CENTER-STABLE MANIFOLD OF THE GROUND STATE IN

THE ENERGY SPACE FOR THE CRITICAL WAVE EQUATION
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ABSTRACT. We construct a center-stable manifold of the ground state solitons
in the energy space for the critical wave equation without imposing any sym-
metry, as the dynamical threshold between scattering and blow-up, and also
as a collection of solutions which stay close to the ground states. Up to energy
slightly above the ground state, this completes the 9-set classification of the
global dynamics in our previous paper [14]. We can also extend the manifold
to arbitrary energy size by adding large radiation. The manifold contains all
the solutions scattering to the ground state solitons, and also some of those
blowing up in finite time by concentration of the ground states.
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1. INTRODUCTION

We study global dynamics of the critical wave equation (CW)
. 2d
U—Au: lu = u2 _21,1,7 2* ==,
- () = o =
u(t,z): I xRY >R, ITCR, d=3orb,

in the energy space’
(1.2) ii(t) = (W)) H = (R x L2(RY).
u(t)
Henceforth, the arrow on a function (t) indicates the vector @(t) = (u(t),u(t))

given by a scalar function u(t). We do not distinguish column and row vectors.
The above equation (CW) is in the Hamiltonian form

_, L 0 1
(13) U = JEI(’U/), J = (1 0) ,
and so the energy or the Hamiltonian
2 \V4 2 o*
R4 2 2

is conserved. Another important conserved quantity is the total momentum

(1.5) P(i(t)) := / aVudz.
]Rd
The Nehari functional
(1.6) K (u) ;:/ Vul? — |u? dz
Rd

plays a crucial role in the variational argument. (CW) is invariant under translation,
the Lorentz transform, and the scaling

(1.7) u(t, ) — uy(t, z) == A2yt M),

which also preserves the energy FE(uy) = E(u), making (CW) special and critical.
It also gives rise to the ground state solutions in the explicit form

|(E|2 :|1—d/2

(18) Wa(z) := X2 W(ax), W(z):= {1 +

VA >0, —AW,+ f(W,) =0,
which has the minimal energy among all the stationary solutions. The scale and

translation invariance of (CW) generates a family of ground states as a smooth
manifold in H with dimension 1 + d:

Wae(@) = X 2TW Nz —¢)) = —AWre+ f/(Wae) =0,

(1.9) .
Static(W) = {W)\,c S H | )\ > 0, [AS Rd}

IThe exclusion of d = 4 is by the same reason as in [14], namely to preclude type-II blow-up in
the scattering region by [6]. The argument in this paper or [14] is not sensitive to the dimension.
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Then the Lorentz invariance generates a family of solitons on a smooth manifold in
‘H with dimension 1 + 2d:
(1.10) u(t, x) = Wx,c,p(i, w) = Wictpe (@ + ((p) = Dplp| p-2) = (CW).
Sotiton (W) 1= {Wxcp(0) € H | A >0, c€RY, pe R}
Other types of solutions are the scattering (to 0) solutions with the property
(1.11) JpeH, ||ult) —U)ellyu =0 (t— o)

where U (t) denotes the free propagator, defined as the Fourier multiplier

— tv]) V[ tsin(t|V]) —
(1.12) U(t) = (CVO|Ssin(t|V|) cos?t\V\) ) V] == V—A,

the norm blow-up (called type-I blow-up in [8])
lim sup ||u(¢ = 00,
(1.13) m sup [[a(®)]l2
and the more subtle type-II blow-up, for which ||@(¢)||3 is bounded but «(t) fails

to be strongly continuous in H beyond some t < co.
In [14], the authors gave a partial classification of dynamics of (CW) in the region

(1.14) E(@) < \/(E(W) +€2)2 + |P(a)[2

for a small € > 0, which is, by the Lorentz invariance, reduced to the region
(1.15) E(ii) < E(W) + &2

It was proved that if uw € C([0,74);H) is a strong solution up to the maximal
existence time Ty € (0, o0], which does not stay close to the ground state solitons
near t = T, then u either blows up away from the ground state solitons, or it
scatters (to 0) as t — oco. We have the same for ¢t < 0, and moreover, the 2 x 2
combinations of scattering and blow-up in ¢ > 0 and in ¢ < 0 respectively are realized
by initial-data sets in H which have non-empty interior. The key ingredient for proof
is the existence of a small neighborhood of the ground states such that any solution
exiting from it can never come back again, called the one-pass theorem.

A missing piece in the above result of [14] is the global dynamics around the
ground states, compared with the corresponding results for the subcritical Klein-
Gordon equation [21] and for the Schrédinger equation in the radial symmetry [20],
where we have 3 x 3 complete classification of (1.14) including the scattering to
the ground states on a center-stable manifold of codimension 1.

On the other hand, there have been many papers [16, 17, 9, 10, 4, 1, 3] for
(CW) constructing various types of solutions around the ground states, including
center-stable manifolds in some stronger topology than the energy space, on which
the solutions scatter to the ground states, type-II blow-up at prescribed power law
rate or with eternal oscillations between such rates, type-II blow-up at time infinity.
The latter phenomena clearly distinguish (CW) from the dynamics of the subcritical
equation.

In this paper, we construct a smooth center-stable manifold of codimension 1 in
the energy space, which embraces all the solutions scattering to, or staying close to
the ground state solitons. Indeed the last property is the defining characterization of
the manifold. Plugging it into the result in [14], we complete the 3 x 3 classification
for (CW) in the region (1.14), which is now described.
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Denote H-distance to the ground states by
(1.16) distw () := nf{[|a@(t) = ¥lls | ¥ or =¥ € Stasic(W)},
and the time inversion for any initial data ¢ € ‘H and any initial data set A C H by
(1.17) ¢l = (p1,—p2), AT:={p" | p € 4}.

Theorem 1.1. There exist positive constants ¢ < § < 1 < C, and an unbounded
connected C* manifold M C H with codimension 1 satisfying the following. Siatic(W)
C M is tangent to the center-stable subspace of the linearized equation at each point
of Static(W). M is invariant by the flow, translation, rotation and the H-invariant
scaling. Let u be any solution with E(i@(0)) < E(W) +¢&2, and let T € (0, 0] be its
mazimal ezistence time. Then we have only one of the following (1)-(3).

(1) 4(0) ¢ £+M, T = oo and tlim ||@(t) — U(t)||2 — O for some free solution v.
(2) 4(0) € M, T < oo and lim disty (d(¢t)) > & > Ce.
t—T

(3) 4(0) € =M and thjn%distw(ﬁ(t)) < C\/E(@)— E(W).

Let Ay, Ag, A3 be the corresponding sets of the initial data @(0). Then AN AI is a
non-empty open set. A N A;, Ao N AI and As N A; have non-empty interior. Ay
and Ay have non-empty interior in =M% in the relative topology. M N MT C H is
a connected C' manifold with codimension 2. M N —-M =0 = Mt n—-M.

The above case (3) also contains blow-up solutions, but they are distinguished
from (2) by the asymptotic distance from the ground states. By the characterization
of type-II blow-up by Duyckaerts, Kenig and Merle [6, Theorem 1], in case (3) with
T < oo, there are a smooth (A, c) : [0,7) — (0,00) x R? and ¢ € H such that

(1.18) A(t) = oo, |[ii(t) — W)\(t),c(t) —Jllu—0

as t /' T. The gap between Ce and ¢ is actually huge in the proof. The above
theorem except for the existence of M was essentially proved in [14].
Next we can exploit the Lorentz transform to include all the ground state solitons.

Theorem 1.2. There exist a small constant € > 0, a connected C* manifold My, C
H with codimension 1, and two open sets O1,02 C H satisfying the following.
MU Sgiiton (W) C M. Soliton(W) C O1 C O1 C Oz. My, is invariant by the flow,
translation, H-invariant scaling and the Lorentz transform. Let u be any solution
with E(@(0)) < /|E(W) +¢e22+ |[P(@(0))]2 and let T € (0,00] be its mazimal
existence time. Then we have only one of the following (1)-(3).

(1) 4(0) & £Myp, T = o0 and tlim lE(t) — 0(t)[|w — O for some free solution

—00
v.
(2) @(0) ¢ £My, T < oo and ii(t) € 04 for all t near T.
(3) 4(0) € £My, and i(t) € £0; for allt near T.

The initial data sets and My, enjoy the same properties as in the previous theorem.

The manifolds M and M, are center-stable manifolds of Static (W) and Sejiton (W)
respectively, but they contain solutions blowing up in finite time. The invariance
by the flow should be understood that the solutions starting on the manifold stay
there as long as they exist, and similarly for the Lorentz transform. Again by [6],
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in case (3) with 7' < 0o, we have a smooth (\,c), p € R? and ¢ € H such that, as

t /T,
(1.19) A(t) = oo, [Ju(t) — W)\(t),c(t),p —¢|ln — 0.

Our argument to construct the center-stable manifold is somehow similar to the
numerical bisection in [24, 2], where the center-stable manifold was searched for as
the threshold between scattering and blowup. Indeed, our proof does not touch the
delicate dynamics of those solutions on the manifold, but relies on the behavior of
those off the manifold. In particular, we do not need any dispersive estimate on
the linearized operator as in [16, 21, 20, 1], which makes our proof much simpler.
In this respect, it is similar to [22] in the subcritical case. On the other hand,
the criticality or the concentration phenomenon forces us to work in the space-time
rescaled according to the solution itself. For that part we employ the same argument
as in the previous paper [14].

The next question is if we can remove the energy restriction (1.14). Concerning
it, Duyckaerts, Kenig and Merle [8] recently established an outstanding result of as-
ymptotic soliton resolution for d = 3: Every solution with radial symmetry is either
type-I blow-up, or decomposes into a sum of ground states with time-dependent
scaling and a free solution

N
(L20) 3N 20,30, I e Jim 170~ 1 W00 - Vel =0
<

where T is the maximal existence time of u. Given this expansion, one might expect
that the dividing manifold of dynamics could be extended as the collection of all
such solutions with N > 0. However, it is very hard to prove such a statement
even if we know the above asymptotics, because of the instability of the ground
state. Moreover, one can easily observe that the above naive guess is not correct
when 7' < oo and the energy is larger, as one can construct such blow-up solutions
in the deep interior of blow-up solutions, by using finite speed of propagation (see
Appendix A).

Instead of pursuing that approach, we extend our center-stable manifold globally
by adding large radiation, thereby including at least all solutions (1.20) with N =1
and T = oo, as well as some of them with T" < co. A simple procedure is proposed
to reduce the analysis to the previous case E < E(W) + €2 by detaching large
radiation, which relies on the asymptotic Huygens principle, valid for all d € N and
without radial symmetry. The extended manifold splits the energy space into the
scattering and blow-up regions locally around itself, although the entire dynamical
picture is still far beyond our analysis.

Theorem 1.3. There exist a connected C* manifold Mp C H with codimension 1
and two open sets Oz, 04 C H satisfying the following. My C Mp. Saiiton(W) C
O3 C O3 C O4. Mp is invariant by the flow, translation, H-invariant scaling and
the Lorentz transform. Let u be any solution with @(0) € Os. Then we have only
one of the following (1)-(3).

(1) @(0) € £Mp, T = o0 and tli}m |E(t) —F(t)||2 = O for some free solution v.

(2) @(0) € £Mp, T < oo and ii(t) € £04 for t near T.
(3) @(0) € £EMp and u(t) € £03 for all t near T.
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If u € C([0,00); H) is a solution satisfying
(1.21) Jim [[47(8) = W) .ew.p) — 90l = 0,
for some (A, ¢, p) : [0,00) = (0,00) x R*2? and a free solution v, then @(0) € Mp.

More detailed statements are given in the main body of paper.

This paper is organized as follows. In the rest of this section, we introduce some
notation and coordinates, together with a few basic facts and estimates, mostly
overlapping with the previous paper [14].

In Part I starting with Section 2, we deal with the solutions with energy slightly
above the ground state. The center-stable manifold is constructed as a threshold
between scattering and blowup, which completes the 9-set classification of dynamics,
in a form similar to the subcritical case [21]. The main new ingredient is the ignition
Lemma 2.2, which roughly says that for any solution staying close to the ground
states, any arbitrarily small perturbation in the unstable direction eventually leads
to the ejection from a small neighborhood as in the ejection lemma of [14]. These
are extended by the Lorentz transform in the end of Section 3.

In Part IT starting with Section 4, we extend the results in Part I to large energy
by adding out-going radiation. The extended manifold contains all the solutions
scattering to the ground state solitons, while it is still a dynamical threshold between
the scattering and the blowup. The main ingredient is the detaching Lemma 4.4,
which allows one to detach out-going radiation energy from a solution to produce
another solution with smaller energy but the same behavior. We also extend the
one-pass theorem of [14] by allowing out-going large radiation.

