank
and that this implies the level sets of H gR (-,w) are Jordan curves.

Chapter 5 introduces the Green’s function GgR (z,w) for ERBM in D and proves some
of its basic properties. In Chapter 5.2 we use the theory of Green’s function for ERBM
to prove two formulas from Chapter 3 necessary to show our construction of ERBM is
well-defined. We conclude the chapter by showing how GgR (z,-) can be used to construct
conformal maps into circularly-slit annuli.

In Chapter 6 we prove Theorem 1.1. We start by defining HE%® (-,z), the complex
Poisson kernel for ERBM, for any finitely-connected domain D C H with R € dD. The
complex Poisson kernel for ERBM, initially considered by Lawler in [13], has the property
that for any =z € R, HgR (-,z) is a conformal map into a chordal standard domain with
imaginary part equal to mH ER (-,z). We use H%;R (+,z) to show that there is a unique
conformal map ¢p from D into a chordal standard domain satisfying Zlglg(j vp(z)—z=0.
The map At in Theorem 1.1 is equal to Py(Dy) © It where g; is as in (1.1). There are two
main steps to the proof of Theorem 1.1. First we prove the result at ¢ = 0. This proof
is similar in spirit to the proof of the analogous result for g;. The second main step is to
show that Uy = h¢ (v (t)) is a well-defined continuous function. We do this by combining
the analogous fact for Uy = g4 (v (t)) with derivative estimates for ¢p (x) restricted to R.
The key observation is that ¢, (z) = WHER (00, x), where HER (00, x) is the “normal
derivative” of H gR (-, z) at co. This allows us to use appropriate Poisson kernel estimates
to provide the necessary estimates for ', (). Since g; (Dy) varies with ¢, we need Poisson

kernel estimates that are uniform over certain classes of domains.



CHAPTER 2

BACKGROUND MATERIAL

2.1 Some Notation

We denote the unit disk in C centered at the origin by D and the upper half-plane by H.
We let ), consist of all subdomains of C with n “holes.” More precisely, let ), consist of

all connected domains of the form
D=C\[AgU A1 U---UAy],

where Ag, Aq,..., Ay, are closed disjoint subsets of C such that A; is simply connected,
bounded, and larger than a single O}())oint for 1 <i < n (we allow Ay to be empty) and C\ Ay
is simply connected. We denote U Y; by V.

We call A C H a compact H-f?:l? if A=HNA and H\A is simply connected and denote
the set of all compact H-hulls by Q. We denote the subsets of ) and ), consisting of
domains such that A is the union of C\H and a compact H-hull by Y* and )} respectively.
We call D € Y a chordal standard domain if D is the upper half-plane with a finite number
of horizontal line segments removed. We denote the set of chordal standard domains and

n-connected chordal standard domains by C) and C), respectively. If D is a domain with

C\Ap = H, then if r > 0, we let

D'={zeD:|z| >r}.



We also let

H ={zeH:|z| <r}

and

Dy =DNH.

We denote the open annulus centered at € R with inner radius r» and outer radius R by
A r(z) and A, g (v) NH by A:R (z). We write A, p and AZR for A, g (0) and A:R (0)
respectively. Finally, we denote the open ball of radius r centered at z by Bj (z) and, if
r €R, By (r) NH by B, ().

If A is a subset of C, we let the radius of A, denoted rad (A), be the infimum over all
r > 0 such that A C rDD and the diameter of A, denoted diam (A), be the supremum over
all z,y € A of |[x —yl.

We will use ¢ to denote a real constant that is allowed to change from one line to the
next. We write f(z) ~ g(z) as z — a if limz_m% =1land f(2) < g(z) as z = a if

f(2)=0(lg(2)]) and g (z) = O([f (2)]) as z — a.

2.2 Poisson Kernel for Brownian Motion

Let D € Y and let 7p be the first time that a Brownian motion B leaves D. If 0D has
at least one regular point for Brownian motion, then for each z € D, the distribution of
B7, defines a measure hmp (2,-) on D (with the o-algebra generated by Borel subsets
of OD) called harmonic measure in D from z. We say 0D is locally analytic at w € 9D
if 0D is an analytic curve in a neighborhood of w. If 9D is locally analytic at w, then in
a neighborhood of w, hmp (z,-) is absolutely continuous with respect to arc length and
the density of hmp (z,-) at w with respect to arc length is called the Poisson kernel for

Brownian motion and is denoted Hp (2, w).



Some of the domains we consider will have two-sided boundary points (a recurring
example is when D is a chordal standard domain). If w is a two-sided boundary point,
we should really think of it as being two distinct boundary points, w™ and w™. In such
cases, by abuse of notation, we will sometimes write Hp (z,w) when we should consider
Hp (z,w+) and Hp (z, w_) separately.

Harmonic measure is conformally invariant. That is, if f : D — D’ is a conformal map,

then

hmp (2, V) =hmp (f(2), f(V)).

Using this, we see that if 9D is locally analytic at w and D’ is locally analytic at f (w),

then

Hpy (f (2), f (w)) = |/ (w)| ™" Hp (2, w). (2.1)

It is well-known that
1 Yy
Hy (x4 iy, 2') = = .
H( ) 7T(ac—ac’)2+y2

(2.2)

Using (2.2), it is straightforward to compute that if |z| > €, then Hyy (-, z) restricted to the

boundary of BJ (0) is bounded above by

max € , € . 2.3
{71'(.’13’—6)2 7r($+6)2} (23)

Using (2.1), it is sometimes possible to explicitly compute the Poisson kernel for a simply
connected domain. Often though, having an estimate is good enough. One particularly
important estimate ([12], pg. 50) that we will use extensively is that if |z| > 2¢, then

Hiye (z eei‘)) — 2Hy (2,0) sin @ {1 +0 (i)} , (2.4)

||

as @ — 0. In particular, if we fix a radius r > 0, then the O (@) term can be replaced

10



with an O (€) term that is uniform over all z with |z| > r.

Using (2.1), (2.4), and the map z — %1, we see that if |z| < r/2, then

: 1 —1 —e
0\
Hys o) (270 )‘ﬁHHl/r (7’ ; )

_ %HH <—710> sin (0) {1 +0 (';')}

_ gﬁsin () {1 Lo (ﬂ)} | (2.5)

r

as % — 0. In particular for fixed r, the probability that a Brownian motion started at z

exits B;F (0) on |z| = r is comparable to % as z — 0.
The function Hp (-, w) can be characterized up to a positive multiplicative constant as
the unique positive harmonic function on D that is “equal to” the Dirac delta function at

w on O0D.

Proposition 2.1. Let D € Y be such that 0D is locally analytic at w € O0D. Then
Hp (-, w) is up to a real constant multiple the unique positive harmonic function on D that

satisfies Hp (z,w) — 0 as 2 — w’ for any w' € dD not equal to w.

Next, we prove an estimate analogous to (2.4) for D € Y*. A useful observation [13]
that we will use in the proof of this estimate is that if Dy C D1 and Dy and D9 agree in a

neighborhood of w € dDq, then

Hp, (z,w) = Hp, (2,w) — E* [HD1 (BTDZ,wﬂ : (2.6)

Lemma 2.2. Let D € Y* be such that 9D is locally analytic and 0D and OH agree in a

neighborhood of 0. If |z| > 2¢, then

Hpe (z, eei9> =2siné Hp (2,0) [1 + O (¢)],

11



where for any r > 0, O (€) is uniform over all z with |z| > r.

Proof. Using (2.6), we have

Hpe (z,eei9> = Hpe <z, eew) - E* [HHe (BTDE,eewﬂ . (2.7)

We can rewrite E? [HHe (BTDE’ eei‘g)] as (where by convention Hpe (z,w) = 0 if w ¢ 9DF)

n

Z Hipge (w, eei9> Hpe (z,w) |dwl
i=0 /04

zzsmez - Hyp (w,0) [14 O (€)] Hpe (z,w) |dw]

n
=2sin6 [Z Hy (w,0) Hpe (z,w) |dw|| [1+ O (€)]. (2.8)
. 04,
1=0 v
Applying (2.6) again, we have
Hpe (z,w) = Hp (z,w) = E* [Hp (Brpe, w)] . (2.9)

The probability that a Brownian motion in D started at z leaves D¢ on dBZ (0) is less
than the probability that a Brownian motion in H¢ does the same thing, which is O (€) by
(2.4). If R is such that BE (0) € D, then in order for a Brownian motion in D started
on OBZ (0) to not exit D on R, it has to leave BE (0) before hitting R. By (2.5), the
probability of this event is O (€) and hence, the probability that a Brownian motion in D

started on B (0) does not exit D€ on R is O (¢). It follows that

E* [Hp (Brpe,w)] = 0 (). (2.10)

12



Substituting (2.9) into (2.8) and using (2.10), we see that (2.8) is equal to

2sin 6 Z HH (w,0) Hp (z,w) |dw|| [1+ O (€)]

=2sinf E* [Hy (BTD, 0)] [14 O (e)].
Combining this with (2.4) and (2.6), (2.7) becomes
Hpe <z, 66i9> =2sinf Hp (2,0)[1 4+ O (¢)]. (2.11)

]

We will need an estimate for the derivative (in the second variable) of the Poisson kernel.

Lemma 2.3. Let D € Y* be such that Ay = C\H and f. (z) := Hp (2,2). If2' € R and
r < ‘z —x” is such that B (z') C D, then !f; (:L'/)’ < ﬁ

Proof. Let z = x +1y. If D = H, then, using (2.2), we can compute

2y T — m/) 2
= 2.12
=N = s (2.12)
Recall that by (2.6) we have
n
f2(x) = Hy (2,2) — Z Hy (z,2)dhmp (z,x) .

Using bounded convergence, the result for general D follows from (2.12).

O

13



2.3 Some Brownian Measures

Let D € Y. If 9D is locally analytic at w, then the boundary Poisson kernel is defined by

d
Hpp (w,z) = %HD (w,2),

where n is the inward pointing normal at w. If w is a two-sided boundary point, then
we have two distinct boundary Poisson kernels, Hyp (w+, z) and Hyp (w_, z). In such
cases, by abuse of notation, we will sometimes write Hgp (w, z) when we should consider
Hyp (w+, z) and Hyp (w_, z) separately. If f is a conformal map and Jf (D) is locally

analytic at f (w) and f (z), then
Hyp (w,2) = | ()] |f" (2)] Hap(p) (f (), f (). (2.13)
If D is as in Lemma 2.2, then using Lemma 2.2, we have that
Hppe <z eeif’) — 25in0 Hyp (2,0)[1+ O (e)], (2.14)

where for any > 0, O (e€) is uniform over all z € 9D with |z| > r.

The definition of excursion reflected Brownian motion uses excursion measure. Excur-
sion measure is usually defined as a measure on paths between two boundary points of
D. Since we will only be interested in the norm of this measure, the definition we give of

excursion measure is the norm of excursion measure as defined elsewhere ([12], [13]).

Definition 2.4. Suppose D C C is a domain with locally analytic boundary and V' and

V' are disjoint arcs in 0D. Then

Ep (VV // Hyp (z,w) |dz| |dw|

14



is called ezcursion measure. Excursion measure normalized to have total mass one is called

normalized excursion measure and is denoted Ep (V-).

Using (2.13), we can check that £p is conformally invariant. This allows us to define
Ep (V, v/ ) even if D does not have locally analytic boundary. We will often write Ep (A, V)
for Ep (0A, V) and Ep (A, V) for Ep (04, V). We will also write Hyp (A, 2) as shorthand
for the quantity [ 4 Hpp (z,w) |dz|. Using (2.13), we see that if f : D — D’ is a conformal

map, then

Hyp (A, 2) = Hypipy (f (A), f (2)) |F' (2)]-

As a result, it is possible to define Hgp (A, z) even if A does not have locally analytic
boundary.

We conclude by giving some well-known [13] results that we will need about the Brow-
nian bubble measure. In what follows, let D € ) be such that 9D is locally analytic and

x € D NR. Define the Brownian boundary bubble measure at x of bubbles leaving D by
['(D;z)=T(D;z | Hx) = 7r/ Hyp (x,2) Hy (z,x) |dz] . (2.15)
aD

We claim

THp (2,0) = wHyg (2,0) — Im [2] T (D; 0) [1 + O (|2])], (2.16)

as z — 0. To see this, let z = x 4 ¢y and observe that using (2.6) we have

mHyy (2,0) — 7Hp (2,0) =rE* [Hyg (Brp,0)]
= (B [y (Bryy,0)] — 7B [Hy (Bryp,0)])
+EY [Hy (Brp, 0)]
= (B [Hzg (Brp.0)] — EY [Hiz (Bry,0)))

+ Hy (w,0) Hp (iy,w) |dw|. (2.17)
oD
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Using (2.5), we see that the first term in (2.17) is equal to O (]z|) Im [z], as z — 0. Using

the expansion

Hp (iy,w) = yHyp (0,w) + O (4) |

as y — 0, and (2.15), we see that the second term in (2.17) is equal to
Im [2] [I'(D;0) + O (y)],

as z — 0, from which (2.16) follows.

2.4 Green’s Function for Brownian Motion

In what follows, let D € )Y be such that dD has at least one regular point for Brownian
motion. In this setting, it is possible to define a (a.s. finite) Green’s function for Brownian
motion G'p (z,w) (see, for instance, [12]). By convention, we scale Gp (z,-) so that it is
the density for the occupation time of Brownian motion. As a result, what we mean by
G p may differ by a factor of 7 from what appears elsewhere.

It is well-known that Gp (z,w) = Gp (w, z) and that Gp (z,-) can be characterized as

the unique harmonic function on D\ {z} such that Gp (z,w) — 0 as w — 0D and

—loglz —w
g| |+

Gp (z,w) = 0(1), (2.18)

7

as z — w. Another property of Gp (z,w) is that it is conformally invariant. That is,
if f: D — D'is a conformal map, then Gipy (f(2), f(w)) = Gp (z,w). Finally, it is

well-known that

1 —1
Gop (0, 7) = — 08" ~los 2] (2.19)

™
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and

(2.20)

Another fact that we will use is that the normal derivative of Gp (z,-) at w € 9D is
equal to 2Hp (z,w). While we will not prove this fact, we will prove the following lemma
that is used in the proof and that we will use when we prove a similar statement for the

Green'’s function for ERBM.

Lemma 2.5.
7T .
/ Gy (ew,ei) sinf df = e+ O <€2> ,
0
as € — 0.

Proof. Using the Taylor series expansion for log 1+ x, the conformal invariance of G, and

(2.20), we see that

2 - 2
/GH( >sm0d9——/ log [ S 0 EIOF Y G g
0 cos2 6 + (sinf — ¢)

= 217r ; [46 sinf 4+ O (€2>i| sin @ df
=e+0 <€2> ,
as € = 0. O

Finally, if Dy C Dy, it is easy to check that
Gp, (,w) = Gp, (2,w) — B [GDl (BTDz,w)} . (2.21)

2.5 Chordal Loewner Equation

In this section, we outline the proof of the chordal Loewner equation for a simple curve

growing in the upper half-plane as presented in [12]. Our purpose is both to motivate the
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proof we give of the analogous result in non-simply connected domains and to gather some
preliminary results needed for that proof.

The Loewner equation we are interested in is a differential equation governing the
behavior of the conformal map that maps the upper half-plane with a simple curve removed
onto the upper half-plane. The next proposition shows that there is a unique such conformal

map with a specified asymptotic at infinity.

Proposition 2.6. If A € Q, then there is a unique conformal map g4 : H\A — H such

that

lim [g4(2) — 2] =0.

Z—00

In particular, g4 has an expansion near infinity of the form
ai -2
gA(z):z+?+O(|z| ), Z — 00,

The constant aj is called the half-plane capacity (from infinity) for A and is denoted

hcap (A). There are several different ways to compute hcap (A).

Proposition 2.7. Suppose A € Q, By is a Brownian motion in H, and 7 is the first time

that By leaves H\A. Then for all z € H\A,
Im [z — g4 (2)] = E* [Im [B7]].

Also, heap (A) is equal to each of the following.

1. lim yEY [Im[B,]].

Yy—00

2r [T ,.ci0
PR I [Im [B7]]sin@ d# for any r > 0 such that rad (A) < r.

T Jo

We give one more interpretation of hcap (A).
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Proposition 2.8. Let A € Q and D = H\ A and for any Borel subset V' of OA, define

pa (V)= lim yhmp (iy, V).

Y—00

The following statements hold.

2R [T i .
1. Ifrad (A) < R, then ug (V) = — hmp <Re ,V) sin @ do.
T Jo

2. |Lg 1S a measure.
3. hcap (A) = /Im (2] duy (2) .

Proof. Using (2.4) and the strong Markov property for Brownian motion, it is straightfor-
ward to verify the first statement. Using monotone convergence, it is easy to see that the
first statement implies the second. Using Proposition 2.7, it is a straightforward exercise

in measure theory to prove the third statement. O]

Using Proposition 2.7, we can find a uniform bound on the difference between g4 (2)

and z + hc%(A) in terms of hcap (A) and rad (A).
Proposition 2.9. There is a ¢ < 0o such that for all A € Q and |z| > 2rad (A),

heap (A) < Chcap (A)rad (A)
2 ElR '

z—ga(z)+

This result can be interpreted as a proof of the chordal Loewner equation at t = 0.
That is, if we think of A as being the trace of a simple curve at a small time ¢, this result
shows that the time derivative of g4 at 0 is equal to the time derivative of hcap (A) at 0
divided by z.

