THE SMALL-TIME SMILE AND TERM STRUCTURE OF IMPLIED VOLATILITY
UNDER THE HESTON MODEL

MARTIN FORDE, ANTOINE JACQUIER, AND ROGER LEE

ABSTRACT. We characterise the asymptotic smile and term structure of implied volatility in the Heston
model at small maturities and all strikes. Using saddlepoint methods we derive a small-maturity expansion
formula for call option prices, which we then transform into a closed-form expansion (including the leading-
order and correction terms) for implied volatility. This refined expansion reveals the relationship between
the small-expiry smile and all Heston parameters (including the pair in the volatility drift coefficient),
sharpening the leading-order result of [8] which found the relationship between the zero-expiry smile and
the diffusion coefficients. We solve for in/out-of-the-money and at-the-money cases; in the latter case our

proof involves subleading-order saddlepoint approximation along a suitable path of integration.

1. INTRODUCTION

Stochastic models are used extensively by traders and quantitative analysts in order to price and hedge
financial products. Once a model has been chosen for its realistic features, one has to calibrate it. This
calibration must be robust and stable and should not be too computer intensive. This latter constraint
often rules out global optimisation algorithms which are very slow despite their accuracy. For this matter
closed-form asymptotic approximations have grown rapidly in the past few years. They have proved to be
very efficient (i) to provide some information about the behaviour of option prices in some extreme regions
such as small or large strikes or maturities (where standard numerical schemes lose their accuracy), (ii) to
improve calibration efficiency. Indeed one can first perform an instantaneous calibration on the closed-form
first and then use this result as a starting point to calibrate the whole model. In practice calibration is
often performed using the implied volatility—i.e. the volatility parameter to be used in the Black-Scholes
formula in order to match the observed market price—rather than option prices.

For these reasons, there has recently been an explosion of literature on small-time asymptotics for
stochastic volatility models (see [B], []], [@], [4], [I0], [i4], [05], [(6] and [24]). All these articles characterise
the behaviour of the Black-Scholes implied volatility for European options in the small-maturity limit.
Varadhan ([27], [28]) and Freidlin & Wentzell [T3] initiated the study of large deviations for strong solutions
of stochastic differential equations, and showed that on a logarithmic scale the small-time behaviour of such
a diffusion process can be characterised in terms of a distance function on a Riemannian manifold, whose
metric is equal to the inverse of the diffusion coefficient. Higher-order expansions in powers of the small

time parameter have extended these seminal works. Molchanov [27] provided a rigorous probabilistic proof

Date: March 8, 2011.
1991 Mathematics Subject Classification. AMS 91G20, 65C50.

Key words and phrases. Heston model, implied volatility, asymptotics, saddlepoint expansion, calibration.
The work of M. Forde was supported by a SFI grant for the Edgeworth Centre for Financial Mathematics. A. Jacquier

aknowledges financial support from MATHEON. A former version of this paper circulated under the title ” Small-time
asymptotics for implied volatility under the Heston model: Part 2”.
1



2 MARTIN FORDE, ANTOINE JACQUIER, AND ROGER LEE

of this heat kernel expansion at leading order, and Bellaiche [?] improved this expansion for non-compact
manifolds under mild technical conditions.

In mathematical finance, Henry-Labordére [[6] was the first to introduce heat kernel methods to study
asymptotics of the implied volatility, both for local and for stochastic volatility models, and initiated a
stream of research in this area. For one-dimensional local volatility models Gatheral et al. [14] provided a
rigorous proof of the small-time expansion—up to second-order in the maturity—for the transition density
and translated it into an expansion for the implied volatility. On the analytic side, Berestycki et al. [3]
showed that for a stochastic volatility model with coefficients satisfying certain growth conditions, the
small-maturity implied volatility was given by a distance function obtained as the unique viscosity solution
to a non-linear eikonal first-order Hamilton-Jacobi PDE. Paulot [24] derived a small-time expansion for
call options under a general local-stochastic volatility model—including the SABR model—by applying
the Laplace method to integrate the heat kernel over the range of the volatility variable. It is interesting to
note that the small-maturity at-the-money implied volatility has a qualitatively different behaviour than
the rest of the smile, and can not be dealt with in the same way.

This heat kernel asymptotic approach however does not apply to the Heston model (E) where the
variance process follows a square-root diffusion, since the associated Riemannian manifold is not complete
(see [MB, Chapter 6] for more details about this phenomenon). Using the affine properties of the Heston
model, Forde and Jacquier [4] developed a large deviations approach to obtain the small-time behaviour of
the implied volatility (the large-maturity case is treated in [I1] by analogous arguments). In this paper we
refine this analysis by providing the first-order correction of the small-maturity expansion for the implied
volatility in this model. The methodology in use here—similar to the one used in [IZ] for the large-maturity
case—is based on saddlepoint expansions in the complex plane and the properties of holomorphic functions.
We first derive an asymptotic expansion for Furopean call options, which we then translate into implied
volatility asymptotics. Namely for an European option written on the underlying (S;):>o with strike Spe”,

we prove that the expansion
ot () = o (¢) +a(z)t +o(t)