1.1. Strichartz norms and strong solutions. For any I C R, we use the
Strichartz norms for the wave equation with the following exponents

(1.22)
Sty := LI (I; BY/3(RY), Sty := LIn(I x RY),  St% = LI (I; BY/%(RY),
Stp — Lgd+2)/(d—2)(l; L2(d+2)/(d72) (Rd)) (d < 6),

St(I) := Sty(I) N St NSty(I), g5 = %, G = %,

where ¢’ := q/(q¢ — 1) denotes the Holder conjugate. Slightly abusing the notation,
we often apply these norms to the first component of vector functions such as

(1.23) | (v1, v2)llsecry == llvilsecr)-

The small data theory using the Strichartz estimate implies that there is a small
€g > 0 such that for any 7' > 0 and ¢ € H satisfying

(1.24) i(t) == U(t)p = |vllse,.0m) < €s,
there is a unique solution u of (CW) on [0,T) satisfying

(1.25) @(0) = ¢, ||@ =T Loor(o,r) + llu—vllseo,r) S I (W)llsez 0,1
' S lulide fom 1ullse. o) < ullso.ry ~ [vllsio.r,
which is scattering to 0 if 7' = co. The uniqueness holds in

(1.26) {@e C0,T);H) | VS € (0,T), u e St(0, )},
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and a solution u in this space can be extended beyond T < oo if and only if
l|lullst,, 0,7y < co. For any interval I C R, we denote by

(127) Solution(-[)

the set of all solutions w of (CW) on I such that @ € C(J;H) N St(J) for any
compact J C I, and that u can not be extended beyond any open boundary of I.
For example, @ € Soution([0,T)) with T' < oo means that u is a solution in (1.26)
with ||ul/g¢0,7) = 00, so that it can be extended to ¢ < 0 but not to ¢t > T, whereas
@ € Solution([0, T]) means that u is a solution in C([0,T]; H) N St(0,T), which can
be extended both to ¢ < 0 and to ¢ > T. Hence, if I is an open interval, then I is
the maximal life for any u € Sejution (I)-

1.2. Symmetry, solitons and linearization. The groups of space translation
and scaling are denoted by

Teo(z) =gz —c) (ceR?),
S7(p1, ) (@) = ("W Doy (), €72 pa (¢ ) (0 € R),

and for any a € R, (S7¢)(z) := e?(¥/2¥9) p(e72). Their generators are 7' = —V,
S'=98,®8), and S, =70, +d/2+ a. For any @i € Sejution(I) and (o,c) € R1TE

(1.29) TeS7(e7t) € Sottion(€~1).

(1.28)

The linearization around the ground state W is written by the operator
(130)  Lyi=—A— (W), f'(W)=(2 —1)(1+[z2/(d(d - 2)))?,
as well as the nonlinear term
(1.31) N(v) := f'(W +0v) = f'(W) = f"(W)v = O(v?).

The matrix version of the linearization is given by JL with

(1.32) L= (L0+ (1)) , J= (01 é)

The generator of each invariant transform of (CW) gives rise to generalized null
vectors, namely with A = 5", or 7' = -V,

AW 0 AW
. se(W) <o ae(5) ()
It is well known that for the ground state W, there is no other generalized null
vector. Note however that AW is not an eigenfunction but a threshold resonance,

i.e. AW ¢ L? for d < 4. Besides L;'(0) = {VW} and the absolutely continuous
spectrum [0, 00), L4 has only one negative eigenvalue and the ground state,

(1.34) Lip=—kp, 0<peH*RY), k>0, [pl2=1,
for which the orthogonal subspace and projection are denoted by
(1.35) Hi={peM|(plp)=0€R?}, PL:=1-p(p|.

Henceforth, the L? inner product is denoted by

(1.36) (plv) = Re | olaila)da € R
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and for vector functions

(01, 02)|(Y1,92)) == (prlt1) + (p2lib2) € R,
((p1, 02)|1) := ((1]), (p2l¥)) =: (¥[(p1, p2)) € R?,

which may be applied to column vectors as well as higher dimensional vectors.
Throughout the paper, a pair with a comma (-,-) denotes a vector, but never an
inner product.

(1.37)

1.3. Coordinates around the ground states. We recall from [14] our dynamical
coordinates for the solution @ around the ground states Static(W):

(1.38) ii(t) = TWST W +o(t), w(t) = A(t)p+ (1), {iﬁg _ féfil'ff’

where v(t) = (v1(t),v2(t)) € H does not generally satisfy va(t) = 01(¢) because of
the modulation (o(t),c(t)). The unstable and stable modes are denoted by AL:

k 1 1
1.39 Ap=A A_g_, Ay = \/7)\ T4/ =X = ——(1, %k
( ) Y +9+ + 9g—, + 9 1 2%k 2y g9+ \/ﬂ( ) )pa

for which we introduce linear functionals Ay : H — R by

1
1.40 Asp = — (| (k, £1)p) = (J 7
(1.40) £+ mm( o) = (Jo| F g%)
so that we have
(1.41) v=~Ar(v)g+ +A_(v)g- + Prv.

If 4(t) is close to Static(WW), then we can uniquely choose (o(¢), c(t)) such that the
orthogonality condition holds?

(1.42) RS (a(t), u(t)) = (o1 (t)[(S5, T")p) = 0

by the implicit function theorem. Note that it is not preserved by the linearized
equation, since neither S{p nor T'p is an eigenfunction of L. The linearized energy
norm F is defined on the entire H by

[l = k22T + X3 + (L) + lof? + |uf® ~ vl
(1.43) = [k(uilp)|* + [{v2|p)|* + (LPLV[v) + [(71]Sop) 2 + (0| T'p) [
= kA [? + KA-|? + (LPLofv) + [(01] Spo)|* + [(v1 [T p) .

See [14, Lemma 2.1] for a proof of the equivalence to H.

Note that all the above are static operations in H defined around Siatic(W).
More precisely, we define the bi-continuous affine maps ®, . : R?* x #; — H and
VU, .:H — H for each (o,c) € R4 by

(1.44) Dye(NY) = VoeMp+7), Voe(v) = TST(W +0).

For any § > 0, define open neighborhoods of 0 and S¢atic(W) in H, by

(1.45) Bs = {U EH | HU”H < 5}) N§ = U \I}U,C(B(?) C H.
(o,c)cR1+d

Then {(¥5,c(B5), ¥, 1)} (o,cperi+e is an atlas for the open set Ny C H. Here is a
precise statement on the orthogonality (1.42)

2The sign of p is switched from [14] for better notational symmetry.
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Lemma 1.4. There exist 65 € (0,1) and a smooth map (5,¢) : N5, — R such
that for any (o,c) € R and ¢ € ¥, (Bs,), we have (V1 (p)1](Sh, T')p) = 0 if
and only if (o,¢) = (6(p),¢(p)), and moreover

(1.46) 5() = ol +e7[ele) — e S NPLYZ (@)l
Proof. For any v = Ap +v € Bs and (0, c) € R'T4 define (, p) : R1T4 — R4 by
(e, 1) (s,) = (U, (Vo (¥)](So, T')p)
= (ST T D W + ) = WI(Sp, T')p),
where we used the identity 7¢S7 = S77T¢"¢. Hence we have
(e, ) (o, )| = [(nl(So, TN < Il S0,
(1.48) Os(0, 1) = (W + [T 577781 (S5, T')p)
= (=bw,0) +O(5+ |s —o| + €|y — ¢|),
where by := (S, W|Shp) = k=2(2* — 1)(2* — 2)(W? =3(S"_,W)?|p) > 0 (see [14,
(2.26)] for the identity), and
=70y (ay 1) = (W + 4 [T/ T 098377 (S5, T')p)
=—(0,awI)+ 00+ |s —o| + ey — ),

where aw = (—AW|p)/d = (f'(W)|p)/d > 0 and I denotes the identity matrix
acting on R%. Then the implicit function theorem implies that there is a unique
(s,y) € R such that

(1.50) (,p)(s,9) =0, |s—o[+ely—cl S lnlm <0,

(1.47)

(1.49)

provided that § > 0 is small enough. Since («, u) is obviously smooth in v, the
implicit function is also smooth in ¥, .(Bs). For the uniqueness on N, suppose
that U, .(v) € ¥, ,(Bs) for some (s,y) € R4 then

(151) 6 2 [1We,e(0) = Wey (0)[|3¢ = (TS = TVS*)Wlls ~ |s — o] + €|y — c].
Hence the uniqueness on N follows from the implicit function theorem. O
For brevity, we define .7, : H — H for ¢ € Ns,, and X: N, — R2 by

(1.52) Ty =TS Np) == (T, (0) = Wlp),

and similarly Ay : N5, — R.

Remark 1.1. ®, . and ¥, . are not smooth in (o, ¢) for the v component, since the
derivative in (o, ¢) induces &’y and 7', which are not generally in H. Indeed @, .
is continuous for (o, ¢) at each fixed point on A, but not uniformly on any ball in .
In [22] this was remedied by introducing a topology (“mobile distance”) in which
translations are also Lipschitz continuous. Instead of that, we will fix (o, c) with
respect to perturbation of the initial data, even though we modulate it in time.

Next we change the time variable from ¢ to 7 by

(1.53) 7(0) = 0,

2L o)

it~ ¢

Then we get the equation of v as an evolution in 7:
00 =JLv~+ N(v1) — Z(W +v),

(1'54) ﬂ(@) .= (07]\/'(50))7 7 = (Zl, Zz) = 0’7—8/ +e%¢, 'T/a
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and differentiating the orthogonality condition (1.42) yields
0= Bra = (0,01]S4) = (2lShp) + € cr (01T Shp) — oo lbwr — (011} Sho)]:
0= 0, = (Drr|T'p) = (72| T'p) — s law ] — (1 |Vp)] + o7 (01]S1T" ).
Hence, as long as v; is small,

(7o) = (st ) ()

— 1+ 0l (721580,

This is linear in v (or 7), because the orthogonality (1.42) is not preserved by the
linearized equation, a notable difference from the standard modulation analysis in
the subcritical case. In the original time ¢, it yields

(1.56) (7701, ct) = (14 O([[oall 2)) (2l (Sop/bw, T'p/aw))-

For the eigenmode we have

oA (2 o) A= (@ula) + 0l

(1.55)

(1.57)
(Aot o(a+ ) e Ao +o0r N

N (kz)q + (N(v1) — 2272|P>) N </€2/\1 + (N(v1) — Z2’72|P>> ’
where we used @ = 0 = p only in the last step, since we will consider the case
(o, ) # 0 as well. In the unstable/stable modes, the equation reads

2k

We also recall the distance function dy : H — [0, 00) defined in [14], which satisfies
dw (o) ~ distw (¢), and, for some constant dg > 0, if dw (¢) < dg then +p € N,
and

k 1
(158) 9. AL = +ks + \/;[O’T(a + A1) Fefcru] £/ = (N(v1) — Zoyal|p).

(1.59) dw (9)* = E(p) = E(W) + kX1 (£¢)°

for either sign =+.

Part I: Slightly above the ground state energy

In the first part of paper, we study the global dynamics in the region E(u) <
E(W) + €2, and its Lorentz extension, completing the picture in [14] with a center-
stable manifold and the dynamics around it.

2. CENTER-STABLE MANIFOLD AROUND THE GROUND STATES

First we construct a center-stable manifold around the ground states Static(W).
This will be later extended in three ways:
(1) By the backward flow, to the region E < E(W) + 2,
(2) By the Lorentz transform, to the region E < /E(W)2 + ¢ + |P(1)|2
(3) By adding large radiation, which may have arbitrarily large energy.
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In order to define the manifold as a graph of (A_,~) — A4, we define
B = {Ar €R[[Arg+]u <6},

(2.1)
By :={A-g-+7[A €R, yeHL, [A-g- +7llu <d},

then Bs,c C B;ng @ Bs C Bes for some constant C' > 1. The corresponding
neighborhood of Siatic(W) is denoted by

(22)  Noys = {Woclhigs +9) | (0,0) € R A, € B, o€ By}

Theorem 2.1. There exist constants 6,,,0x > 0 satisfying §,, < éx < dp and
dm < €5, and a unique C* function m : Bs — B;{” with the following property.
Let Ay € Bg:n, @€ B, (0,¢) e RM, T >0 and @ € Sowtion ([0, T)) with @(0) =
U, c(Args + ). Then we have the trichotomy:
(1) If Ay > m4(p), then u blows up away from the ground states. More pre-
cisely
(2.3) T < o0, ll?}l%lf dw (1(t)) > ox
or lim inft/T diSth* (U(f), Static(W)l) > O, -

(2) If \x = my(p), then wu is trapped by the ground states. More precisely,
dw (t(t)) is decreasing until it reaches

(2.4) dw (@(t))* < 2(B(u) — B(W)) < 2dw ((0))* < llell3,,
and stays there for the rest of t < T.
(3) If \y <my(p), then u scatters to 0. More precisely,
(2.5) T =00, Fpoo €M, lim [[u(t) = U(t)pooll = 0.

Moreover, in the cases (1) and (3), there exists Tx € (0,T) such that
0<t<Tx = dw(d(t)) <dx, Tx <t<T = dw(ut)) > Ix,

2.6 ~ ~

20 A (i@(Tx)) ~ M(u(Tx)) ~ =K (u(Tx)) ~ +dx,

with the sign + for (1) and — for (3). In addition, m(0) = m/,(0) =0 and
(2.7) m (") = mi ()] S (e o+ 1921500l = @2 e

Obviously, the three asymptotics in (1)—(3) are distinctive. From the preceding
results around the ground states, we know that the case (2) contains type-II blowup
and global solutions scattering to the ground states. Type-I blowup is contained in
the case (1), but it may also contain type-II blowup. (2.6) comes from the one-pass
theorem proved in [14].

Thus we obtain a manifold of codimension 1 in H:

(2.8) Mo = {Toc(mi(@)gs +¢) | ¢ € B5, . (0,¢) € R}

which contains Sgai.(W) and is invariant by the forward flow within N
also invariant by 7 and S by definition.

