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Abstract

We consider solutions of the Schrédinger equation with a weak time-dependent random poten-
tial. It is shown that when the two-point correlation function of the potential is rapidly decaying
then the Fourier transform (fe(t, &) of the appropriately scaled solution converges point-wise in £ to
a deterministic limit, exponentially decaying in time. On the other hand, when the two-point cor-
relation function decays slowly, we show that the limit of (. (¢,¢) has the form (o (€) exp(iBy(t, €))
where By (t,€) is a fractional Brownian motion.

1 Introduction and the main results

We consider solutions of the Schrodinger equation

z?;? + %Aqﬁ —V(t,z)¢p =0, z€R% (1.1)

¢(0,$) = ¢0(.’B),
with a random potential V (¢, x) in the spatial dimension d > 1. Here v < 1 is the small parameter

that measures the relative strength of the (weak) random fluctuations. The long time behavior of
the Wigner transform [13] of the solutions of (1.1) defined as

dy
(2m)d
has been extensively studied in the past: it can be shown that a properly rescaled (to allow for long

distance and large time propagation) limit of E(W (¢, x, k)) converges as v — 0 to the solution of the
radiative transport equation [3, 4, 7, 8, 9, 14, 18, 24]

Wit,z,k) = [ o - Do ta+ 3)

2 2

2

Wi+ k-V,W = /R(p By YW (t, 2, p) — W(t,z, k))dp. (1.2)
This result holds under the assumption that V(¢,x) is a spatially and temporally homogeneous
mean-zero random field with the two-point correlation function

R(t,x) = E[V(s,y)V(t + s,z + y)],
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whose power spectrum

~

R(w, k) = /R(t,:n)e_ik“_i“’td$dt

appears in (1.2). In addition, it has been shown that the limit is often self-averaging, that is, given
any test function n(z, k) € S(R%?), (W,n) — (W,n) in probability [1, 2, 4, 5, 6, 20, 21]. However,
this result does not hold strongly, that is, point-wise in = and k. Here we denoted

(W,n) = /W(az, k)n(x, k)dzdk.

On the other hand, surprisingly, the solution ¢(¢,z) of (1.1) itself seems to be much less stud-
ied — an obvious reason for this is that ¢(t,z) becomes highly oscillatory after propagation on long
distances while the Wigner transform is a macroscopic quantity. The goal of the present paper is
to understand the behavior of ¢(¢,x) after propagation over long distances and also to study the
effect of the slow spatial and temporal decay of the correlation function R(t,z) on the behavior of
solutions, long time limit and self-averaging properties.

We are interested in the long time, large propagation distances effect of the random inhomo-
geneities, so we consider temporal and spatial scales of the order t ~ O(e™!) and x ~ O(e™!) with
e = ¢(y) < 1 a small parameter depending on v, to be determined later. Finding an appropriate
length and time scale O(¢~!), on which one observes a non-trivial behavior, as functional of v < 1 is
part of the problem. Let us recast (1.1) as an equation for the rescaled function ¢.(t, z) = ¢(t/e, z/e):

_0¢. € t x B
23 ot + 5A¢s - ’YV(ga g)d)s =0, (1'3)

¢e(0,7) = o(x/e).

In particular, we have ¢.(0, &) = ey (c¢). We assume that the spatial power spectrum has the form
R(t, k) = e 8B R(E), (1.4)

where R(k) € L'(R%), and

R(t, k) = /e_ik’mR(t,x)dx.

The space-time power energy spectrum is then

_ 20(k)R(K)

R(w, k) = i)

(1.5)
Rapidly decaying correlations. The first result of this paper is the following theorem con-
cerning the usually considered situation when the function R(¢,x) is rapidly decaying.

Theorem 1.1 Assume that V(t,x) is a spatially homogeneous mean-zero Gaussian and Markovian
in time random field with the two-point correlation function R(t,x) and the spatial power spectrum

R(t, k) of the form (1.4) with

R(p)d
/ éf;)p < +oo. (1.6)
Let ¢ =~2%, and define
Golt€) = el /)61 (17)



Then, for eacht € R and & € R? fized, ég(t,g) converges in probability, as € — 0, to

Golt, &) = do(&)e 2 Pet, (1.8)

where

D€:2/ _R(p) dp :2/ R(é—pz) 2 dp
g(p) —i(&-p— Ip*/2) (2m)¢ g(6 —p) +i(1° — EE) 2m)
This result agrees with the qualitative predictions of the kinetic theory: roughly speaking, the field
é‘ (t,€) captures the ballistic part of the solution of the radiative transport equation (1.2) that decays
exponentially in time. In the geometric optics regime (that is different from the weak coupling
regime considered here) a result similar to Theorem 1.1 could be deduced using [2, 5]. We stress
that, somewhat surprisingly, the phase has a deterministic limit after subtracting the fast phase
contribution el¢*t/¢. Moreover, the self-averaging limit holds point-wise in £: no averaging or
integration against a test function is required. This is different from the previous results in the
literature for the Wigner transform mentioned above where some averaging in phase space is always
required.
Slowly decaying correlations. Suppose now that the spatial power spectrum has the form

(1.9)

R(p) = M;‘iﬁQ (1.10)

and the spectral gap is
a(p) = ulp*’ (1.11)

for some o < 1,0 < 3 <1/2, u > 0, and a compactly supported, non-negative, bounded measurable
function a(p). We assume that a(p) is continuous at p = 0 and a(0) > 0. Observe that in order
for (1.6) to hold we need to assume that oo+ § < 1. Our second result concerns the case when the
correlation function decays slowly so that a+ /3 > 1. This implies that a € (%, 1). Let us first define
the constants

Too  as dp
Kl(aaﬁvu) = Qd/o e M an_lv (112)
where Qy is the surface area of the unit sphere in R%, and
+00 d,o .
Kalga) = [ emw—o [ cmasia) (113)
0 P Jgd

Theorem 1.2 Assume that the two-point space-time correlation function R(t,x) has the form (1.4)
with R(p) and g(p) as in (1.10) and (1.11), and that a + 5 > 1, 1/2 < a < 1 and B < 1/2. Let
e =~YE with k = (a+26—1)/(26) =1 — 12_70‘ Then, for each t € R and € € R? fized, (.(t,€)
converges in law, as € — 0 to the random variable

Go(t,€) = o(§)e' VPO, (1.14)
where By(t;€) is a standard scalar fractional Brownian motion and its variance D is given by

a(0)K1(a, 5, p)

D—
2k(2m)d

(1.15)

when 3 < 1/2, and

D) = L

(1.16)

when 3 =1/2.



We note that there are several important differences between the rapidly decorrelating case con-
sidered in Theorem 1.1 and the slowly decorrelating case in Theorem 1.2. First of all, the time
scale of (. (t,€) now is not 42 but rather y~1/#. In particular, it is no longer universal but rather
depends on the parameters a and § when o + 3 > 1. On the other hand, if we fix the ratio ¢
of the overall propagation distance and the correlation length of the medium, then the strength of
the heterogeneities v = & = e!~(1=®)/28 that produces a non-trivial effect also decreases when o
and ( increase. This shows that weaker fluctuations generate a macroscopic effect in the presence
of long range (in space and time) correlations. The main qualitative difference between the two
regimes, however, is that the phase is no longer self-averaging: the limit is truly stochastic and has
a self-similar behavior.