holds for all real number z for the implied volatility o; as the maturity ¢ tends to zero (Theorem B72).
The correction term a(x) is important since it takes into account the drift terms in the SDEs () for
the Heston model. The genuine limit og(x) (also derived in [9]) fails to capture these drifts because large
deviations theory is only sharp on a logarithmic scale. In [d], the authors showed that the at-the-money
case x = 0 is qualitatively different from the out-of-the-money case since large deviations reduce to a
standard central limit argument. This singular behaviour also occurs in the correction term, and a more
subtle analysis of the Laplace method for contour integrals is required to take this feature into account.
The paper is organised as follows: we recall the Heston model and the main ingredients that will be
needed in Section B. Section B presents the main results of the paper, namely the small-maturity asymptotic
expansion for European call option prices, both for the Heston and for the Black-Scholes model. The
lengthy proof of the main theorem is deferred to Section B. As mentioned above the at-the-money case
behaves differently. In this case the proof of the main theorem does not follow from the general case and
needs special treatment, which is the purpose of Section B4. In Section B we translate these expansions
into implied volatility asymptotics and provide numerical evidence of the accuracy of our formulae. Finally

we propose a calibration methodology based on these closed-form approximations in Section B.
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2. MODEL AND NOTATIONS

We work on a model (Q, F, P) with a filtration (F;):>0 supporting two Brownian motions and satisfying
the usual conditions. Let (S;)¢>0 denote a stock price process and we define its logarithm by X; := log(S:).
Without loss of generality we shall assume that interest rates and dividends are null—otherwise we can
just model the dynamics of the forward price directly instead of the stock price. In the Heston model the

process (X;);>o satisfies the following system of SDEs:

1
dXt:—indt—F\/)/tth, Xog=1x9 € R,

(2.1) AV, = k(0 = Y,) dt + 0+/Y; dZ;, Yo =10 > 0,
AW, Z)y = pdt

where k > 0,0 > 0,0 >0, |p| < 1and W and Z are two standard Brownian motions. We further assume—
as in [T9]— that the inequality x > po holds. The Y process is a Feller diffusion and the coefficients of
the stochastic differential equation satisfy the Yamada-Watanabe condition [, Section 5.2.C, Proposition
2.13] so it admits a unique strong solution. The X process can be expressed as a stochastic integral of the

Y process and thus is well defined. Let us now define the two real numbers p_ < 0 and py > 0 by

2 p m 2 p
— arct -1 — =1y ,— — t - - 1
o7 arctan (p) {p<0} - {p=0} + o5 (arc an (p) 7r> {p>0}>

p_:

(2.2)

2 17 T 2 17
= — t - 1 —1y = — arct =1
P+ o7 <arc an <p> +7r) {p<0} + p {p=0} + — arctan <p> {p>0}s

op

where p := /1 — p2. We further define the function A : (p_,p;) = R by

L Yop
(2.3) A(p) == (oot (Uoﬁp/Q) mpt for all p € (p—,p4).

It can easily be checked that A is a real strictly convex function on the interior of its domain, and that
A(p) >0 for all p € (p—,p+) \ {0}, and A(0) = 0.

Remark 2.1. In [9] the authors proved that the function A corresponds to the limiting cumulant generating

function of the Heston model, i.e.
A (p) = lim tlog B (ep(Xt_xO)/t) . forallpe (p_,ps).
—
Let us finally define the Fenchel-Legendre transform A* : R — R of the function A by
(2.4) A (x):= sup {pr—A(p)}, for all z € R.
PE(P—.p+)

In [9] the authors proved that the small-maturity limit of the implied volatility is fully characterised by
this dual transform. We shall of course recover this result while proving higher-order expansions for the
short-maturity implied volatility. The function A* does not admit a closed-form representation, but a
straightforward analysis shows that the equality A* (z) = p* (z) z — A (p* (x)) holds for all real number
x where p* (z) € (p—,p+) is defined as the unique solution to the equation A’ (p* (z)) = z. By the strict
convexity of the function A, this number is always well defined. As proved in [d], the identities p* (z) > 0

for x > 0, p* (z) < 0 for < 0 and p* (0) = 0 always hold. We also have A*(z) > 0 and A”(p*(z)) > 0 for
all z # 0, and A*(0) = 0.
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In the Black-Scholes model, the share price process (St),-, satisfies the SDE dS; = XS,dW;, with
Sp > 0 and where the volatility X is a strictly positive real number. We shall use the notation Cgs (z,t,%)
to represent the Black-Scholes price of a European call option written on the share price S with strike
Spe®, maturity ¢ and volatility . In the rest of the paper, ® and & will respectively denote the real and
the imaginary parts of a complex number, and A the cumulative distribution function of the standard

Gaussian distribution.

3. SMALL-TIME BEHAVIOUR OF EUROPEAN CALL OPTIONS

In this section we derive small-time expansions for European call option prices in the Heston model
(Theorem B) and in the Black-Scholes model (Proposition B33). For clarity we postpone the proof of
Theorem B to Section B.