Then (2.7) implies that it is tangent to the center-stable subspace of the lin-
earized evolution at each point on Siatic(W) = {Us.(0)}5,c C My, and that M
is transverse to its time inversion M|, since  — ! exchanges A\ and A_. More
explicitly

(2.9) Mo n/\/QJ = U o c{(X7) | (As,7) € stm, A =my(Azg4 + (71, £72))}
(o:0)

. It is

m ;6m
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is a local center manifold of codimension 2, on which every solution u satisfies
(2.10) O Z dw (@(t)) > [A(i(1))|

all over its life, though it is not necessarily global. Obviously, MJ(S is relatively
closed in My, splitting it into two non-empty, relatively open sets where A_ >
my(Argy +77) or A <my(Aygr +~7). The solutions starting from the first set
blow up away from the ground states in ¢t < 0, while those starting from the second
set scatters to 0 as ¢ — —o0.

A C* functional My : N, 5. — R is defined such that Mo = M'(0), by
putting

(2.11) My(p) =My —mi(A_g-+7), ¢ =Pxy)a) (M)

It is clearly non-degenerate in the direction g4 by (2.7). Moreover, M, > 0,
My =0 and My < 0 respectively give the trichotomy (1)—(3).

The proof of the above theorem goes as follows. First we observe that if ||¢||x <
|[A4| < 1 then we can apply the ejection lemma and the one-pass theorem from
[14], and obtain (1) for Ay > |¢|l3 and (3) for =Xy > |[|¢|ln. Moreover, the
ejection lemma implies that every solution ejected at ¢t = T'x from a small neigh-
borhood of Static (W) is categorized either in (1) with A4 (@(Tx)) > 0, or in (3) with
X4 (@(Tx)) < 0. So each set of such initial data is open in 7. Hence there is at
least one Ay in between, for which the solution is never ejected, i.e. the case (2).
The uniqueness of such A, follows also from the instability of W, or the exponential
growth of the unstable component Ay for the difference of two solutions. The next
section is devoted to its estimate, which is essentially the only ingredient in addition
to [14].

As in [22], we abbreviate the differences by the following notation:

(2.12) aX” = X' X% aF(X"):=F(XY - F(X9),
for any symbol X and any function F.

2.1. Igniting the unstable mode. In this subsection, we prove the following: For
any solution trapped by the ground states, an arbitrarily small perturbation leads
to the ejection from the small neighborhood unless the perturbation is almost zero
in the unstable direction. More precisely,

Lemma 2.2 (Ignition lemma). There exist constants 0 < 1 < 1 < Cp < oo with
the following property. Let T >0 < 1 < 11, @° € Sotution([0,T)), (s,y) € R4 and
o € H satisfy @°(0) € Vg, (B,),

(2.13) lldw (@)l Lee 0,y < ¢, Crellella < [Avel,  lllla < .
Then there exist t; € (0,T), Ay € R, and @' € Solution([0,t1]) such that
@' (0) = @°(0) + T¥S*p,
(2.14) 1@ = @ Lo 0,570 = @ (1) = @ (1)l = ¢ ~ Ay sign(Ay ),
[@°(tr) = @' (tr) = Tao A gl S ™.
In particular, we have

(2.15) dw (@ (1)) + dw (@' (t1)) ~ 3.
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This lemma is proved by exponential growth in the unstable direction of the
difference u® —u' in the rescaled coordinate for u°. It may take very long depending
on the initial size of the perturbation, but in the rescaled time 7, where the solution
u? is (forward) global in both the scattering and the blow-up cases. The difference
is estimated mainly by the energy argument, rather than dispersive estimates. The
nonlinearity is too strong to be controlled solely by Sobolev, for which we employ
Strichartz norms which are uniform on unit intervals of 7.

Hence the main idea is similar to [22], but we do not use the mobile distance, but
instead the same modulation parameters (o(t),c(t)) for both v° and u!, in order
to avoid destroying the energy structure for the difference. This is indeed much
simpler, whereas the former idea seems hard to apply in the critical setting because
of the change of time variable.

The main difference from the ejection lemma in [14] is that there is no bound
on the time for the unstable mode to grow to some amount, and we estimate the
difference of two solutions rather than the difference from the ground state. In
particular, the equation for the difference naturally contains linear terms coming
from the nonlinearity, which prevents us from a crude Duhamel argument as in [14].

Before starting the proof, we see that the Strichartz norms can be uniformly
bounded on unit time intervals in the rescaled variables:

Lemma 2.3 (locally uniform perturbation in St;). There is a constant n; € (0,1]
with the following property. Let T > 0 < 6 < 1, @ € Solution ([0, T)),

_, dr
U(t) = Vo,cyv(7(t)), I

lo(0) I3 + le= @’ ()] + 1€/ (8)] < 6,

010 )=, +0) =0,
for0 <t <T. Then we have 7(T) > n; and
(2.17) [vllssnrot(o,m) < 6.

Moreover, if Sotution ([0, 1)) 3 @' (t) = Wo(r),cryv* (1(t)) satisfies ||a*(0) —a@(0)l4 <
m, then we have T(T*) > n, and

(2.18) [0} = vllsenLoen(om) S 1@(0) = @(0)]-
Proof. We obtain from the inequality on (¢’,¢’) that
(2.19)  [e7® — 7O < 7@ /4 < 7@ /2 o (t) — a(0)] + " Dle(t) — ¢(0)] < &

for 0 <t < e /4, Let WO := TS OW and @(t) := @(t) — W°. Then we
have

(2.20) W0 lse0,.e=o0rm) = W llseco.my S '/
for 0 < n < 1, and w solves on (0,7T)

(2.21) (02 — Ayw = f/(W° + w) — f/(WO).
Hence by Strichartz we have for small n > 0

”u_j - U_}'F”StﬁLOOH(O,e*”(O)n) < ”w”St(O,e*f’(O)n)

(2.22) B
~ l[wrllsyo,e-=© ) S 10(0) [l = [[v(0)[|2¢,
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where g := U(t)w(0) = U(t)v(0). In particular there is some n; < 1/8 such that
the above estimates hold for n < 21, and so 7(T) > 7(2¢=7(® ;) > n,. Under the
scaling property

(2.23) 1/p+d/q—s=4d/2—1,
we have, for any 7" € (0,7T),

T/
1900 gy = [ IO,
(2.24) . 0
= / ITOS7 o (r(O) 5, dt = llur = TOSTPWIL, .

and similarly for vy and in LH. Hence putting 7/ = 7 (n;) < 2=y,
(2.25)

HUHStmeH(O,m) < HU7||SmLooH(o,T/) + (T8 - TC(O)SU(O))WHSmLOOH(O,T’)7
and the last norm is bounded by
(2.26) (T — I)SJW”StﬂLOCH(O,T’) + (877 — I)SJ(O)W”SmeH(o,T')

S lele =)+ |o = a(0)lllz= 0,7 S 0,

which concludes the estimate on v.

For the difference, the same change of variable as in (2.24) yields for 77 € (0,7
(2:27) [0} = vllstnLoen(o. @y = 1T = @llsinzoono.r)-
Since HU”St(O’T—l(m)) + ||17:(0) — ﬁl(O)HH <1, we have Tt > 7'71(77[) and

(2.28) @" — @llsnnor0r1 () S N1 (0) — @(0)]|5,

which leads to the estimate on v! — v. O

Proof of Lemma 2.2. Let (o,c) : [0,T) — R'*? be the modulation for u° defined
by

(2.29) (o(t),ct)) = (a(@°(t)),e(@(1))),

and let 7:[0,7T) — (0,00) be the rescaled time variable for u° defined by

(2.30) % —e® £(0) = 0.

Let @' € Solution([0, 7)) be the solution with the initial data

(2.31) @' (0) = @°(0) + TYS*p.

We use the same coordinates for u° and u! by putting for j = 0,1 and at each ¢
(2.32) @ =V, (V) = By (N, 97).

For the initial perturbation, we have, using (1.46),
[ (0) — (plp)] = [{(S*=7O T =) _ 1yl
(2.33) S (Is = a(0)[ + €|y — c(0)]) [l
S(Ws) T @ O) el < ellw”(0) 2,
which, together with (2.13), implies
(2.34) Cro|l<w”(0)|l% < 2<% (0)],
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if C7 is large and ¢y is small enough.
Since the modulation (o, c) was chosen for u°, we have

(2.35) ||'UO||LOO(O,T;H) ~ sup dwy (@) =8 <.
0<t<T
For the Strichartz norms, Lemma 2.3 implies

(236) ||UO||St(T0<T<T0+m) 5 6? |‘<w‘>HSt(To<T<To+m) § ||<]UI>(TO)HH7
as long as ||<v” ||y remains small, while (1.55) implies
(2.37) |10 —7| S0 = |o(ro) — o(m)| + |e”(T°)[c(TO) —c(m)]| £ 6| — 11)-

In particular, we have 7(t) /0o ast /T, since otherwise |o| is bounded as ¢t N T,
and so, if T' < oo then ||u0||3t(0’T) < oo contradicting the blowup at 7', and if T' = oo
then the boundedness of 7 = ¢ implies that 7 — oc.

In the following, we regard all the dynamical variables as functions of 7 rather
than ¢, unless explicitly specified. We have the equations for the difference
07N = A5 + o (ol +a\)) +e%¢, -t
BraXs = K2, + (N () — Zani o),
- (at, pt) = (31(80, T')p) — (Z1<wi|(So. T')p)
0-” = JLy® 4 PL[<AN(v]) — Z<w®],

(2.38)

Also remember that (a®, u%) = (v9](S§, T")p) = 0 and so

(2.39) (o, 1) = a(a®, 1) = (<R 1(Sh, T')p).

Hence the third equation follows from the fourth one in (2.38). By the assumption,
(2.40) § < ||« (0)|ly < O

Suppose that for some 79 > 0 we have

(2.41) [V (| oo (0,70:20) < ¢, P]ON(10)| + (7o) < [<A%(0)],

where we put

(2.42) v(r) i= /2NL, i T (A1),

Choosing C; > 1 large enough, we have (2.41) at 79 = 0. We will prove that the
second condition of (2.41) is preserved until the first one is broken.
The linearized energy in (1.43) implies that at each time

(2.43) Il 2 v 2 il + llize + (@, uh)].
Lemma 2.3 implies that u! exists at least for 7 < 79 + n; and
(2.44) HUOHSmeH(m,m+m) S, ||<]UD||StﬂL°°H(7—o,To+m) S l<w® (7o) |l < 2.
Using (1.55) as well, we derive from the difference equations
|07 F k)NL| S 8llv”[lac + 8l(ad, ph)| + ™[I, S PlaX”] + P,

(2.45)
10 (!, uH)] S < llze + 6ll<w” |3
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To control <”, we use the linearized energy identity
O (L) /2 = (AN (v]) — Z<a® | L)
(2.46) = (AN (0])|<73) + e7er [(L+ Vplnf)aA] + (VW|(47)?/2) + (Vp|<3)<rs]
= 07 [(L 8Ly plT) AT + (S5 g o WI(1D)?/2) + (Spplr3)ar3],

where W := f”(W). The terms on the right except for the first one are simply
bounded by §]|<y”||#||<v”||%. The nonlinear term can be bounded only via 7-
integral. For any interval I = (79, 71) C [0, 00) with |I| < n;, we have,

(2.47) /I|<<'N(UT)\<7‘§>IdT S <vallzes (2 1N (D) L (1:22).-
Since

1
(248)  AN(@}) = /0 [F'(W +2Y) — ' (W)]ahdd, o7 = (1 —6)° + v,

we have3
[N (W)l rc2 ) S S I (W + o)) = " (W)« |l Lazz
<0<
(2.49) < (199llsey ) + 11905 llse, (o) l1< e, ()

S (6 + [lav™ (7o) ll20) [[<0” (70) [l
where we used Lemma 2.3 in the last step. We thus obtain
(2.50) (L |)5] S Pl [lpee o) 190" (70) 134
Combining this with the estimate on (a?, u!) yields
sy VRS WAL et ()l + sl (o)l
S + 2l e (o)l S e + PN e
Thus we obtain for 70 < 7 < 79 + 11,
v<(14+Cuv(mn)+ CL3/2||<1)\>||L$O,
(07 F k)L < la\| + 2o
Suppose that [[<A\”[|Le < M[<A”(79)|. Then using that w(7g) < [<A7 (79)],

(2.53) 1(0r F k)N S [PM 4 o(1 4 22 M)] N (10)| < ¢|<N™ (70)],

(2.52)

provided that (3/2M < 1. Hence by continuity in 7, we deduce that
(2.54) N[ S [N (10) ],

for 7o < 7 < 19 + m;, and plugging this into (2.52),

v < (14 Cu)v(ro) + C32 [N (10)],

[N} — eEFTT QN (19)| < Ciel<a (7))

In particular, if 0 < + < 1 then

[Nt > (RO —1)|aN’ (o)

> 1[N (To)| 2 [P (T)] + w0t

(2.55)

(2.56)

3Here for simplicity we use the exponents available only for d < 6, but it is clear that we only
need Holder continuity of f”/, i.e. 2* > 2, and so it can be easily modified for all dimensions d > 3.
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Hence the last condition of (2.41) is transferred to 7 = 79 4+ n;. Therefore by
iteration, (2.41) and the above estimates hold with 79 = n; for integers 0 < n < N,
where either N = oo or 2 < N < oo and ||| oo (N, (N1 )mism) = 05

We can improve the above estimates as follows. First from the second estimate
for Ay in (2.55), we have for all 0 <n < N,

(2.57) B < X% ((n+ 1)m) /<N (ny) < eFHEDm,

which precludes the case N = oo. Plugging this exponential growth in the same
estimate for A_, we obtain for 0 <n < N