In what follows, let 7 : [0,00) — C be a simple curve such that v (0) € R and 7 (0, 00) C
H. Let a(t) = hcap (y;) and assume (reparametrizing if necessary) that a (t) is C1. For

each t > 0, let 74 := v [0,¢] and g; : H\x — H be the unique conformal transformation
19



e : L s (1) _
satisfying Zlggo gt (2) — 2z = 0. For each s > 0, let v°(t) = gs (v (s +1)) and gsy Iys_,-
Observe that gr = gs+ o gs. The next proposition shows that g maps the “tip” of v to a

unique U; € R and that the resulting function ¢ — Uy is continuous.

Proposition 2.10. For allt > 0, there is a unique Ur € R such that

lim gt (Z) = Ut,
2=()

where the limit is taken over z € H\~. Furthermore,

U= lim g5 (7 (1))

s—t™
and t — Uy is continuous.
The main tool in the proof of Proposition 2.10 is the following technical lemma.

Lemma 2.11. There ezists a constant ¢ < oo such that if 0 < s <t <ty < oo, then

diam [gs (v (5,1))] < ey/diam ([0, o]) osc (v, ¢ — s, g)

and

195 — gt o < cv/diam (7 [0,20]) osc (v, t — s, tp),

where

osc (7,0, t) = sup{|y(s) =y (1)]: 0 < s <t <tp; |t — 5| <0}
and gs — gt is considered as a function on H\~;.

The main tool in proving Lemma 2.11 is the Beurling estimate, which we will not discuss

here. The proof also needs the following useful lemma.
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Lemma 2.12. Let A € Q and rad (A) =r. Then for all x > r,

and for all x < —r,

Furthermore, if z € H\ A, then

lga (2) — 2| < 3rad(A).

We also need the following lemma.

Lemma 2.13. Suppose u : [0,ty) — C is a continuous function such that the right deriva-

tive

, t+e)—ul(t)
Wy (t) = lim u
() i, -

exists for all t € [0,tg) and is a continuous function. Then v’ (t) = u!_ (t) for allt € (0,p).
We state and discuss the proof of the chordal Loewner equation.

Theorem 2.14. For all z € H\y, and 0 <t < tg, gt (2) is a solution to the initial value

problem
a(t)

MO () == 222

gt (2) =

An important observation that we will return to when we prove the analogous re-

a(t)
gt(2)—Ut

—ma (t) Hy (z,U;). Using the Schwarz reflection principle, we can show that (2.22) holds

sult for multiply connected domains is that the imaginary part of is equal to
for x € R as well. The idea behind the proof of Theorem 2.14 is to apply Proposition 2.9

to

Gs+e (2) — gs (2) = Gs,5+¢ (95 (2)) — gs (2)
21



to conclude that gs (2) has a right derivative equal to % and then to apply Proposi-
S —Us
tion 2.10 and Lemma 2.13.
If t — Uy is a continuous function and ¢ — a(t) is an increasing C'' function, then

a converse to Theorem 2.14 holds. More precisely, for each ¢t > 0 it is possible to find a

K¢ € Q and conformal map ¢ : K+ — H such that

A family of maps g arising in this way is called a generalized Loewner Chain with driving
function Uy. While we will not make use of this important fact, we will need some facts
about generalized Loewner chains.

It can be checked that if g is a generalized Loewner chain, then for all z € H\ K,

1) = exny d ta(s)ds
gt (2) = p{ /0 PREEGAL (2)_U8)2}. (2.23)

Using this, we can derive an estimate for the spatial derivative of g; restricted to the real

line.

Lemma 2.15. Let g be a generalized Loewner chain and let r¢ > 0 be such that v+ C

By, (7(0)). Then there is a ¢ > 0 such that

for x € R with |x| > 3ry.

Proof. We will prove the result for x > 3r¢; the x < —3r; case is the same. Using Lemma

2.12, we see that
r
r<g(x)<z+ -t
x
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and

2
,
L = 2r,

re < gt (re) <re+ .

and as a result,
gt (x) — gt (re) > & — 2ry.
Since gs () — gs (1¢) is a decreasing function of s (this can be shown using Theorem 2.14),

we conclude that

gs (x) = Us > gs (x) — gs (re) > gt (x) — gt (re) > x — 21y,

for all 0 < s <t. Using (2.23), it follows that

exp{_#} < 97/5 (z) < 1.

x = 2ry)?

Since a (t) < r7, we conclude that

from which the result follows. O]

It is not hard to check that the constant in Lemma 2.15 is less than or equal to 9.

We conclude the section by looking at the effect of applying a locally real conformal
transformation on the time derivative of the half-plane capacity of a continuously increasing
Ky € Q. We will need the following well-known result, which provides bounds for the

derivatives of harmonic functions.

Lemma 2.16. Let u be a real-valued harmonic function on a domain D C C. For each
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k € N, there is a ¢ (k) > 0 such that if j < k is a non-negative integer, then

ook (z)) < c (k) dist (z,0D) " Jul . .

The proof of Proposition 2.17 is due to Greg Lawler.

Proposition 2.17. Let F': Bp (0) — C be a conformal transformation that maps reals to

reals, A € Q, and r =rad (A). Then
heap (F (A)) = F' (0)% heap (A) {1 +0 (1)} . 0,

where O (%) is independent of F' and A.

Proof. We start by reducing to the case of R =1 and F’ (0) = 1. Define

P F(zR)

(2) = 2 o A=R7'A

and assume that the result holds when R =1 and F’ (0) = 1. We then have

heap [F (A)] = R2F' (0)? heap [F ( )
1

= R2F' (0)% heap (fl) [

By considering a translate of F', we may assume F'(0) = 0. Hence, for the remainder of
the proof, we assume R =1, F/ (0) = 1, and F (0) = 0.
We claim that

Im [F (2)] = Im [2] [1 + O (|2])], (2.24)
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as z — 0. Using the Koebe distortion theorem, we can find a uniform upper bound
(independent of F) on |F’ (2)| over all z € C such that |z| < 3/4. If follows by the Cauchy
integral formula that there is a uniform upper bound for |F " (z)| over all z such that

|z] < 1/2. As a result, there is a ¢ > 0 such that
|F'(2) = 1] < clz|,

for all z such that |z| < 1/2. Writing F' = u + iv, this implies that if |z] < 1/2, then

Hence, writing z = = + iy, we see that

UGG
/0 (a—; (x+iy')—1> dy" <cylz,

I F (=) — y| =

from which (2.24) follows.

Define a measure F o g on OF (A) by

Foua(V)=pa(F1 (V).

where j14 is as in Proposition 2.8. Using Proposition 2.8 and (2.24), we have

heap (4) = [ Tm (2] dps ()
- /Im [F—l (w)] d(F o ug)(w)
= [1+O(7")]/Im[w]d(FouA) (w).
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Since we also have

heap (F ()] = [ T fu] dupa) (),

to complete the proof, it is enough to show that

ppay (V) =Fouy (V)[1+0(r)],

where O (r) is independent of V| I, and A.
Let D = H\ A and for any Borel subset V' of 0A, define

hmp (V) =max{hmp (2, V) : |z| = 2r}.

We claim that

hmp (2, V) < Im [2]

hmp (V), (2.25)

for any z € D such that |z| = 2r. Using (2.4), we see that there is a constant ¢ > 0
such that if u is a positive harmonic function on H\B;" (0) and z is the location of the
maximum value of u restricted to |z| = 2r, then Im [29] > ¢r =: s (r). Let # = min {r, s (r)}
and

K={ze€H:|z|=2r;Im[z] >7/4}.

Since ImT[Z] is bounded from below on K, it follows that there is a ¢ > 0 such that for any

ze K
Im [2z]

hmp (2, V) <hmp (V) < ¢ hmp (V). (2.26)

,

Fix z ¢ K such that |2| = 2r and assume without loss of generality that z € B (2r).

Using (2.5), we can show that the location of the maximum value of any positive ha—;fmonic

function on B;f (2r) restricted to OB ;’Ff (2r) is bounded uniformly away from R. As a result,
4

we can use the Harnack inequality to find a constant ¢ > 0 such that if @ is the unique
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point in 8B& (2r)N B;} (0), then for all w € 8B& (2r)
4 4
hmp (w,V) < chmp (w,V) < chmp (V).

Since (2.5) implies that the probability a Brownian motion started at z does not exit

Bi (2r)onRis O (ImT[Z]>, it follows that there is a ¢ > 0 such that
4

hmp (2, V) <e¢

Combined with (2.26), this gives the first half of (2.25).

Im[z] .
p= 1S

Since the maximum of hmp (z,V) restricted to |z| = 2r occurs on K and
bounded from above on K, using the Harnack inequality, we can find constants ¢,C' > 0

such that if z € K, then

hmp (2,V) > Chmp (V) > ¢

hmp (V) . (2.27)

Fix z ¢ K such that |2| = 2r and assume without loss of generality that z € B (2r).
K

Using the Harnack inequality, we can find constants ¢,C' > 0 such that if w € 8B};: (2r)
T
satisfies Im [w] > 7/4, then

hmp (w, V) > Chmp (0,V) > chmp (V). (2.28)

Using (2.5), we can find a ¢ > 0 such that the probability a Brownian motion started at

n[z]

z leaves B (2r) in {w € H: Im [w] > 7#/4} is greater than c Combining this with
4

(2.28), we see that there is a ¢ > 0 such that

hmp (z,V) > clm 2
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Combined with (2.27), this gives the second half of (2.25).
Let D1 = DND and V be a Borel subset of 0A. If z € H is such that |z| = 2r, we

claim that

hmp (z,V) = hmp, (z,V) [1 +0 (7"2)] , 1T —0. (2.29)

Using (2.5) and (2.4), we see that the probability that a Brownian motion started at z
reaches {w € H: |w| =1} and then returns to {w € H : |w| = 2r} without leaving H is

O (rIm [z]). Combining this with (2.25), we see that there is a ¢ > 0 such that

hmp (2, V) —hmp, (2, V) < erlm[z]hmp (V)

< er’hmp (2,V),

which implies (2.29).

The conformal invariance of harmonic measure implies
hmp, (2, V) =hmpp,) (F(2), F(V)). (2.30)

The growth theorem for schlicht functions implies that F' (A) is contained in a disk centered
at the origin with radius comparable to r and the Koebe 1/4 theorem implies that F' (Dq)
contains a disk centered at the origin with radius 1/4. As a result, an argument similar to

the one used to prove (2.29) implies

hnp(p,) (F (2), F (V) = g iy (F (), F (V) [1+0 ()], r=0. 231)
We claim that for all z € H such that |z| = 2r we have

hmH\F(A) (F (Z) , F (V)) = hmH\F(A) (Z, F (V)) [1 + 0 (7”)] , 1 —0. (2.32)
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We saw in the proof of (2.24) that there is a uniform bound for |F" ()| restricted to
{zeC:|z| <1/2}.

As a result, there is a ¢p > 0 such that for all z € H with |z| < 1/2 we have
|F (2) — 2| < cp |2)?. (2.33)

It follows that there is a rq{ < oo such that if » < r; and z € H is such that |z| = 2r, then
B.j9 (2) NF (A) = 0 and F(z) € B, g4 (2). Using (2.24), we see that there is a rg < oo
such that if » < 79 and z € H is such that |z| = 2r, then Im [F' (2) — 2] < Im [2].

Suppose r < min {ry,ry,1/4} and let u(z) = hmyp p(4) (2, F (V). To prove (2.32),
we consider the case that Im [z] > /32 and Im [z] < r/32 separately. In the first case,
since B, /39 (2) C H\F' (A), the Harnack inequality implies that there is a ¢ > 0 such that
u(w) < cu(z) for all w € B, /43 (2). As a result, Lemma 2.16 implies that there is a ¢ > 0

such that the partial derivatives of u are bounded in absolute value by Cuﬁz) on B39 (2).

Since |F' (z) — z| < r/32, (2.32) follows from (2.33).
In the second case, assume without loss of generality that z € B;r/w (2r) and let
he (2) = H gt (2r) <z, %ew). By the Schwarz reflection principle, hy (z) can be extended
r/2

to a harmonic function v (z) on B, /5 (2r). Using (2.5), we can find a ¢ > 0 such that

sin @

lv(z)l < e

- (2.34)

for all z € B4 (2r). As a result, Lemma 2.16 implies that there is a ¢ > 0 such that

|vzy (2)| < c%ﬁ for all z € B, g (2r). Let z = z1 +iy; € B:r/m (2r) be such that |z| = 2r

and F (z) = xg +iyy. Since F (z) € B:/S (2r) and v; = 0 on R, we see that thereis a c > 0

Y9 sin 0
2-r7

such that vz (2)] < ¢ .

on the line segment [z9 4 iy, x1 + iyo|. Since by (2.33) the
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length of this line segment is O (r2) and by assumption Im [F'(2) — 2] < Im [z], it follows

that there is a ¢ > 0 such that

0 (F (2)) — v (1 + i) < 250 (2.35)

r

+
for all z € Br/16

that }vy (z)| < cSiT%e for all z € B, g (2r) . Since (2.24) implies that |y2 — y1| = 110 (), it

(2r). Using Lemma 2.16 and (2.34) it follows that there is a ¢ > 0 such

follows that

I ind
0(2) — v (@1 + iyg)| < CRLISE
T

+
for all z € Br/16

(2r). Combining this with (2.35), we conclude that there is a ¢ > 0 such
that
clm [z]sind

[0 (F(2) =v(2)| < ———,

r

for all z € BT

/16 (2r) . Combining this with (2.5), we have

r [T ret?
;] [he(z)—ha(F(Z))]u< 4 ) @

r [T Im[z]sing [ ret?
5/0 r2 u( 2 b

which proves (2.32) for z € B

/16 (2r).
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Using Proposition 2.8, (2.29), (2.30), (2.31), and (2.32), we have

Foua(V)=pa(F71 (V)

_ % OW by (2re®, P71 (V) sin g df

= 2| [ty (2, @) sing o] [140 ()
=21 g, ( (2re) V) sino a9 [140(+%)]
_ A;_T /(: hange, pa) (F (20¢) V) sin g d@} [1+0(r?)]
_ % /0” gy, () (2re?, V) sin d@] [140(r)]

= ppa)y (V)1 +0(r)],

which completes the proof. n

The reason for proving Proposition 2.18 is that it implies the following corollary, which

we will need and is widely used in the analysis of SLE.

Corollary 2.18. Let F' be as in Proposition 2.17 and v be as in Theorem 2.14. Then

L heap (F ()

fim, ; = F'(0)%a(0). (2.36)

In particular, the limit in (2.36) exists if and only if a (0) exists.

Proof. Let R be as in Proposition 2.17 and r; = diam (7¢). By Proposition 2.17, we have

heap (F () = F' (0)*heap () [1+ 0 ()]

Dividing both sides of this equation by ¢ and taking the limit as t — 0, the result follows. [
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CHAPTER 3

EXCURSION REFLECTED BROWNIAN MOTION

3.1 Definition

We start this chapter by giving a precise definition of excursion reflected Brownian motion
in D € ). Later we will see that for any D € ), there is a unique process satisfying the
conditions of our definition.

The Jordan curve theorem says that any Jordan curve n separates C into exactly two
connected components. We will call the bounded connected component the interior of n
and the unbounded connected component the exterior of n. If A C C is in the interior of

n, we will say n surrounds A.

Definition 3.1. Let £ = D U{Aq,...,Ap} be equipped with the quotient topology and
let Eg = EU{Ap} be the one-point compactification of E. A stochastic process BIE)R with
state space Ey is called an excursion reflected Brownian motion (ERBM) if it satisfies the

following properties.

1. Blb;R has the strong Markov property.

2. If we start the process at z € D and let
T = inf {t . BER (1) € aD} :
then for 0 <t < T, BgR (t) is a Brownian motion in D killed at dD.
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3. Let n1,...,ny be pairwise disjoint smooth Jordan curves in D such that 7; surrounds

A; and does not surround A; for j # 4. If
o = inf {t : BgR(t) € m} ,

then BgR (o) has the distribution of EUz‘ (A;,-), where U; is the region bounded by

0A; and n;.

4. BgR is conformally invariant (this will be made more precise in Proposition 3.8) and
the radial part of Bgﬁ) has the same distribution as the radial part of a reflected

Brownian motion in C\D.

We will often refer to ERBM in D or F when we really mean the process with the

enlarged state space Ejy.

3.2 Excursion Reflected Brownian Motion in C\D

The first step in constructing ERBM is to construct it in £ = C\DU {D}. We will mimic
the construction of Walsh’s Brownian motion given in [3]. The idea of the construction is
that if a process exists that satisfies Definition 3.1, we can determine what its transition
semigroup must be. Once we know what its transition semigroup must be, we use general
theory to show that there actually is a process with that semigroup. Finally, once we have
the process, we check that it actually satisfies Definition 3.1. For the remainder of this
section, let Ag = D.

Since the radial part of ERBM has the same distribution as the radial part of reflected
Brownian motion, to describe the semigroup for ERBM, we need the Feller-Dynkin semi-
group for reflected Brownian motion. There is much in the literature on reflected Brownian

motion and it is possible to define it in very general domains. However, in C\D it is possible
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to give a simple construction. Let B; and By be independent one-dimensional Brownian
motions and define reflected Brownian motion in H to be the process By + i |Bs|. We can
then define reflected Brownian motion in C\D to be the image of reflected Brownian motion
i

in H under the map z — e~ ** with the appropriate time change (taking this approach, it

is still necessary to check that the resulting process is Feller-Dynkin).

Proposition 3.2. Let Tf be the Feller-Dynkin semigroup for reflected Brownian motion
in C\D and Tto be the Feller-Dynkin semigroup for reflected Brownian motion killed when
it hits . If f € Cy (E), define an operator P by

Pif (r,0) =T, F (r,0) + T (f = T) (r,0), (3.1)

1 2

where f (r,0) = 5/, f(r,0)d0. If there is a Feller-Dynkin process Bgﬁ) in C\D satis-

fying Definition 3.1, its semigroup is Py.