Theorem 3.1. In the Heston model (E) the asymptotic behaviour for European call options

-, e (<22) (Ao o (07)), 1240

E (eXf — Soe“”)Jr
So

?
yL—Bt3/2+O(t5/2>, if o =0,
27

holds as the maturity t tends to zero, where

e"U (p*(x))

p*(2)2y/N (p*(x))’
U (p) := exp (Zg ((ipa —dp) ip — 2log (W)))

exp yoeii_dap (ipo — do) ipdy + (dy — k) (1 — eidop) —
(1 — goe—1dor) g2

A(z) =

(ipo — do) (1 — eiidop) (g1 — ideOP)))

1 — goe~idor

Bi=1 ]2 (o 1—’)—2 + 9o (yo — 3po) — 6K(0 — yo)
=18 - o 1 Yo (Yo pPo K Yo) | »

where the functions A and A* are defined in (E33) and in (E4), and

26p — 0 | ip—p (2k — po)
_ i —

1 =0p : =
(3.1) do :==0p, dy 25

I — g1 = .

ip+p op(ip+p)°

Remark 3.2. Although this is not obvious from its representation, the function U maps the interval
(p—,p+) to the real line. The reason for this is explained in Remark E2. Since p*(x) takes values in
(p—,p+) \ {0}, and A” (p*(z)) > 0 for all z € R*, then A(z) is a well-defined real number .

Since we shall eventually be interested in deriving small-time asymptotics for the implied volatility, we
need an analogous result to Theorem BT for the Black-Scholes model. This is the purpose of the following

proposition, the proof of which can be found in Appendix .
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Proposition 3.3. Let ¥ > 0, define o, :== V32 +ct for t > 0 and assume that t € (0,%%/|c|) if ¢ < 0.

Then the following behaviour holds as the maturity t tends to zero,

2 2 3
(1—e$)++exp(—m +x+m)< > t3/2+0(t5/2)>, ifz #0,

2%2t 2 ' 2%t 2/
Cos (2,t,01) _ ' VI
So
»t1/2 1 c T .
+ I t/2+(9(t5/2), if x = 0.
V2r | 25 <Z 12> f

The behaviour of European call options in the standard Black-Scholes follows immediately.

Corollary 3.4. In the standard Black-Scholes model (i.e. ¢ =0) we have oy =X for all t > 0 and
T ABS(ma E) .')32 .
Cos(ets) | (1= + T2 ep (—gom )12 O (82) e £ 0,

So X 1 X7 5 5/2 ,
2= 32 o (/7)) ife=0,
V2T 24+/2m ( ) /

where

(3.2) Agps (z,X) := i—s exp (g) .

4. SMALL-TIME BEHAVIOUR OF IMPLIED VOLATILITY

In this section we translate the call option asymptotics stated above into small-time expansions for the
implied volatility. For any ¢ > 0 and = € R, o¢(z) shall denote the implied volatility of a European call
option with maturity ¢ and strike Spe®. We first define the two functions og : R* =+ R and a : R* — R by

el py = 20 g (Al
\/m’ a( ) = 2 log <ABS (33,00 ($))

where the functions A*, A and Apg are respectively defined in (E4), in Theorem B and in (B32).

(4.1) oo (x) := and > , for all z # 0,

Remark 4.1. In 9], the authors proved that the function oy is the genuine limit of the implied volatility
smile as the maturity tends to zero and that it is continuous at the origin. Although the two functions A

and Agg are not continuous at the origin, the function a is, as shown below in Corollary B=3.

The following theorem is the core of this section and gives the out-of-the-money implied volatility

expansion for small maturities. We defer its proof to Section [,
Theorem 4.2. The asymptotic expansion of (z) = o3 (z) + a (z)t + o (t) holds for all x # 0,

The following corollary—proved in Section [C3—is a direct consequence of this theorem and provides

information on the behaviour of the short-time implied volatility in terms of the model parameters.

Corollary 4.3. The following expansions for the functions og and a hold when x is close to zero,

pox 1 502\ o2z 3
= 1+—+—(1-— @)
o0(x) \/yo( Lb T 24( ; ) 7 ) +0(a%)

Yo

0'2 2 g K g
a(z) = -7 (1 - p) + 50— y0) & 5 (778 = 20+ yo) + yopo) @

17602 — 480k0 — T12p%0? + 521p*0? + 40yop3c + 1040k0p? — 80yokp? o2a?
+ 2
7680 I

+0 (2%).
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Note that the two functions oy and a are symmetric when the correlation parameter p is null. This is
consistent with the fact that uncorrelated stochastic volatility models generate symmetric smiles (see [25]).

The following corollary explains why the correction term a(z) is important.

Corollary 4.4. The following small-time approximation for call options holds as t tends to zero:
E (eX — Soe""/’)+ = Cgg (m,t, o3 (x) + a(:c)t) 1+0()), for all xz € R.

This corollary is false if we remove the correction term a(z), hence the leading order term alone is not
sufficient to estimate call option prices for small maturities. The proof (which we omit for clarity) simply
follows by equating option prices in the Heston and in the Black-Scholes models. In the at-the-money
case, we can derive an analogous formula to Corollary B3, which clarifies the dependence of the implied

volatility smile on the parameters of the model. We postpone its proof to Section 4.

Corollary 4.5. The small-time at-the-money implied volatility has the asymptotic behaviour

2 2
t
(4.2) o} (0) = yo + (/4: (0 —yo) — % < - i) + pf;yo) 5 +o(t), ast tends to zero.

This is consistent with the small-time slope of the implied volatility term structure in [, Section 3.1.2].

Together with Corollary B=3, this shows that the expansion o3 (z) + a(z) is continuous at the origin.

We now test the accuracy of the small-time expansion for the implied volatility derived in Theorem 2.