(2.58) [N ()| < e= E=CImm 9" (0)] + CulaX (ny)].-
Using those two in the first estimate of (2.55), we obtain of 0 <n < N
(2.59) v(n) < e“My(0) + C3/2|aN” (0)] + |\ (nmy)]]-
Iterating once again, we obtain continuous versions for 0 < 7 < Ny
BT < AN (1) /AN (0) S eFHOIT,
(2.60) | (7)] < e=*=CITIaN" (0)| 4 LN (7)],
V]| e 0,7y S €““Tw(0) + 2 [|AAZ(0)] + 4N (7)])-
In particular, we have

<™ || oo (0,m30) S NN [ Loe0,m) + ¢~ IVl oo 0,y

(2.61) Lo
SN ()] + 71T [a0” (0) [l

Since ||<v”(0)||% < %, the last term is bounded by ¢* for e“*™ < 1 =1, while
o1 (B=Cu)/Cu — s
(2.62) [N (7)] 2 [97] <™ (0) ||l > 0T ||<v” (0) ||,
for e“*7 > 11 choosing t; < k. Hence for some 77 € (N7, (N + 1)1;) we have
¢ = [law” (70l = 1907 |z 0,750 ~ [<N5(71)| ~ [<N5 (71/2)],
(2.63) o 2 A oo 0.70) + 17/t Loe (0,1
2 1N (| o 0,m) + 107 oo 0.7y + (s 1) | oo 0,71 -

71 < oo means that t; := 771(17) € (0,T) and @' € Semution([0,27]). For the
last statement of the lemma, suppose dw (@°(t;)) < ¢3. Then |[v'(t;)|ln S o +
dw (@°(tr)) < ¢* and via (1.46) we have |< (@ (t1))|+e” D |<c(@ (t))] S IVt |lx <
3, and so

(2.64) dw (@ (t1)) 2 1T D)l — Cll Tao ey W — T oy Wl 2 05,

Therefore dy (@°(tr)) + dw (@' (t)) ~ ¢ in any case (the upper bound is obvious).
|

2.2. Construction of the manifold. Now we are ready to prove Theorem 2.1. Let
0<d «ép <bp, Ay € B;:, ¢ € B, and @ € Solution ([0, T)) with #(0) = Ay g+ +¢.
Choosing ¢4 small enough ensures that

(2.65) E(u) < E(W)+e2, 64 < 6y,



18 JOACHIM KRIEGER, KENJI NAKANISHI, AND WILHELM SCHLAG

where d, > e, > 0 are the small constants in the one-pass theorem [14, Theorem
5.1]. For each fixed ¢, we divide the set Bg; for A4 according to the behavior of 4.

Let A4 be the totality of A} € Bgi for which there exists ¢y € [0,7") such that
8 > dw (@(to))? > 2(E(u) — E(W)),

(2.66) -
Ordw (u(to)) > 0, £ (u(to)) > 0.

Then the ejection lemma [14, Lemma 3.2] followed by the one-pass theorem [14,
Theorem 5.1] implies the following. If Ay € A then the solution # is exponentially
ejected out of the small neighborhood dw < dyw (4(to)) and never comes back again.
Moreover, if Ay € A, then u blows up in ¢ > tg, and if Ay € A_ then u scatters to
0. By the local wellposedness of (CW) in H, both AL are open. To see that both
are non-empty, consider the case o4 ~ [Ay|> |lplln. Let

(2.67) () = Ty (W + Mt)p+4(t), () Lp.
Then (1.46) implies that
(2.68) X+ (0) = M| + A0 S llellae < A4,

and, by definition of dy,, we have at t = 0

dw (@0)* = E(u) — E(W) + k[ A ],

- — k2 Y N Y
(2.69) e~ Oydw (0)* = 3(I/\+\2 — =) + Ol M),
-~ 1 ~

E(u) = E(W) = —kX A+ S(Ly]y) — o(|A + [117,).
Hence we deduce
(2.70) |E(u) — EW)| < | Ay |? ~ dw (@(0))? ~ e dydw (7(0))? > 0,

and thus Ay € Aggna, for [Ay| ~ 04. In particular, both A4 are non-empty, which
implies that the remainder

(2.71) Ao =By \ (A UA)

is also non-empty. Every solution u for A\; € Ay must violate (2.66) for each
t € [0,T), to avoid the ejection. Hence at each ¢t € (0,T), one of the following holds

(1) By (ii(1)) < 0

(2) dw (ii(t))* < 2(E(u) — E(W)) < 2dw (ii(0))”

(3) dw (a(t)) = s,
where the last condition in (2.66) is not considered, since it is implied by the others,
due to the ejection lemma. Since dw (4(0)) S 64 < d,, either (1) or (2) holds for
small ¢ > 0. Since the ejection lemma can be applied with didw (@) = 0 as well, we
deduce that dyy (4(t)) is strictly decreasing in ¢ > 0 until (2) is satisfied, where @
spends its remaining life (hence never reaching (3)).

Choosing §; < 1§ small enough, we can ensure that

(2.72) dw (@(0))% 4+ [ Ay | < o8

for all (A4, ¢) € B;L x Bj,. If there are more than one A\ € A for the same ¢, say
)\(_)|r # )\i_, then we can apply Lemma 2.2 to the corresponding solutions with the
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initial data @/ (0) = W + )\ing + ¢ and with ¢ € (0, /] satisfying

(2.73) dw (i (0))? + [N | < (8.

Then its conclusion together with (2) leads to a contradiction

(274) L3 ~ dw(ﬁo(t[)) + dw(ﬁl(t])) 5 dw(ﬁO(O)) + dw(’ljl(())) < LS.

Thus we can define the functional m by putting Ag = {m(¢)}, and then A, =
(m4(p),04), A_ = (=4, m4(p)). The same reasoning as above implies that we can
never apply Lemma 2.2 for different ¢°, ! € B}, with @ (0) = W +m, (o7)g; + ¢
and d3, (@ (0)) + ||<¢™||% < 5. Therefore

(2.75) max [[m (&) + @7 ln] < <if = Jama (") S el e
which implies the Lipschitz continuity (2.7). Since m4(0) = 0 is obvious, it also
implies that |my ()| = o(||¢||x). In particular, we may restrict both the domain
and the range of m to have the same radius 6,, as in the statement of the theorem,
though there is no merit for that besides reducing the number of parameters.

The trichotomic dynamics readily follows from the ejection lemma and the one-
pass theorem in [14]. The estimate on the L?  distance in (1) is derived from
the bound K (u(t)) < —k(d.) in the variational region [14, Lemma 4.1] as follows.
Choose §,, < k(d.). Let u be a solution in the case (1) and let ¢ be after the
ejection, namely dy (4(t)) > d.. Let u(t) = ¢ + ¢ with ¢ = T¢S7, W for some
(0,c) € R4, Then

R(0:) < —K(u(t)) = =K (@) = IVl + 2(A¢le) + v + ll2- — [l 2
= —[VelZ: — 2% M) + 1% + @ll o = Il o+

which implies £(d.) < ||l 2+ and so dist 2+ (u(t), Static(W)1) 2 £(dx) > 0p,. Thus
it only remains to prove that m_ is C*.

(2.76)

2.3. Smoothness of the manifold. Next we prove that the center-stable manifold
obtained above is at least C' in H. Let @° € Sojution([0,77)) be a solution on the
manifold with the modulation and the rescaled variables

(2.77) (0.0) = G.O@W), T =", 7(0) =0,

We consider solutions @' close to %, in the form

() =@ (1) + Taoho(t, h), - 0(t,h) = Mt h)p+ (L h), 7 Lp,
AL(0)g— +7'(0) == ¢* + he',  (h—0),

for each ¢* € B and ¢’ € B.,. Let @ = ®,.c(N,77), then (X, ¥) = a(A”,7*)/h.
To put both @/ on the manifold, we need

(2.79) AL(0) = mi(¢%),  AL(0) = my(¢” + he').

Let (&, it) == (%1](S§, T")p). From the equation (2.38) of <i@*, we obtain

(2.78)

O- M = A+ o (@ + i) +e7cr i,
Orha = KXy + (AN (W])/h — Zaa|p),
O-(&, f1) = (2 — Z1171|(5677")p>7
O = JL3 + PLIAN(}) h — 2.

(2.80)
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By Lemma 2.3, ¢ is bounded in L>*°H NSt as h — 0 locally uniformly on 0 < 7 < co.
Moreover, the small Lipschitz property of m implies that

(2.81) A0, h)] < [l [l
Hence there is a sequence h — 0 along which A, (0, k) converges to some AP eR,
and the limit of o = Ap 4+ 5 — v/ = N p + 7/ satisfies the linearized equation

Ny =Xy + 0N+ (V] Zip),
(2.82) 0:Xy = KN, + (N'(o0)0) — Zarlo),

0.7 = JLy + PL[N'(W))v) — Zo'],
where N’(v9) = f"(W + o) — f/(W), with the initial data X (0)p + 7/(0) =
A9+ + ¢'. Regarding (N',7') as the unknown variables, this system is almost
the same as (2.38) for <™, except for N'(v?)v], which is the leading term of the
nonlinearity in the latter system. In particular, we can show, by the same argument*
as for Lemma 2.2, that unless |\ (0)| is much smaller than |A_(0)] + [|7/(0) ||,

we have that X/, (7) grows exponentially and so becomes dominant over the other
components. More precisely,

Lemma 2.4. There exists a constant 1 < Cp < oo with the following property. Let
@ € Sowtion ([0, 7)) satisfy® ||dw (@°)|| 0,1y < ¢* < 0} Let

(2.83) (0,¢) = (3,0)(@), ° =T (@), % =e?® 7(0)=0.

Then equation (2.82) has a unique global solution (X' (1),7'(1)) : [0,00) — R? x H
for any initial data (N'(0),7/(0)) € R? x H, . Moreover, if

(2.84) Cptl[(X_(70), 7' (10)) [lrx3 < [N (70)]

at some 19 > 0, then there exists 1 € (19,00), such that for all T > 71 we have
(2.85) Cp|Np(7)] > [Ny (m)|e" =072 4 (XL (7), /(7)) [z /.

On the other hand, if (2.84) fails for all 79 > 0, then for all T > 0

(2.86) (]S Ul () (M) e S eCT I (0),7(0)) [l

Proof. We only sketch the proof for (2.86), since the rest is essentially the same as
Lemma 2.2. In the same way as for (2.52), we obtain, for any 0 < 79 < 7 < 79 + 71,

v(r) < (14 Cov(re) + C32 N (10)],
(8- + )X (7)] S PN (10)| + Pv(70),

where (1) = /2l )P + (L7} and (o/, ') i= (I(S', T')p). Using that
N | S ¢|N_| + v, we deduce from the above estimate

(2.88) v(r) + ! 2INC(1)] S eCT(0) + 2N (0)]],
and so, using (1.43), we obtain (2.86). O

(2.87)

4Note that the proof of Lemma 2.2 did not use any particular structure of <N (v">).
5The constant 1 is chosen here to be the same as in Lemma 2.2, just for convenience. It does
not mean that the admissible range of ¢; is exactly the same for these two lemmas.
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The above lemma implies that for each (A_(0),~/(0)) € Rx #H , there is a unique
m4(A_(0),7'(0)) € R such that if A (0) = 74 then (2.84) is not satisfied at any
10 > 0, and if £(\/, (0) — ) > 0 then £)/, (7) grows exponentially to co. To see
that Ay (0,h) — ., we apply Lemma 2.2 to @° and @'. Since @*(0) — @°(0) as
h — 0, the local wellposedness implies that @' — @ locally uniformly on [0, T),
and so does (¢ (@), c(@')). Hence for any S < oo, for |h| small enough we could
apply Lemma 2.2 to @° and @' starting at any 7 € [0, 9], if we had

(2.89) 2ur[[<t” ()3 < [N (7],

but its conclusion would contradict that both i/ are on My (specifically between
(2.4) and (2.15)). Hence for all 7 > 0, as h — 0 along the sequence,

N I G|
A+ 15 )l MO Y ()l
which implies X, (0) = 7, since otherwise the right hand side will grow in 7 at
least to O(1/ey).
Therefore Ay (0,h) — 14 (N_(0),7'(0)) as h — 0, without restricting h to a
sequence. In other words, m, is Gateaux differentiable at (°

(290) Lr 2

m 0 N —m 0
(2.91) i (X(0),7/(0)) = lim +(g +h‘2) +(#) =m/ (¢°)(¢")-

The linearity of m/_ on ¢’ is clear from the definition of 7, while its boundedness
follows from the Lipschitz property of m.

To show the continuity of m/  for @Y, take any sequence ¢9 — ¢¥ in Bj .
let @ be the solution starting from @5 (0) = ¥, (g) c(0)(m+(¢))g+ + ¢5) and let
79 := W_1(u). The local wellposedness implies that o9 — ° in L°H N St-(0, S)
for any S € (0,00). Let (2.82), be the equation obtained by replacing v° with v2
in (2.82).

For any small ¢ > 0, Lemma 2.4 allows one to choose S > 1 such that the
solution of (2.82) with X (0) =1 and (A\_(0),7/(0)) = 0 satisfies

(2.92) CpuNy (1) > [(X_(7), 7 (M) lrxw + €772 /¢

for all 7 > S/2. On the other hand, for any ¢’ € Bf, the solution of (2.82) with
N (0) = m! (¢")¢" and X_(0)g— + +/(0) = ¢’ satisfies

(2.93) IOV (7). 7 () lRe e S ep '

for all 7 > 0. Since S > 1 and k > (7, combining these two estimates yields
that the solution of (2.82) with |\, (0) —m/, (¢°)¢’| > ¢ and N_(0)g— ++/(0) = ¢’
satisfies

(2.94) N (2L (), Y (7))l

for all 7 > S/2.