Let us also point out a difference between the evolution of the energy and the phase of the wave:
while Theorems 1.1 and 1.2 show that the time scale on which the phase evolves depends very much
on the nature of the correlations of the random medium this does not seem to be the case for the
wave energy. Indeed, while the total scattering cross-section

2 2
E:/R(p—k,p ;k )dp
is infinite in the regime of slowly decaying correlations, with the parameters o« and 8 as in The-
orem 1.2, the transport equation (1.2) still makes sense because of the regularizing effect of the
difference W (t,z,p) — W (t,xz, k) that appears in the right side of (1.2). Hence, we believe that
even in this range of parameters wave energy evolves on the time scale O(y~?), as in the rapidly
decorrelating case. Thus, the slow decay of correlations leads to time-separation of the energy and
phase evolutions, a phenomenon we plan to address in detail elsewhere.

Let us mention that to the best of our knowledge the first study of wave propagation in random
media with slowly decaying correlations was done in the one-dimensional case [12, 19] where it
was shown that a pulse going through a random medium with long range correlations performs a
fractional Brownian motion around its mean position, as opposed to the regular Brownian motion
in the rapidly decorrelating case [11]. On the other hand, motion of particles in such random media
leading to fractional Brownian limits was considered in [10, 16, 17]. The main contributions of the
present paper are that, first, the full limit process of the wave field is identified (we are not aware
of any such results for waves in any regime in dimensions higher than one), and, second, it is shown
that slow decay of correlations may induce loss of self-averaging properties.

The paper is organized as follows: in Section 2 we consider the Duhamel expansion for (1.1)
that is the basis for our considerations. We prove Theorem 1.1 in Section 3 and Theorem 1.2 in
Section 4. In both proofs we first identify the limit of E(és(t, ¢)) by summing the Feynman diagrams
for the Duhamel expansion — this is the same strategy used in [7, 8, 9] to obtain the kinetic limit in
the rapidly decorrelating case. Here, however, the diagram estimation is simpler since the potential
is time-dependent. On the other hand, the new aspect in the case of slowly decaying correlations
is that all diagrams contribute to the limit and not only the ladder diagrams as in the rapidly
decorrelating case. The next step in the proofs of Theorems 1.1 and 1.2 is to identify the limit of the
higher moments of C;(t, €). It suffices to consider the second moment in order to prove convergence
in probability in Theorem 1.1, while all moments have to considered in the proof of Theorem 1.2 to
identify the limit process since the limit is not deterministic.

Acknowledgment. This work was supported by NSF grants DMS-0604687 and DMS-0804696,
and ONR grant N00014-04-1-0224. This work has been also partly supported by Polish Ministry of
Science and higher Education Grant N 20104531. In addition T.K. aknowledges the support of EC
FP6 Marie Curie ToK programme SPADE2, MTKD-CT-2004-014508 and Polish MNiSW SPB-M.
We also thank Herbert Spohn for a useful discussion.



2 The Duhamel expansion

We may re-write (1.3) as an integral in time equation

e (t,€) = do(€)e =P 4 / / 81/5 1) 5 (51, ¢ — PLyemileP o)/,
ie ’ €
Hence, the function (. (¢, £) given by (1.7) solves
V(si/e, d
C(t,€) = 28/ / 81/ P1) Co(s1,& — pr)elUEP—le—pP)si/(2e) g (2.1)
as C(0,€) = ¢o(€). Tterating (2.1) leads to an infinite series expansion for (. (¢, €):
= Z éfl(tv 5)7 (22)
n=0

with the individual terms of the form

&w@=ﬂ7yjt/$w/vgum>tﬂ (dp)Go(§—pr—-+-—pn) TRV (23)

ie(2m
An(t)
with the phase
- s
Gu(s™,p™) = ((e=p1— - —peaa Pl —pul) 5 = Au(s™,p™) = Bu(s™, p™). (24)
k=1

Here we use the notation py = 0, s = ($1,...,8n) € R, p™ = (p1,...,pn) € R™, so that
ds(™ = dsydss .. .ds,. We have also split the phase into

n
An( = (& Pm)Sm, (2.5)
m=1
n m—1 1 n
Bn(s(n)a p(n)) = SmPm - Z p; |+ 5 Z 5m|pm|2'
m=1 7=1 m=1

Finally, A, (t) denotes the time simplex

An(t) ={(s1,82,.-.,8n) 1 0< s, <sp1 <o+ <51 <t}

The next proposition shows that the series (2.2) converges almost surely and, moreover, one can
take the expectation term-wise for € > 0 and v > 0 fixed. This will allow us to work with term-wise
estimates for each E((") separately in the proof of Theorems 1.1 and 1.2.

Proposition 2.1 (i) The series (2.2) for the function C;(t,ﬁ) converges almost surely for all values
of v,e € (0,1) and ¢g € CX(RY). (ii) Moreover, for each (t,€) € R*? fized, we have

B (t,€) = }ngts (2.6)



Proof. We may assume without loss of generality that v = ¢ = 1. Let 6,(p) = (1 + |p|*)? for any
p € R, and set d. = [d/2] + 1. The right side of (2.3) can be rewritten as follows:

~ ]_ n n
Ca(t,6) = @y / ds' /H Oaa, (Pr)V (sk, dpi) } Bo(& — ZPJ G (a1,p(™) H9 4d. (Pk)
An(t)

= / ds(”)/HW(sk,xk)fn(—:cl,...,—J:n)dx("), (2.7)
k=1

An(t)

where W (s, z) = (I — A,)**V (s, x), and

n

Fapry- e opn) = do(€ =Y p)e@ 2 TT 0_4a, (i)

j=1 k=1
while dz(™ = dz; ..., dx,. We can further transform the utmost right side of (2.7) as follows
Gh(t,6) = / ds™ / 1T 16-a. @)W (i, 20)] gn(—a1, - ., =) da™, (2.8)
An(t) k=l

where

gn(x1, .. H 04, (zx)] fr(x1, ..., 20) (2.9)

1 . d. [ §
- Wﬁ{a— Bp)™ o (T = 8y [fors o opn)| } (=, =),

The following lemma can be concluded directly from (2.9) and the choice of d,.

Lemma 2.2 There exists a constant M > 0 such that

1gnlloo < M™,  ¥n > 1.
We now recall Theorem 3.2 of [22].

Lemma 2.3 Let W (t,z) be a stationary, continuous trajectory Gaussian field W (t,z) with a two-
point correlation function Ry (h,z) = E(W (t,y)W(t + h,y + x)). Assume that there exist C > 0
and r > 0 such that |[Ry (h,x) — Rw(0,0)| < C(|h| + |z|)" for all |h| + || < 1. Then, for any v > 1
there exists a positive random variable F' such that

sup |W(t, z;w)| < F(w)(1+log* |z|)"/?, VaeRY (2.10)
te[0,7

In addition, there exists a constant C' > 0 such that
PF >\ <CeM/C va>o. (2.11)

Combining the above two lemmas we can estimate the right hand side of (2.8) by

[CL {/9 o (2)(1 + log* \x|)7/2dx}n, (2.12)

which proves part (i) of Proposition 2.1. Part (ii) follows from estimate (2.12) and the tail estimates
of random variable F' given in (2.11). O



3 Proof of Theorem 1.1

We now prove Theorem 1.1, that is, we consider the case when the two-point correlation function
decays sufficiently rapidly so that the phase obeys a deterministic limit. We shall assume in the
course of the proof of Theorem 1.1 that v = /2.

Outline of the proof

The proof is based on working with the Duhamel expansion (2.2) and, in particular, with the
series (2.6) for E((.(¢,&)). The first step in the proof is the following uniform bound for the individual
terms of (2.6).

Proposition 3.1 For all T >0, n >0 and all £ € RY\ {0} there exists a constant C(T) such that

2 c (T,
sup[BE=(t,¢)) < ST58) (3.1)
t€[0,T] n:

for all ¢ € (0,1].
As a consequence, we may interchange the limit € | 0 and the summation in n.
Corollary 3.2 We have ,
m EC(t,€) = ;}%Efi(tv 3t (3:2)
for allt € R and &€ € R4\ {0}.
Next, we identify the limit of the individual terms in the right side of (3.2).