Example 4.6. Let us consider the following set of parameters: k = 1.15, ¢ = 0.2, § = yo = 0.04 and
p = —0.4. In Figure 0, we plot the smiles computed numerically” as well as the zeroth and the first order
approximations (i.e. oo(z) and /o2 (z) + a(z)t as given in (E1)) for the three maturities ¢t = 0.1 year,
t = 0.25 year and t = 0.5 year. We observe that our approximation and the generated data are very close
for the maturities ¢t = 0.1 and ¢ = 0.25, and are still close (within 0.18 percentage points uniformly in
the displayed strikes) even at ¢ = 0.5, an expiry approaching moderate size. The correction term a(z) is
essentially the smile-flattening effect which is a stylised feature of implied volatility surfaces observed in
the market. It is interesting to note that the error between our refined expansion and the true value of the
Heston smile is almost constant over all strikes. We also plot in Figure B the correction term a(x) given
by the formula in (E1).

5. CALIBRATION METHODOLOGY

Based on the asymptotic expansion derived in Theorem B= above, we find a calibration formula that
generates parameter estimates, which can then serve as starting points to be input into a standard numerical
optimiser. For the sake of clarity in this section we introduce the notation a := kf. Given implied
variances for five contracts, our objective is to find explicit formulae to calibrate the five Heston parameters
(v, 0, p,a, k) to the five implied variances. For some configurations of contracts, one cannot expect to solve
this problem. For example, a set of contracts with the same expiry would be uninformative in regard to the

term structure of implied variance, hence uninformative in regard to the mean-reversion parameter k. We

1 The implementation is based on a refined quadrature scheme for inverse Fourier transforms using the Zeliade Quant

Framework by Zeliade Systems, where the second author was working.
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0.0044

0.003 1

0.002 —\_/
0.0005 - 0.0047
0.003 4

0.001
0.002 4

T T T T 0.001 1
-0:2 =01 01 02

-03 -0.2 -0.1 0.1 0.2 r T T T T T T
-04 -03 -02 0.1 0.2 03
-0.001 4

-0.0005 - -0.0014

(d) Errors, maturity: 0.1 (e) Errors, maturity: 0.25 (f) Errors, maturity: 0.5

FiGURE 1. The three graphs on top represent the implied volatilities for different ma-
turities. The three graphs below represent the corresponding errors (difference between
our formula and the true implied volatility) for the same maturities. The solid blue line
corresponds to the leading-order smile og(x), the solid grey one is the refined formula

o3(x) + a(x)t, and the blue crosses account for the true Heston implied volatilities.

The horizontal axis represents the log-moneyness .
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FIGURE 2. Plot of the correction term a(z) defined in ().
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therefore choose configurations which involve multiple expiries. In such a setting our maturity-dependent
formula plays a crucial role in capturing the maturity effects needed to calibrate the full set of Heston
parameters. Recall that Theorem B2 and Corollary B3 imply o7 (z) = H (z,t) + O (%) + o (t) , as « and

t tend to zero, where

pox 7 5\ o%x?
H(x,t) .= H(x,t; = 1+=—— 1—-—
(l‘, ) (QS, avvpao'vav’%) yO( + 2 o + ( 4p) 123/(%
2
poyo o (1 15 _ PO 02 (1 2 9 — t
(5.1) + (< 5 G (1 1° > +a /<;y0> + 120 (0% (1= p?) + poyo — 2o — 2Ky0) x> 5
2
+ #0@/2( (176 — 71202 + 521p") 0% + 400°yo + 80 (13p% — 6) o — 80/£p2y0)w2t.
0

Let us consider a "skew” V : K — R, where each point in the configuration K C R x [0, o] represents
a (log moneyness, expiration), and where V represents the squared implied volatility. We shall say that
(v, p,0,a, k) calibrates H to the skew V : K — R if the equality H (x,t;v,p,0,a,k) = V(z,t) holds for
all (z,t) € K. This definition demands exact fitting of H to the given volatility skew at all points in K.
Consider now the configuration K = {(0,0), (zo, 1), (=0, t1), (zo,t2), (—x0,t2)} where 0 < ¢; < to and
xo > 0. Given V : K — R, define

V, —V_ Vi — 2V +V_
Vo :=V(0,0), Si=——, C=————,
0 ( ) 2.230 23)%

Vi = —2 (g, 1) — —V (s, £2)

+ .= t2—t1 0,01 t2—t1 0,02) -

Yo Vo
(5.2) 5 | = 752+ 12V, C :
i 25/4/7S% + 12V, C
! _
(53) (2)=m@n.
K
with
Q= 1( V(2o,t1) — V(—z0,t1) — V4 + V_ )
. 2ty V({L‘O tl) + V(—{L‘(),tl) Vi —-V_ ’
and
pa® (1—p?) +170,5262JJ
2450 ’
r:i= ’
12gopo + (p* — 4) &2 N (176 — 712p° + 521p%)6* + 40g0p°53 22
48 768077 0
and - .
— pg X —El‘
1240 ° 1277
M = )

1 (13p% —6)52 jo P25

74_7( P ~2)0x(2) —@—pixg

2 967 2 9690

provided that §o # 0, p # 0 and p* # 2 (1 — 1653/ (235?)).
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This theorem follows immediately by substituting (64), (633), and each (z,t) € K, into (5). The

following provides a simple numerical example based on the implied volatility smiles in Figure .