The local uniform convergence of v implies that the solution of (2.82), with the
same initial data also satisfies (2.94) around 7 = S for large n. Moreover, since
(a(i0),¢(u@)) — (o, c) uniformly on [0,25] as n — oo, we have the same estimate

(2.94) around 7 = S also in the coordinate associated with the solution @9, for large
n. Then it implies that

(2.95) [ (ep) " = ml ()¢’ < ¢,
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for all ¢’ € Bj. Hence m/, is continuous By — (R x H1)*. This concludes the
proof of Theorem 2.1.

3. EXTENSION OF THE MANIFOLD AND THE 9-SET DYNAMICS

3.1. Extension by the backward flow. By the maximal evolution, we can extend
M to an invariant manifold:

(3.1) My = J{i(1) | @(0) € Mo, i@ € Serution(1)} D M.

M also inherits from My the invariance for 7 and S. By the property of My,

those solutions are eventually trapped by the ground state, namely

(52) lim sup dy (i(1))” < 2(B(u) ~ E(W)) $ 5,
t AT,

where T’} is the maximal existence time of w.

Conversely, if a solution u satisfies the above condition and E(@) — E(W) < 62,
then its orbit is included in M. This is because every solution getting close enough
to the ground states is classified by the trichotomy of Theorem 2.1, whereas those
solutions which never approach the ground states have been classified into the 4
sets of scattering to 0 and blowup away from the ground states in [14]. One may
wonder what happens if a solution stays around dy (@) ~ d,,, but such behavior is
precluded by the ejection lemma [14, Lemma 3.2] (applied in both time directions)
under the energy constraint E(u) — E(W) < 62,.

For each point ¢ € My, there is a small neighborhood O > ¢ and T > 0 such
that the nonlinear flow Uy (T') maps O into a small neighborhood of a point on My,
where the trichotomy holds. Then O N M; is mapped onto Uy (T)(O) N M,. Since
Un(T) is smooth on O, it implies that M; is also a C'! manifold of codimension 1.

The one-pass theorem in [14] implies that every solution on M; N MI satisfies
dw (t(t)) < O all over its life, and so it is essentially the same as the center manifold
Mo N /\/18, and in particular with codimension 2. The rest of M is split into two
parts, scattering to 0 or blowup away from the ground states, in the negative time
direction. Each set is non-empty and relatively open in M.

Therefore, we have all 3 x 3 combinations of dynamics in ¢ > 0 and in ¢t < 0: (1)
blowup away from the ground states, (2) trapping by the ground states (or by My
for ¢ > 0 and by M(T) for t < 0), and (3) scattering to 0. It was already shown in
[14] that the combinations of (1) and (3) have non-empty interior. Moreover, those
9 sets exhaust all possible dynamics in the region E(u) — E(W) < min(&,,,¢e4)?.
Thus we obtain Theorem 1.1.

Before going to the next step using the Lorentz transform, it is convenient to
consider the space-time maximal extension of each solution of (CW).

3.2. Space-time extension and restriction. To solve the equation locally in
and out of light cones, and in more general space-time sets, we introduce restricted
energy semi-norms. Let %, be the totality of Borel sets in R, For any B € %,
and any a > 0, we define two sets Bi, € %4 by

Bi,:={zxcR?|3yeB, |z —y|l <a},

(3.3) J
B_,={zeR||z—y|<a = ye€ B}.
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It is clear that for any a,b,t > 0, we have

(Bta)+b = Bi(atv)s  (B-a)-b = B_(a+p),
(B-a)ta C BC (Bya)-ar (Bya)® = (B 0.
For any I C R and any F' : R — R, we define Byp(I) € %144 by

(3.4)

(3.5) Bip(I):={(t,z) eI xR |2 € Bypg)}-
For any B € %y, let V(B) C H be the closed subspace defined by
(3.6) V(B):={peHH|p(x)=0aecxc B},

and then define the restriction of H onto B by

(3.7) H|B:=M/V(B)~V(B)",

where >~ means the isometry, with the quotient norm

(3.8) lellz1 = nf{[[¢ll2 | = ¢ on B} (peH).
Henceforth, we denote for brevity

(3.9) p=tponB &L oy e V(B)

We also use the more explicit semi-norms for ¢ € H:

(3810)  [l¢ls == /B (Vurl? + fusf2lde, el = Ielcs) + ol s)-
All of these three semi-norms are increasing for B and invariant for 7, S, namely
(3.11) lellx ey < llelxmiusy, 1T°S*¢llx By = lllx (Bt

for X =H, ’ﬁ, and H |. We have, uniformly for B,

(3.12) el < el lellgg) S el s

We may have the reverse inequalities when B is smooth. In particular, we have
(3.13) lellwigje—ci<ry ~ 1€l 5 (0—ci<r)>

el {lz—ci>ry ~ 1Pl 57 (2—ei>r) ~ 1N (2—cl> R):

uniformly for ¢ and R, where the open region can be replaced with the closure. The
extension operator X : H — V(B)+ C H is nothing but the orthogonal projection
to V(B)*, such that we have

(3.14) [ XBelln = llellnB, Xpp=¢ on B.

Restriction of energy-type functionals is denoted as follows

2 2*
(315)  Ep(p) |90||;-L(B) B ||¢1||;2*‘B>,

The finite propagation speed implies that if a solution u of (CW) satisfies
(3.16) u(0)=v¢ € H|B on B,

Kp(p) := ||V<PH%2(B) - HQOH%;*(B)’

then  is uniquely determined on B_; by ¢. More precisely, if @°, @' € C([0,T]; H)
satisfy @°(0) = @'(0) on B, then

(3.17) 0<Vt<T, a.ex € B_, to(t,x) = u1(t,z).
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By the Strichartz estimate, there is C' > 0 such that if C||¢||% s < s then there is a
free solution v satisfying ©#(0) = v on B and ||v[|g¢r) < €5, and so is u € Solution(R)
satisfying @(0) = ¢ on B and |ul|syr) S €5, which is unique on B_;(R).

Now we introduce the space-time maximal extension of a solution of (CW). For
any ¢ € H, ¢ € R? and R > 0, consider the local solution in the light cone
Ker = {lz —c|+t < R,t > 0} with the initial data @(0) = ¢ on |z —¢| < R.
Let t1 (g, c) be the supremum of such R that there is a unique solution w in K. g
satisfying ||u|| pam (Ke.r) < 00. The uniqueness in cones implies that we have a unique
solution u in the space-time region

(3.18) {(t,z) e R0 <t <ty(p,2)},
as well as the Lipschitz continuity
(3.19) t+(p,2) =t (oY)l < |z —yl.

We also write for any strong solution w (either before or after the above space-time
maximal extension),

(3.20) to(u,z) =ty (d(0),x).
The maximal existence time is then given by
(3.21) Ty (w) = inf t4(u,2).

The small data theory in interior and exterior cones implies that for any ¢ € H,
there are a(p),b(¢) > 0 such that

(3.22) t(p, 2) = max(a(p), [z| — b(p)).

The definition of ¢, implies that

(3.23) [l zom (k.. (o) = Rfltiﬁu,c) lull Lam (k.. r) = 00,
and so the small data theory implies

o . >
(3.24) t%ﬂg}f@ Hu(t)||H(\w—c|<t+(u,c)—t) < és-

In particular, the number of first blow-up points is bounded in the case of type-II
ceRY |ty (u,c) =Ty (u)} < liminf u(t €s.
G2s) R L0 =Ty} < liminf IO/

Similarly we can define t_(p, ¢) < 0 to be the maximal extension in the negative
direction, and thus a unique solution u in the maximal space-time domain

(3.26) D(u) = D(p) = {(t,x) e R | t_(p,2) <t <ty(p,x)},
satisfying for some a(p), b() > 0 and for all z,y € R?,
(3:27)  Fti(p,x) = max(a(p), x| = b(p)), [tx(p,z) —t+(p,y)| <[z —yl.

Since the Lorentz transforms preserve light cones as well as the measure and the
topology of R1*4  the property (3.23) of ¢, is also preserved. Hence, each strong
solution u defined on its maximal space-time domain Z(u) is transformed by any
Lorentz transform into another solution defined on the maximal domain. This
process can produce a solution with no Cauchy time slice, namely inftT < supt¢~,
but we ignore such solutions, in order to keep the dynamical viewpoint in terms
of the Cauchy problem or the flow in . In other words, the Lorentz transforms
should be restricted to the range where inft* < supt~ is kept.
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For the blow-up solutions on the center-stable manifold, we have
Lemma 3.1. Let 0 < T < 0o and @ € Sopution([0,T)) satisfy
(3.28) @(0) € Mo, ldw (@)l s (0,1) <0 < Om.
Then there exists ¢, € R? and € > 0 such that
e~ 7O 4 [3(id(t)) — .| S o)t =T,
t(d(0),x) =T+ |x —cx|, t_(U(0),2) <T —|x—ci| —e.
Proof. Let (o(t), c(t)) := (o(u(t)),c(u(t)). First we show o(t) — oo as t = T — 0.
If not, there exist a sequence t,, /T with sup,, o(t,) < co and R > 0 such that

sup s u(t,)| o < Keg,
(3.30) I:Lp c;lﬂsi [ ( l)||H(|x—c|<R) ~ S

(3.29)

which ensures solvability in the cone |z — ¢| + [t — t,| < R for all ¢ € R? and all
t,, thereby extending the solution u beyond T, a contradiction. Hence o(t) — oo.
Then the modulation equation (1.56) implies convergence c(t) — 3c. € R? as well
as the first estimate of (3.29). Since ||@(t) — TS W ||y ~ dw(@(t)) < 6, that
behavior of (o, ¢) implies that for any R > 0,

(331) hltn/‘si}}p ||ﬁ(t)||H(|w7c*\>R) S 0 K eg,

which ensures solvability in the exterior cone |z —ci|+ [t —T'| > Rforall TV < T
close to T, and so ¢4 (@(0)) > T" + |x — ¢x| — R and ¢_(@(0)) < T’ — |x — ¢« + R.
Letting R\, 0 and T" /T, we obtain

(3.32) ty >T+ |z —ci, t—<T—|z—c

It can not be better for t; as u blows up at (T, ¢.), so we obtain the identity in
(3.29). The finite propagation implies ||%(t)||2(jz—c,|>Rr+/T—¢)) S 0, 50 that we can
solve in a slightly larger exterior cone starting from ¢t = 7" € (0,7T"). Thus we obtain
the last estimate in (3.29). O

3.3. Extension by the Lorentz transform. Next we use the Lorentz transforms
to extend the manifold, so that it can include all the ground state solitons Sgjiton (W).

Let % € Solution([0,T)), @(0) € Mgy and T < co. The estimate (3.29) on the
blowup surface implies existence of 77 € (0, T) such that {|x—c.| > [t—=T"|} C 2(u).
Then for any Lorentz transform centered at (77, c,), the solution w is transformed
into another solution on the maximal domain containing the time slice {t = 7"}. In
the case where @(0) € M yields @ € Soution ([0, 00)), Lorentz transformed solutions
are also defined for all large ¢, because of (3.27).

Let u be any solution with @(0) € Mg defined on 2(u), and let w be any Lorentz
transform of u. The above argument implies that w is defined on some time slice.
Let M5 be the totality of the maximal orbit of all such solutions w. Then it is
invariant by the flow, 7 and S, satisfying

(3.33) My DM U Soliton(W)-

Every solution on My is Lorentz transformed to another solution on M;. My is
Lorentz invariant in the following sense: Let u be a solution on My, extended to
P(u). Then any Lorentz transform of u has non-trivial maximal existence interval,
on which the transformed solution belongs to M.

To see that My is locally C! diffeo to M, it suffices to see that the Lorentz
transform gives a local C' mapping around any solution. Let @ € Sojution ([T, 7))
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for some T > 0, then the local wellposedness yields a neighborhood O 3 @(0) and
R > 0 such that for any ¢ € O we have

(3.34) () D X :={(t,z) € R"? | |t| < max(T/2,|z| — R)}.

Then there is a neighborhood U > 1 in the Lorentz group such that every transform
in U maps the region X to a set containing [-T'/4,T/4] x R%. Since the space
rotation plays no role, we may restrict to those transforms defined on (¢, ;) € R?,
which can be parametrized as

(3.35) ul(t,y, 2) = u(ct + sy, cy + st, z), c:=coshf, s:=sinhf, 6cR,

where = = (y,2) € R! x R4~ Then there is © > 0 such that for any #(0) € O and
for any 6 € (—©,0), we have Z(u’) D [T /4,T/4] x R%. This defines a mapping

(3.36) Sy :0310)— 7?0) e H

for each 6 € (—O,©). The continuity of .7 can be seen by the linear energy identity.
For any smooth function u defined on X, we have by the divergence theorem

EF(@(0)) = cEF (4(0)) + sP1(@(0)) + /Sy>1(1l - Au)%(cut + suy) dzdt,
(31 o ) o .
Py (d°(0)) = sE* (4(0)) + cPy (4(0)) + /sy>1(u - Au)m(sut + cuy) dzdt,

where E¥ (¢) :=||¢||%,/2 denotes the free energy. Applying this to the difference of
two solutions u,w starting from O yields

(3.38)
1@°(0) — @ (0)|[3, < [|@(0) — @(0)|13,

() = F (W)l L1 12 (sy /ety <) 1T = Bl Lo, (sy/ (et) <1)

where the implicit constants depend on ©. The standard perturbation argument
implies that the last term is also bounded by ||@(0) — w(0)||3, < 1. The existence
and continuity of the derivative of .y is shown similarly by applying the energy
estimate to the linearized equation

(3.39) (02 — Ay’ = f(u)', @(0) € H.