Proposition 3.3 We have ECE(t,€) = 0 when n is odd and

lim G5, 1,6) = o(6) e (33
forallt e R, n € N and ¢ € R\ {0}.
This implies convergence of the expectation:
Corollary 3.4 We have

lim B (£,€) = do(€)e™ /%, (34)
for all t € Rand ¢ € R?\ {0}.
The final step is to establish the following result, which implies, in particular, Theorem 1.1.
Proposition 3.5 We have, for allt > 0 and & # 0:

leing[C}(tf)F = [Go(t, )" (3.5)



Proof of Proposition 3.1

Of course, only the case of even n-s requires a proof as the expectation vanishes for n odd. Note
that

. 1 n N N -
€ S (2n) [ 21 ﬁ } e — e
B0 = | gt | [ [B [V o) V2 )] dule = =
Qn(t)
x iCn (s M) /e | < ligollos |L(€LOHOO / ds(®?) /‘E V 2L dpy). V(Szn dp2n)”
Azn t)
C”H%\m/ / Js(2) / o Son
_ n E Sl . ” .
PR [ [V(Zdpy)... V(2 dpsa) (3.6)
The last step above uses the symmetry of the integrand in sy, ..., ss, that brings about the factorial

in the dominator. Using the relation
£ [V(t, dp)V (s, dq)] = (2m) e ®PIsl5(p + q) R(p)dpd, (3.7)

and the rules of computing 2n-th joint moment of mean zero Gaussian random variables we conclude
that the right hand side of (3.6) can be estimated by

CmHgbO”OO (2n) (2n SE—S »
(2n)len 2/ /ds /dp VI e o5 (g + pr) R(pr), (3.8)

(k,h)eF
where the summation extends over all Feynman diagrams formed over vertices 1,...,2n. We recall
that a Feynman diagram for the set S = {1,2,...,2n} is a partition of S into n pairs of numbers

(Ir), such that each element of S appears in exactly one of the pairs. If a pair (Ir) is present in a
Feynman diagram F and [ < r we say that [ is a left vertex and r is a right vertex.
Changing variables s}, := 53 /e we obtain that expression (3.8) equals

on . t/e rt/e A
H¢0|| Z/dp (2n) [ / / 8(pr)lsk— Sl|d5kd5l] 6(pe +p)R(pr)  (3.9)

(k1)eF
R n
/ ®) 4
g(p)
In the last step above we used the fact that the total number of Feynman diagrams for a set of 2n

elements is (2n — 1)!!. Now, the conclusion of Proposition 3.1 follows. [J
The above argument actually shows the following.

Cnt” 00 | ¢ 0
< H¢0|| Z/ 1 50 +m) R(px )d @n) _ ol

!
(kl)eF a(ps) 2!

Proposition 3.6 There exists a constant C such that for alln>1,¢t >0

Z// ds@")/dp(?n) T e cwolonsiles(oy + p)R(py) < (Cte)" (310
F Aan(r)

(k,HeF

where the summation extends over all Feynman diagrams formed over {1,...,2n}.



Proof of Proposition 3.3

Let us introduce some terminology: the Feynman diagram (1,2),...,(2n — 1,2n) shall be called a
ladder diagram. For a given diagram F we let

I(6;F) = / ds2m) / dp@) T e slon=sl/g(py + ) Ripy). (3.11)
Aan(t) (kHeF

As a conclusion of Proposition 3.6, we obtain, in particular, that

Z(F) =limsup sup e "Z.(t; F) < +o0, (3.12)
el0  t€0,1)

for any Feynman diagram F. We will now show that Z(F) = 0 for all non-ladder diagrams, and then
identify the actual limit of e="Z.(F) for the ladder diagrams completing the proof of Proposition 3.3.
We start with non-ladder diagrams.

Lemma 3.7 Suppose that F is not a ladder diagram. Then,

lim sup e "Z.(t; F) =0, (3.13)
€l0 tefo,1)

for any T > 0.

Proof. This lemma shall be proved by induction on n — the number of edges of a Feynman diagram.
First, we verify it for n = 2. We have to consider then two diagrams F; = {(1,3),(2,4)} and
Fo = {(1,4),(2,3)}. Start with the first one. Suppose that x € (0,1) and consider the sets of the
following times: A; = [|s1 — s3] > €] and Ay = [|s2 — s4] > £7], as well as A3 = A{ U AS. Consider
the expressions

~

I(e) = / dsy ... ds / dprdpa exp {—[(p1) (51 — 53) + 8(p2) (52 — sa))/2} R(p1) Rpa),
Ag(t)NA;

for i = 1,2, 3, then
3
T.(t F1) < ) Iie).
=1

We will see that I1(g) and I>(e) are small because the integrand is exponentially small in e, while
I3(e) because the domain of integration is small. Indeed, observe that

t t
L) < / / dsydss / / dsydss / dprdppe—="" 5002l s =l +aelsa=sall/(29) B (1) R(py)
0 Jo R JR

_ 2 [ e on)/2 B(p1)dp1 [ R(p2)dps
= 2ie)? [ et R [ R

and it follows from the Lebesgue dominated convergence theorem that

lim sup e 2I;(e) = 0. (3.14)
el0 ¢ef0,7]

Similarly one can prove that (3.14) holds for I2(¢). On the other hand, we note that if 0 < s;—s3 < "
and 0 < s9—s4 < " (so that (s1, s2, 83,84) € Ag) then (since 0 < s3 < s9), we have 0 < s7—s4 < 2e”

as well. Hence,
I3(e) < Cte®r



and (3.14) follows for I3(e), provided that x > 2/3. We have shown in this way that

lim sup e 2Z(t; Fy) =
€10 ¢efo,T]

A similar argument also yields an analogous statement for Z(t; F2).

Assume now for the sake of the induction argument that (3.13) holds for some n > 2 and for all
non-ladder diagrams with 2k vertices with k < n. Let F be a non-ladder diagram consisting of n+ 1
edges. As before, we choose r € (0,1) that shall be specified later. For a given edge e = (ko,lp) of a
diagram F set

A(e) = Hsko - Slo| > SK] - A2n+2(t)v

and A(e) = (J.cr A°(e). Define also, again for e € F,

L(e) = / cw“”/ pCrtd T o060/, 4 py) R(py),

Aan(HNA(e) (k,eF
as well as
L(e) = / ds(?n+2) /dp(2n+2) H e~ 9PR)sk=s)/e 50+ ) R(pr).
Aan (t)NA(e) (kD)eF

Note that for the first term, as in the computation for the diagram F; with n = 2, we have

/ /@%w/@mwemm“ﬂflem&ww%w+mmM

(kDeF
S/dp(2n+2)€—9(pko)a”1/2 H 8(pr + p1) R(pr) H / dsk/dsle a(pk)lsk—s1l/(2€)
(k,HeF (k,eF

— (2t6)n+1

R(p)dp n/ a(p)en- 1/zR(p)dp
) g(p) ’

thus the term in the exponent is very large and negative, whence

lim e~ "V, () = 0.

e—0

On the other hand, for I.(¢) we have two possibilities: either it splits into a union of two sub-
diagrams or not. More precisely, either (1) there exists mg such that F = F; U Fa, where F,

i = 1,2 are Feynman diagrams formed over {1,...,2mg} and {2mg + 1,...,2n + 2} respectively, or
(2) there exists a sequence of edges e; = (k;,l;), i = 1,...,m such that k1 = 1, ki11 < l; < l;11, for
i1=1,...,m—1, and l,, = 2n + 2. In the first case we have

t S2mg—1 -
I(e) < / dsy .. / ds2m, /dp1 oo dpom, H e_g(p’“)(s"’_sl)/ad(pk + p1)R(pk)
0 0 (k1) EF

X / dsomg+1 - - - dS2p42 / Ap2mo+1 - - - dP2n+2 H e~ 8R)sk=s0/25 (1 4 pp) R(py,).