Proof. Let By and Ry be respectively Brownian motion and reflected Brownian motion in
C\D and let E, Eq, and Eg be the expectations with respect to the probability measures
induced by B(gﬁ), B¢, and Ry respectively. Let €2 be the underlying probability space
Bgﬁ), B¢, and R; are defined on and let 7 be the first time B(g@) hits D. With respect to
the appropriate filtration, 7 is a stopping time [19]. Finally, let

A ={weQ:7<t}.

By abuse of a notation, we will also denote the set of w such that Rg has hit D by time ¢
and the set of w such that Bg has hit D by time ¢ by A;. Using (2) of Definition 3.1, we
have that Bgﬁ) has the distribution of a Brownian motion up until time 7. Using (3) and
(4) of Definition 3.1, we have that on the set A;, the angular part of Bgﬁ) is uniformly

distributed and the radial part is that of a reflected Brownian motion. Combining these
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facts, we have that if f € Cy (E), then

—E” []‘Atf (Bg@ (t)ﬂ [1A0f <BC\D )]
— B3 [J (R0)] + B [f (By)] — B5 147 ()| — B [14,f (By)]
=T F(2) + T f (z) — EY [1,45? (Bt)} —E{ [14,f (BY)]

=T F (r0)+ 17 (F = F) (.0).
In the second to last equality, we use the fact that by convention we define f (D) to be
f (D). O

Next we show that P, as defined in Proposition 3.1, is a Feller-Dynkin semigroup. We

will continue to use the setup given in the beginning of the proof of Proposition 3.1.
Proposition 3.3. P is a Feller-Dynkin semigroup on Cq (E). That is,
Py Co (E) — Cy (E)
2.If feCy(FE) and 0 < f <1, then0 < P f <1.
3. Py is the identity on Cy (E) and PyPs = Ppyg
4o i [ Pef = fllsg =0 for all £ € Co (E).
Proof. If f € Cy (E), then f is also in C (E). We have

\Pof (r,0) — Pof (0| <|T,F (r,0) = T, F (0]

|1 0) - TS (. 0)

+ |07 (r,0) =TT (7. 8)] .
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The fact that P:f is continuous follows from the fact that Tt0 f, T tof, and T#‘f are all
continuous. Since both f and f vanish at infinity, so does P;f. This proves (i).

From the proof of Proposition 3.1 we have

Pyf (x) = E3 [14,f (Ry)] + Ef [1A§f (Bt)} :

If0< f <1, then

0 <Ej [14,f(R)] +Ef [1A§f(Bt)]
< B3 [14,] + B [1ag]

=1,

from which (ii) follows.

It is clear that Py is the identity on Cq (E). Observe that

Pof (r,0) = T3 F (r,0) + TOf (r,0) — TOF (r,0)
2
—TF (r6) + / TOf (r,0) d6 — TOF (r,6)
0
=T F (r,0) + TOF (r,0) — TOF (r,0)

=T f(r.0)

and thus,

Psf(’f’,‘9>—P5f<7’,‘9):T£ (f_f) (7’,9).
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Using these two facts and the fact that (iii) holds for T t+ and T, tO, we have

PiPsf (r,0) = T, Pof (r,6) + T{ (Psf (r,6) — Psf (r,6))
= T,7T5 7 (r,0) + TXTY (f = F) (r,6)
=T 0+ T2, (f = F) (r,0)

= Pt—i—sf (T> 9) )

from which (iii) follows.
Since (i)-(iii) hold, by (say) Lemma III.6.7 of [19], to prove (iv) it is enough to show
that for all f € Cy (F) and z € E we have

lim Pif () = f (2).

Since T, and T} satisfy (i)-(iv), we have

lim Py f () = lim T;°F (2) + Jim T (f = ) (2)
(2) + (f (2) = F (2))

(2)

f
f

which proves (iv). O
Using (say) Theorem II1.7.1 of [19], given any measure p on E, we can define a unique
Feller-Dynkin process

BER = (9.7 {F1: 1 > 0} {BEL, (1) -1 > 0}, P¥) (3.2)

with semigroup P;. Furthermore, the filtration .%#; is independent of the measure p and

X has the strong Markov property with respect to .#;. We denote the angular and radial
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parts of Bg@) at time ¢ by 6; and R; respectively.

Next we check that the process BER  defined in (3.2) satisfies Definition 3.1.

C\D
Proposition 3.4. Bgﬁ) has the distribution of a Brownian motion up until the first time
it hits OD.
Proof. This follows immediately from (3.1). O

Proposition 3.5. R; has the same distribution as the radial part of a reflected Brownian

motion in C\D.

Proof. We mimic the proof of Lemma 2.2 in [3]. Let g € Cj ([1,00)) and define f € C (E)
by f(r,0) = g (r). Observe that f = f and f (X;) = g (R¢). If S is any .%;-stopping time,

then

Ef (g (Rg1t) |- Fs] = BF [f (Xg44) [ 7]
= Pf (Xg)
=T, F (Rs,05) + T¢ (f = ) (Rs,05)
=T," f (Rs.0s)

=R g(Rg),

where R;‘ is the semi-group for the radial part of reflected Brownian motion in C\ID. The

result follows. O

Proposition 3.6. Let n be a smooth Jordan curve surrounding D, U be the region bounded

by n and 0D, and T be the first time Bgﬁ) hits n. If V 1is a smooth arc in n, then

o {Bg@(ﬂ e v} — &y (D,V).
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Proof. Let Ce¢ be the circle of radius € centered at the origin. Since it is clear from (3.1)
that Bg\% is rotationally invariant, the result follows in the case that n = C.
Let p(z) be the probability that a Brownian motion started at z exits U on 7. For

small enough €, Cf is in the interior of 7. For such an e, using the strong Markov property

for ERBM and Proposition 3.4, we see that

2wa=1[;{/Lfﬁfuaw>uw|+<1—p<a>a]uz

:27r04+/
:27ra—i—/ U Hy (z,w)ydw|—a/HU (2, 0) |dw|1 d2].
Ce \%4 n

As a result, for small enough €, we have

| #o v dul = p (0] 102

e, Jy Hy (zw) |dw) |dz
Jo, I, Hy (2, w) duw] [dz]

Since the derivative of Hys (-, w) is bounded in a neighborhood of D, using the dominated

convergence theorem, we see that

e Jy PEE | du |d
o = lim —¢
=0 fo, f BE | |az
_Je Jv Hou (z,w) |dw| |dz]
e, Sy Hov (2, w) |dw| |dz|
_ & D,V)
- &y (D)

]

Proposition 3.7. There is a unique process Feller-Dynkin process with state space E =
C\DU{D} satisfying Definition 3.1. Furthermore, this process can be defined so as to have
continuous sample paths in the topology of E.
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Proof. Propositions 3.4, 3.5, and 3.6 combine to show that the process defined in (3.2)
satisfies Definition 3.1. The uniqueness statement follows from Proposition 3.1. By con-
struction, Bg@ is an R-process. Combining this with Propositions 3.4 and 3.5, and the
fact that Brownian motion and reflected Brownian motion have continuous sample paths,

it is easy to check that the sample paths of Bg{ﬁ) are continuous. O

3.3 Excursion Reflected Brownian Motion in Conformal Annuli

Let A be any compact, connected subset of C larger than a single point and
f:C\D— C\A

be a conformal map sending oo to oo. It is a straightforward exercise to verify that f is

unique up to an initial rotation. Let o; be the .%; stopping time given by

5
0

7 (s )=

and define
B@\A( )= (B@\D (Ut)>

and F; = Z5,. We define ERBM in C\A to be the process

BEE = (0.7 {F 1= 0} {BEL L (P7}).

Since B(C\ D18 rotationally invariant and f is unique up to an initial rotation, it is clear
that the distribution of B(g\RA does not depend on f. It is also not hard to check that the

strong Markov property is preserved (see the discussion on pg. 277 of [19]). To ensure that
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Bg@l( ) exists for all ¢ < oo, we need to verify that

o0
J
BER

In order for \ Y (t) not to have a limit as ¢ — oo, we need to verify that for all ¢ < oo,

f! (BC\]D) (s)> )2 ds =00 a.s.. (3.3)

<B(C\D( )) ‘st <00 as.. (3.4)

We temporarily put these considerations aside.

Proposition 3.8. Suppose f : C\D — Dy and g : D1 — Dy are conformal maps. Then

the process

where

15 an ERBM in Do.

Proof. Let o, satisfy

(1 (58D ) 7 (BED @) as =

/UT
0

and define a map T : [0, 0] — [0, 00) by

C\D )’2ds. (3.5)

It is straightforward to verify that 7" is a bijection (we use (3.4) here) onto [0, 7 (o,)] with
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f’BER()ZU' the ch f variables formul h
(C\]D . sSimg € Cchhange OI variaples rormula, we nave

derivative

«:\D< 9)) S (BEG )| s
R(r(s)) £ (BER )| as
2
(s))‘ ds.

S
b
-1

As a result, BLE?;R (r)y=gyg (Bgf (T (O'r))> =g (f (Bgﬁ)( ))) and thus, the process in

Do defined by g is the same as the process defined by g o f. The result follows. O
Proposition 3.9. The process B \A satisfies Definition 3.1.

Proof. The 1st and 4th property have already been discussed. The 2nd property follows
from the conformal invariance of Brownian motion and the 3rd property follows from the

conformal invariance of excursion measure. O

If K is a closed subset of C\A it makes sense to discuss ERBM in C\A killed at K.
Most often we will do this when K is a simple, closed curve n surrounding A and refer to

the corresponding process as ERBM in D, where D is the region bounded by 1 and 0A.

3.4 Excursion Reflected Brownian Motion in Finitely

Connected Domains

Let D € Y, and n;, for 1 < ¢ < n, be as in Definition 3.1. Denote the domain bounded
by n; and 0A; by U;. We will now define a process BgR in D satisfying Definition 3.1.
Intuitively, we define BgR (t) pathwise to be a Brownian motion up until the first time
it hits an A;, then let it be an ERBM in U; until it hits 7;, then let it be a Brownian
motion until it hits another A; and so on. Adding rigor to this intuition is not hard, but is

notationally cumbersome. For ¢ =1,2,... ., nand j =1,2,... let B( ) be an ERBM in U;
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started at A; and B; be a Brownian motion in C started at the origin. We can construct
these processes on the same probability space €2 so that they are all independent. Let

ze€ E=DU{Ay,...,An} and define

;

z ift=0
Ag ift>r1
E
Bp (t) =
BgR(Uj)+Bi(t—Ui) ifO'j<t§Tj
B[(]jl) (t — Tj) where BgR (T]) =A; if Tj < t < 0j+1

\

where

T = inf{t : BER (1) € AO},
o1 =0,
0j = inf {t > Ti1: Blb;R (t) € m} for j > 2,

7j = inf {t >0 BgR (t) € A; for some z} .

It is not hard to check that the distribution of BgR (t) does not depend on the choice of

n; and that BgR (t) satisfies Definition 3.1.

3.5 A Markov Chain Associated with ERBM

Let h; be the unique bounded harmonic function on D that is equal to 1 on dA; and 0
on 0A; for i # j (note that hj;(2) is the probability that a Brownian motion started at
z exits D at A;). ERBM on D induces a discrete time Markov chain X with state space
{Ag, ... An} (see [13] pg. 37). The probability that the chain moves from A; to A; is equal
to the probability that A; is the first boundary component of D that BgR started at A;

hits after the first time it hits ;. That is, the chain has transition probabilities pgg = 1
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and

Hay, (A, 2)
Dii = hi(z) —+——1dz|,
Y /771 J< ) EUZ‘ (A27771) ’ |

for i # 0. This Markov chain is not entirely satisfactory since it is highly dependent on
the particular choice of 1y, ..., n,. However, this chain does induce another chain Y with

transition probabilities

for i # j. Y is obtained from X by erasing all of the loops and it is not hard to see that
its transition probabilities are independent of the choice of 7y, ..., np. Since gjo > 0 for all
1 < j < n, the eigenvalues of the transition matrix, Q, for Y restricted to Ay,..., Ay have
absolute value strictly less than one and, using standard results from Markov chain theory,

we have that the Green’s matrix
I+Q+Q%°+ - +Q"+---=1-Q ' (3.6)

is well-defined.

3.6 Excursion Reflected Harmonic Functions

Definition 3.10. A function

v:E—R
is called ER-harmonic if it satisfies
1. v is continuous on F and is harmonic when restricted to D

2. For 1 <i <mn,if nis a Jordan curve surrounding A;, then

Hyr. AZ',Z
v (A;) = /n v (2) % dz] (3.7)
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where U; is the region bounded by 1 and 0A4;.

If it is clear what is meant, we will sometimes speak of the ER-harmonicity of a function
with domain D rather than E. By an ER-harmonic function on D — {z} or D — {A;} we
mean a function that satisfies Definition 3.10 except that (2) is not necessarily satisfied for
curves surrounding z and A; respectively.

The following is a useful criterion for a function to be ER-harmonic.

Lemma 3.11. Let n and ' be smooth Jordan curves surrounding Aj and not surrounding

A; for i # 5. Then for any harmonic function v on D we have

d d
@ = [ vee,

where n is the outward pointing normal

d
/771) (2) H@Uj (Aj,2) |dz] = v (4)) SUJ. (Aj.n) + /n o (2) |dz|,

where Uj is the region bounded by n and OA;. In particular, if v is continuous on E,

then v is ER-harmonic if and only if for each i there is an n; surrounding A; with

d
/n_%v(z)\da:o.
A

Proof. See [13] pg. 17. O

As with harmonic functions, if we specify suitable boundary conditions, there is a unique
ER-harmonic function with these boundary conditions. The key to proving this uniqueness

is a maximal principle for ER-harmonic functions.

Lemma 3.12 (Maximal principle for ER-harmonic functions). Let v : EUJAy — R be a

bounded, continuous function that is ER-harmonic when restricted to E. Then
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1. The maximum of value of v is equal to the mazimum value of v restricted to 0Ay.
2. If there is a z € E such that v attains its maximum at z, then v is constant.

Proof. 1t is clear that (2) implies (1), so it is enough to prove (2). Let z be a point where
v attains its maximum. If z € D, then by the strong maximal principle for harmonic
functions [8], v is constant. If z = A;, then using (3.7) it is clear there is some 2/ € D

where v also attains its maximum and thus, v is constant. O

Proposition 3.13. Suppose that 0Ag has at least one regular point for Brownian motion

and let F: 0Ayg — R be a bounded, measurable function. Define

v(z) =E* [F (BgR (TD)H ,

where Ty is the first time an ERBM hits Ag. Then v is a bounded ER-harmonic function
on D that is continuous at all reqular points of 0Aqy at which F is continuous. Furthermore,
if every point of 0Aqy is regular and F is continuous, then v is the unique ER-harmonic

function that is equal to F' on 0Ay.

Proof. 1t is clear from the fact that /' is bounded that v is also bounded. The proof that v
is harmonic and continuous at the regular points of Ay at which F' is continuous is similar
to the proof of the corresponding result for Brownian motion (see [18]). The fact that (3.7)
holds follows from the strong Markov property for ERBM and (3) of Definition 3.1. The

uniqueness statement follows from a straightforward application of Lemma 3.12. m
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CHAPTER 4

THE POISSON KERNEL FOR ERBM

4.1 Definition and Basic Properties

Throughout this chapter let D € ), be such that Ay # () and let
7p = inf {t cR: BgR (t) € 3140} :

The distribution of BgR (Tp) defines a measure hng (z,-) on Ay (with the o-algebra
generated by Borel subsets of 0A4g) that we call ER-harmonic measure in D from z. Using
the analogous result for harmonic measure and the construction of ERBM, it is easy to
check that if 0D is locally analytic at w, then hng (z,-) is absolutely continuous with
respect to arc length in a neighborhood of w. The density of hng (z,+) at w with respect
to arc length is called the Poisson kernel for ERBM and is denoted HER (z,w).

If v:(=6,0) = 0Ap, v(0) = w is an analytic curve, then we can explicitly define a

version of HER (z,w) by

h ER _
HER(Z,U)):IIIH mD (2»7( 676>>

e—0 ffe 1Y (z)| dx (41)

It is clear that this definition is independent of 7. In what follows, when we refer to
HER (z,w), we will mean the version given by (4.1).

An analog of (2.1) holds for HgR (z,w).
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Proposition 4.1. If f : D — D’ is a conformal transformation such that 0D is locally

analytic at w and OD' is locally analytic at f (w), then

HER(F (2), f () = |f ()| HE® (z,w).

Proof. Since ERBM is conformally invariant, hng (z,-) is conformally invariant. Com-

bining this with the change of variables formula, the result follows. n

Recall that h; (z) is the unique bounded harmonic function on D that is 1 on 0A; and
0 on OA; for j #i. If V' is a Borel subset of dAy, then using the strong Markov property
for ERBM, we see that

n
hng (z,V)=hmp (z,V) + Z hi (2) hng (A;,V).
1=1
Combining this with (4.1), we see that
n
HER (,0) = Hp (z0) + 3 by (2) HEF (A ) (12)
1=1

Using (4.2), it is sometimes possible to explicitly compute H ER (z,w). We do this calcu-

lation in the case that D is an annulus.