Example 5.2. Suppose that the true Heston parameters are the ones that generate Figure . Let ¢; := 0.1,
ty :=0.25, and 2z := 0.1. Then the squared implied volatilities are

V(0,0) = 0.04, V(z0, 1) = 0.03644, V(—x¢, ¢1) = 0.04395, V(z0, t2) = 0.03610, V(—0, t2) = 0.04325.

Given these data points, the explicit calibration formulae in Theorem B produce the estimates

0 := a/k =0.04105, & =1.104, p=-0.4069, & = 0.1907

of the true parameters (0, k, p, o) = (0.04,1.15,—-0.4,0.2).

6. PROOF OF THE CALL PRICE EXPANSION (THEOREM BI)

In order to prove Theorem BT, we split the case z # 0 (Sections B to 63) and the at-the-money
case = 0 (Section E4). From [Z0], we know that European call option prices can be written as inverse
Fourier transforms (61) along some horizontal contour in the complex plane. We then rescale this integral
(subsection 62) and move the horizontal contour of integration so it passes through the saddlepoint (see
Definition B0) of the small-time approximation of the integrand (Lemma B). We then prove the desired
expansion of the integral in (6), which is performed in Proposition 69. Lemma B4 is a technical lemma

needed to justify the saddlepoint expansion.

6.1. The Fourier inversion formula for call options. For each non negative real number ¢, define the
sets Ay x C R and Ay x C C by

Apx ={v eR:E(exp (v(X; — x0))) < o0}, A x ={2€C:-S(2) € 4. x},
and the characteristic function ¢; : C — C of the logarithmic return (X; — xO)tZO by
oi(z) :=E (eiZ(Xt*"EO)) , forall ze A x.

By [P0, Theorem 5.1], we know that for any o € R such that a+1 € A, x and o # 0, we have the following

Fourier inversion formula for the price of a call option

E Xe S x ;
(eSoe)+ = ¢¢ (1) Y _1ca<oy + <¢t( i) — e (0 ))1{a<71} + ((bt (—i) — %(pt (o)> Lo 1
0

1 +oo—ia ) s
4= / R (e—lz.’t ¢t (Z ;—)) dz.
i 0—i 1z —z

1
The first three terms on the right-hand side are complex residues that arise when we cross the pole of
(iz — 22)71 at z = 0 and at z = i. Setting v = i — z and using the fact that the process (ext)t>0 is a
true martingale (see [19, Theorem 2.5]) we obtain

E (e*t — Spe”) e*
S—0+ = 1{71<a<0} + (1 - ex)]l{a<*1} + (1 - 2) ]l{o‘zfl}

(6.1) + /Wﬂ o ( sur O (0 )> du.

2
0+i(a+1) iu—wu
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6.2. Rescaling the variable of integration. In this subsection, we first rescale the integrand above in
order to perform an asymptotic expansion, and we then deform the contour of integration along a line in
the complex plane that passes through the point ip*(x), where p*(z) is defined on Page B. The reason for
such a choice will be made clear in Lemma E0. As proved in [9], since p*(z) € (p—, p+) for all real number
x (see Page B), then the change of variable u := k/t together with o + 1 := p* () /¢ in (BO) is valid, and
hence the equality

1 e® +ootip® () ivk\ ¢¢(=k/t) dk
2 —E (eXt — Spe®) = (1 —e?)1 i oy e M T
(6:2) g (e = Soe”) = (1= ) pacop + R </O+ip*(x) eXp( ¢ ) ikt — k22 ¢

holds for ¢ sufficiently small. The first residue term corresponds to the intrinsic value of the call option.
For k # 0, we have ¢t~ (ik/t — k2/t2)71 = —(t/k*) 1+ O (t/k)) = — (t/k*) (1 + O (t)) uniformly in k,
therefore we can rewrite (6) as

E (Xt — Spe®) e +oot+ip(2) izk\ ¢r (—k/t)
Ele™ =5, | L izk) ¢ (—k/t)
- (1= ) Loy — 15 /ip*@) exp( : ) S o).

Let us now define, for each p € R the explosion time t*(p) := sup{t > 0,E (ep(Xt’””O)) < oo}. In [@],
using [[9], the authors proved that for any p € (p—, py) the explosion time ¢* (p/t) is strictly larger than ¢
for ¢ sufficiently small, so that p*(z)/t € Ay x for t sufficiently small. We also note that
R (eikx/t o8 (—k/t)> R (eXP (ikfﬂ/t)]E (e—ik(X,,—:co)/t)> _E (% (eXP (ikxz/t) e—ik(Xf,—aco)/t))
k2 k2 k2 ’
and we can easily show that this expression is an even function of (k) and an odd function of (k). We

can thus rewrite the normalised call price as

E (eXf — Soem) et . 1
T (- )l — 15 ( /< g (< (k 1o <t>) dk) 7

where we define the contour (, for every real number x # 0 by

(6.3)

(6.4) Cr : (—00,00) = C such that (,(u) := u+ ip*(x).
Let us also define the set Z € C by

(6.5) Z={keC: ()€ (o)},

where p_ and py are defined in (E32).