Ao(nt1-mg)(s2mg) (k,D)EF2

Hence,
L(e) < I.(t; F)Z(t; F2),

10



and thus (3.13) holds in light of the induction hypothesis. In the second case, for s***2) € A(e) we
have 0 < 51 — sop4+2 < me”™ therefore

I.(t; F) < CtePntls

and (3.13) holds (with n replaced by n + 1), provided that £ > (n+1)/(2n+1). O

The contribution of the ladder diagrams

The last step in the proof of Proposition 3.3 is to consider the contribution of the ladder diagrams.
We have shown so far that

Hm EGS, (,€) = Ju(t, &), (3.15)

where

R 1) no
109 =@l ot [ as [ i) [] A 0lpics + )
Azn(t) -

x e~ 9P2k—1)(s26—152k)/ oy {iGn(S(2n), p(2n))/€} (3.16)

where G, (s, p(®")) is given by (2.4). For the ladder diagram, taking into account the delta-
functions, we have

n

1
G (s, pP) = 3~ [5 Pam—1 — lezm_ﬂz] (s2m—1 = S2m)-

m=1
Hence, (3.16) can be written as

n

_ ey D" / (2n) / (2n) Qp2n1) (521 —521)/ €
Jn(tag) - ¢0(£) lelf(()l [ (27T)d dp H ka 1 p2k—1 +p2k’)e >
A2n k=1
(3.17)
with

Qp) = a(p) i <§.p_ ;’p|2> |

Changing variables s, = (S2m—1 — S2m)/€ we obtain after dropping the primes:

s1/e 51— 682 S2p—3—ES2p—2 San—1/€
Jn(t,f) =¢0 hm nd/ dsl/ dSQ/ / dSQn_l/ d82n
0 0
« / / Hmpgk,l)dp%,lHe—mm—nm. (3.18)
k=1 k=1

One can now compute the limit in (3.18):

son s R(poj—1)
13 /ds / ds / dsop— / / ————~dpoi_
In(t,€) = Ty 1 3. 2n—1 H Q Pak_1) 2k—1

= do(®) (_1)@ ( & )dp> = dofe) 22" (319)

(p) PACTY
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where

R(p) dp
Dy =2 . 3.20
=2 | o i P e (320
Hence, we have
. - (~tDe)"
Tim B35, (1.6) = do(6) (3.21)
This completes the proof of Proposition 3.3. J
The limit of the second moment: the proof of Proposition 3.5
We now identify the limit of E [ée(t, §)] 2. Consider the expansion
Laol' = S Gtk ne. (3.22)

ni,n2=0

where each term (2 (¢, €) is given by (2.3). Evaluating the expectation in (3.22) and using an argument
as in the proof of part (ii) of Proposition 2.1 gives

[ge (t,¢ ] Z <l (3.23)

ni,n2=0
where R R
T (6.6 =B [&, (1,6, (1.6)] (3.24)

or, equivalently,

m nz(t 5) ( ) |:61/2 27r :| // Hd51d52/H ¢0§ pi1 — _pmi)eian(Sj,Pj)/s

Dt
7L1 ’VL2

~ S Sin (52
V(j dp11) .. V(%vdplnl)w?’dml)”'v( ZEQ’dp%Z)]’

where s; = (5j1,...,8jn;), Pj = (Pj1,---,Pjn,;) and D}, . = Ap, (t) X Ap,(t). We evaluate the
expectation using the Feynman diagrams, as in (3.6), and get

J7i1,n2 t 5 ZJTEU,ng t 5 f) (325)

Here the summation extends over all Feynman diagrams formed over pairs of integers (jk), with
j=12,and k =1,...,n;. We introduce a lexicographical ordering between pairs, that is, we say
that (jk) < (k') if j < j', or if j = j' then k < k'. If (e, f) is an edge of a Feynman diagram we
say that e is a left vertex if e < f. Also, given a vertex e = (jk) we will use the notation s(e) = sj,
p(e) = pji- The following analog of Proposition 3.1 holds.

Proposition 3.8 There exist constants Jy, n,(t,§) such that

sup ’ ni, ng(t7€)’ S ‘]n177l2 (Ta 5)’ VE € (07 1] (326)
te[0,t]

and

Z Ty s (T, €) < Ho0.

ni,n2=0
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Proof. Estimates following (3.6) essentially hold without changes, that is, we start with

n 2
2 (O] < C”%” //d \dss

"1 n2
X/

C" 2 s ~  Sln ¥ o (52n
< C"l9ollze / / ds dSQ/‘E L dpn) - V(= om g 1m)V( S dpn) ..V ( 2€2adp2n2)}

nl'ng'zs”

s .~ S1n . . Son
E[V(L dpi1) .. V( ™ 1n1)V( dpzl) V( 20 dpznz)”

9

with 2n = ny + ny. This can be estimated, as in (3.9), and we obtain

C2ll¢oll3
nl!ngl

[y (8:6)] < #(F),

where #(F) is the total number of the Feynman diagrams, and is equal to
#(F)=(n1+n2— 1! =(2n - 1)L

We conclude that
CH(2n — 1N
< 4N 7

n1!ns!

[ sz (1:6)) 16013 (3.27)
On the other hand, we have

[e.0]

ad Cn(2n — 1! 0"22n 2n —1)! (2C7)
> oy Aoy =3 < e

n=0n1+n2=2n n=0 =

and the conclusion of Proposition 3.8 follows. [J

As a consequence of the above proposition, we may pass to the limit £ | 0 term-wise in the
series (3.23):
lim E [gg (t,¢ } Z Dol 7,y (16 F). (3.28)

el0

ni,n2=0 F
where Jg . (¢, & F) is given by
T (06 F) / / dsadss [ dpupe T[ 700905l Ry )05+ )
(ka m)eF
2 ) .
« H |:61an (S]'vpj)/é‘gbo(g —pj1— .. _p]nj):| , (329)

J=1

and we only need to study the limit of J; . (¢,&;F) for a fixed diagram F. Recall that in the case
of the first moment calculations that we addressed previously this limit did not vanish only for the
ladder diagrams. We claim that only those diagrams that are ladder ones when restricted to both
the first n; vertices and separately to the final ny vertices (thus both n; and ny must be even)
contribute to the limit.

Let II be the set of all permutations of the vertices {(1;1),(1;2),...(2;n2)}. We divide the

domain of integration D! = Ay, (t) x Ay, (t) into the sets A(o), o € II as follows: a point

ni,n2
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(8115 -+ 5810y, 8215 - - -5 S2ny) € A(0), if S5(151) = So(12) - -+ = So(23np) and s € D. This gives rise to a

decomposition
Dhwy = | Al0)
oell

Note that the set A(o) may be empty for some permutations o because s, < sjp for all j = 1,2

and k< k' ifs € Dﬁll ny» ence, for instance, siz > s11 is impossible. We can write then

ToimEF) =T (66 F,0),

oell

where Jg . (t,&; F,0) corresponds to the integration over A(c). By the same argument as in the

proof of Lemma 3.7 we can prove that that

3
hm S,

(t,&F,0) =0,

unless F = F, := (0(1;1),0(1;2))(0(1;3),0(1;4)) ... (0(2;ne —1),0(2;n2)), that is, for each domain
A(o) there is only one diagram that potentially may contribute to the limit, and such diagrams are
the analogs of the ladder diagrams introduced before. It follows that

J’nl’n2 t 57 th ni, nQ t €7f70—) - hm‘]ﬁl nz(tvf;fo?O—)'