Proposition 4.2. Ifr > 1 and A_—r | is the annulus with 0Ay = 0D and A1 = 0 (e_TID),

then

ER [ i(etiy) 1| _ —logl?| sin (72)
H (el T+1y ,1> = —27T7’ + é o [COSh <7T($+27|’]:)> o (M)} .
T

r

Proof. Let

H={z+iy:z,yecR0<y<r}
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and observe that the map f : Hy — A_—r | given by f(z) = ¢'? is surjective and locally

z

conformal. Since g (z) = er? is a conformal map from H, to H, a calculation using (2.1)

and (2.2) shows that

NC
2r [cosh (T£) — cos (F)]

Hy, (z +iy,0) = (4.3)

Combining (4.3) with a generalization of (2.1) (and using the fact that the relevant infinite

sums converge absolutely), we see that

<ei(fc+iy), 1) =" Hy, ((x +27k) + iy, 0)

e 71
keZ
. ’ﬂ'y
-y sin () . (4.4)
ke7, 2r [cosh (M) — Cos (%)]
It is well-known that hj (z) = #g‘Z' and easy to compute using the rotational invariance

of ERBM that HEE (A, w) = % Combining these two facts with (4.2) and (4.4), the
-1

e T,

result follows. O

4.2 Some Poisson Kernel Estimates

In this section, we gather some estimates for the Poisson kernel for ERBM that we will
need in Chapter 6.

It is possible to compute H gR (A;,+) in terms of the boundary Poisson kernel and
excursion measure. To do this, we will need an analog of (2.6) for H gR (z,-). Namely,
if Dy C Dy are domains in ) such that 0Dy and 0D agree in a neighborhood of x, the

strong Markov property for ERBM gives
E B B
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Let 7% be the first time an ERBM hits a boundary component of D other than 0A;.
The distribution of BgR (TZ) defines a measure on dD. The next lemma computes the
density of this measure restricted to 0Agy. In Lemma 4.3 and Proposition 4.4, we suppose

that D has locally analytic boundary.

Lemma 4.3. If1 < i <n, then

() = Hop (A, w)
fiw): >4 €p (Ais Aj)

is a density for the distribution of BgR (TZ> restricted to OAg.

Proof. Let n; be a smooth Jordan curve surrounding A; and not surrounding A; for j # i
and let U; be the region bounded by 0A; and n;. Using (1), (2), and (3) of Definition 3.1
and the definition of p;;, we see that

(w) = ,
' (1 = pii) Eu, (Ai,mi)

is a density for the distribution of BgR (TZ> restricted to dAg. The strong Markov property
for ERBM implies

Hp (z,w) Hyy, (Ai, 2) [dz| = Hyp (Aj,w) . (4.6)
Yo
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Using (4.6), we have

(1= h; (2)) Hoy, (Ay, 2) |dz]

%

(1 = pii) €y, (Ai,mi) =

S~

> hj(2) | Hou, (A, 2) |dz|
i\ j#i

/ / Hp (2, w) Hy, (Ay, 2) |du| |d2

I
S

Il
.
*

/ Hp (2,w) Hoy, (As, 2) |dz| du]
A 15

.
®

I
(]

/ Hypp (Aj, w) |dw|
Aj

1

<
LS

Ep (4i, 4))

1

<.
LS

The result follows. O
The following proposition follows immediately.

Proposition 4.4. Fiz w € 0Ay and let H be the n x 1 vector with ith component equal
to HgR (Aj,w), T be the n x 1 vector with ith component equal to T; (w), and Q be as in
Section 3.5. Then

H=T+QT+Q>T+..=(I1-Q) 'T.
Next we prove the analog of Lemma 2.2 for HgR (z,°).

Proposition 4.5. Let D € YV* be a domain with piecewise analytic boundary and such that

0D and OH agree in a neighborhood of 0. If |z| > 2¢, then
HER (z, eei‘)) = 2HER (2,0)sin0[1+ 0 (c)], ¢— 0. (4.7)

Furthermore, for any r > 0, O (€) is uniform over all z € H such that |z| > r.

o1



Proof. For 1 <i < n, let h{ (2) be the unique bounded harmonic function on D¢ that is 1 on
0A; and 0 on the other boundary components of D¢ and let qu be the probability that the
Markov chain induced by Bgf” moves from A; to A;. Let Tf (w) be the density introduced
in Lemma 4.3 for Bgﬁ, T be the n x 1 vector with ith component T <eew>, Q° be the
matrix with ij entry qu, and H€ be the n x 1 vector with ith component H gﬁ (Ai, eew).

Proposition 4.4 implies

H = (I-QY) T (4.8)
Let Q = Q" and H = HO. Using (2.9) and (2.10) we see
hi (2) = WS (2) + O (62) , (4.9)

where O (¢€) is uniform over all z € H such that |z| > r. It follows that Q = Q + O (62).

Since inversion of matrices is a smooth operation (and in particular, Lipschitz), we conclude

1-Q)'=1-qQ)'+o0 (62) . (4.10)
Substituting (4.10) into (4.8) and using (2.14), we obtain
HE — (I _ QE)—l T6
= 25in0 [(1- Q)" +0 ()| T[1+0(e)

=2sinf(I— Q) ' T[1+0(e)]

=2sinf H[1+ O (e)]. (4.11)
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Finally, using (4.9), (4.11), and Lemma 2.2, we see

=2sin6 | Hp (2,0)+ Y _h§ () HE (4;,0)| [+ O (e)]

= 2sinf |Hp (2,0) + i hi (2) HER (4;,0)| [1+ 0O (€)]
=1

= 2sinf HER (2,0)[1+ O ()]

O

For any 0 < r < R, there are bounds for HgR (z,0) and HgR (z,x), for |z| > 2R, that

are uniform over all D € Y* that agree with H outside of A?”, R-

Lemma 4.6. Let D € YV} be such that B;Y (0) C D and z € D for all z ¢ BE (0). Then
there are constants cp,cp < oo such that for each 1 < i < n, HgR (A;,0) < ¢ and, if

|z| > 2R, HER (Aj, z) < cpa™2.

Proof. Fix j and let o1 be the first time BgR started at A; hits 83:/2 (0) and, for k£ > 1,

let o;, be the first time after oj_; that BgR has hit an A; with ¢ > 1 and then returned
to 8B:r/2 (0). Let pp (0) be the density for the distribution of BgR (o) conditioned on

op < oo and ¢ be the probability that o, < oco. Using the strong Markov property for

93



BgR and (2.2), we see

(45,0 = i:jl an :g /0 " ((r/2)€™,0) pu (0) de} (4.12)
<3 [ o (120) o) )
< 2 |5 [ Zouo) ]
2
—_ Qn

To complete the proof, it is enough to show that > >° | gp is less than infinity. If o, < 00,
in order for 0,41 to be less than infinity, a Brownian motion started on aB:/Q (0) will
have to hit 8B4R§ (0) before it hits the real line. It is easy to verify that there is a p < 1
uniformly bounding the probability of this event. It follows that ¢, < p" lq; and hence,
done1dn < 1 Q1 . This proves the first statement.

Observe that (2.3) implies Hyg (3R & ) < %]; for all # and = such that |z| > 2R.
Using this fact, the proof of the second statement is similar to the proof of the first.

]

Lemma 4.7. Let D € V¥ and suppose that B;F (0) C D. Then there is a constant ¢, > 0
such that HER (2,0) < ¢ for all z with |z| > r. If w € D for all w € H such that

/

Im[w] < r', then there is a constant ¢,y > 0 such that Hp (z,x) < ¢ for all z with

Im[z] > 7’ and x € R.

Proof. An ERBM started at z € D with |2| > r has to hit dB; (0) before it can hit 0. As
a result, the strong Markov property for ERBM implies that to prove the first statement,

it is enough to find a bound for HER (-,0) restricted to OB, (0). Since

n
HgR <T6i9,0> = Hp (Tew,O) + Z h; <T’6i9> HgR (4;,0),
j=1
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the necessary bound follows from Lemma 4.6 and the fact that

. . 1
Hp <T6Z9,0> < Hyg (Teze,()) < —.
r

The proof of the second statement is similar. O

There is an analog to Lemma 2.3 for ERBM.

Lemma 4.8. Let D € Y* and define f, (z) = Hlb;R (z,x). There is a ¢ > 0 such that if

z € R and r < |z — x| are such that Bf (z) C D, then |f} (z)| < cr2,

Proof. We may assume without loss of generality that z = 0. Define f; () to be equal to

HgR (A;,x). Since
n

fo(x)=Hp (z,2) + Y hi(2) fi (x),

=1
using Lemma 2.3, to complete the proof it is enough to show there is a ¢ > 0 such that

f1(0) < cr2 for all 1 < i < n. Using (4.12) (and the notation preceding it), we have

o0 T
r .
o0 = an |5 [0 ((7/2)6.0) pu 0) 0]
0
n=1
Differentiating both sides of this equation and using the bounded convergence theorem,

Lemma 2.3, and the computation following (4.12), the result follows. O

The next lemma gives an estimate on the effect on the Poisson kernel of removing a

compact H-hull from a domain D.

Lemma 4.9. Let D € Y be such that Ay = C\H and suppose that there are real constants
0 < r < R such that w € D for all w ¢ A, p and a constant v’ such that w € D

for all w € H with Im [w] < r'. Let A be a compact H-hull contained in B:r/2 (0). If
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|z| > rad (A) + \/rad (A) and |z| > r, then there is a ¢ > 0 depending only on r, ', and R
such that

HET (2,2) - HD\A(Z ) < cHET (2,0)rad (A) .

Furthermore, if || > 2R, there is a ¢ > 0 depending only on r and R such that
HER (z,x) — HD\A (z,2) < cHgR (2,0)z 2 rad (A)2.

Proof. Using (4.5), we see that
HER (,2) — HER (2,2) = B? [Hg <B%§A, )} .

Let ¢ = rad (A). We can bound E? [HER <B%}§ . )} by the probability that an ERBM
started at z hits 9BZ (0) before leaving D multiplied by the maximum value of H gR (-, )
restricted to dBJ (0). Proposition 4.5 implies the probability an ERBM started at z hits

OB (0) before leaving D is

4eHER (2,0)[1 4 O ()] (4.13)
Next, recall that
. . n .
HgR (eew, x) =Hp (6619,.73) + Z hi <€619> HgR (Aj,x). (4.14)
1=1

Since Hp (6629 x) < Hyg (eew > (2.3) implies Hp (eew > is uniformly bounded for
|z| > e+ /€ and less than a constant depending only on R multiplied by ex 2 for |z| > 2R.
The remark following (2.5) implies Y i ; h; (eei9> = 0O (e) as € — 0. Lemma 4.7 implies
H gR (A;, ) is bounded by a constant depending only on 7’ for all z and Lemma 4.6 implies

HgR (A;, z) is bounded by a constant depending only on R multiplied by 22 for |z| > 2R.

o6



Combining these facts with (4.13) and (4.14), the results follow. O

4.3 Conformal Mapping Using HER(., w)

Recall that a domain is called a chordal standard domain if it obtained by removing a finite
number of horizontal line segments from the upper half-plane. It is a classical theorem of
complex analysis [2] that every D € ), is conformally equivalent to a chordal standard
domain. Furthermore, this equivalence is unique up to a scaling and real translation. This
section is devoted to using H ZE)R (-,w) to give a probabilistic proof of this fact. Our proof
is based on the sketch of a proof given in [13]. In what follows, assume that A is locally
analytic at w € 0Ay.

There is an analytic characterization of H ER (-, w).

Proposition 4.10. HZE)R (-,w) is up to a real constant multiple the unique positive ER-
harmonic function that satisfies HER (z,w) = 0 as z — w' for any w' € Ay not equal to

w.

Proof. Using (4.2), we see that HgR (-,w) is harmonic on D. If V is a Borel subset of
0Ay, then it follows from the strong Markov property for ERBM and (3) of Definition 3.1
that hng (+,V) is ER-harmonic. As a result, if y is as in (4.1) and 1 and U; are as in

Definition 3.10, then

hmBE (4,7 (-
HgR (Al,w) — hm ]',n_D6 ( l?fy( 676))
e—0 f—e | (z)] dx
[ hnBR (2,7 (e, 6))  Hov, (Ai.2)
no Sl (@) de &y, (Aim)

Hyr. (A, 2
_ HgR(z,w)- 8UZ( i %)
M gUZ' (A’Lan)

= lim
e—0

|dz|

|dz]
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where the last equality follows from the Harnack inequality and dominated convergence.
This proves that H ER (,w) is ER-harmonic. It is clear from (4.2) and Proposition 2.1 that
H gR (-,w) has the required asymptotics at 0Ay.

Suppose f is another positive ER-harmonic function that satisfies f (z) — 0 as z — w’

for any w’ € 9A( not equal to w. The function

is a harmonic function with g (A4;) = 0 for each 1 < ¢ < n that has the same boundary
conditions as f at 0Ag. It follows from Proposition 2.1 that there is a ¢ > 0 such that
g(2) = cHp (z,w). As a result, (4.2) implies f(z) — cHgR (z,w) is an ER-harmonic
function that is 0 on Ay and thus, by the maximal principle for ER-harmonic functions,

f(z)= CHER (z,w) for all z € D. O

A useful fact about H ER (-,w) that is not always true for Hp (-, w) when D is multiply
connected is that H gR (-, w) has no critical values (that is, its derivative always has full
rank). This result will be crucial later when we prove that the level sets of H gR (-, w) are

Jordan curves. First we need two lemmas.

Lemma 4.11. For each r > 0, the set
Vr:{zeD:HgR(z,w)Sr}

18 connected.

Proof. Using Proposition 4.1, we may assume without loss of generality that C\ Ay = D.
Let Uy consist of all z € D such that H gR (z,w) < r and that there is a path contained
in V; from z to 0Ay — {w}. If 21,29 € Uy, then there are curves ;, for i = 1,2, in V;
connecting z; to dD. By staying “close” to dD, we can find a path 73 in V. connecting 1
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and 9. It follows that U, is path connected. It is straightforward to verify that U, is open
and that HgR (z,w) =7 on U, N D.

Observe that H gR (-, w) restricted to D\U, is an ER-harmonic function with boundary
value always greater than or equal to r. By restricting to a domain where H ER (-, w) is
bounded and using Proposition 3.13, it is not hard to see that this implies that if z ¢ U,
then HZE)R (z,w) > r. If there were a z ¢ U, with HgR (z,w) = r, then, by the maximal
principle for ER-harmonic functions, we would have that H gR (u,w) = r for all u in a
neighborhood of z. Since a harmonic function on a connected domain that is constant on a
non-empty open set is constant everywhere, this would imply H gR (z,w) =rforall z € D.
This is a contradiction, so we conclude that V;. = U,.. Since U, is connected, it follows that

Vy is as well. O

Lemma 4.12. If f : D — C is a holomorphic function such that f(z) = (z —a)" g (2)
for a holomorphic function g that is non-zero in a neighborhood of a, then there exists a

conformal map h defined in a neighborhood of a such that f o h™! (2)=(z —a)".

Proof. Since g(z) # 0 in a neighborhood of a, we can define a branch of ¥/g(z) in a
neighborhood of a. A straightforward application of the argument principle shows that
h(z):= (2 —a) Vg (z)+a is injective in a neighborhood of a and thus is a conformal map

onto its image. It is easy to check that foh™1 (2) = (z — a)™. O

Proposition 4.13. For all z € D, the derivative of HgR (-,w) at z has full rank.

Proof. Suppose there were an a € D such that the derivative of v (+) := ER (,w) at a

were zero. Let r = v (a) and U, be as in Lemma 4.11. Since v is harmonic, we can find
a holomorphic function f defined in a neighborhood of a with imaginary part equal to v.
Let n be the order of the zero of f(z) — f(a) at a. Lemma 4.12 implies that there is a

conformal map h defined on a neighborhood of a such that foh™! (2) = (z — a)" + f (a).
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The set of points where v is equal to r is equal to the image under h~! of the zero
set of Im [(z — a)"]. As a result, for small enough e, the set of points where v is equal to
r separates B¢ (a) into 2n ordered connected components which alternate between being
subsets of U, and D\U,.

Let x and y be points in distinct connected components of U, N B¢ (a). Since Uy is an
open, connected set, we can find a path in U, connecting x and y. By assumption, this path
cannot be contained in B (a) and, therefore, a subset of it is a path v : [s,t] — D\ B¢ (a)
connecting the connected components of U, N B¢ (a) containing = and y respectively. Let
72 be a path in U, N Be (a) connecting a to 1 (s), v3 be a path in Uy N B¢ (a) connecting
71 (t) to a, and v be the concatenation 79, 1, and 3. Observe that v is a Jordan curve
and that v <7 on 7. As a result, Proposition 3.13 implies that v < r on the interior of ~.
However, this is a contradiction because the interior of  contains one of the arcs of 0B (a)
connecting v (s) and «y (t) and both these arcs contain points where v (z) > r. The result

follows. ]
Next we prove that the level sets of H gR (-,w) are Jordan curves.

Proposition 4.14. If r is a positive real number, then
= {w}U {z : HgR (z,w) = T}
is a Jordan curve.l Furthermore, ~y, separates D into two connected components,
{z ; HgR (z,w) < r} and {z ; HER (z,w) > r} .

Proof. We will only consider the case where r # H gR (A;,w) for any i. The other case is

similar. Using Proposition 4.1, we may assume that 0Ag = R and w = 0. Proposition 4.13

1. If r = HER (A;, w) for some i, then in order for this to make sense, we have to work in the
space F, not D.
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and basic facts from differential topology imply
K, = {z eD: HER(z,w) :T}

is a one-dimensional smooth real manifold. As a result, each connected component of K,
is diffeomorphic to either a circle or R. Using Proposition 3.13, we see that the latter is
not possible as it would imply H gR (-,w) is constant on an open subset of D. As a result,
it is not difficult to see that adding the point w to any connected component of K, yields
a Jordan curve ;.