Since (#)~! = .7y is obvious, we thus conclude that .} is a local C* diffeo on
O. Therefore My is also a C' manifold with codimension 1 in #. It is clear from
the construction that all these manifolds My C M7 C My are connected.

For the trichotomy around Ms, it is obvious from the energy estimate that
every scattering (to 0 as t — oo) solution is transformed into another such solution
by any Lorentz transform. The solutions in the other part of the neighborhood
blow up away from a (much) bigger neighborhood, which is generated from the
dx neighborhood of S¢atic(W) by the above extensions. Thus we obtain the 9-set
dynamics classification in the region

(3.40) E(u) < /(E(W) +€2)2 + |P(u)]2.

Reduction of this region to E(u) < E(W) + €2 is done as in [14] by the Lorentz
transform and the identities for (CW)

(3.41) E(i@%) = cE(@) + sPy (@), Pi(@°) = sE(@) + cPy ().
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Indeed, if E(u) < |P(u)| then we can transform it (in some space-time region) to
another solution with negative energy, which has to blow up in both time directions
by the classical argument of Levine [18], or more precisely by [11]. Hence the
solution before the transform should also blow up in both directions.

If E(u) = |P(u)| and it is global for ¢ > 0, then there is a sequence of solutions
4" € Solution([0,00)) given by Lorentz transforms such that F(u,) — 0. Then
the classical argument of Payne-Sattinger [23] implies that K (u,) > 0 as soon as
E(un) < E(W), and s0 E(uy,) ~ [|[@y[|7 5 — 0. The small data scattering implies
that ||[up| pam gi+a) S E(uy)/? = 0, but since the Lorentz transform is measure
preserving on R!*4 it implies that |[u|;am @i+4y = 0. In short, all the solutions
with F(u) < |P(u)| blow up in both time directions except for the trivial solution
0.

If E(u) > |P(u)|, then we can transform it to another solution u with P(uw) =0
and E(u) < E(W)+¢2, and so u should either scatter to 0 as t — oo, blow up away
from the ground state in the positive time direction, or live on M. Each of those
properties is transferred back to the original solution u. Note that if Z(u) contains
no time slice then the original solution 4 must blow up in both time directions. Thus
we complete the 9-set dynamics classification slightly above the ground states, and
the proof of Theorem 1.2.

Part II: Large radiation

The goal in the rest of paper is to extend the center-stable manifold to the entire
energy space H, together with the dynamics around it, by a simple argument which
allows one to reduce the problem to My in the region E(u) < E(W)+ 2, using the
asymptotic Huygens principle together with the finite speed of propagation.

4. DETACHING THE RADIATION
For any B € %, and any T € (0, 00], we define a semi-norm %% in H by
(4.1) il = iE{U ()%l 30 0,791 B s,y | % = @ on BEY.

Smallness in Z% will imply that we can detach the exterior component using the
wave starting from v which is out-going dispersive in the sense of the energy on the
interior cone B, and also the Strichartz norm on Rd, both for 0 <t < T.

The lower semi-continuity of the norms implies that the infimum in defining 2%
is achieved by some ¥ € H such that ¢» = ¢ on Bb and

(4.2) H@Hﬁg = HU(t)w”th’(O,T;HLB+t)ﬁSt(O,T) Sl ~ HSDHHLBG‘

For the last equivalence, > is by definition of H LBC, while < follows from

(4.3) 1903 < 1l + 191y me < @llzz + lella e S el pe-
The following laws of order are trivial by definition

(4.4) 720 = |lellag < llelgzer 1Uelzr—- < lelaz,
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as is the invariance ||[T°S%¢l|4r = ||<p||e%,cg£+., but it is not invariant under the
time inversion ¢ + @f. The space-time continuity of the norms implies
(4.5) R,lTlglJro ”@H%Tm—clw =0

Also note the trivial identity [l¢|| 4z = 0.
R

The following “asymptotic Huygens principle” plays a crucial role in using the
dispersive property of (CW) in the above function space.

Lemma 4.1. For any free solution v € C(R;H) and bounded B € B, we have

(4.6) A sup [0(T + )31, = 0.
Proof. Since B is included in some ball, it suffices to prove
(4.7) A0 80 N7 50 <o) = O

Since the statement is obviously stable in the energy norm, we may restrict the
initial data to a dense set, say C§°(R?). Multiplying the equation with (¢2 +72)0 +
2trv, + (d — 1)tv, we obtain conservation of the conformal energy

(4.8) / [tvg + rv, 4 (d — Dv|* + |[rvg + to|? + (d — Do) + (12 + 72)| V| da,
Rd

where V1o := Vv — zv, denotes the derivative in the angular directions. Since in

the region |z| <t —T

ve\| 1 t  —r\ [tv +ro, < 1| (tvg + 1o,

ve )| |2 =2 \—r ¢ roy +to. ]| = T |\ rvs + to,
the L? norm of the left tends to 0 uniformly as 7' — oo, as well as those of v/(t —T)
and V+v, while ||v]| 2+ gy — 0 by the free dispersive decay. O

(4.9)

)

The asymptotic Huygens principle implies the following decay of Z%: For any
¢ € H and any bounded B € %4y,

(4.10) Jim [U(7)¢llzy =0

In other words, every free solution in H will eventually gets into any small ball of
#% around 0, as well as every scattering solution of (CW) in H. Also, when the
solution is around the ground states with large dispersive remainder, we can take
the semi-norm %% small by the following.

Lemma 4.2. There is ep > 0 with the following property. Let @ € Souution({),

(0,¢) : I — RYW F(t) = U(t)F(0) € H and R € C(I;H) satisfy
(411) I3Vt d(t) = TOS W + F(t) + R(t),
. | Fllsecry + 1Rl Loe (1) =: ¢ < €D,

for some interval I. Then for any to,t1 € I we have

(412) ‘e_U(to) — 6_0(t1)| + ‘C(to) _ C(tl)‘ S §(|t0 _ tl‘ + e—o(to)).

If I =10,T), then there are tg € (0,T) and B : [ty,T) — Bg such that

(4.13) sup I TOS™ Wil paye + IF @)l gr s S <27
to<t<T (t)

Furthermore, if T < oo, then o(t) — oo and c(t) — Jc. € R? ast — T — 0.
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Proof. Let (t) := TCOS OW  5(t) := U(t)(F(0)+ R(0)), and @ (t) := @(t) —1(0).
Then we have

(4.14) Dw = f'(41(0) + w) = f'(¥1(0)), w(0) =(0),

hence by Strichartz

(4.15) [0 — ]| Lonnst(o,9) S llwllse. 0,5) (1#(0)]st,, 0,5) + HwIIStWL(o,sl)T‘2
S lwllse. 0.5 (17 @SV + [wllst, . 0.5)°

and [|7]|s¢(0,5) S ||ﬁ||St(O,S) + ||R(0)|l% <, for any S € (0,T). Choosing ep < 1,
we deduce that as long as 0 < e?(0S < ep

(4.16) |0 — V]| o pnst(o,s) < [1Tllse0,9) S s-

Since w(t)—v(t) = 1 (t)—(0)+R(t)—U(t)R(0), it implies that for 0 < t < e=7ep,
[@(t) — ()]l + [[R() [l + [1R(0) |7

1 (1) = 9 (0) I3 ~ lo(t) = a(0)] + €7 Dle(t) — e(0)]-

Now define a time sequence inductively by tg = 0 and ¢;411 = t; + e~ Wiep.
Then applying the above argument from ¢; yields

(4.18) o(t) = o (t))] + 7 le(t) — elty)| S ¢

for t; <t <t; +e “"ep, and induction on j yields the desired estimate (4.12).
If I = [0,00), let B(t) := {|z — ¢(0)| < e +¢/2}. Lemma 4.1 implies

(4.19) 1F(s) |55

B(s)

S22
(4.17) N

5 ||F||L;’°(S,OO;HLB(S)+f,) + HF”St(S,OO) =0

as s — 0o, while [[1)(s)|l 50 ¢%2=1 for large s, by (4.12) together with the
explicit form of W. Thus we obtain (4.13).

If I =[0,7) and T < oo, then o(t) — oo as t /T, since otherwise there is a
sequence t,, /T with sup,, o(t,) < co and § > 0 such that

i(tn)|l g <s.

(4.20) sup $up [[d(tn )50 <) S <
Choosing ep < eg, this ensures solvability in the cone |z — ¢| + |t — t,| < ¢ for
all ¢ € R? and all t,, thereby extending the solution beyond T, a contradiction.
Hence o(t) — oo. Then (4.12) implies the convergence c(t) — Je. € R Let
B :={|x —ci| < R}. Then as s /' T we have

(4.21) IE () gz < 1El oo (s, 0m182—0) + [ Fllsecs,ry = 1 (D) o5,
and [[1(s)|3ge — 0. Choosing R small enough yields (4.13). O

The following Sobolev-type inequality implies that Z% controls L?", which is a
notable difference from Z% with T < oo.

Lemma 4.3 (Time-Sobolev for the Strichartz norms). Let N>d > 2, Z>k >0
and 2 < g <r < oo. Then for any free solution v we have
(422) ||8f’UHL?O(O’OO;Bg;1/Q*k) S IlUHLg(O,oo;B,‘Z’T)'

In particular, if d >3, 1/g+d/r —o=d/2—1 and 0 > 1/q, then

(4.23) 10F 0]l Loe (0,009 F L2") S 101l L2 (0,002 ,)-
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The last inequality applies to any Strichartz norm of the H? scaling with the
condition 1/0 < ¢ < r, in particular to Sty = LQSB / . Hence we have

(4.24) ||UHLt°°(O,oo;(169|V|)L2*) ~ ||U||Sts(0,oo)-

Proof. Let v =>" ez Vi be a standard Littlewood-Paley decomposition in 2 € R?
with supp Fv; C {2771 < |¢] < 2971}, The wave equation and the property of the
L-P decomposition imply

LrL? ™ 22j||vj|

on (0,00) x R% Then by the elementary interpolation inequalities
1/2 1/2 1-1 N
(4:26) (il a(0.00) S Il G0 ey il ooy Nllze0.00) S Nl agd ey e o
we obtain
; - . 1-1/(2q) 1/(2q) i/ )
(4.27) 0Ly L < ||UJHL;L§ I JHLrL ~ 2 qH”JHL;Lgy

. 1/2—1/(2 1/241/(2 i
losllegme S Mol OO 1 B ~ 270D | 1o

Using Minkowski and Littlewood-Paley yields
(4.28) ”v”L;”BZ;l/q < ||2ite=1/0)

YillerLyLge S ||2jgvj||é§L;L§ < ||UHL33;T‘

The estimate on the time derivatives follows in the same way. (4.23) follows from
the standard Sobolev embedding for the Besov space, BT 5 Va - By, Va -2
Finally, (4.26) can be proved as follows. By the density argument, we may assume

that v is nonzero, real analytic, and exponentially decaying. Then © has at most

countable number of zeros 0 < z; < 22 < --- with no accumulation. For each
2k < 2k41 we have, denoting [v]¢ = |v]9™ 1o,
(4.29)

0% 2y = 10(20) = 0(zr1)|? < 297w ()] = [v(z041))]

Zk41
<2t [T qufrojde < 21 glo

Zk

HL‘Z(ZkyszA ||®||Lq(zk72k+l)7

and similarly,

Zk+1
(430)  [[8]? (s, < Re / alé1 ™ Bdt < o9, 6o me-

Zk
The same argument yields the second inequality of (4.26). Interpolating the above
two estimates by Holder

. _ 2 —1)/¢> L 1/¢24+(1—-1/¢)2 1
(431) (8]l o (sp.0p) < 2607 0/7 g of) 0 D/ o MO e D/
and $0 [|0]| a(ay 20 0) < 267U 0] Lo,z ) 18] L0 (2,20 )] /2. Taking the €7 sum
over k, we obtain the first inequality of (4.26). |

Remark 4.1. Tt is obvious from the homogeneous nature that the above lemma fails
on any bounded set in R for any ¢ < co. If such an inequality would hold, then it
must be uniform for the rescaling u(t, z) — u(\t, Az), but the L{(I) norm decays
as I shrinks to a point ¢y € R, while the L$°(I) norm converges to the value at ¢o.

The following lemma allows us to detach exterior radiation which is small in Z%
from any solution of (CW).
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Lemma 4.4 (Detaching lemma). Let B € By, T>T> 0, and u € Soution ([0, T])U
Solution ([0, T")) satisfy ||E(O)||%g =¢<eg. Then

(I) There are a free solution v, and two strong solutions u* and ud of (CW),
defined on [O,f) and on [0,T) respectively, satisfying

3(0) = @(0) on B, 191l Lee (07741 B4 )nst(0.F) S 65
(4.32) @(t) = ii(t) on (Byy)b, |@* — Ul (poonnsiyod) S5
a(t) = a(t) on Byy, @ =T = T (nemnsiyon S

and ||0(0)|[3 < [|@(0)[|3 ge- More precisely, there is w € C([0,T); 1) such that
@ +w for0<t < T and |Jw — ﬁH(LOCHr‘]St)(O,T) <. If T = oo, then

’L_[ =
(4.33) ||wHL°°(O,oo;(1®|V|)L2*(]Rd)) + HEXHLW(Opo;(lGB\VDL?*(Rd)) NES
(IT) There exists {’lj‘g}ogggl in Solution ([0, T]) 07 Setution ([0, T)), which is C* in
0, such that @° = @, @' = @, @’ = @ on B44(0,T), |@®(0)|| ,z <<, and @ satisfies
B

(I) for the fized ud and some O-dependent w* and v for all 6 € [0,1].
(ITT) Although such u® and u* in (I) are not unique, we can define a C* map
A :(0) = @4(0) € H locally around each i(0) and fived B. Moreover, it satisfies

(4.34) 1A(e°%) = A(@") = (¢° = )l S 119" = @' llag e

Note that no energy bound is required on u, while the condition in %"g can be
satisfied either by localization as in (4.5) or by dispersion as in (4.10), which is
useful respectively for concentrating blow-up and for scattering solutions.