Let (€2x_1,€2k), k = 1,...,n be the edges of a ladder diagram F, as above, that is, &, = o(1;1),
€2 = 0(1;2), and so on. We claim that in order for the diagram to contribute to the limit all its edges
must be of the form (€a,_1,€2,) = ((4;2k — 1), (j;2k)) for some j =1,2 and k =1,...,[n;/2], that
is, no vertices corresponding to two different simplices should be paired. This, in fact, forces both
n;, j = 1,2 to be even. To prove the claim it suffices only to show that all diagrams ¥, containing
an edge of the form (éx_1, e2x) = ((1;41), (2;72)) satisfy

hm J;

1z (66 Foy0) = 0. (3.30)
Suppose that the edge corresponds to the smallest values of such ”"mixed” s, that is, all smaller
times come from the same simplex: s(€xx—1) > s(€a) > sj» > ... = 8jn;. To fix our attention
we let j = 2 and s1,, > s2,-1. The other cases can be argued in the same way. Note that then
ng —r+ 1 = 2n — 2k (recall that ny + ny = 2n) has to be even, and we should also have i =7 — 1
and 77 = n;. Let us denote als}m =dsj1...dsjm, ds;{m =dsjm...dsj,;, with j = 1,2, and

Al (t;0) = [t > s(er1) > ...s(eam) > 0],

Al (t;o) = [t > s(éam) > ... s(€2,) > 0].

14



Denote also G,,(s,p) the expression (2.4), where the range of summation has been restricted to
kE=1,...,mand by G,,.(s,p) := Gn(s,p) — Gn(s,p). Using (3.29) we can write

(_

szl,ng (t, & F,) = [(27r)1d).:]” /yl [R(Pégm,lw(pégm,l +Pégm)] dp1dp2

2 k—1
x H $0(E —pj1 — ... — Pjn,) / ds’ p, —1d85 .o H [e‘g(”@mflﬂsé?mfl_s@mVE}
= Ay (t0) m

. . s(é2r—2) S1,mq
erGnl1(Sl7p1)/€eZGr2(S27P2)/6/ dsy m/ dso r,le_g(plvnl)(517”1_52’“1)/8
0 “Jo ’
1 -
X exp 1 € : pl,m + i‘pl,nl |2 - pl,m : Z pl,m
m=1
ny r—2
X exp {ipl,nl : <_ Z P1m + Z p2,m> 52,r—1/5} IE(SQ,T—la p2)7 (331)
m=1 m=1

(1,01 — SQ,T_1)/€}

where
(no—r—1)/2
T.(s9,-1,p2) = / PRICHSAC S =IE H efg(pz,wrzm)(S2,r+2m*82,r+2m+1)/€dsf2'm'

AV (s2,r-1;0) m=0

Observe that
(ng—r—1)/2
Gy (S5, P2) = Z Crm(P2)(82,r+2m — 52,r42m+1),
m=0

where

r—1
1
Crm(P2) = (£ Paryam) — | D _P2j | - D2riom — §\pQ,r+2m!2-
=1

Performing the change of variables sj, ., = s2,4/¢, and then subsequently 3, o, 1 = 85, 19n, —
S r1omt1s S9r42m ‘= S y4om fOr the variables " following” the edge (€211, €2x), i.e. for I =r,... na,
we conclude that

(ng—r—1)/2

T-(s9r_1,P2) = gh2—r+l / H e[—g(p2,r+2m)+i0r,m(pz)]82,r+2mds’iT
Any—ry1(s2,r-1/¢) m=0
(n2—r—1)/2 !
= 52”72]6‘A(n27r+1)/2(32,7"—1/5)’ H [8(p2,r+2m) — 1Crm(P2)] +o(1),

m=0
ase < 1and no —r+1=2n— 2k. Hence,

an,nz (t7 57 fo” U) = j’lihnz (t7 é-? U) + O<1)7
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where

(-1 d :
nl ng (t 6» ) m /dpldpg ]:[1 5(pé2m—1 +pé2m)R(p52m—1) (3'32)
(ng—r—1)/2 -1 2 X
X H [g(p27r+2m) - ZC""ym(pQ)] H ¢ § pjl - pjnJ)KE(t7 P17 p2)
m=0 j=1
and
Ke(t,p1,p2) //dsldS2H 8(Peg; 1 )lsey; 1 —seq;1/€ LiGny (s1,P1) /2

, 3(621%2) $1,nq
XelGr—Q(SQJ)?)/E/ ds1n, / o o 1d32 e —8(P1,n7) (51,00 —52,r—1) /€
0 “Jo
n1
X exp {Z [5 Pry + 1/2[p1n > = prm, - (Z p1,m>] (81,m, — 52,r1)/5}
m=1
ni r—1
X exp {_ipl,nl : (Z P1im — Z p2,m> 52,r1/5} .
m=1 m=1

Note that the expression in parentheses appearing in the last exponent equals 2 Z'me, where the
sum extends over all indices that correspond to the vertices (1;m) that appear in the edges of the
form ((1;m), (2;1)).

We conclude from the Lebesgue dominated convergence theorem that

Y. (=1)" - A
hm Jnl n2 (t,§;0) = (27T)2nd(n —k)! /dpldPQ T];_[1 (e 1+ Peay ) B(Pezm 1) (3.33)
(ng—r—1)/2
X HO [9(p2.r+2m) — i1Crm(P1, P2)] 1:[ 0§ —pj1— - — Djn;) 1511%1 K.(t,p1,p2).

To compute lim._.g K(t, p1, p2) we change the s variables according to s}m = Sjm/€ and then let
again 8’177,_1 = S1mys 8/277“_1 = S1m, — S2,—1. We obtain that

s(ézx—2)

k—1
Kg(t,p1,p2) — / dsldslz H 6_9(13623'1)|5€2jl_se2je'LGnl(Slvpl)eiGr(527p2)/ d8277~_1

: 0
, j=1
;/5( )

ni
Xe_g(pl’nl)sz’nl exp {Z [5 *P1ng + 1/2’p1,n1 ‘2 —Ping (Z pl,m>] SQ,T_I}
m=1
s(éak—2)
X / (81, — S20-1)" Fexp {Qipl,nl : (Z'm,m) (1,01 — 52,r71)} dsip, - (3.34)
S

2,r—1

Since for any a # 0, T' > 0 and an integer m > 0 we have an estimate

B .
/ PRICPRIT
A

16
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where C7, < 400, the last integral on the right hand side of (3.34) can be estimated by C(p1, p2)e* ",
with C(p1, p2) < 400 except possibly for a set of zero measure and as a result we obtain that

k-1 (€2k—2) B
Kg(t,p1,p2) < Ek / dSldSIQ H e—g(pé2mf1)852mf1 / e—E(Pe2k71)82,n1d82’r_1'
_ 0
A}, (t/z50) m=l

Thus K.(t,p1,p2) < C'(p1,p2)e, where constant C’(p1, p2) < +00 except possibly for a set of zero
measure and (3.30) follows.
We have shown therefore that

liigl oy s (6 F) = iy (£,€) Iny (1, 6), (3.35)

where F is a Feynman diagram that is the union of two ladder diagrams formed over the sets
{(1;1),...,(1;m1)} and {(2;1),...,(2;n2)}. In all other cases
(t,&F) =0.

s (3
i Ty o

4 Proof of Theorem 1.2

The overall steps in the proof of Theorem 1.2 are similar to that of Theorem 1.1: we expand éa(t, €)
into the Duhamel expansion series (2.2) and then, first, use Proposition 2.1 to establish convergence
of B(C-(t,£)), and, second, address convergence of the higher moments of (. (¢, ¢). The main difference
with the proof of Theorem 1.1 is that now not only the ladder diagrams contribute in the limit £ — 0
but rather all Feynman diagrams have a non-trivial contribution. This leads to a non-Markovian
limit. Moreover, the limit is no longer deterministic, hence one has to find the limit of IE(CAE (t, &)™)
for all N > 1.