6.3. Saddlepoint expansion of the integral in (E23). As mentioned above the proof of Theorem BT
relies on an asymptotic expansion of the integral in (623), which is stated in Proposition 69 below. Before
stating and proving this proposition we need to introduce several tools and prove some preliminary results.
We start by proving the following lemma which characterises the asymptotic behaviour of the rescaled

characteristic function when the maturity ¢ is small.
Lemma 6.1. For all k € C such that —3(k) € (p—,p+) \ {0} the characteristic function ¢; satisfies

Al—i
R (—IZ) =U (—ik)exp ((tlk)) (14+0(t), wuniformlyink ast tends to zero,

where the function A is defined in (B233) and the function U in Theorem E.
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Remark 6.2. Let p € (p_,p4). From [d] we know that for all ¢ > 0, ¢;(ip/t) is a well-defined real number.
The proof of Lemma B can be carried out analogously step by step for such a ¢.(ip/t), which implies
that the number U(p) in Theorem B is real as well.

Proof. Albrecher et al. [1] derived the following closed-form representation for the characteristic function
¢ under the Heston model:

(6.6) On(k) =B (X)) = exp (C(k,t) + yo D (k1) ),

where

Ok, t) == %’ <(/€ — ipok — d(k))t — 2log (W)) ,

_ a—d(k)t
D, t) = = (i — ipok — d(k)) ——©

o? 1 — g(k)e—dk)t’
K —ipok —d(k) S v 1/2
o) =y ) = ((H ipok)? + o2k (i + k)) ,

and we take the principal branch for the complex logarithm. Lewis [Z1] proved that the function ¢; could
be analytically extended in the complex plane inside a strip of regularity. From the above definitions we

have the following asymptotic behaviour for d (—k/t) and g (—k/t) as the ratio ¢/k tends to zero:

k 12k
d (t> =¢! (02p2k2 + (2@ - 0) iokt + /<;2t2) =7do+di+0(t),

1/2

k Kkt + ipok — <02§2k2 + (2kp — o) iokt + n2t2> "
g( > 1/2:go+ggl+o(t2)a
Kkt — ipok + (a2ﬁ2k2 + (2/<;p - a) iokt + /<;2t2)
where we define the following quantities (similar to (BI)):
_26p—0 ip — peg (26 — po) e,

— iCk, go i —m ——, g1 i = ———, C ‘= Csgn k s
25 ip+ pex op (ip+ per)’ "

do == opcg, dy:

and where the sign function csgn for complex numbers is defined by csgn(k) = 1 if (k) > 0, or if R(k) =0
and (k) > 0, and —1 otherwise. Since |k| > |S(k)| > 0 we have

1 1-— —dok — dyt + O (2
D<—k,t>:(/i+ipa];—d0];—d1+(’)(t)) exp (—do 1t +0(#))

t 0'2 1 —g(k) exp (—dok —d1t+0(t2))
. (ipO’ — do) E 1— e dok 1 —dok /= —dok
N o2t 1 — goe—dok - (1 — goe=dok) o2 (e (ipo = do) ik + (=) (1 — e ) )
1 — g~ dok

1= goo—o) o2 (2po — do) (91 - gokdl)e*dok +0(1).

Similarly we have

(E.0) = (g a( ) g (L8 k)

_ ’%Z <(ip0 — do) k — 2log <1 - golefpg(o_dok)» +0(1).

We know that for all ¢ > 0, the characteristic function in the Heston model is even in the argument d

(see [20, Page 31]). Therefore the limiting behaviour of ¢;(—k/t) does not depend on the sign function ¢,
and the lemma follows from the definition of the functions U and A in Theorem BT and in (EZ3). g
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Remark 6.3. Note that the assumption |p| < 1 on Page B implies that 1 — gg is non null, and therefore
the expansion for C(—k/t,t) is well defined. Concerning the denominator in D(—k/t), simple calcu-
lations show that 1 — goexp(—dok) = 0 if and only if k = flog((ipqtﬁ)/(ipf ﬁ))/(aﬁ), which is
a purely imaginary number. Tedious but straightforward computations reveal that this value precisely
corresponds—depending on the sign of p—to the boundary points p_ and p,, which are excluded. There-

fore the expansion for D(—k/t) is well defined as well.
We now state and prove the following lemma which we shall need later in the proof of Proposition E4.
Lemma 6.4. Let k:=k, +ik; € Z. The map k, — R (—ikz — A (—ik)) has a unique minimum at zero.

Proof. Since k; € (p_,ps+) is fixed, it is clear that R (—ikx — A (—1ik)) = —k;x — R (A (k3 — ik,)). Hence
the lemma is equivalent to proving that the function k. — R (A (k; — ik,)) has a unique minimum at zero.

Using the double angle formulae for trigonometric functions we have

. B (p+19) yo . yoM (q)

where the functions M and N are defined by

M(q) = p(pcos (ppo) + psin (ppo) ) — ppcosh (gpo) — gpsinh (470)

N(q) := cosh (gpo) + (1 — 2p?) cos (ppo) — 2ppsin (ppo) .
Note that N(0) > 0, and N'(¢) > 0 for ¢ > 0. We need to show that M(q)/N(q) < M(0)/N(0) for ¢ # 0.
By the symmetry ¢ — —g, we can take ¢ > 0 and by the symmetry (p, p) — (—p, —p), we can take p > 0.
It hence suffices to show that for ¢ > 0,
M'(q) _ M(0)

N'g) = N(©0)’

(6.7)

since the following inequality will therefore hold for all ¢ > O:

M@ _ 1 ) < 1 (oo MO [

Na) ~ M@ (M(O) + [ ) <N (M(O) o) J, Ve )
_ 1 M(0) B _ M(©)
- <M<o>+ N V@ N(O))) -

We have M'(q)/N'(q) = —1/0 — pp — gpcoth (¢po) < —pp — 2/0, so (B20) will be satisfied as soon as

(6.8) —% < pp—+ ]\J\{(((())))

If p > 0 then (B3) holds since M (0)/N(0) = oA(p)/yo and because A(p) > 0 as outlined in Section B.
Otherwise, for p < 0, note that the derivative of the right-hand side of (B3) with respect to p is equal to

a positive factor multiplied by

(2 —ppa) p— 2p*pcos (ppo) — pp” sin (ppo) > p (2 — ppo — 2p* + ppo) > 0,

since |—p? sina‘ <« for all @ > 0. So it suffices to verify (EX) in the limit as p tends to —1. Since
. M(0) 2po 2
1 + = — > ——,
s (pp N(0) > (24 po) o
then (B3) is satisfied and the lemma follows. O
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Remark 6.5. Using the functions M and N defined in the proof of Lemma B2 above, it is easy to
see that the ratio M(q)/N(q) tends to —co as |g| tends to infinity. This implies that for any k € Z,
R (—ikx — A (—1ik)) tends to infinity as |k| tends to infinity.

In order to prove an asymptotic expansion of the integral in (E23), we first need to choose the optimal
contour (, along which to integrate. The optimality of this contour (, is justified by saddlepoint theory,

which we define now.

Definition 6.6. (see [d]) Let F : £ — C be an analytic complex function on an open set Z. A point
20 € Z such that the complex derivative dF/dz vanishes is called a saddlepoint.

Let us now define the function F': Z — C by
(6.9) F (k) := —ikx — A(—ik), forallk e Z,

where the function A is defined in (E33) and the set Z in (E3). In the Heston case we are considering, this

saddlepoint can be expressed in closed-form as follows.

Lemma 6.7. For all real number x the function F defined in (B39) has a saddlepoint at k* (x) = ip* (),

where p* (x) is the real number defined on Page 3.

Remark 6.8. By the characterisation of the Fenchel-Legendre transform A* of A in (24) and the remarks
following this definition, it is clear that the equality F (k*(z)) = A*(z) holds for all real number z.

Proof. Let € R. By definition of p*(x) on Page B, we know that the equation A’ (p) = x has a unique
solution p*(x) € (p—,p+). Therefore F' (k* (z)) = —ix + iA’ (p* (z)) = 0 and the lemma follows. O

We now have all the ingredients to prove the following proposition which, combined with (633), finishes

the proof of Theorem Bl in the general case.

Proposition 6.9. For any real number x # 0 the following equality holds as t tends to zero,

([ o (<) (o) ar) —e (XE) A o),

where the functions A and A* are given in Theorem B and in (E4), and the contour (, in (E2).

Proof. Since F'(k) = —ikz — A (—ik) by (69), Lemma B applied on the contour ¢, implies

(6.10)
R (/ etka/ty, (—]Z) (kl? +0 (t)) dk) =R ( 5 U (—ik)e F®/H 1+ O (1)) (;2 +0 (t)) dk) .

x

The functions F' and u are both analytic along (,. Lemma B2 implies the inequality R (F'(k)) >
R(F (ip*(z))) for all k € ¢, \ {0}, and R (F(k)) tends to infinity as |k| tends to infinity by Remark BH
and Definition BEB. We further know from [9, Proof of Theorem 1.1] that the quantity F” (ip*(z)) is non
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null. Therefore the Laplace expansion in [23, Chapter 4, Theorem 7.1] leads the following expression:

%% (/ U (—ik) exp (—Fffk)) Zf) - \%exp <—F(k:<x))> k%?% (o

. (_A*(x)) p*(U@*(x))ﬁ/? (1+0(®)

a t )2/ 20" (p*(x))
A*(x)) A(x)t3/?
=—e - 1+0()),
o (-97) 2 o)
as t tends to zero, where the equalities F(k*(z)) = A*(z) and F"(k*(x)) = A" (p*(z)) follow from the
definition of the function F in (6H) and the properties of p*(z) on Page B. The O (¢) terms in (610)

constitute higher order terms which we can neglect at the order we are interested in. ([l

x

This proposition concludes the proof of Theorem BTl in the general case. We now move on to the proof

of the theorem in the at-the-money case.

6.4. The at-the-money case z = 0. We now prove Theorem Bl for the at-the-money case x = 0. The
methodology for the general case above does not hold here since the horizontal contour of integration now
passes through the saddlepoint k*(0) = ip*(0) = 0 of the integrand, and the ratio U (—ik) /k? (appearing
in the proof of Proposition E9) is not analytic at the origin, so the Laplace expansion [23, Theorem 7.1,
chapter 4] does not apply anymore. To circumvent this problem we use Cauchy’s Integral theorem to
deform the path of integration for the function F' defined in (E9), along which it is real, and we deal with
the pole at the origin using a limiting contour argument to compute the residue.