Proof. The definition of %’g yields a free solution @ such that #(0) = @(0) on BC
and

(4.35) Hﬁ(O)H%g = ”77”[,;’0(0,%;7-{LB+t)ﬂSt(07’f) S N50)[l9 ~ Hﬁ(0>”HLBG'

Since ¢ < g, there is a unique u* € Sojution ([0, T]) such that

(436) ﬂ'x(o) = U(O)v ”ﬁx - _’||(L°°’Hr‘15t)(0,7~“) S HU| ;:(707172) = §2*71,

which, together with the above estimate on v, implies that
(4.37) ”ﬁx”L§°(O,T;HLB+t)ﬂSt(O,7~“) ~s-

In addition, if 7 = co then combining the above with (4.24) yields (4.33) for w*.
The propagation speed of (CW) implies that @ = @ on (B)® = (BY)_,. If T < oo,
then let w be the solution of

(4.38) (02 — Ay = J(w) — [/(u* — w),

with @(T) = (1 — XB+f)ux(Tv), where Xp _ is the extension operator for B, 7.
Then

(4.39) 1&(T) = H(T) |l < [7(T) = F(T) |3 + 1 X5, 5Tl S s
and so [|U(t — f)w(f)||8t(o 7) S ¢ by the Strichartz estimate. Also we have

15 = Ut = T)ai(D)llse S [Bwllse: < llwllse(lullse + lw]lse)*

2% —1

(4.40)
Scllwllse + |lwllgg
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thereby we obtain w € C([0, T]; H) satisfying ||@ — EHLM(O 7oy T g7 S < as

well as @ = 0 on By4([0,T]) by the finite propagation speed. Let ud := u — w €
C([0,T);H). Then we have, for 0 < t < T, @ = i on B,; and

Fw)=f(d)  on By,
Flu—w)=f'(u?)  on (By)
=d

ud)
since @ = 0 on Byy and @ = @* on (B4)b. @4 — @+ @ = ¥ — @ has been already
estimated above. B B
To define u? in (II), let w? be the solution of (4.38) with w’(T) = 6w(T) and
let u? := u — w?. Then obviously w® = 0, w! = w, @ = 0 on B44(0,T), and
so Ou? = f/(u’) in the same way as (4.41). The same estimate as above yields
lw? — 01E||LmeSt(O’T) < ¢, and hence ||@?(0) — (1 — 0)i(0) — 074 (0)|l1 < <, and

[|@°(0) — @(0) + 0v(0)||% <, which implies that

(4-42) ||71€(0)“<@£ < HG(O)HQE + 9||17HL§°(0,T;7—LLBH)ﬁSt(O,T) +C0s S

)

(4.41) Du = f'(u) = f'(u*) + f'(* —w) = {

Hence @ satisfies (I) with the above constructed ud, the free solution % (t) :=
F(t)+U(t)[#?(0) — (0)] and the associated nonlinear solution u* (dependent on #).

In the case T = oo, we define a sequence 1, € C([0,n]; H) with T = n as above.
Then the uniform bound allows us to take a weak limit along a subsequence to
w € C([0,00);H) N St(0, 00) solving (4.38), the estimates and & = 0 on B44(0, 00).
For (II), let w? be the solution of the integral equation

t

(4.43) 7= / Ut — (0, f'(u* +w) — f'(u))dt’
oo

obtained by the iteration starting from fw. Then u? := u — w? satisfies the desired

properties, which is seen by the same argument as above.

To define the map A : @(0) — #4(0) in (III), we perturb #(0) around some fixed
#°(0) € H satisfying the assumption. Let #° be the free solution chosen as above
for @°. For @(0) € H close to @°(0), we have
(4.44) 1ZO) gz < 17°(0)]| oz + CIlE(0) — @ (0) 2 < es-

We choose the free solution ¢ for @ as a perturbation from @°, putting
(4.45) 7(0) := 7°(0) + X e (@(0) — @°(0)).

Then in the same way as above, if T < 00, let @ € Soution ([0, T]) with @(0) = 7(0),
let w be the solution of (4.38), and let @ = @ — 1. By the Strichartz estimate, we
see that the maps @(0) — 7(0) = @(0) — @*(T) — @(T) — @(0) — 7%(0) are C*,
where @* and @ are Lipschitz with respect to @(0) € H | BC, leading to (4.34).

In the case T = oo, we also fix @ € C([0, 00); H) for u°, and then let w be the
solution of (4.43) obtained by the iteration starting from w®. Then w € C([0, 00); H)
solves Ow = f'(u* +w) — f'(v*) on ¢t > 0, @ = 0 on By, and

(4.46) [ — || Lo rarisi(0,00) S [1T(0) = 7°(0) |12
Moreover, the maps @(0) — @*(0) — w(0) — @4(0) are C!, where @* and W are
Lipschitz with respect to @(0) € # | B, leading to (4.34). O

The following lemma is crucial to show that the ground state component is small
in the region where the solution is dispersive.
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Lemma 4.5 (Reverse Sobolev for the ground state). For any d > 3, there exists
C = C(d) > 0 such that for any B € By,

(4.47) W lsm + 9255 < CIW e 5y, 9=l < CIW l34y5-

Remark 4.2. This lemma obviously fails for any other stationary solutions, since
they have indefinite sign. To see that, concentrate B at any zero point.

Proof. For the first estimate, we may assume that ||[W|[ 2+ 5) < 1, since the left
hand side is uniformly bounded. Let R := ||W||_2/(d_2) > 1. Since W ~ (z)>7¢

L2 (B)
and |[VW| ~ |z|(z)~%, we have

wmmwéf

Bn{|z|<R}

VW |2 dax + / VW |? dx
(4.48) l=|>R

S [ RWE dos B~ R = [ W
B

The estimate on g follows from that p/W € L®NW14(R9). Indeed, let x := p/W
and let o = W on B. Then we have g+ = (2k)~1/2(1, £k)x¢; on B, and

(4.49) (L ER)xprlln < Ixlliz=lVerlla + (IVxllLe + [Ixallza)lleallpes < llella

Hence ||g+|l2,8 < ||W % 5. The estimate in H(B) is similar. O

5. CENTER-STABLE MANIFOLD WITH LARGE RADIATION

Now we can extend the center-stable manifold by adding large radiation. Fix
Sm > 0 such that ¢, < d,,. Let M3 be the totality of @(0) € H such that for the
solution u we can apply the detaching Lemma 4.4 with

(5.1) T=oco, @%0)€ Mo, <+ Tua)Wllyse < m.

Then My C M3 by using the trivial case B = R? and ud = u. The invariance of
M3 for T, S is inherited from M, which is also clear from the definition.

For each point ¢ € M3z, Lemma 4.4 gives a neighborhood O 3 ¢ and a C!' map
A0 3 @(0) — 74(0) € H such that A(p) € My. Reducing O if necessary, we may
assume that A(O) is within the domain of M, defined in (2.11), and that the last
condition of (5.1) holds all over O.

Then we have M3 N O = (My o A)~%(0). Indeed D is clear from the definition
of Mz and M. If My (A(v))) > 0, then the solution u? starting from A(¢)) blows
up in some finite T' > 0, so does the solution u starting from v, because of (4.32),

52) dist 2= (u(t), Satic(W)1) > dist o= (u?(£), Stasic(W)1) — [[u(t) — u® (t)]| 12+

' > 6 — O(S) ~ Oy
for ¢ close to T'. On the other hand, if @(0) € M3 with @ € Solution ([0, 7)), then
(5.3) dist o+ (w(t), Static(W)1) < distpax (ud(t), Seatic (W)1) + [Ju(t) — ud(t)|| 2=
for ¢ close to T. Hence M, (A(v))) > 0 implies that ¢ & Ms. If M (A(y)) < 0,
then (4.32) with Strichartz implies that the solution u starting from 1 also scatters
to 0, contradicting (5.3), and so ¢ & M.

In order to conclude that M3 is a C* manifold of codimension 1, it now suffices to
show that the C! functional M, o A does not degenerate on its zero set M3. Indeed,
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if My (A(¢)) = 0 then O, M, (A(Y + hTy)9+)) ~ 1, because by the Lipschitz
property of A (4.34) and m, (2.7), and the last condition of (5.1) together with
(4.47), we have

AW+ hTaw)9+) = AY) + h[Taw) 9+ + O(Gm; 1],
My (A + hTaw)g+)) = h+ O(hm).

By Lemma 4.4(IT), we can connect each ¢ € Mjz with some ¢ € Mg by a C*
curve, which is included in an enlarged Ms for which the last bound in (5.1) is
replaced with C'g,, for some constant C' > 1. Including those curves connecting M3
to My, we obtain a slightly bigger manifold M3, which is C! and connected with
codimension 1. .

Let M, be the maximal evolution of M3 (in the same way as we define M; from
My). Then M, is a connected C!' manifold of codimension 1, which is invariant
by the flow, 7 and S, and M4 D M U Mvg. Every solution @ € Soution ([0, 7)) on
My satisfies

(5.4)

(55) lim sup diSt(léB|V\)L2* (’lj(t), Static(W)> 5 6m
t T

Around each point on My, there is a small open ball which is split into two open

sets by My, such that all the solutions starting from one of them blow up in finite

time, near which time

(56) diStL2* (U(t), Static(W)l) > 5m’

and all those starting from the other scatter to 0 as t — co.
On the other hand, if @ € Soution ([0, 00)) scatters to Siatic(W), namely

(5.7) Jp e H, dw(dt)—U®)p) =0 (t— o),

then #(0) € My. This is because Lemma 4.2 implies that we can detach the free
radiation U (t)y at some large t = T, so that @d(t) = %(t)W + O() in H for all
t > T with ¢ < ¢, < dpp,. The last condition of (5.1) is ensured by (4.13).

Finally, let M5 be the Lorentz extension of My, defined in the same way as
for My from M. Note that all the solutions on M, have the space-time maximal
regions as in (3.29) in the case of blow-up, since the remainder v* is globally small in
the Strichartz norms. Thus we obtain a connected C' manifold M5 D Sgiton (W)U
My U Ms with codimension 1 in H, which is invariant by the flow, 7, S and the
Lorentz transform. If & € Soution ([0, 00)) satisfies (1.21), then the scaling invariance
and dispersion of the free wave v implies that

(5.8) P(@) = lim P(Wo,0,()) + P(3) = lim p(t) EGW) + P(3).

Hence p(t) converges to some p, € R?, and then W,\(t)’c(t))p(t) - W,\(t)ﬁ(t)’p* — 0in
‘H. Take a Lorentz transform which maps V_['/()’o,p* to W, and apply it to @. Then
we obtain another global solution satisfying (1.21) with p(¢) = 0, namely scattering
to Static(W), and so belonging to My. Hence u is on M.

Since each Lorentz transform defines a local C'* diffeo around each solution, there
is a neighborhood of My transformed from a neighborhood of My, such that all
solutions starting off the manifold within the neighborhood either scatter to 0 as
t — oo or blow up in t > 0 away from a bigger neighborhood. Thus we obtain
Theorem 1.3.
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6. ONE-PASS THEOREM WITH LARGE RADIATION

In this section, we derive one-pass theorems which allow arbitrarily large radia-
tion. For ¢ € H, we define the “radiative distance” dg to the ground states for any
p € H by

d = inf — o .
1) del@)i= Ll o= s+ el + Wl

Obviously de : H — [0, 00) is Lipschitz continuous, and de(T°S%¢) = de(p). It is
not invariant for the time inversion ¢ +— . Taking B = R? yields

(6.2) dz(p) < distw (p) ~ dw ().
The embeddings (4.24) and H C (1@ |V|)L? imply
(6.3) dist (1w 22" (95 £ Static(W)) < dz ().

By Lemma 4.2, we immediately obtain

Lemma 6.1. Under the same assumption as in Lemma 4.2 with I = [0, 00),
(6.4) Jlim deg(a(t) S <271+ e

In particular, if @ € Solution ([0, 00)) scatters to the ground states (5.7), then
(6.5) dp(ii(t)) + " (e77I) 4 [E(ia(t))]) = 0 (t — o0).

Proof. Combine (4.13) with dg(@i(t)) < ||F ()| e~ @) lla poye +I1RE) . O

B(t)

Smallness of the radiative distance enables the detaching.

Lemma 6.2. Let @ € Solution([0,T)) satisfy d%(i(0)) = ¢ < eg. Then there exist
B € By, a free solution v, @ € Solution([0,00)) and @ € Solution([0,T)), satisfying
#(0) = @(0) on BE, @ =@ on (B4,)t, @ = @ on By, and

||77HL;?°(0,00;HLB+t)ﬂSt(O,oo) + i — i — U] Loornsto,1) S 6

6.6 «
(6.6) o

4™ — U] Lo rnst(0,00) S Hﬁd(t)HLgo(o,T;mBgt) ISR
Moreover, for 0 <t < T we have

(6.7) do(ii(t)) S s + dw (@()).

Proof. By definition of dg, there exist B € %, and 9 € + Siatic(W) such that
(6.8) ¢ 2 14(0) = ¥lls8 + 1EO0) |2 + 19ll9¢ e < €5

Applying Lemma 4.4 with T =00 yields v, u*, ud and (6.6), where the last inequal-
ity follows from the others

(6.9) 1@ (O)llag pe, < M) = Ty pe, + 174(0) — @) + T(Olo < <.