4.1 Convergence of the expectation

We first establish the analog of Corollary 3.4.

Proposition 4.1 We have
lim EC (¢, €) = Go(€)E [e/B)] (4.1)

for allt € R and ¢ € R4\ {0}. Here B,(t) is the fractional Brownian motion with the exponent
k= (a+28—1)/(28) and the diffusion coefficient given by (1.15) for 3 < 1/2 and by (1.16) for

B=1/2.

Outline of the proof

The strategy of the proof of Proposition 4.1 is similar to what we have done previously to arrive at
Corollary 3.4. First, we will establish the following uniform bound:

Proposition 4.2 For all T > 0, n > 0 and all £ € R%\ {0} there exists a constant C(T;€) such
that o (T¢)
sup [EC(t,¢)] < —+=~ (4.2)
te[0,7] n:

for all e € (0,1].
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As before, this allows us to interchange the limit ¢ — 0 and the summation in n.

Corollary 4.3 We have
hm]E(e (t,€) = thEga (t,6), (4.3)

for allt € R and £ € R?\ {0}.

This corollary is an immediate consequence of the estimate (4.2). The last step in the proof of
Proposition 4.1 is to identify the limit of the individual terms in the right side of (4.3).

Proposition 4.4 We have

i G3(0,6) = dn(e)E | LELE (4.4

n!
for allt € R and &€ € R\ {0}.

This implies the conclusion of Proposition 4.1.

The proof of Proposition 4.2

We suppose that g(p) = u|p/*® and R(p) = a(p)/|p|>**+%2 for parameters p, 3, a and a function
a(-) as in the statement of Theorem 1.2. As in (3.6), we have the estimate

G5, (1,€)| < ”éﬂl‘)ﬁ"[ 2y rn/ /ds (2n) /‘E (2L dpy). f/(”” dpgn)” (4.5)

cr d)O Oof)/ n n — 26|51, —s;| /e a\Pk
< || H L Z/ / ds@ /dp(2 VT el s, +pl)m‘2((3¢431—27
(

kleF

where the summation extends over all Feynman diagrams formed over vertices {1,...,2n}. Changing
variables pj, := py./e!/(?%) and setting x = (a + 206 — 1)/(283) we rewrite (4.5) as

t

‘Efgn(t,é)‘ C(l(io”oo P 2TLZ/ /ds(% /dp(zn) H e_M\Pk|2’8|5k—Sl| (4.6)

0 (k,l)G}—

a(c/@pe)  C™(|dollso zn - a(eV/@8)p "

ALY 6“

We used the fact that the total number of the Feynman diagrams is (2n — 1)!! in the last step above.
As € = yY/%, we may recast (4.6) as

’ C"™||do ]l 0o B a(eV/@8) "
833, 1, )] < el [/ [ [t b sy
C’"||<Z>0HOo *M|P\2’652 "

e=HPIPPt 1 4 p|2P¢
M*(t) = / Mz ’p|2a+4ﬂ+d—2 dp < 400

C™ (M. ()" | Dol

n!

where

for « <1 and a + > 1. Estimate (4.2) now follows. OJ
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The proof of Proposition 4.4

We proceed now with the limit identification. As we have mentioned, the fundamental difference with
the rapidly de-correlating case considered in Section 3 lies in the fact that the terms corresponding
to an arbitrary Feynman diagram may have a non-vanishing limit, as € | 0 — recall that in the
previous case only those corresponding to the ladder diagrams have non vanishing limits. As before,
starting with (2.3) we have

B¢, (t, &) = ZI2n (t; F),
where
7O F) = L / <(2n) / dp®) TT e—slor?(s—sn)/= WP Pk + D) i, (52 p) /o
an je(2m)d/2 kl [P |20+d—2
AQn eF

(4.8)
Thanks to estimate (4.3) what remains yet to do is to identify the limits

Ton(t; F) = 11?0115‘;} (t; F).

An upper bound for the integrand

We now proceed to re-write Z5 (¢; F) in such a form that the Lebesgue dominated convergence
theorem could be applied to the integrand in the limit ¢ | 0. To begin, we make a change of
variables s; = Z?ZZ 7j. Consider the phase Ga,(s®>™), p®™)) and the decomposition (2.4)-(2.5). Note
that the terms corresponding to As, and Bs,, after the change of variables, equal, respectively,

n

VIGEROEDS 521)] T, (4.9)

m=1
with 7" = (11,...,7,) € R*" and
Br® p0) = 3" 1@, (110)
m=1
where )
Qm(p™) :% gpj : (4.11)

Using the new variables, and introducing an additional variable 79, we can rewrite (4.8) in the
following way

(€) o VT T ey [ g
(pk) m—1 2n ~
< |1 Wfs(pk +pm)exp —plpil® Y /e pexpd =Y 7y 4 iGon (7, pPM) fe b
(km)eF j=k =0
where 72"t = (73, ..., 79,). Next, using the fact that

dz
_ —itz
o(t) = /e 2
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we obtain

7O F) = (-;)T”et [ } /+°° / 2n+1)/dp(2n)/dz€—izt (4.13)

2n
a . B i )
<A WIQ(”‘%(;@'“ +pm) exp | —pulpi|*” Z Ti/e = (1—iz) Y 7+ iGan(7?W, pP) /e
(km)eF ik =
(*1)71675 ¥ 2n /+oo /+OO (2 +1)/ (2 )/ —izt a(pk)(S(pk +pm)
= . dr\em d n d iz
27 (2m)4/2¢ 0 0 T P ze H P

(km)eF

2n

xexp —(L—iz)ro = | > Ly (ulpul*’ /e +1 — iz | 75+ iGoy(r?V, p) /e
Jj=1 | (km)eF

Integrating out the 7-variables gives

n 2n —izt
)y o (D)€ gl / (2n)/e dz a(pr)d(pr + pm)
T (6 F) = 27 (2m)4/2¢ 4P 1—iz (kl_)[e}' |py|2o+d=2

-1

H > Ly () okl 6/€+1+Z< p®™)/ Zﬁ pk/€—2) - (4.14)

Jj=1 (km)eF

Substituting pj, = pi/eY/ P as in the passage from (4.5) to (4.6), and using the relation vy = &*
leads to

©) p. 7y — (1" (on) [ €z a(e/ @9 p,)
IQn (t7f) = W dp 12 (kllf W5(pk +pm) (4-15)

J
H D L Gkl + 1+ (Qj(p@n))gl/ﬂl =S e e/ Z)

j=1 (km)eF k=1

-1

Let us denote by L(F) the set of all left vertices of F, and for an edge e = (km) € F set £(m) = k.
The expression under the multiple integral on the right side can be majorized by

-1

a5 11 y
1 %7 +1
1. |20+d—2 Z km pk
(L4 [z lpecam) P47 (ulpecam) 27 + 1 4 12]) f2i(om) ps \ TN e
a5 { 1 [ 25 1}
= T eatd—s |MPiITT + 1} . 4.16
(L4 |2])Ipecany|22H9=2 (plpecany 128 + 1 + |2]) jel;[ﬂ [p; 2a+d=2 p;] (4.16)
Ft(n)

We used the simple fact that for a vertex j € L(F) we have 1j, ,,,)(j) = 1 if we take the edge with
k = j in the summation over the edges of F above. Now, the expression in the right side of (4.16)
is integrable with respect to the measure dp = dz [[;c.(#) dpj, since a+ 3> 1 and o € (1/2,1).
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Computation of the limit of Iéi) (t; F)