Using (4.2), (2.6), and (say) (2.5), we can show that Hp (2,0) ~ Hp (2,0) as z — 0.

Combining this with (2.2), we see that
lim HgR ($ + ain,O) = g,
z—0 ™

for any a > 0. It follows that either for all @ > 7r there is an §, > 0 such that the interior
of v, contains t+12; for all |t| < dq or for all @ > 7r there is an d, > 0 such that the exterior
of 7, contains t + t2i for all [t| < dq. In the latter case, it is easy to see that HgR (-, w)
is bounded on the interior of +,, and thus, using Proposition 3.13, is equal to r on the
interior of 7. Since this is not possible, the former case must hold. In this case, if K, has
two distinct Jordan curves 4, and /. in it, then it is clear one of them must be contained
in the interior of the other. An argument similar to the one in the proof of Lemma 4.11
shows that this is not possible. As a result, K, has exactly one connected component and

the result follows. O

We now have all of the tools necessary to show that H gR (+,w) is the imaginary part of a
conformal map into a chordal standard domain. The idea of the proof is to use Proposition
4.10 to show that if there is such a map, its imaginary part must be HER (-,w) and to use

Proposition 4.14 to show that the map actually exists.
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Theorem 4.15. Let D € Y, and suppose OAq is a smooth Jordan curve (in the topology
of E) such that there is no Jordan curve in D with Ag in its interior. If w € 0Ag, then
there is a D' € CYy, and conformal map f : D — D' with f (w) = co. Furthermore, if g is

another such map, then there are real constants r,x such that g =rf + x.

Proof. Using Lemma 3.11 and (say) Proposition 13.3.5 of [7], we see that a harmonic
function h that is continuous on E is the imaginary part of a holomorphic function if and
only if it is ER-harmonic. It follows that if D’ € CY, and f : D — D’ is a conformal
map with f(w) = oo, then the imaginary part of f is a positive ER-harmonic function
such that f(z) — 0 as 2 — w' for any w’ # w. By Proposition 4.10, this implies that the
imaginary part of f is a real constant multiple of H ZE)R (-, w). Combining this with the fact
the imaginary part of a holomorphic function determines the real part up to a real additive
constant, we obtain the uniqueness statement.

As noted above, v (-) := H ER (-,w) is the imaginary part of a holomorphic function

f =+ iv. Furthermore, u is defined up to a real additive constant by

u(z) = u(zp) +/ % v (z)|dz|, (4.15)

v

where v is a smooth curve connecting zy and z and the normal derivative is chosen with the
correct sign. To complete the proof, we need to show that f is injective and f (D) € CYy,.

Proposition 4.14 implies that the sign of % v (2) is constant on 7. As a result, u (v, (t))
is increasing (when the appropriate parametrization of 7, is chosen). In fact, u (v (t)) is
strictly increasing since otherwise f would be constant on a segment of a curve (and hence
everywhere constant). It follows that if r # v (A4;) for any 4, then f is injective on ~,. If
r =wv(A4;) and z and w are two points on 7, it is not hard to see that we can still find a
curve connecting v and w on which the sign of %v (2) is constant. Arguing as before, it

follows that f is injective on ;.
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Let we € 0A( be distance € away from w in the counterclockwise direction and ne be the
inward pointing normal at we. Using (2.2) and (2.1), we can check that dinév (we) ~ WL@

as € — 0. Since 7, is tangent to 0Aq at w, it follows that

d 1
%U ("}/r (te)) ~ @ R € — 0,

where t¢ is such that ~, (t¢) is distance € from w. It follows from (4.15) that |u (z)| — oo

as z approaches w along v, and hence, f (D) € CYp,. m
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CHAPTER 5

THE GREEN’S FUNCTION FOR ERBM

5.1 Definition and Basic Properties

In this chapter, let D € ) be such that it is possible to define a Green’s function Gp (2, w)
for Brownian motion. Recall that we normalize Gp (z,-) so that it is a density for the

expected amount of time a Brownian motion started at z spends in a set before exiting D.

Definition 5.1.

GER () E—=R

is a Green’s function for ERBM if for any Borel subset V' C D
™D
ps (V) = B2 U 1y (BgR (t)> dt} - / GER (2,w) dw, (5.1)
0 V

where 7p = inf {t : BgR (t) € 8/10}.

Using the definition of ERBM and the analogous fact for Brownian motion, it is easy
to prove that the probability that ERBM started at z is in a set of Lebesgue measure zero
at some fixed time is 0. Combining this fact with Fubini’s theorem, we see that if V' has

Lebesgue measure zero, then
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As a result, we can define GZESR (z,-) as a Radon-Nikodym derivative. Furthermore, we

have

Y oz (B (w,€))
OB = Y o B, )

(5.2)
is a Green’s function for ERBM, where m is Lebesgue measure. A priori, there is no
reason the Green’s function as defined cannot be infinite on a set of positive measure. This
potential issue will be resolved by Proposition 5.2 and (5.8).

We have only given a probabilistic definition of GgR (z,-) and our definition is unique
only as an element of L! (D). It is also possible to give an analytic characterization of
G%R (z,-). More specifically, we will prove that there is a version of GgR (z,-) that is
the unique ER-harmonic function on D — {2z} satisfying certain boundary conditions (that
depend on whether or not z is equal to some A;). In particular, this will allow us to talk

about “the” Green’s function for ERBM rather than “a” Green’s function. We start by

proving an analog of (4.2) for GgR (z,-).

Proposition 5.2.

is a version of GgR (z,-).

Proof. This follows easily using the strong Markov property for ERBM and the fact that

up until the first time it hits 9D, ERBM has the distribution of a Brownian motion. [
As we expect, GgR (z,-) is conformally invariant. To prove this we need a lemma.

Lemma 5.3. I[f g € L1 (D), then for all Borel V C D we have

E? { /0 Py (BER 1) o (BE" 1) dt} _ /V GER (2,w) g (w) dw.
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Proof. By considering its real and imaginary parts separately, we may assume that ¢ is
a real-valued function. By considering its positive and negative parts separately, we may
assume that ¢ is a non-negative.

The result is easy to verify when ¢ is a simple function. If ¢ is not simple, we can

approximate g from below by simple functions and use monotone convergence. O

Proposition 5.4. If f : D — D’ is a conformal map, then
E -1 —1
S O N0

is a version of Ggﬁ (z,-).

Proof. 1t is enough to show that GgR (f_l (z),ft () satisfies (5.1) for all open subsets
of D'. Let V' be an open subset of D' and V = f~1 (V’). Using Lemma 5.3 and the

change of variables formula, we have

//GgR (z,f_l (w)) dw = / GgR (z,w) |f/ (w)|2dw
v Voo
_E? [ /0 v ‘1V <B§R (t)) f! (BgR (t))‘zdt] . (5.3)

Let

7 (B{%R (5)) ‘2 ds. (5.4)

u(t):/ot

Substituting u~! (r) for t and using the conformal invariance of ERBM, we see that (5.3)

is equal to
TD/
B { /O 1y (BER ) dt} , (5.5)

which completes the proof. O]

In the proof of Proposition 5.4, observe that we can only conclude that (5.3) is equal

to (5.5) if (5.4) is almost surely finite for all ¢ < co. This will be addressed when we prove
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(3.4).
In order to prove GgR (z,-) is ER-harmonic, we will need to be able to compute

G 4y, (#,-). Using Proposition 5.2, to do this, it is enough to compute GE? (Aq,-).
) T

Lemma 5.5. Let Ay, € Yy be the annulus with A; = D and 0Ay = 0B, (0) for some

r > 1 and By be a Brownian motion in rD. If V is a Borel set bounded away from Ay, then

EAL { /0 Mg (Bffr (t)) dt} — g° { /0 1y (Bt)} dt,

where T4, = and T, are respectively the first time BfiR leaves Ay, and By leaves rD.
’ T ’

b
Furthermore, we have

—log|z| + logr
Gﬁfr (A1,2) = :

™

Proof. Since V is bounded away from D, there exists an € > 0 such that V is contained in

the region bounded by the circle
Ce={2€C:lz]=1+¢}

and the outer boundary of Ay ;. Let o1 = 0, 7; be the first time after o; that Bﬁfi hits
Ce, and o for j > 1 be the first time after 7;_1 that Bgfr hits Ay. Similarly, let 0/1 =0,
TJ/~ be the first time after a} that By hits C¢, and a} for 7 > 1 be the first time after T]{_l
that By hits the circle of radius 1, and 0’1 = 0. It follows from the strong Markov property
for ERBM and (3) of Definition 3.1 that given that 7; < oo, the distribution of Bffr (1)
is uniform on C74.. It is an easy exercise to check that given that 7'; < 00, the distribution

of BT]. is uniform on C74.. Using these two facts, the strong Markov property for ERBM,

and the fact that an ERBM has the distribution of a Brownian motion up until the first
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time it hits the boundary of Ay ., we see that

BER (r.) | roj+1 B[ (o
A\ E _ T J
E AL / 1y (BER () dr| =B 7 // 1y (B,p (1)) dt| .
7j ’ T,
Combined with the fact that
BER (4. T BU/. 7!
g1 ) [/ "1y (Bfer (t)) at| =E | [ "1y (Byp (t))dt] —0,
0j ’ O‘j

the first result follows.

Using the first part of the proposition, we see that
ER
GAL’/‘ (A17 Z) = GT]D) (O’ Z) :

Combining this with (2.19), the second part of the proposition follows.

]

A quantity that will help us understand GlE)R (z,-) is the density for the amount of time

ERBM started at A; spends in a set from the time it hits a curve n; surrounding A; until

the time it hits 0D again. The next lemma establishes the existence and some properties

of this density.

Lemma 5.6. Fori=1,...,n, let n; and U; be as in Definition 3.1. The function

Hyyr. AZ‘,Z
T (w) ::GgiR(Ai,w)qL/GD(z,w) ou; (41, %)

ZOU TR
; gUZ' (A’Lan) | |

where by convention we let G&R (A;,w) =0 for w ¢ U;, has the following properties.

1. T; (w) is a density for the expected amount of time ERBM started at A; spends in a

set up until o, where ™9 is as in Section 3.4

2. T; (w) is harmonic on D\n;
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1 d
3. Ifi+# j, then 5/ o T; (w) |[dw| = p;j, where n is the outward-pointing normal and
n; dn

pij s as in Section 3.5

4. 1If 77; 1s a smooth curve in the interior of U; that is homotopic to n;, then

1 d
—/dn : (w) dw] = s — 1.

Proof. 1t is clear using the strong Markov property for ERBM, the fact that ERBM has the
distribution of a Brownian motion up until the first time it hits 0D, and (3) of Definition
3.1 that the first statement holds.

Denote the second summand in the definition of T; (w) by S; (w). If w ¢ n; and € is
small enough such that B (w, €) does not intersect 7;, then using Fubini’s theorem and the

fact that Gp (z,-) is harmonic, we have

1 27 . 1 27

2 /. S; <w+eew)d9:%

/77 Gp (z w + €e 9) %A))\dz\] db

7

H@U' (A27 Z) |: 1 /271' 0
= | — = Gp (z,w+ ee d@] dz
/77 Eu, (A~ ) 21 Jo D( ) 47|

1

H
/ W GD (2, w) |dz]
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This shows that S; (w) satisfies the spherical mean value property at w and, thus, is har-
monic on D\n;. It follows that to finish the proof of the second statement, we just have to
show that GgiR (A;, ) is harmonic away from ;. Let f; : A1 ,, — U; be a conformal map
mapping the outer boundary of Aj ,, to the outer boundary of U;. Using Proposition 5.4

and Lemma 5.5, we see that

GER (As,w) = GER (A, f, (w)) = 08l ()| T logrs (56)

™
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Since log|z| is harmonic and precomposing a harmonic function with a conformal map
yields a harmonic function, GgiR (A;,-) is harmonic away from ;.

The proof of the third statement uses the fact that if z is in the exterior of 7;, then

/ %GD (z,w) |[dw| = 2h; (2) . (5.7)
"

In the case that aAj is a smooth Jordan curve, this is true because the normal derivative
of Gp (z,w) is 2Hp (2,w) on JA; and the integral of the normal derivative of a harmonic
function is the same over any two homotopic curves. If the boundary of A; is not a smooth
Jordan curve, we can map D conformally to a region where the image of 9A; is a smooth
Jordan curve [7] and use the conformal invariance of the Green’s function, the change of
variables formula, the fact that conformal maps preserve angles and the result in the case
that 0A; is a smooth Jordan curve. If ¢ # j, using Fubini’s theorem, the dominated

convergence theorem, and (5.7), we have

d HaU‘ (AZ,Z)
— | Gp(z,w) =—t——|dz||dw
dn/m. D )5U-(Ai77]) |dz| |duw]

7

Hyr (A, 2 d
= [T [ G ) aul
s 0 dn
Hyr. (A, 2
:2/ th(z)\dz\
1; EUZ' (Azﬂl)

= 2p;j

The proof of the fourth statement is similar to the proof of the third statement and
d

will rely on calculating / / d—G p (z,w)|dw| . If z is a point in the interior of 7} and 77;’ is
; n

!
a smooth Jordan curve in the interior of 77% such that z is in the exterior of n; , then by

setting up the appropriate contour integral and using Green’s theorem, it is not hard to
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see that (with the normals appropriately oriented)

d d
— ) |d — d — dw| .
/d p(w)ldul = [, GD<zw>|w|+/B()dnGD<z7w>|w|

62

Using (5.7) and the fact that Gp (z,w) = —w + g (w), where g, is harmonic on D,

we have

d d d
/,7; - Gp (z,w)|dw| = /17{/ o Gp (z,w) |dw| +/Be(z) an Gp (z,w)|dw]

(3

d 1 —
— 20, (z)—/ @ M‘dw
B(z,e) dn s

= 2(h;(2) —1).

Using this and arguing as in the proof of the third statement, we have

d [ d Hyy, (Aj, 2)
/ng%Ti(M) /dn/GD(Z w)m|dz||dw|

Hay, (Ai, 2) / d
N A — Gp(z,w) |dw||dz

_o [ Houi(Ai2)
—2/7%—5%(%”) (hi (2) — 1) |dz]

=2(p; —1).
]

We have all of the tools necessary to prove that GgR (z,-) is ER~-harmonic. In what

follows, we continue to use the set up of the previous lemma.

Proposition 5.7. There are versions of GgR (-,2) and GgR (z,-) that are ER-harmonic

on D —{z}.
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Proof. Using Proposition 5.2, in order to show that there is a harmonic version of G%R (z,+),
it is enough to show that there is a harmonic version of GgR (A;,-) for each 1 <1i <mn. Let
T be the vector function with ith component 7T; (w) and let D be the diagonal matrix with
11 entry 1%% Using the strong Markov property for ERBM and Lemma 5.6, we see that
DT is the vector function whose ith component is the density for the expected amount of
time ERBM started at A; spends in a set up until the first time it hits an A; with j # .

Using (3.6) and the strong Markov property for ERBM, we see that the ith component of
DT+ QDT +Q’DT+...=(1-Q)"'DT (5.8)

is a version of GgR (A;, ). Since T; (+) is harmonic away from each 7, it follows that there is
a version of GLE)R (A;, ) that is harmonic away from each n;. By choosing different n;’s and
repeating this procedure, we can get a version of GgR (4;, ) that is harmonic away from a
sequence of Jordan curves 77'1, ..., nh, which are disjoint from each 7;. Finally, since any two
versions of GgR (A;,-) are equal almost everywhere, we can find a version of GgR (A;,°)
that is harmonic everywhere.

Using (3) and (4) of Lemma 5.6 and the fact that the ith component of (5.8) is a version

of GgR (A;,-), we see that

d g 0 if 7 #1
| o 6B (i) fdu = . (5.9)
1] -2 ifj=i
It is easy to see using its definition and (5.6) that each Tj (-), and thus each GZE)R (A, ),
can be extended to a continuous function on £. Combining this with Lemma 3.11, we have
that that there is a version of GgR (A;, ) that is ER-harmonic on D —{A4;}. Finally, using

5.7), (5.9), and Lemma 3.11, it follows that the version of GER z,-) defined in Proposition
D

5.2 is ER-harmonic on D — {z}.
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An argument similar to the one showing that H gR (+,2) is ER-harmonic shows that

GgR (-, 2) is ER-harmonic. O
We can now give an analytic characterization of GgR (z,°).

Proposition 5.8. Ifz € D, then GgR (z,) is the unique ER-harmonic function on D—{z}

satisfying
o GgR(z,w) :—W—FO(U as w — z
. G’gR (z,w) = 0 as w — w' for any w' € DAy.

Furthermore, GgR (A;j,-) is the unique ER-harmonic function on D — {A;} that is equal

to GgR (A;, A;) on 0A; and 0 on 0Ay.

Proof. 1f z € D, the asymptotics for GgR (z,-) at the boundary are clear and the asymp-
totic at z follows from Proposition 5.2 and the corresponding result for Gp (z,-). The
uniqueness follows from a proof similar to the corresponding result for Gp (z,-) (see [12],

pg. 54). The second statement follows from an extension of Proposition 3.13. m

In what follows, when we write GLE)R (z,+) or GgR (-, w) we will mean a version that is

ER-harmonic.
Corollary 5.9. GgR (z,w) = GgR (w, z) for all z,w € E.