Let 1(t) : [0, T) — % Static(W) such that dy (@9(t)) ~ [|@d(t) — 1 (t)||3- Then
() = Yllae1 By, < 1T(s) = Wl ~ dw (@ (s)),

W3y, e < M1T4(8) = Wlla + a8l (5,08 S dw (@(s)) + <,

[@(s) |l < NUE = )T () Lge (s,00:1B4)nSt(s,00)

(6.10)

S H’U”Lfo(s,oo;HLBH)ﬂSt(s,oo) + ||6(S) - ﬁx(S)H'H 5 S.

Gathering these three estimates, we obtain (6.7). O
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We are now ready to prove the first one-pass theorem in the radiative distance.

Theorem 6.3. There exist constants Cyx > 1 > ¢, > 0 such that if & € Soution ([0, 7))
satisfies

(6.11) max(de(i(0)),dz(d(T))) =: ¢ < ¢ < Iy,
then there is B € Py such that the conclusion of Lemma 4.4(I) holds and
(6.12) 1 do (@)l| L= 0.7y + ldw (@) || L= 0,7y < Cls.
On the other hand, if @ € Sowution([0,T)) satisfies
(6.13) de(i(0)) =:¢ <<, dg(t(ty)) > Css
at some to € (0,T), then there is t1 € [to, T) such that
(6.14) d(t(tr)) = Inf dg(i(t)) 2 max(s,c./Cy).
Moreover, if Kp,, (u(t1)) <0 then T < oo and
(6.15) lsnint dist - (u(0) Suaie(W)1) 2 0.
otherwise T' = oo and u scatters to 0 as t — oo.

Proof. We will reduce it to [14] by the detaching Lemma 4.4. Choose ¢, < eg and
let B, v, u* and u9 be as in the above lemma, with 1) € & S;atie(W) satisfying (6.8).
Combining it with (6.6) yields

(6.16) [74(0) = Wll3 < 11T(0) = Pl + [¥llaemey + 17O 3 pey S5

which implies E(#9) = E(W) + O(s?) since E’ = 0 on any static solution.

The same argument at t = T yields B € %y and ¢ € % Siatic (W) such that
(6.17) 1G(T) = ¥llyy 5 + 16T Loz + 191l 5o + (D) 2 5oy S
Let B := B,7. Using the reverse Sobolev (4.47), we obtain
(6.18) ||V7/’1||L2(§\1§) S ||1[11||L2* (B\B) Sy = ﬁ(T)”HLE + HU(T)HL2*(BG) SEY
and, combining it with (6.6) and (6.8),
13(T) — Bl < 1T — Blagans + 17O las + 1Plzee)

SNAT) =Pl 5+ 1THT) g 50 +< S

(6.19)

Expanding the energy for ¢ := @4(T) — {bv yields

1
(6.20) E(@(T)) = EW) + 5[(Lgeiler) + 23] + o(ller[3-),
where Ly = —A — f”(zzl). Since ||ud(T)HL2*(§cUBc) + HJl”Lz*(gcugc) < ¢ and
(6.19), we have 1]l p2* (rey S ¢ and so
1
(6.21) E(W) +0(s*) = E@(T)) = EW) + 5l + o(s*)-

Thus we obtain

(6.22) dw (@(T)) S N1a@(T) = Plln S <

~
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Choose ¢, < &, of [14, Theorem 5.1], so that we can apply that one-pass theorem to
ud, both from ¢t = 0 forward in time, and from ¢ = T backward in time. Specifically,
there are £, > 0 such that

cr~en~0, e<e,, \/§5<(5§6*,

O2) p) < BOv) 122, max(dw (@9(0), dw (@(T)) < 5

so that we can deduce from the theorem that maxo<;<7 dw (79 (t)) < d, and then,
by the above lemma, de (@) <6 ~¢for 0 <t < T.

Next, if dg(ii(tg)) > Cis at some tg, with C, > 1 large enough, then the above
lemma implies that dy (@%(ty)) > & and so, by the classification of the dynamics
after ejection in [14], we conclude that dy (@9(t)) > d. after some t; € (to,T), and
then ud either blows up in finite time, or scatters to 0, so does u by (6.6). The
blow up occurs away from the ground states in the sense of (5.2). Moreover, this
dichotomy is determined by sign(K (ud(¢;))). Choosing , smaller if necessary, and
using (6.6), we have

(6.24) +6, ~ K (ul(t1)) = Kp,,, (u(t1)) + O(c),
which implies sign K, (u(t1)) = sign K (ud(ty)). O

In particular, we can characterize the manifold with large radiation, constructed
in the previous section, by using the radiative distance.

Corollary 6.4. Let @ € Soiution([0,7)). If @(0) € M3 then supy, 7 dg(u(t)) S
Om. Conversely, if supgy 1 dop(t(t)) < min(cm,<./Cy) then @(0) € Ms.

Proof. Let @(0) € M3, then we can apply the detaching Lemma 4.4 with (5.1), so
(6.25)  dp(i(0)) < [[@(0) = ¥llwp + [@0) |2z + ¥l 50 S O+ Sm S Oy

where ¢ = %d(o)w. Since w4(0) € My, using (6.7) we obtain dg(i(t)) <
dW(ﬁd(t)) +0m S Om.
If supgcier dez(U(t)) < min(sy,sm/Cy), then the above theorem implies that

(6.26) dgp(@(0)) + sup dw (@ (1)) < om < G-
0<t<T
Hence 49(0) € My and the definition of dg implies that @(0) € M. O

We can choose those distance parameters such as ¢, = 0,,/C and ¢, = ¢,,/C
with some large absolute constant C' > 1, provided that ¢,, is chosen much smaller
than the energy parameter £, > 0 of the one-pass theorem in [14].

The above one-pass theorem does not preclude oscillation between ¢ < dgp < Cis.
In the case of dw in [14], it was possible to exclude such oscillations completely
thanks to the convexity in time of d%,V near Static (W), which is not inherited by dg.
However, we can make an exact version of the above one-pass theorem by the flow.

Theorem 6.5 (One-pass theorem with large radiation). There exist constants Cy >
1> ¢ >0, and an open set X(s) C H for each ¢ € (0,<.] satisfying:

(1) X(<) is increasing, i.e. ¢ <2 = X(s1) C X(s2).

(2) Its boundary is in ¢ < dgp < Cis, namely

(6.27) da(p) <s = v € X(s) = dg(p) < Cis.
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(3) No solution can return to it, namely for any @ € Solution([0,T))
(6.28)  1(0) € X(s), Fto € (0,T), u(ty) € X(s) = Vte[to,T), u(t) & X(s).
Moreover, such u either blows up in finite time or scatters to 0 in t > t.

Proof. Let ¢, > 0 and C, > 1 be as in the previous theorem, though we will modify
them at the end of proof. For 0 < ¢ <,/C?, let X(c) be the totality of the initial
data @(0) of any solution 4 € Sopution (T, T4)) with T < 0 < T satisfying

(6.29) T_lgtfgo de(U(t)) < s, ogltgfﬁ de(U(t)) < Cis.

Since dg is continuous in H, the local wellposedness implies that X (¢) is open.
Since the left quantity is non-increasing while the right quantity is non-decreasing
along the flow, the no-return property (3) is obvious. At the exit time ¢y, we have

(6.30) dalii(to)) = infda(i(1)) = Cus,

and the previous theorem implies that such a solution w either scatters to 0 or blows
up in ¢t > to. It also implies that d(@(0)) < C2%¢. By definition we have dg > ¢ on
X (g)c. Hence replacing ¢, with ¢,/C? and then C, with C2, we obtain the desired
properties of X (s). O

APPENDIX A. CONCENTRATION BLOWUP IN THE INTERIOR OF BLOWUP REGION

Here we observe that type-II blow-up is not always on the dynamical boundary
between the scattering to 0 and blow-up. More precisely, we have

Proposition A.1. Let 0 < T < oo, ©° € Sopution([0, 7)) N L°([0,T); H). Then for
any & > 0, there is @' € Solution([0,T)) with the following property: @ (t) — @°(t)
has a strong limit ast /T, and for any t € [0,T) and any ¥ € H with |||y < 4,
the solution starting from @' (t) + v blows up in positive finite time.

In other words, for any blow-up with bounded energy norm, there is another
solution with the same blow-up profile, whose orbit is in the interior of the blow-up
set of initial data, with arbitrarily large distance from the exterior.

Proof. Fix R > 1+ T such that [|[@°(0)|3(jzj>r) < 1. Let u? be the solution for
the initial data @?(0) = T'(z/R)u°(0), where I is a smooth radial function on R?
satisfying I'(z) = 1 for || < 3 and I'(x) = 0 for |x| > 4. Then the finite speed of
propagation implies that for 0 < ¢t < T and as long as u? exists,

(1) @2(t) = a°(t) on |z| < 3R — ¢,

(2) 17O ll3(ar>rre) < 1,

(3) supp@®(t) C {|z| < 4R +t}.
Since the regions for (1) and for (2) cover [0,T) x R, we deduce that u? extends
beyond t < T. Moreover, both u® and u? extend to |z| > R+t for all t > 0 by
the smallness in the exterior cone. Hence #?(t) — @°(t) has a strong limit in H as

t /T
Now fix § > 0. Since u? is bounded in H for 0 <t < T,
(A.1) M = sup{Ejy <5r(@(t) +4) [ £ € [0,T), [[¢]l% < 6}

is finite. Then we can find a strong radial solution u> such that
(1) supp@®(t) C {|z| > 6R — t}.
(2) SUp{Bluyosn(@(t) + ) | £ € [0,7), [l < 8} < =M — 1.
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Indeed, it is easy to satisfy (1) and (2) at t = 0 by using a very flat radial smooth
function, since for any ¢, € H and any 0 < € < 1,

(A.2) Essr(e+9) < (1+)Eassr(@) + Co([0)1F + l1]30)-

(1) is preserved for ¢t > 0 by the finite speed of propagation. For such initial data,
the solution may blow up in finite time, but we can delay the blow-up time as much
as we like by the rescaling §° with o — —oo, which makes both (1) and (2) easier.
This yields u? € Sopution ([0, 277]) with the above properties.

Now let u! be the strong solution for the initial data

(A.3) @' (0) = @*(0) + u©*(0).

Then the finite propagation property together with the disjoint supports of u? and
u3 implies that @' = @* for |z| < 6R —t, @' = @ for |z| > 4R +t, so @' = @ + @
for 0 <t < T, and @'(t) — @°(t) has a strong limit in H as ¢t , T. Moreover, for
any t € [0,T) and any ¢ € H satisfying ||¢|| < § we have

(A4) E(T'(t) + ) = Elaj<sr(@(t) +¥) + Bjays5p(@ () +¢) < 1,
hence the solution starting from *(¢) + ¢ has to blow up in finite time because of
the negative energy, see [18, 11]. O

APPENDIX B. TABLE OF NOTATION

Ns, Nsy o, neighborhoods of Static (W)
Dy, Yoo local coordinates around Sgagic(W)
Moy ~ Ms local manifold and its extensions

ax® — X' X7 2.12)
s = (u,u) vector in the phase space (1.2)
of = (¢1, —¢2) time inversion (1.17)
ap) L? inner product (1.36)
Ba Borel sets in R?
(CW) the critical wave equation (1.1)
H, Hi energy space, its subspace (1.2),(1.35)
Solution (1) solutions of (CW) on I (1.27)
E(@), P(4) total energy and momentum (1.4),(1.5)
Es(¢), Kg(p) | restricted energy functionals (3.15)
U(t) free propagator (1.12)
T, 87,57 invariant translation and scaling (1.28)
St, St, gs,gm | Strichartz norms and exponents (1.22)
W, Static(W) | ground states (1.8),(1.9)
Sotiton (W) ground solitons (1.10)
distw, dw distances to the ground states (1.16),(1.59)
Ly, L linearized operators around W (1.30),(1.32)
N(v), N(v) higher order terms (1.31),(1.54)
p, k, P ground state of Ly (1.34)
g+, At (un)stable modes of JL (1.39),(1.40)
VA, Y, At components of u around W (1.38),(1.39)
(o, ) parameters to define the orthogonality | (1.42)
(¢,0), T, hy local coordinates by the orthogonality | (1.52), Lemma 1.4
Z = (Z1,Z>) | modulation operator in the equation (1.54)
T rescaled time variable (1.53)
lelle, v(T) linearized energy norms (1.43),(2.42)
Bs, B;r, Bj small balls for different components (

(

(

(
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ma, M functions defining the local manifold Theorem 2.1,(2.11)
aw, bw positive constants (1.48),(1.49)

€s small Strichartz norm for scattering (1.24)

ds, O small distances from Sgatic(W) Lemma 1.4, Theorem 2.1
LT smallness in the ignition lemma Lemma 2.2

7 7-length for uniform Strichartz bound Lemma 2.3

Sy S smallness in radiative distance (5.1), Theorems 6.3,6.5
Ex, Ox smallness in the one-pass theorem [14, Theorem 5.1]

k(0) variational bound on K [14, Lemma 4.1]
Bia,B- fattened and thinned sets by radius a (3.3),(3.5)

H|B,H(B) restrictions of H to B (3.7),(3.10)

XB extension operator from B to R? (3.14)

9 (u), t+(p,x) | maximal space-time domain of solution | (3.26)

xE seminorm measuring radiation (4.1)

udu detached interior and exterior solutions | Lemma 4.4

daz(¥) radiative distance to the ground states | (6.1)
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