The integrability of expression (4.16) allows us to apply the dominated convergence theorem in the

expression (4.15) for Ié;) (t; F) and pass to the limit under the integral sign, concluding that for
B < 1/2 we have, as both 1/ > 1 and 1/(25) > 1:

e @) (=) T a(0) / (2n) /emdz 5(pr + pm)
I2n(ta ~7:) - IEIE)IIM (t,}-) - ot 27r)d d 1—iz (kH |pk|2a+d_2
2n
x H MZ Ligmyer(J ()pel® +1 — iz (4.17)
Jj=1 (km)

while for 8 =1/2 we get

oy g 7@ oy (SD) [al0) ] / (gn)/e‘“tdz 3(pk + pm)
Tl F) =M T () = (o] 09 [0 [ 1L s

-1
2n

<AL 1e DD LwmG)lpel® + 1—l<2+25 Pk) : (4.18)

Jj=1 (km)eF

To unify the notation we introduce ¢(3) := 0 for # < 1/2 and ((1/2) := 1. Then, retracing our steps
above, we may re-write both (4.17) and (4.18) as (compare to (4.8))

Tun(ti7) = | oo

] / 452 / ap@® T o~ HIPkIP (s~ sn%ezcm)x 15i6P5 - (4.19)
Aot (kDeF ’pk‘

The case § < 1/2. Now, we relate expression (4.19) to the fractional Brownian motion. Consider
first the case 8 < 1/2. Then, after integrating out the p-variables (4.19) becomes

. _a(O)Kl(O‘7ﬂ7N) " 2n a—1)/8
Ign(t,]-"):[ @) / ds® T sk — st D/%, (4.20)
Ao (t) (k,HeF

with

oo s dp
Kl(a7ﬁau):Qd/0 € e anfla

as in (1.12). Here g is the surface area of the unit sphere in R?. Let us recall the representation

252 2 e'hrsp
ST 1sp— s = "R H/oo\k\“ gw(dky)| | (4.21)
F (pe)eF
where w(dk) is a Gaussian white noise and ¢, > 0 is given by
e 1/2
o — <F(2/@ 1) sm(7m)> . (4.92)
7T
Then, (4.20) with
5= (a+26—1)/(20) (4.23)

21



can be restated as

—a a A" otkpsp
;I%(t;f):[ (O)Iiégr);ﬁ,u) N] / dsCIE H/oo\k k)| (429

YA Y. (t)

Taking into account the symmetry in the s;-variables of the expression in the right hand side of (4.24)
we obtain that

S~ gy [ [ fama i [

1 [—a(O)Iil(a,ﬂ,u)CirE ﬁ/+°°wt—1w(dkp) . (4.25)

~ (2n)! 27r)d 25 ikylky <1

Using the harmonizable representation of the standard fractional Brownian motion, see Proposi-
tion 7.2.8, p. 328 of [23], we deduce that (4.25) can be reformulated as

—a (6% C2 29n
;Ign(t;f) _ (22)' |: (O)Kl( 7/57:“’) Hdn:| Ean(t)

Here By (t) is the standard (that is, of zero mean and variance one) fractional Brownian motion with
the Hurst exponent x and

I = <M> - <2n2r<2n = sin(mr>>1/2 '

Observe that, fortunately, c.d, = 1/(v/2x). To summarize, we we have shown that for 5 < 1/2

lim EC(1,€) = go(¢) e PH0), (4.26)

where
a(0) K1 (e, B, 1)
2k(27)d

D= (4.27)

The case § = 1/2. For § = 1/2 the calculation is very similar. Then, the Hurst exponent x
given by (4.23) is equal to «, and the right side of (4.25) equals

thzzn (t;F) = Efiv/D(€) Ba(

and
(4.28)

with

+00 d )
Kalgap) = [ ey [ cldrsia),
0 P Sd-1

as in (1.13). This finishes the proof of Proposition 4.4. O
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The limit of the higher moments
The last step in the proof of Theorem 1.2 is to show that

lim E[C. (¢, )] = [do(&)]VEN VP OB (4.29)

€l0

for all integers N > 1. Consider the expansion

Cwo] = X G &, (1.30)

ni,...,nny=0

where each term (2 (¢, €) is given by (2.3). Evaluating the expectation in (4.30) and using an argument
as in the proof of part (ii) of Proposition 2.1 gives

2Lt = Y T, (1.31)

where ) )
Ty 6O = E |G (1) &, (£0)] (4.32)

or, equivalently,
JE

(O = (—1)" [ o= d/zrn/ / Hdsl dsy (4.33)

s A Sip ~ ~  SNn
x/E[V( S dpn) V() V(S dp) V(S dpivy )

N
A ~ iGn . (S;,D;
XG0(€ = P11 — .. = Pimy) - P0(§ — Pt — .. — pamy) [ [ € s apile,
i=1
where s; = (8j1,...,8jn;) and p; = (pj1,...,Pjn;). We evaluate the expectation using the Feynman

diagrams and get

Jom Z (& F). (4.34)

Here the summation extends over all Feynman diagrams formed over pairs of integers (jk), with
j=1,...,N,and k =1,...,n;. We introduce a lexicographical ordering between pairs, that is, we
say that (jk) < (j'K')if j < j', orif j = 5/ then k < k’. If (e, f) is an edge of a Feynman diagram we
say that e is a left vertex if e < f. Also, given a vertex e = (jk) we will use the notation s(e) = sj,
p(e) = pji- The following bound holds.

Proposition 4.5 There exist constants Jp, . ny(t,&) such that

sup |Joy oy (66 < g ny (T56), Ve € (0,1] (4.35)

and

Z Jnl,-~~7nN(Taf) < +00.
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Proof. Using the relation ¢ = /% in (4.33), dropping the phases and symmetrizing gives

C™|dollX
‘ N1 yees (t75)’ < nl' nN €2n1 H)/ / Hdsl

~ A~ in ~ S ~ S n
JE o) V) v<§1,dpm>...v<NEN,denN)H.

X

The right hand side can be estimated essentially in the same way as in (4.6) and (4.7) and we obtain
that

H%H
sy (1 E)] < ;O 1Cxllall
for any n1,...,ny such that n; +...4+ny = 2n. The right hand side is summable over n;-s. Thus,

we conclude that the conclusion of Proposition 4.5 holds. [J
Proposition 4.5 leads to the following.

Corollary 4.6 We have

o

mBC(L O = 3 HmJn (9. (4.36)

ni,...,nN=0

Hence, it remains only to evaluate the individual limits of J , (¢,§) ase | 0.

Computation of lim. o J; ()

In order to re-write limgjo J;, . (¢ ) in a form more convenient for the subsequent analysis we
will once again use the variables 7;, with s; = > j—i Tj to express ¢ (t,£). Then the phase function

G = A — B with A and B as in (4.9)-(4.11). Then the domain of integration in the 7-variables is
the set
D,(t) ={(r1,...,7): 7;>0foralll <j<nand 7 +---+ 7, <t}

We will also use the spectral representation of the stationary field V (¢, z):

t+pa) V (dw, d
V(t,az)z/e“”"' ((2 )d+]19),

where f/(dw, dp) is a Gaussian spectral measure with the structure measure given by

o - 2pa 28
S AN d+1 o . pa(p)|pl
]E[V(dwv dp)v (dw )dp )] - (27T) 5(&] w )5(]7 p ) (wg + ‘u|p|45)|p|2a+d,2 .