Proof. GgR (+, z) satisfies the conditions of Proposition 5.8 and thus, is the same function

as GgR (z,-). O

We conclude this section by proving that the normal derivative on 0Aq of the Green’s

function for ERBM is a multiple of the Poisson kernel for ERBM. We need a lemma.
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Lemma 5.10. Let D € Y} be a domain such that 0D and OH agree in a neighborhood of
0 and fix R > 0 such that BE (0) € D. Thenife <r <R,

/ GgR (reZ ,ei) sinf df = e <— +0 (r)> :
0 r

as e,r — 0.

Proof. Using Proposition 5.2 and (2.21), we see that

Gph (Tew, 6i> =Gy (Tew’ €i> -~ (G (Brp, i) + i hi <T€i9> Gp" (Ais€i).
i=1

As a result, using Lemma 2.5, to complete the proof, it is enough to show that
u ; i0
> ni (re) GBR (A, i) = B (G (Brp,ei)] = 0(re), &7 =0,

1=1

where O (7€) is uniform over 6 € (0, 7).

It is easy to check using Lemma 5.6, (2.21), (2.20), and (5.8) that GgR (Aj,e1) = O (e).
Using (2.5), it follows that for 1 < ¢ < n, h; <r6i9> is O (r). Since the probabilty a
Brownian motion started at re? does not exit D on R is O (r), using (2.20), it follows that

B’ Gy (Bry.€i)] is O (re). 0

Proposition 5.11. Let D € Y, be such that 0D 1is locally analytic at x € 0Ag. Then the

(inner) normal derivative of GgR (z,-) at x is QHER (z,2).

Proof. We start by proving the result when D € ), is a domain such that C\ Ag = H and
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x = 0. Fix R such that BE (0) € D. Using Proposition 4.5, we have that if » < R, then

GJZE‘)R (2, €i) y ngr Hpr (z,rei0> GgR (rew, ei) do

lim ——— = lim
e—0 € e—0 €
0 [ G5 ) s ] 01
=N

= 2HER (2,0)[1 4+ O (r)].

Taking the limit as » — 0, the result follows.

For arbitrary D, let f : D — D’ be a conformal map such that D’ € ), is such that
C\Ap = H and x is mapped to 0. Using the Schwarz reflection principle, f (z) can be
extended to a map conformal in a neighborhood of = and GgR (z,-) can be extended to a
function harmonic in a neighborhood of z. Combining this with the fact that conformal
maps preserve angles, the chain rule, (2.1), the conformal invariance of GZE)R (z,+), and the

result for D', the result follows.

5.2 Proofs of formulas (3.3) and (3.4)

The theory of Green’s functions for ERBM can be used to prove formulas (3.3) and (3.4).

We start with a lemma.

Lemma 5.12. Let Ay, € Yy be as in Lemma 5.5 and 7 = inf {t : BEIRT (t) € 8140}. If

[+ A1y — D is a conformal map and D s bounded, then

f! (Bgfr (s)) ’2 ds} < 00.
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Proof. Using Lemma 5.3, we have that for sufficiently small e

,
d
0

(BEE (s ))IQdS} =/ALT Gﬁfr (2, w) | ()] dw

Since }f’ (7")| is bounded on Be (z) and the Green’s function for ERBM is integrable,

the first integral in the sum is finite. Since Ggf (2,-) is bounded on Ay ,\B (z,¢) and
R4

1) AL, ! f! (w)|2 dw is equal to the area of D (by a straightforward change of variables), the

second integral in the sum is also bounded. O]

Proposition 5.13. Let f : C\D — D be a conformal map sending oo to oo. Then a.s. we

have

/‘f BER (s )’ ds < oo (5.10)

r

Proof. For fixed t, let W be the set of w in the underlying probability space such that the

and

(B(C\D (s)) ‘2ds = . (5.11)

left hand side of (5.10) is infinite and for each n € N, let W), be the set of w such that BgR
has not left Ay, by time ¢. By Lemma 5.12, the measure of W, N W is zero. It follows
that for almost every w € W, the path of BC\D up to time ¢ is unbounded. It is easy to
see from the definition of ERBM that this implies that WW has measure 0.

It is easy to see that ’ f! ‘ is bounded below on the set
{z€C:|z| > 2}.

Since the set of ¢ such that ‘BC\ID) )‘ > 2 has infinite measure, (5.11) follows. O
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Proposition 5.13 clarifies the implicit use of (5.10) and its analogs. The reader can
verify that the proof of Proposition 5.13 does not rely on any of the results that used
(5.10). For instance, in the proof of Proposition 5.4 we used the fact that a.s. (5.10) holds
for any finitely connected region D. Using the definition of ERBM, it is easy to see that to
prove this, it is enough to prove it for any domain conformally equivalent to C\D. Notice,
however, that the only property of C\D we used in the proof of Lemma 5.12 was that
Gii (z,-) is bounded away from z and integrable in a neighborhood of z. Once we know
Proposition 5.13 holds, the proof of Proposition 5.4 works for D = C\D and we can use
Proposition 5.4 and Proposition 5.2 to conclude that GgR (z,+) is bounded away from z
and integrable in a neighborhood of z for any region D conformally equivalent to C\D.

This allows us to prove an analog of Proposition 5.13 for any conformal annulus, which is

what we needed.

5.3 Conformal Mapping Using GE%(z, ")

Similar to how we used H IE)R (+,w) to find a domain in CY;, conformally equivalent to D, we
can use GgR (z,-) to find domains in other canonical classes of finitely connected domains
conformally equivalent to D. We start by giving analogs of Lemma 4.11, Proposition 4.13,

and Proposition 4.14. The proofs are similar and are omitted.

Lemma 5.14. For each positive real number r, the set
Vi = {w : GLE)R (z,w) < r}

is connected. Here z may be equal to {A;} for some 1 < i < n. Furthermore, for each

z € V., there is a path contained in V- starting at z and ending at a point in OAg.

Proposition 5.15. For all w € D, the derivative of GgR (z,-) at w has full rank. Here z

may be equal to {A;} for some 1 <i <n.
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Proposition 5.16. If r is a positive real number, then
{w ; GgR (z,w) = r}
1s a Jordan curve %«.1 Furthermore, v separates D into two connected components
{w ; GgR (z,w) < r} and {w ; GgR (z,w) > r} :

Recall that a domain is a bilateral standard domain if it is an annulus of outer radius
1 with a finite number of concentric arcs removed. It is a classical theorem of complex
analysis [2| that any finitely connected domain is conformally equivalent to a bilateral

standard domain. Using GgR (A;,-), we can give a probabilistic proof of this fact.

Theorem 5.17. Let D € Y, and suppose that there is no Jordan curve in D with Aqg in its
interior. If u = WG%R (A;,-), then there is a bilateral standard domain D' and a conformal
map [ = e~ (utiv) from D onto D'. Furthermore, if g is another conformal map from D
onto a bilateral standard domain D" and g maps A; onto the inner radius of D" and 0 A

onto the outer radius of D", then f and g differ by a rotation.

Proof. Fix zg € D and let v (zg) = x € R and

v(z) =v(z) +/ d u(z)|dz], (5.12)

i
where v is a smooth curve connecting zg and z and n is a normal vector. It follows from the
Cauchy-Riemann equations that u+iv is locally holomorphic. Using (5.9), we see that v is
u+iv)

well-defined up to an integer multiple of 27. It follows that f = e ( is a well-defined

holomorphic function on D.

1. If r = G&P (2, A;) for some i, then in order for this to make sense, we have to work in the
space F, not D.
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By an extension of the maximal principle for ERBM, u attains its maximum on 0A;.
Using this, we see that the image of f is contained in the annulus of inner radius e~ u(4i)
and outer radius 1. By Proposition 5.16, {z € D : u(z) =r} is a Jordan curve .. By

d
—u (2)|dz| = —2m7.
/YT dn

It follows that if r # u (Aj) for any j, then f maps ~, injectively onto the circle of radius
e "andifr=u (Aj) for some (or several) j, then f maps 7, injectively onto the circle of
radius e”" with one (or several) arc(s) removed. Putting all of this together, we see that f
is a conformal map onto a bilateral standard domain.

Suppose g = e~ (utiv) g another conformal map from D onto a bilateral standard
domain D" and g maps dA; onto the inner radius of D" and 9Ag onto the outer radius
of D"”. To prove the uniqueness statement of the theorem, it is enough to show that
u = ﬂGgR (A;,-). Observe that —log (g) is a locally holomorphic, multi-valued function
well-defined up to an integer multiple of 2w. As a result, u is a well-defined harmonic
function. Let n; for j # i be a Jordan curve surrounding A; whose interior contains no
point of A, for j # k. On the interior of n;, u + v is a well-defined holomorphic map and

as a result,

d
/n/' s (2)|dz| =0

J

for any Jordan curve 7)} surrounding A; and in the interior of n;. We conclude by Lemma
3.11 that u is ER-harmonic on D\ A; and since it is equal to zero on 0Ap, it must be a
multiple of GgR (A;,-). Using (5.9), it is easy to see that the only multiple that will work

1S 7. O

Recall that a domain is a standard domain if it is the unit disk with a finite number
of concentric arcs removed. Using GgR (z,-) instead of G%R (A;,-), we can prove another

classical conformal mapping theorem.
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Theorem 5.18. Let D € YV, and suppose that there is no Jordan curve in D with Agy in
its interior. If u = ﬂGgR (2,-), then there is a standard domain D' and a conformal map
f= e~ (utiv) from D onto D'. Furthermore, if g is another conformal map from D onto a

bilateral standard domain that sends z to 0, then f and g differ by a rotation.

Proof. The proof is similar to that of Theorem 5.17 and is omitted. [
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CHAPTER 6

A LOEWNER EQUATION FOR CHORDAL STANDARD
DOMAINS

6.1 The Complex Poisson Kernel for ERBM

We want to prove the analog of Proposition 2.6 for finitely connected domains. We start

with some preliminaries.

Definition 6.1. Let D € Y* and for each x € RN 9D define
ER T ER .
Hyp (oo,x)—ylgroloyHD (x +iy,x).

When we write H ER (00, x), it is assumed that z € 9D NR even if it is not explicitly
stated. HgR (00, z) can be interpreted as the normal derivative of HgR (,x) at oo.

Let R be such that z € D for all z € H with |z| > R. Using the strong Markov property
for ERBM and (2.4), we have that if |z| > 2R, then

i . .
HER (z,2) = R/ Hyp (z, Rew) HgR (Rew, x) de
0

= 2RHpy (2,0) [/OW HgR <Rew,x> sin 0 dG] [1 +0 <‘z*1‘)] : (6.1)

Combining (6.1) with (2.2), we get the following lemma.

Lemma 6.2. Let D € Y* and R be such that z € D for all z € H with |z| > R. Then

™

2R [T -
HgR (00,0) = _/0 HER <R629,0> sin 6 d6.
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An analog of Proposition 4.1 holds for HgR (00, ).

Proposition 6.3. Let D € YV* and suppose that f is a conformal map such that f (D) € Y*
and f (A;) is bounded for 1 < i <n. If

f(z)=ap+a1z+0 <|z|_1> , 2 — 00,

then
f' (=@
HER (s0,0) = R (00, £ (0.
Proof. Using Proposition 4.1, we have
HgR (OO,.I) - yll{n yHD (Zy,l’)
=l yHg(p) (f (iy), [ () |/ ()]
: . f'
— i gt oy +0 (1) £ () )
f/
N )
The last equality follows from (6.1) combined with (2.2). O

The function introduced in the next proposition is a key component in the proof of the

analog of Proposition 2.6 for finitely connected domains.

Proposition 6.4. Let D € Y be such that Ay = C\H. Then there is a unique function

HgR : D x R — C satisfying the following.
1. Foreachz € R, z — ’HgR (z,z) is a conformal map onto a chordal standard domain.

2. The imaginary part of ’HIE)R (z,x) is WHER (z, ).
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3. For each x € R,

—WHgR (00, x)

HE (20) = —2—

+0 <|z|_2> , % —00.

4. For each x € R, there is a constant r (D, x) > 0 such that

HER (2,2) = —— (D) +O0(z—al), 2o

Proof. Theorem 4.15 implies that for each x € R there is a conformal map ’HgR (+,z) with
imaginary part mH gR (z,z) from D onto a chordal standard domain. Since a conformal
map is uniquely determined up to a real translation by its imaginary part, the uniqueness
of ”HIE)R (+, z) will follow once we prove its asymptotic at co. For the remainder of the proof,
we will assume x = 0. The x # 0 case can be handled by considering Hgl_% L, (2 —m,0).
Let R > 0 be such that z € D for all z € H with |z| > R. For any z € D with |z| > 2R,

using (2.4) and Lemma 6.2, we see

HEF (2.0) = Im [2] {@ /07T HER (Rew,O) sinf d&} {1 +0 (ﬁ)}

22 |7 E
_ HgR(oo,;))Im[z] [1—|—O (E)} ‘
H 2]
As a result, if we let
)= HER a0y + 122020,

then Im [f (z)] = O <|z|_2> as z — o0o. Combining this with Lemma 2.16, we see that
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ff(z)=0 (\2]73) as z — oo and since f (00) = 0, for |z + iy| > 2R we have

|f (x+iy)| = / fa+iy) dyf
Yy
< | (z+iy)| dyf
Yy
=0 <|:1:—|—z'y\*2> .

The third statement of the proposition follows.

Let f(z) = HgR (2,0) + % and observe that to prove the fourth statement it is enough
to show that f(z) = f(0) + O (]z]) as z — 0. This will follow by the Schwarz reflection
principle if we can show that ‘ f (z)’ (and hence f(z)) is bounded in a neighborhood of
0. The Cauchy-Riemann equations imply that to show this, it is enough to show that the
partial derivatives of |Im [f (2)]| are bounded in a neighborhood of 0. This will follow from
Proposition 2.16 if we can show that Im [f (2)] = O (Im [2]) as z — 0.

Observe that (4.2) and (2.16) imply that

n
WHER (2,0) =7Hp (2,0) + WZhZ‘ (2) HgR (A;,0)

1=1
= mHyg (2,0) — Im [2] T (D; 0) [1+ O (|2)] + 7 Y_ hy (2) HER (4;,0),
=1
as z — 0. It follows that
Im [f] = —Im [2] T (D;0) [1 + O (|z))] + 7 Y_ hi (2) HER (4;,0), (6.2)
=1

as z — 0. Since h; (z) is zero on R, we can extend h; (z) to a function that is harmonic in
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a neighborhood of 0. As a result, letting z = x + iy, we can write
. Oh;
hi (o + i) = 50 @)y +0 (7).

as y — 0. Substituting this into (6.2) and using the fact that %—};j (x) is bounded in a

neighborhood of 0, the result follows.

We call the map HgR the complex Poisson kernel for ERBM.

Proposition 6.5. Let D € Y be such that Ag = C\H and denote the image of D under

the map z — % by D. Then there is a unique conformal map op satisfying

lim ¢p(2) —2=0

Z—r00

that maps D onto a chordal standard domain. Furthermore, for each x € R, we have

op (2) = Hps (_—1 0) +a—r(D%0). (6.3)

)
Z—X

Proof. Using Proposition 6.4, it is straightforward to verify that the the map in (6.3) has

the required properties. The uniqueness of ¢ is easy to check using Theorem 4.15. O

A quantity that will be of particular interest to us is go’D (x) for z € R. In what follows,

we continue to use the setup of Proposition 6.5.

Lemma 6.6. ¢p can be extended to a map that is conformal in a neighborhood of any

r € R. Furthermore, we have

p (@) = THRE (00,0) . (6.4)
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Proof. The first statement follows from the Schwarz reflection principle. The formula for

¢ () can be computed from (6.3) using Proposition 6.4. O

An important fact is that ¢/, (¢) = 7H gR (00, z). This will follow from (6.4) if we can

show that HER (00, ) = Hg? (00, 0).
Lemma 6.7. For any x € R, HgR (00, 7) = Hg*R (00,0).
x

Proof. Using Proposition 5.11, Corollary 5.9, and the conformal invariance of GER, we

have

= lim lim ngég (i, )
Y—00 e—0 2¢
ER (1 7
yGp (— +x,2+ x)
= lim lim Y ‘
Y—00 e—0 2¢
ER (1 7
yGp (— +x, -+ m)
= lim lim ¢ Y
Y—00 e—0 2¢
ER (1 /)
yGp (— +x, -+ x)
= lim lim ¢ 4
e—0y—0 2€
ER
= 1p (007 ZL’)

The interchange of limits in the second to last equality is justified by Proposition 5.2 and

the fact that the interchange is valid when GgR is replaced by G p. m
Proposition 6.8. For any z € R, ¢/, (x) = WHER (00, ).
Corollary 6.9. If D is a chordal standard domain, then for any x € R, WHgR (00, ) = 1.

Proof. Since ¢p (2) = z when D is a chordal standard domain, the result follows from

Proposition 6.8. O
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Using ¢p (2), we can prove an analog of Proposition 2.6 for finitely connected domains.
Proposition 6.10. Let D € Y be such that Ay = C\H and let A € Q be such that
ANA; =0 for1 <i<n. Then there is a unique conformal map hg satisfying

. D o
ZlggohA(z) z2=0

that maps D onto a chordal standard domain.

Proof. Proposition 2.6 implies there exists a unique conformal map g4 : H\A — H satis-
fying

lim g4 (2) —2=0.

Z—00

The map hg (2) == ¥g,(D\4) © 94 (2) satisfies the conditions of the proposition. The

uniqueness of hg (z) is easy to check using Theorem 4.15. [

hg (z) has an expansion at infinity
a _
hg(z):z+?1+0<|z| 2), 2 = oo,

We call the constant aq the excursion reflected half-plane capacity (from infinity) for A
in D and denote it hcap®f (4). Since heap®® (A) depends not only on A, but also on
the domain D, our notation is misleading, but it will usually be clear from context what

domain we mean when we write hcapE R (A). We continue to use the setup of Proposition

6.10.