We can now transform expression (2.3) into

re (" (n) V(dwy, dpy)V (dws, dps) . .. V (dwp, dpy) - o
Dy (t)
Xei[m(‘r1+---+7'n)+u)2(7'2+---+7'n)+---ernﬂ'n]/zsei@n(‘r(”),p“’))/s7 (4.37)
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and further rewrite (4.37) in the following way:

+oo +oo . v
Cn(t £) = ¢ / / .dTn/(S(t—To—.,,—Tn)ezzj1Tj(zi:1"”k‘)/5
V(dw17 dp1)V(dw2, dpg) - V(d(,un7 dpn) A LS i () p)
% (27)(d+1) Go(E —p1 — ... — pp)e” 2i=0Ti lCn(T P e,

Since

; dz
5t — — T = —iz(t—T0—...Tn) 2~
(t =70 Tn) /Re 5

integrating out the 7 variables we obtain:

i /Oo . /Oo dro . . . drye~ (1720t 470) g1 30y T (T [(6p5) 5] =@ (P /2) 2
0

1
- 1—12',2 11 {i+z+215 {22[(5‘Pj)+%] Qm(p("))]} ,
1

m= 7j=1

so that (4.37) becomes

. n [ V(dpy,dw)V (dpe, dws) ...V (dpn, dwn) ~

} . (4.38)

This expression for 2(¢,€) will be the starting point for our analysis of Iy (£:€), that is,
Tr.omy (£, €) s given by

ey exp {—itzs}
me ..... nN(t7£) - (2 ) d+1)+1 g / /H 1_22] le...dZN

X /E [V(dwn, dpll) . V(dwml,dpml) ce V(dle, del) . V(dwN,nN, denN)

m=

Xlliz{H1 {H (22 €-pj) +wj — Qulp ))

Xéﬂ(g_pll_ —le)---f(f_PNl—---_PNnN)

XH{H { i (€ pjr) +wjk] — Qm(pj)}—i—i
k=1

m=1
with 2n = Z;VZI n;. We evaluate the expectation above using Feynman diagrams and get
1 netN 2n
Jo oy (6,6 = (()gdﬂﬂ = Z / dpi ...dpN / dwy ... dwy (4.39)

2 2—2 d
" H 20lpj?P 22 a(pyr)

S(pik + pjrm)d(wik + whi)
O B+

(jk.j'm)eF
X —pi1— ... —DPiny)--- G —pPN1 — ... — DNny)
N { it } m -1
exp {—itz; .
X /dz]ll[l { iz Hl zj + 2; §- Pjk +w]k Qm(pj) t } :
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Here dpy, := dpm1 - . .dpmn,, and, once again, the summation extends over all Feynman diagrams
formed over elements that are pairs of integers (jk), j=1,...,N, k=1,...,n;

We change variables setting p’ = p/ /20 W =w /e and using the relation v = " we get, after
dropping the primes

n tN
Jo oy (6,6 = n(d+1 T Z/dpl...de/dwl...dwN (4.40)

I 2,U|pjk|25+2 2a=dq(el/CPp )

(Jk,j'm)eF
xCo(& — YA (pyy + ... +p1n1)) . -CAo(f — Y (o1 + .+ pany)

exp {—itz;}
d
</ ZH e |-
j=1 m=1

One can majorize the integrand above by an integrable function, when o+ 3 > 1, as we did in the
proof of Proposition 4.4, and obtain that:

im <m):(—1)%“‘7(@(5))N(2/1@(0))” > / ipy. .. dpy / o don

N1y ;N (27r)n(d+1)+1
FeF(2n)

0(Pji + Pjrm )0 Wik + Wiry,)
R L O

-1
+1

2> (& pie/ PO L wip) — Qulpy)etP
k=1

21220 ,
X 20Dk + Pjrm)0 (WK + W 4.41
H@]: ]k;+,u|pk|4ﬂ (] ]m) ( J ]m) ( )

(Jk.3'm)

JrsJ N { t } |

x/dznl{exﬁ_jjf H kZ ><f-pjk>+wjk>+z‘} -
j= =1

Recall that ((5) =1 for = 1/2 and ((5) = 0 for 5 < 1/2. Now, we need to relate the right side of
(4.41) to the fractional Brownian motion. We do it separately for § < 1/2 and g = 1/2.
The case § < 1/2. When 3 < 1/2 the limit in (4.41) equals

o () = S N (2pa(0))" [Co(§)1Y 3 /dp1 de/dwl Ldwy (4.42)

(27 )n(d+1)+1
FeF(2n)

-1
z]—i-Zka—i-z

H ‘pjk‘25+2f2afd(5(pjk +pj/m)5(ij +W;/m) /dZﬁ exp{ ZtZ]} H

wh, + u2{p;l*? 1 —iz;

(Jk.j'm)eF j=1

Integrating out the z and w variables and reverting back to the s-variables time we obtain that

(~1)"a / ey
J, Tyeen N( f) 271' nd Z p1- PN An, (1) Ay (1) > o

e_ﬂlpjk‘zg'sjk Sj’ml
x H P[22 (pjk + Pj'm)- (4.43)
(Jk,j'm)eF

Integrating out also the p variables gives

[_ ( ) 1(a, B3, M i N / / (a—1)/8
Jnt,mn (6, 6) = ( g dsy...dsn|sik — Sitm|'®
n(6:8) (2m)nd A, (8) Ay (®) 1 N|sjk = 8jtm]
(4.44)
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It remains now to relate jnl,...,n ~(t,€) to the fractional Brownian motion and sum all these terms.

Note that the function
f(s1,...,82,) := Z H sk — 8>3

F kmeF
is symmetric in all of its arguments, that is, f(s1,...,52n) = f(sx Sr(2n)), Where 7 is an
arbitrary permutation of {1,2.. 2n} Using this fact we can rewmte 4 44) in the form
. [a(0)Ki(a, 6.4 .
It (6:€) = (2m)dn, ! Z d81 dSN H |sjp—sjr m’ a—
(jk,j'm)eF
ny- tlmeq nyN- tlmei
(4.45)
Recall that, as (4.21),
202 _ 2 e/himsjm
2T bl e T st
oo |Kjm|

F (jkj'm)eF j=1m=1
where w(dk) is a Gaussian white noise and ¢, > 0 is given by (4.22). Hence,

(=)™ [ (1™ (a(0) K1 (e, B, )2 )" (4.46)

(2m)dny! . np!

/ /d51 / /dsNIE HH/MI{MJ'W;J;TL/Q (dkjm)

jm, M (t 5) =

=1lm=1
ni- tlmes ny- tlmes
Performing the integrations with respect to s; and then subsequently the summation over ny,...,ny
we obtain
—+00
S T8 = G@)VE [exp {iNDV2B(1)}] (4.47)

n1=0,...,nny=0

where By (t) is the fractional Brownian motion with the Hurst exponent s and variance 1.
The case 5 = 1/2. The computation for § = 1/2 is very similar to that for § < 1/2. Here the
limit in (4.41) equals

(=1)"(2u)a"(0)[Go ()] Ve ™

Jnh---,nN (t, f) = (27T)n(d+1)+1 /dp1 e de / dw1 . dwN (4.48)
FeF(2n)
> 20 (pji + Pjrm)d (Wi + Wiy
(jk,jfl_m[)ef Wi + 12lpl?
N —1
8 /dZH eXIi{_Zztzj} H Zj +Z & pjk + Wik) +
j=1

Integrating out the z and w variables and reverting to s coordinates for time we obtain that

—1)ng™ - N
Jn17,,,’nN(t7§) — ( 1) (251-0))750@)] Z /dpl de/n (t).../An © dsy...dsy

FeF(2n)

< ] ol 2o demrlpinllsnmsym+i€pintsin=sinm) 6 (p iy + pjigy). (4.49)
(jk.j'm)eF
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Integrating out the p variables we obtain that

_ [Fa(0)Ka (& m)]" (o (€)Y 2%
Iy (£,6) = ;/Anl(t).”/AnN(t) dsi...dsn|sjk — Sjiml , (4.50)

(27r)nd

with the constant K5 as in (1.13). ;From here on we conduct the calculation as in the previous case.
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