Proposition 6.11. Let 7 be the smallest t such that BgR (t) € OH U A. Then for all
z € D\ A, we have
Im [z - hg (z)] =FE* [Im [BgR (T)H :

Also, heapER (A) is equal to each of the following.
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1. lim yEY [Im [B{%R (7)”

Yy—00

2R i Rei@ ER . .
2. — E [Im [BD (T)” sin@ df for any R such that z € D for all z € H with

T Jo

|z| > R.

Proof. Since Im [z — hg (2)} is a bounded ER-harmonic function and the imaginary part
of hy (2) is equal to 0 on OH U A, the first statement follows from Proposition 3.13.

Using the first part of the proposition, we have

lim yEY [Im [BgR (T)H = ylggoylm [iy —nf (ZZ/)}

Y—00
L _ _ heap®ft (A) 9
7y1i>HoloyIm 1w — zy+T+O<y )
= heap™® (A).

This proves the first equality for hcap®? (A).
Using the first equality for hecap®® (4) and (2.4), we have

hcapER (A) = lim yEiy [Im [BgR (7’)“

Yy—00

= lim Ry /Oﬂ ERew [Im [BgR (7’)” Hyr (iy, Rew) de

Y—00
— lim R /WERBM [1 [BER( )” 2 g 9[1+0( —1)} df
~ oy Y, m|Bpr (]|, s y
_ 2R [T gRe [Im [BgR (T)H sin 6 do.
™ Jo
This proves the second equality for hcap™® (A). ]

Lemma 6.12. Let r =rad (A) and T be as in Proposition 6.11. Then

heap®® (4) = 2r HER (00, 0) { /0 e [Im [BSR (T)H sin 0 d@} [1+0(r),
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asr — 0.

Proof. Let R be such that z € D for all z € H with |2| > R. Using Proposition 4.5,

Proposition 6.11, and Lemma 6.2, we have

heap®’* (A) 2 /W gl [Im [BgR (ﬂ“ sin 1 db;

™

0
2 s m 1 . .
:ﬁ/ / 2 [Im [BER (7’)” Hgﬁ <R6161,T6292> sin 6 dfy dby
m 0 JO

2R [ (™ -
28 { / HER (Rewl,o) sin 0 d@l]
0

™

2r {/OW e’ [Im [BgR (T)H sin 69 dé’g] 1+ 0 (r)]

—=2rHER (c0,0) { /O e [Im [BgR (@H sin 0y d@] [1+0(r)]

[]

The next result gives a uniform bound on the difference between hy (z) and z —
hcapER(A)HgR(z,O)
rHER (c0,0)
of a Loewner equation for chordal standard domains at ¢t = 0.

in terms of hcap (A) and rad A. This can be interpreted as a proof

Proposition 6.13. Let D € Y be such that Ay = C\H. There is a constant ¢ < oo that

depends only on D and z such that for all A € Q and z € D with |z| > 2rad (A)

heapP Tt (A) HgR (2,0)

THER (20.0) < cheap®® (A)rad (A).
D )

z— hg (2)

Proof. Let r =rad (A4),

heap®H (A) HgR (2,0)
WHZE)R (00, 0)

h(z)=z—h(2)

and




If |z| > 2rad (A), using Proposition 4.5, Proposition 6.11, and Lemma 6.12, we have

Im [z - hg (z)} =FE* [Im [BER (7’)”
=r /07r g’ [Im [BgR (7')“ Hgﬁ (z, rew) do

— o o) [ [ T8 [ [ ()] smo ao| 4 0 )

_ HER (2,0) heap™T (A)
HET (c0,0)

[1+0)],

as r — 0. It follows that there exists a ¢ > 0 such that
v (2)| < cHET (2,0) heap®® (A) rad (A) . (6.5)

Let R > r be such that z € D for all z € H satisfying |z| > R, § be a curve from z
to 2R (that avoids By (0)), and M5 be the maximum value of HgR (+,0) restricted to 4.
Using Lemma 2.16 and (6.5), we see that there is a ¢ > 0 such that the partial derivatives

of v restricted to 4 are bounded in absolute value by

M: heap™® (A) rad (A
d
where d is the distance from 4 to 9D. It follows that
IM: heapPT (A) rad (A
h(2) — h(2R)| < oM heap”” (A)rad (4) (6.7)

d )

where [ is the length of 7.
Using (2.2), it is easy to check that HgR (1y,0) = O (y_l) as iy — oo. Using this fact

along with an argument similar to the one used to obtain (6.6), we see that there isa ¢ > 0
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such that if y > 2R, then

CHER (i, 0) heapP® (A) rad (A)
, :

|1 (iy)| < (6.8)

Combining this with the fact that h (iy) — 0 as y — oo, we have

(0. ¢]
hr) = [ (i) o
2R
</OO /(~ /)‘ d/
h' (1
< 23‘ y')| dy

< cheap™T (A) rad (A) /
2R Y

> HER (iy',0)

/
; dy

< cheap® (A)rad (A)
< o .

Combining this with (6.7), the result follows. O

With a little more work, it is possible to show that the constant ¢ can be chosen so as
to depend only on D and the distance from z to 0D. We can also get an improved bound

for z € D with |z| > 2R.

6.2 The Chordal Loewner Equation in Chordal Standard

Domains

In what follows, let D be a chordal standard domain and ~ : [0, 00) — D be a simple curve
with v (0) € R. Denote v [0,t] by v and, for each t > 0, let Dy := D\, gt : H\yx — H
be the unique conformal transformation satisfying Zlggo gt (2) — 2z = 0, hy be the unique
conformal transformation satisfying Zhﬁngo ht (z) — z = 0 that maps Dy onto a chordal

standard domain, and ¢; be the unique map on g¢ (D) such that hy = ¢ o g¢. For each

hs(Ds)

5> 0, Tet v° () = hy (7 (s +1)) and hgy =
t—s

. Observe that hy = hgt o hs.
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Let b (t) = hcap®?® (v;) and a (t) = heap (7;). Recall that h; has an expansion

ht(z):z+@+0<|z|_2>, Z — 00.

Reparametrizing if necessary, we may assume that b (t) is Cl. A priori, we do not know
that @ (t) exists, but later we will show that, in fact, a (¢) exists if and only if b (¢) exists
and give a formula relating the two quantities.

Let

Up = lim hs (v (t)).

s—t—

Assuming for the moment that U; is well-defined, we can state our main theorem.

Theorem 6.14. For any z € Dy, hy (2) satisfies the initial value problem

i (2) = —b(H) HER, (ht (2), Ut>  ho(2) = 2.

The first main step in the proof of Theorem 6.14 is Proposition 6.13, which essentially
establishes the theorem for ¢ = 0. The second main step is proving that Up is a continuous

function. We know that

Up= lim g5 (7 (t)) (6.9)

s—t—
is a well-defined continuous function. To prove U; is continuous, the basic idea is to use
the continuity of U; along with estimates for gog (x). Proposition 6.8 implies that finding
R

estimates for ¢} (z) is equivalent to finding estimates for H gEs (Ds) (00, x). The following

lemmas provide the necessary estimates.

Lemma 6.15. Let D € Y* be such that there exist constants 0 < r < R such that A; C A;rR
for 1 <i<n andx € 0Ag for all v € R with |x| > R. Then there is a constant C). g < o0

such that HgR (00,0) < C} -
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Proof. Lemma 6.2 implies

2R [T -
HgR (00,0) = —R/O HgR (Rew,()) sind db.

™

Since by Lemma 4.7 there is a uniform bound depending only on r for H ER <Rei‘9, 0), the

result follows. O

Lemma 6.16. Let D € Y be such that Ag = C\H and such that A; C BE (0) for1 <i <n.

Then there is a Cr < oo such that for all x € R with |x| > 2R we have
1
HgR (00, ) — =| < Cra2.
s

Proof. Since

Hy (00, ) := lim yHy (z +iy,z) =1/,

to complete the proof, it is enough to find a constant C'p such that
Hyg (00, ) — HgR (00,2)| < Cpa~2.

Let 7 be the first time a Brownian motion in H hits 9H . Since BIE)R has the distribution

of a Brownian motion up until the first time it hits 0D, we have

_ i gER : T+iy _
Hig (00, 7) — HB" (00,2)| < lim yP**¥ {|B| = R}

665(%[’)#) {’HgR <R6i97x> + Hy <Rei9,x> ’} :

Using (2.4), we see that lgn yP*T {|B;| = R} is bounded by a constant depending only
Yy—00

on R. Using (2.2), we see that there is a ¢ > 0 depending only on R such that

‘HH <Rei9, x)‘ < cx 2. (6.10)
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Finally, using (4.2) and (2.6), we have

HER (Reie , g;) — Hp (Rew, x> n Zzn;hz- <Rei9) HER (4;, )

< Hy (Rei‘g,x) + sup HgR (Aj, ).
1<i<n

As a result, (6.10) and Lemma 4.6 imply that there is a ¢ > 0 depending only on R such
that
)HER (Rew,x)‘ <cx 2

The result follows. O

Lemma 6.17. Let D € Y be such that Ay = C\H and suppose that there are constants
>0 and 0 < r < R such that w € D for all w € H with Im [w] < r' and A; C Aj’R for
1 <i<mn. If Ais a compact H-hull contained in B:/Q (0) and € =rad (A), then there is a
¢ > 0 depending only on v, R, and r' such that

HgR (00, ) — Hl]%{%A (00, ) < ce,

for all x € R with |x| > € + \/e. Furthermore, if |x| > 2R, then there is a ¢ > 0 depending

only onr, R, and r' such that

CEQ

E E
HDR (00, ) — HD<%A (00, 7) < g

Proof. Lemma 4.9 implies that there is a ¢ > 0 depending only on r, R, and ' such that

if |z| > € + /€, then

HER (00, ) — Hg@l (00, ) < CHER (00,0) €.
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Since, by Lemma 6.15, HER (00,0) is bounded by a constant depending only on 7 and R,
the first statement follows. Using the second part of Lemma 4.9, the second statement

follows similarly. O

Using the Koebe distortion theorem, we can extend bounds for |<p' (m)| on R to bounds

for |¢’ (2)| restricted to a compact H-hull.

Lemma 6.18. Let D € Yy, A€ Q, andx € ANR. If 6 > 0 is such that dist (A, A;) > 0
for 1 <i < n and dist (A,z) > 0 for all z € (0Ag) \R, then there is a bound for | ¢, (2)]

restricted to A that depends only on 6, rad (A), and go’D (x).
Proof. 1t is easy to see that we can find open balls By, Bs, ... By, satisfying the following.
m
1. B; is a ball of radius §/4 centered at ¢; and A C U B;

1=1

2. For all 1 <4 <m, Bs(c;) does not intersect A or A; for any 1 < j <n
3. There is an upper bound for m depending only on ¢ and rad (A).

Using the Koebe distortion theorem, we can find a bound depending only on m and |90/D (x)!

m m
for ’gpg (z)‘ restricted to U B;. Since A C U B;, the result follows. O
i=1 i=1

In what follows, we once again let D and v be as in Theorem 6.14 and fix tg > 0. In
order to be able to apply the previous lemmas, we need to find estimates for the distance

between g5 (A;) and gs (77) that are uniform over all 0 < s <tgand 1 <i <n.

Lemma 6.19. There exist positive constants r1 < Ry, r9, and d that depend only on D,

v, and tg such that for each 0 < s <tg and 1 <1 < n the following hold.

1. gs(4;) C Af

1Ry (Us)

2. gs(4;) C{z€H:Im[z] > ro}

3. The distance between gs () and gs (A;) is greater than d
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4. If i # j, then the distance between gs (A;) and gs (Aj) is greater than d.
Finally, there is a uniform bound on diam [gs (v (s,t))] over all 0 < s <t < ty.

Proof. Let R;(s) = sup |gs(2) — Us| and 7; (s) = imjf1 lgs () — Ug|. Lemma 2.11 and
z€A; zZE€A;
Proposition 2.10 imply that R; (s) and r; (s) are continuous functions of s. This proves the

first statement. The proofs of the remaining statements are similar. m
We also need a lemma similar to Lemma 6.19 for hg.

Lemma 6.20. There exist constants 0 < r < R and r' depending only on D, v, and tg

such that for each 0 < s <tg and 1 <1 < n we have
1. hs (A3) C AT (s (US))
2. hs(A;) C{z€H:Im[z] > r'}.

Proof. Let r1, Ry, and r9 be as in Lemma 6.19. Using Lemma 6.15, we can find an upper
bound M for | (Us)| that depends only on 71 and R;. Using Lemma 6.2 and the (easy)
fact that there is a positive lower bound for H gEsl(%Ds) <2R16i9, O> that depends only on 6
and 79, we see that there is a lower bound m > 0 for }gog (US)} that depends only on R;
and r9.

The Koebe 1/4 theorem implies that there is a constant » > 0 that depends only on
r1 and m such that B (ps (Us)) C ¢s(gs(Ds)). Since hs = @5 o gs, it follows that
B} (¢s (Us)) C hs (Ds).

The Koebe distortion theorem implies that there is an upper bound that depends only
on M, r9, and Ry for |¢ (2)| restricted to the boundary of B;Rl (Us). As a result, there
is a constant R > 0 that depends only on M, r9, and R such that g (B;Rl (US)) C
BE (ps (Us)) . The first statement of the proposition follows.

Similarly, the Koebe distortion theorem implies that there is a lower bound greater than

zero for ‘gpg ([L’)‘ restricted to [—2R1,2R1] that depends only on m, r9, and R;. Combined
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with Lemma 6.16, this gives a lower bound for |<pf9 (x){ restricted to R. As a result, the
Koebe 1/4 theorem implies that there is an ' > 0 depending only on m, r9, and R; such
that for each z € R, B:? (ps (7)) C @s(gs (Ds)). The second statement of the proposition
follows. ]

We have the tools to prove an analog of Lemma 2.11 for hg.

Proposition 6.21. There exists a constant ¢ < oo that depends only on D, v, and tg such

that if 0 < s <t <ty < oo, then

diam [hs (7 (s,1))] < ey/osc (7, — s, 1)

and

Hh‘s - ht”oo S CZ\JL/OSC (P)/?t - Sat())a

where

osc (7,0,t0) = sup {|y (s) =7 ()] : 0 < s, ¢ < Ho; [t — 5] < 6}
and hg — hy is considered as a function on Dy.

Proof. Let r1, Ry, and d be as in Lemma 6.19. Lemma 6.15, combined with Proposition
6.8, shows that there is an upper bound for ¢, (Us) that depends only on r; and Ry. As
a result, Lemma 6.18 implies that there is a bound for |¢ (2)] restricted to gs (y¢) that
depends only on r1, Ry, d, and tg. Since hg = g0 gs, the first statement of the proposition
follows from Lemma 2.11.

Since hy = hg ¢t o hg, to prove the second statement of the proposition it is enough to

show that there is a ¢ < oo, depending only on D, v, and tq, such that

Hhs,t (2) —zHOO < c{l/osc('y,t—s,to). (6.11)
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Let fs¢ = Ihs(v) ¢st be the unique conformal map such that hs; = ¢st 0 fst,
dst = diam [hs (7 (s,?))], and r, R, and 7/ be as in Lemma 6.20. Note that by the Schwarz

reflection principle, ¢5+ can be extended to a conformal map on
RU {z : z or Z is in the image of f&t} .
For any z € H\hs (7¢), Lemma 2.12 implies that
| fst (2) — 2| < 3dsy. (6.12)

As a result, if ds; is sufficiently small, then the image of fs; restricted to B (05 (Us))
contains BZ‘\/@ (s (Us)) and the image of fs; restricted to BE (ps (Us)) is contained in
a half-disk centered at @5 (Us) with radius depending only on ds; and R. Since the first
part of the proposition shows that ds¢ — 0 as [t — s| — 0, it follows that there is a § > 0
and constants 4,/ds s < rs < R < Ry such that if [t — s| < §, then ds¢ < 1 and the image
of fs+ contains all z € H in the complement of A;:%R(S (ps (Us))-

For the remainder of the proof, we assume that |t — s| < § and let ¢ > 0 be a (changing)
constant that depends only on r, R, v/, and 6. Lemma 6.15, combined with the Koebe

distortion theorem, shows that there is an upper bound M; for ¢’s ¢ () restricted to

10/ 10+/ds 4
ws (Us) — —5,7 ws (Us) + TS

3

that depends only on r5 and Rgs. Lemma 6.17 implies that if z € R satisfies |z — ¢4 (Us)| >

dS,t _'_ A/ ds’t, then

Hi;Es](%Ds) (00, 2) — Hiij(%Ds)\hs(%) (00,2) < cdsyt. (6.13)
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Lemma 2.15 implies that if z € R satisfies |2 — @5 (Us)| > 3ds ¢, then

1— ’ < fl,(x) <1 (6.14)

Since Lemma 2.12 implies that

Ps (Us) -

10\/ dS t 10 ds7t
3 Y

fs,t ([905 (Us) _Sﬁa@s (Us)+3 ds,t > C 3 —, ¥s (Us)+

Corollary 6.9 and Proposition 6.3, combined with (6.13) and (6.14), show that for all z € R

104/d
such that |z — ¢s (Us)| > Lrs’t, we have

Pt () — 1‘ < cdgy. (6.15)

Using the second part of Lemma 6.17, we see that if © € R satisfies |z — ps (Us)| > 2R,

then

ER ER ed3,
Hy (Ds) (c0,2) — H (00, ) <

5 hs(Ds)\hs(7t) x27 ' (6.16)

Since Lemma 2.12 implies that
Fst (lps (Us) = 2R, 5 (Us) + 2R]) C [ips (Us) = 3R, ¢s (Us) + 3R],
using (6.13) and (6.16), we see that for all z € R such that |x — ¢4 (Us)| > 3R we have

cd?
G (@) = 1) < 5%, (6.17)

X

Let x € R and assume without loss of generality that x > ¢4 (Us). Since

lim (¢s¢(y) —y) =0,

Y—00
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using (6.15) and (6.17), we have

‘Qbs,t (:E) - I‘ = ylggo }(gbs,t (y) - y) - (Qbs,t (:E) - $>‘

i
[ (it -1) @
X
/ o [T dy
<4 d57tM5—|—3RCd8’t+Cds7t -5

3R Y
S C‘ / dS,t.

Combined with the first statement of the proposition and (6.12), this proves (6.11) and

hence the proposition in the special case that |s —t| < 4. Since if s < r < ¢, then both
osc (v, — s,tg) and osc (y,t — r,tg) are less than osc (7y,t — s,tp), the general case follows

from the special case and the triangle inequality. O]

Proposition 6.22. For any t > 0, there is a unique Uy € R such that

lm h(2) = @ (Up) = Uy,
z=7(t)

where the limit is taken over z € H\. Furthermore,

Oy = lim hs (v (1))

s—t—

and t — U 1s a continuous map.

Proof. Using Proposition 6.21, the proof is similar to the analogous proof for ¢; (see [12]).
]

The final ingredient in the proof of Theorem 6.14 is to show that for any z € D\~ the

map t — Hft(RDt) (ht (2), Ut> is continuous. We start by proving the analogous fact for

ity (e (). 0r).
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Lemma 6.23. Fiz 2 € D and let ty be such that z ¢ ~,. Then there are constants § > 0
and ¢ > 0 that depend only on v, D, z, and tg such that if 0 < s <t <tgandt—s <94,

then

‘Hi](%l)s) (hs (2), US) — Hfil(%Dt) (ht (2), Ut>) < cosc (v, t — s, tp).

Proof. Throughout the proof, all constants will depend only on D, v, 2z, and t3. Let

rst = osc(y,t — s,tp), dst be as in the proof of Proposition 6.21, and
r, = min {r, inf {dist (hs (2), U3> 0<s< to}} ,

where 7 is as in Lemma 6.20. Using Proposition 6.21, it is easy to see that there is a 47 > 0
such that if 0 <t — s < 61, then rs; < 1 and hs (v (s,t)) C B:/z (US>
z

Since Proposition 6.21 implies that

ds,t + 4 /ds,t =0 («4/T5,t) (6.18)

and |hgy (z) — 2| = O ((4/@), it follows that

hs,t ((78 + ds,t + \/Z,t) - hs,t (Us - ds,t - ds,t) =0 ( 4 Ts,t) .

As a result, there is a d9 > 0 such that if 0 < ¢ — s < dg, then hgy (v) € B: /9 (f]t> for all
z

x such that |x — s (Us)| < dst 4 +/dst. Let § = min {01,092} and for the remainder of the

proof, assume that 0 < ¢t — s < § and z = Us + dst + /dsy-

Lemma 4.8 implies that

]H{ftht) (e (2),0) = HER, ) (b (2) B (g;))‘ —0(ra). (6.19)
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Using Proposition 4.1, we see that

Wog ()| HER S (e (2) e (2)) = HERD oy (s (2,2 (6.20)

Using the chain rule, Proposition 6.8, and Proposition 6.3, we see that

W (@) = mH T D) (000 0hstr) (7)) Gy (2) = THI I g (000 )-

S

Since WH]??DS) (00,z) = 1, Lemma 6.17 and Proposition 6.21 together imply h;,t (x) =
1+0 ( /Ts,t)' Combining this with (6.20) and Lemma 4.7, we conclude that

H}i](%Ds)\hs(%) (s (2),2) = HiZ](RDt) (ht (2),hsy () = O (Ts1) - (6.21)
Next, using Lemma 4.9, we see that

Hi Doyt (s (), 2) = Hi ) (ha () .2) = O (V757) (6.22)

Finally, using (6.18) and arguing as in (6.19), we see that

H]i}(zDs) <h8 (Z) ’ Us) o HIZ?DS) (hS (z) ,:E) =0 ( v Ts,t) . (6.23)
Combining (6.19), (6.21), (6.22), and (6.23), the result follows. 0

It is not hard to see that the proof of Lemma 6.23 can be modified to show that the

constants ¢ and ¢ can be chosen uniformly over all z in a compact set.

Lemma 6.24. Fiz z € D and let ty be such that z ¢ Vto- Then the map

te Mt (e (2),0)
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is a continuous function on [0,tg).

Proof. Assume without loss of generality that v (0) = 0. Let

fr (w) = Hi](%Dt) (ht (w), Ut) = (w) + v (w)

and if s < ¢, let fs; == ft — fs and vgt = vy — vs. Let R be as in Lemma 6.20 and
R = max {diam (%0) ,R} . Finally, let 4 be a path in Dy, from z to i2R.
Lemma 6.23 and Lemma 2.16 imply that there is a 6 > 0 and ¢ > 0 such that if

|t — s| < 01, then the partial derivatives of v ; restricted to 4 are bounded in absolute value
4

by £ Osc(jl’t_s’t()), where d = dist (i, 8Dt0). As a result, there is a constant ¢ > 0 that

f;t (w)‘ < c%/osc (7,t — s,10)

depends only on 7, D, z and ¢ such that if |t — s| < 1, then

for all w € 4. It follows that if |t — s| < d1, then

Jst(2) = fsi (22}~%>‘ <cl Z\l/osc (v, t — s,10), (6.24)

where [ is the length of 7.

Ify > 2R, (2.4) implies that there is a ¢ > 0 such that the probability a Brownian
motion in H started at y leaves H\RD on OB;?r (0) is less than %Nz Lemma 6.23 implies
that there is a do > 0 and ¢ > 0 such that if |t — s| < d9, then the maximum value of

|vs,¢ (2)| restricted to GBE (0) is less than c{/osc (v,t — s,t). It follows that there is a

¢ > 0 such that if [t — s| < d9, then

) < c/osc (vt = s,t))

Vst (?/ Y

As a result, Lemma 2.16 implies that there is a ¢ > 0 such that if |t —s| < d9, then

4
7t7 at
CVOSC(;Q 10) e

the partial derivatives of vy (iy) are bounded in absolute value by
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conclude that there is a ¢ > 0 such that if |t — s| < d9, then

cy/osc (v, — s, 1)
y2

fia ()] <
for all y > 2R. Since ylgnéo fst (iy) = 0, it follows that if |t — s| < d9, then

o (28)] < [

Combining this with (6.24), the result follows. O

C%/OSC (’%t — 5, tO)
2R

fa (@'y)‘ dy < . (6.25)

We have everything we need in order to prove Theorem 6.14.

Proof of Theorem 6.14. Let f be the conformal map such that hssie(2) = f (z — (75> +

Us. Applying Proposition 6.13 to f, we see that for sufficiently small € > 0,

hste (2) = s (2) =hs,ste (hs (2)) = hs (2)
—— (s + ) = b)) M (s (2).0)

+ diam [y (s, s +€)][b(s+€) —b(s)]O(1).

Dividing this by € and taking the limit as € — 0, we see that h; (z) has right derivative at

s equal to
. > .
~b(s)HEE | <h5 (2), U5> .
Using Lemma 2.13 and Lemma 6.24, the result follows. O]

Up until now we have assumed that the curve 7 is parametrized such that b (t) is C'*.
While this was the most convenient parametrization to use when formulating and proving
Theorem 6.14, in applications we will often start with a curve that is only assumed to be

parametrized such that a (t) is C1. This will not pose a problem though because, as we
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now prove, the ER half-plane capacity is C1 if and only if the usual half-plane capacity is.

For the remainder of this section we will assume D € Y* and v (0) € 0D NR.

Lemma 6.25. b(0) ezists if and only if a (0) exists. If both quantities exist, then
b(0) = mHER (00,0 (0).

In particular, if D is a chordal standard domain, then a (0) = b(O)

Proof. Assume without loss of generality that 7 (0) = 0 and z € D for all z € H such that

|z| < 1. Let r = rad (y¢) and
Dt:{ZGDt:’Z‘<1}.

Define Tf to be the first time a Brownian motion in H exits H\~, 7'5 to be the first time

an ERBM in D exits Dy, X{ =Tm | By |, and X§ = Im | BER (75)|. Finally, define

1

T i0 T 4
M, (t) = / 't [XQ] sin g d

0

and observe that Lemma 6.12 implies
b(t) = 2r HET (00,0) My () [+ O (r4)], 74— 0. (6.26)

As a result, b (t) exists if and only if
(6.27)

exists.

Let Ef be the event that a Brownian motion started at z € Dy does not leave Dy on
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{z€H: |z| =1} and define
M (t) :/ E't¢ {Xﬁ;E{tez ] siné do.
0

We claim that the limit in (6.27) exists if and only if

exists and if both limits exist, then they are equal. Observe that
e’ [Xﬁ] _ greet? {XS;E?‘EM} N /O” el [ Xﬂ Hp, <Tt ¢t ei91> a0,
and that, using Proposition 4.5,
B (XS] = 2n HER (¢1,0) My (1) 1+ O (1)

for all ry < 1/2. It follows that if the limit in (6.27) exists, then

10
B[
t—0 t

exists and is a continuous function of #;. In particular, there is an upper bound for

0
B (X))
t

(6.28)

(6.29)

(6.30)

that is uniform over all 0 < 07 < 7 and ¢ sufficiently small. Since the remark following

(2.5) implies that

7.r . .
/0 H[)t (rtew,ewl> dfy
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is comparable to r; sin 6, it follows that

S Hp, (re® e ) B[] doy
lim = 0. (6.31)
t—0 t

Combining this with (6.29), it is easy to check that the limit in (6.28) exists and is equal
to the limit in (6.27).
If the limit in (6.28) exists, then using (6.29), (6.30), Lemma 4.7, and the remark

following (2.5), we see that there is a ¢ > 0 independent of ¢ such that

[ 0 0\ et [t :
My () — My (1) = / / Hyp (Ttel e 1)E [XQ] 9, | sin 6 do
0 0 ¢

< My (t) e,

for all ry < 1/2. Thus, for sufficiently small ¢, M7 (t) < 2M> (t) and as a result

M Mo (t
lim sup el < 2lim Tt—2<) < 00.

Using this, we can argue as before to show that (6.31) holds, from which it is easy using
(6.29) to show that the limit in (6.27) exists and is equal to the limit in (6.28).
Using (6.26) and our claim, it follows that b (0) exists if and only if the limit in (6.28)

exists and in that case,

(6.32)

Using Proposition 2.7, a similar argument as the one used to prove the claim shows that
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@ (0) exists if and only if

. 9
Jir Eree? {X{; foe ] sin 0 df

lim
t—0 t

exists. Since Brownian motion and ERBM have the same distribution in Dy, this limit is
the same as the one in (6.28). It follows that @ (0) exists if and only if the limit in (6.28)

exists and in that case,

2 Mo (t
0 (0) = 2 tim M2 (6.33)
T t—0 t
Combining (6.32) and (6.33), the result follows. O

Proposition 6.26. b(t) exists if and only if a (t) exists. If both quantities exist, then

b(t) = (Ur)*a(t).

Proof. Recall that v*(t) = hs(y(s+1)) and define a(t) = hcap (v*(t)) and 5 (t) =
heap? (% (1)) . Since heap®® (4% (1)) = b(s+1t) — b(t), B(0) exists if and only if b (t)
exists and if they both exist, then they are equal. Lemma 6.25 implies that & (0) exists if
and only if 3 (0) exists and, in that case, they are equal. Finally, since v (t) is the image
under ¢g of gs (7 (s +t)), Corollary 2.18 implies that & (0) exists if and only if a (s) exists

and if they both exist, then & (0) = ¢, (Us)? @ (¢). The result follows. O

108



1]

REFERENCES

Temps locaux, Astérisque, vol. 52, Société Mathématique de France, Paris, 1978, Ex-
posés du Séminaire J. Azéma-M. Yor, Held at the Université Pierre et Marie Curie,
Paris, 1976-1977, With an English summary. MR 509476 (81b:60042)

Lars V. Ahlfors, Complex analysis, third ed., McGraw-Hill Book Co., New York, 1978,
An introduction to the theory of analytic functions of one complex variable, Interna-
tional Series in Pure and Applied Mathematics. MR 510197 (80c:30001)

Martin Barlow, Jim Pitman, and Marc Yor, On Walsh’s Brownian motions, Séminaire
de Probabilités, XXIII, Lecture Notes in Math., vol. 1372, Springer, Berlin, 1989,
pp. 275-293. MR MR1022917 (91a:60204)

Robert O. Bauer and Roland M. Friedrich, Stochastic Loewner evolution in multiply
connected domains, C. R. Math. Acad. Sci. Paris 339 (2004), no. 8, 579-584. MR
2111355

, On radial stochastic Loewner evolution in multiply connected domains, J.
Funct. Anal. 237 (2006), no. 2, 565-588. MR 2230350 (2007d:60007)

, On chordal and bilateral SLE in multiply connected domains, Math. 7. 258
(2008), no. 2, 241-265. MR 2357634 (2009b:60292)

John B. Conway, Functions of one complex variable. 11, Graduate Texts in Mathemat-
ics, vol. 159, Springer-Verlag, New York, 1995. MR MR1344449 (96i:30001)

Lawrence C. Evans, Partial differential equations, Graduate Studies in Mathemat-
ics, vol. 19, American Mathematical Society, Providence, RI, 1998. MR MR1625845
(99e:35001)

Masatoshi Fukushima and Hiroshi Tanaka, Poisson point processes attached to sym-
metric diffusions, Ann. Inst. H. Poincaré Probab. Statist. 41 (2005), no. 3, 419-459.
MR 2139028 (2006d:60125)

Yisaku Komatu, On conformal slit mapping of multiply-connected domains, Proc.

Japan Acad. 26 (1950), no. 7, 26-31. MR 0046437 (13,734c)

Gregory Lawler, Oded Schramm, and Wendelin Werner, Conformal restriction: the
chordal case, J. Amer. Math. Soc. 16 (2003), no. 4, 917-955 (electronic). MR 1992830
(2004g:60130)

109



[12]

[13]

[21]

[22]

[23]

Gregory F. Lawler, Conformally invariant processes in the plane, Mathematical Sur-
veys and Monographs, vol. 114, American Mathematical Society, Providence, RI, 2005.
MR MR2129588 (2006i:60003)

, The Laplacian-b random walk and the Schramm-Loewner evolution, Illinois J.
Math. 50 (2006), no. 1-4, 701-746 (electronic). MR MR2247843 (2007k:60261)

_, Partition functions, loop measure, and versions of SLE, J. Stat. Phys. 134
(2009), no. 5-6, 813-837. MR 2518970 (2010i:60232)

, Defining SLE in multiply connected domains with the Brownian loop measure,
preprint (2011).

Gregory F. Lawler and Wendelin Werner, The Brownian loop soup, Probab. Theory
Related Fields 128 (2004), no. 4, 565-588. MR, 2045953 (2005f:60176)

Karl Lowner, Untersuchungen tber schlichte konforme Abbildungen des Finheit-
skreises. I, Math. Ann. 89 (1923), no. 1-2, 103-121. MR 1512136

Peter Morters and Yuval Peres, Brownian motion, Cambridge Series in Statistical and
Probabilistic Mathematics, Cambridge University Press, Cambridge, 2010, With an
appendix by Oded Schramm and Wendelin Werner. MR MR2604525

L. C. G. Rogers and David Williams, Diffusions, Markov processes, and martin-
gales. Vol. 1, Cambridge Mathematical Library, Cambridge University Press, Cam-
bridge, 2000, Foundations, Reprint of the second (1994) edition. MR MR1796539
(2001g:60188)

Steffen Rohde and Oded Schramm, Basic properties of SLE, Ann. of Math. (2) 161
(2005), no. 2, 883-924. MR 2153402 (2006f:60093)

Oded Schramm, Scaling limits of loop-erased random walks and uniform spanning trees,
Israel J. Math. 118 (2000), 221-288. MR 1776084 (2001m:60227)

Dapeng Zhan, The scaling limits of planar LERW in finitely connected domains, Ann.
Probab. 36 (2008), no. 2, 467-529. MR 2393989 (2009d:60114)

, Reversibility of whole-plane SLE, arXiv:1004.1865v2 (2010).

110



	Abstract
	Acknowledgements
	Introduction
	Motivation and Results
	Outline of the Paper

	Background Material
	Some Notation
	Poisson Kernel for Brownian Motion
	Some Brownian Measures
	Green's Function for Brownian Motion
	Chordal Loewner Equation

	Excursion Reflected Brownian Motion
	Definition
	Excursion Reflected Brownian Motion in C"026E30F D
	Excursion Reflected Brownian Motion in Conformal Annuli
	Excursion Reflected Brownian Motion in Finitely Connected Domains
	A Markov Chain Associated with ERBM
	Excursion Reflected Harmonic Functions

	The Poisson Kernel for ERBM
	Definition and Basic Properties
	Some Poisson Kernel Estimates
	Conformal Mapping Using HDER(,w)

	The Green's Function for ERBM
	Definition and Basic Properties
	Proofs of formulas (3.3) and (3.4)
	Conformal Mapping Using GDER(z,)

	A Loewner Equation for Chordal Standard Domains
	The Complex Poisson Kernel for ERBM
	The Chordal Loewner Equation in Chordal Standard Domains

	References