The main ingredient (Proposition 1) to derive the at-the-money call price expansion is the asymptotic
expansion for the probability P (X; > x¢) for small ¢, where g = Xy. Let P* denote the Share measure,
i.e. the probability measure associated with using the stock price process (which is a true martingale) as
the numéraire (see [5] or [I2] for more details about the Share measure). We then derive a small-time
expansion for the quantity P* (X; > x¢) using the symmetry of the parameters of the Heston model under
both measures (see [29]). The reason why we use both measures comes from the following standard equality

for an at-the-money European call option:
(6.11) e R (Xt — ™) =P (X; > xo) — P(X; > mg).

Before stating the main result of this subsection (Proposition B), we need to introduce a few tools.
Let us first define the descent path (for the function F defined in (B9)) v: R — C by

(6.12) v(s):=s+1 (Ts2 + (%)3 34) .

Straightforward calculations show that this path has the following fundamental properties:
(6.13) R(F' (v(0))) =0 and R(F” (v(0))) > 0.

Remark 6.10. Note that this path v goes through the saddlepoint £*(0) = 0 of the function F, and
that it is symmetric around the imaginary axis. Furthermore it lies above the horizontal contour s +— s
if p > 0 and below otherwise. Around the saddlepoint k*(0), we have the series expansion F(k) =
A (0) k2 — A" (0) k3 — LA™ (0) k* + O (k°). The contour v in (6I2) was guessed by looking for a
path of the form J(s) = s+ 1 (als +ags? + .. ) with all coefficients real-valued such that the map F o~

is real. Matching the first coefficients of the series expansions around the origin led to the path ~.
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(—R,Zis) (R,2is
0.8
- rt
FR e 5 R, g, &
l/1 — T T L
(-R, ik(3)) (R. ik, (8))

F1GURE 3. Closed contours of integration defined on page I3 for e = 0.5, § = 2 and R = 6.

The arrows indicate the directions of the contours.

We now prove Theorem Bl for the special case x = 0. We shall assume that p < 0 for clarity, and the

arguments in the case p > 0 are analogous. Let us note the following facts:

(i) From Remark B0 we know that the contour v lies below the horizontal contour vy : R — C
defined by vg(s) = s+ ip*(0) = s, for all s € R. We wish to deform the contour so that the pole
remains outside the new contour, in order to invoke Cauchy’s theorem.

(ii) Let e be a strictly positive real number and define the contour +, : (—m, 7] — C as the clockwise
oriented circular contour parameterised by . (6) = ee*? around the pole. To leave the pole outside
the contour we follow the path (s) for s < —e until it touches 7. at the point s = —¢. We then
follow the contour +. clockwise around the pole, and finally switch back to «(s) for s > €.

(iii) The contour « is below vy so that + intersects 7. on its lower half (6 € (—m,0]), which can be
analytically represented as 7= := s € [—¢,¢] = s—ive2 — s2. We can define the path v similarly,

and we therefore clearly see that the two paths v and ~. intersect at the points s*

—e and sj_ =

(see also Figure B).

Choose 0 < £ < § < 1 < R, with § inside the radius of convergence of (E12), and small enough to ensure
that the function k; is strictly decreasing on [0, d] and strictly increasing on [—d,0]. We now define the

following contours (see also Figure B)

® 7_; (vesp. "/:5) is the restriction of v to s € [-d, —¢] (vesp. s € [¢,4]), and ve 5 := 75U 'y;f(;;
e 7Y is the portion of the circular contour 7. which lies above ~;

e I'; s is the vertical strip which joins —R + 2ie to —R — ik;(—d);

. F;@é is the vertical strip which joins R — ik;(—0) to R + 2ie.

As announced above, the following proposition states a small-time expansion for the probability P (X; > ),

which is the main result of this subsection.
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Proposition 6.11. As the maturity t tends to zero, the following expansion holds:

P (X >x)—1—y°+p”/21/2“/2%3/2(—8 kop + 9058 + 8P + 207 p>
t 0) =73 SNG=T 7 763 Yokop o p Yo g P Yo

+ 80%yo + 48y2k — 48yokb + 40kfop — 12v%0p — 1203p) 32410 (t5/2> .

The proof of this proposition is an immediate consequence of Lemma BT and Lemma BET3 below.

Lemma 6.12. The following equality holds:
1 ]45 dk 1 76+ik‘j(76) R+iki(5) —R o) k dk'
e[ (R ) ()2)
2r Jrk t) ik 2 \J Rryik(—s)  Jstir(s) o JR ik
I v(s)\ 7'(s)
- — — ——=|d
- [ () 5

where all the contours of integration are defined on Page Td and represented in Figure 3.

Proof. Let us consider the closed contour in the complex plane on Figure B, and note that the function
k — ¢(—k/t)/(ik) is analytic along this contour. Cauchy’s Integral theorem therefore implies the identity

O+ik; ( 5) R+iki(5) R+2ie ]f dk
w0 ([ L L) )
e s R+ik; (—9) Ye.s v 5+iks (8) —R+42ie ik

We now evaluate some of the integrals in this expression in order to prove the lemma. For |k| small enough
and t > 0 fixed, we have (ik) ™" ¢, (—k/t) = (ik) ' + O (1), and hence

k\ dk (O et .
(6.15) / oy <> % / < — + 0 (z—:)) ice?’dd = —7 + o(1), as e tends to zero.
vy i )

+0O(e 1€

/ o (‘k> . /[5,Elu[g,5] > (‘7% :;(<Ss)> @

As before we can easily verify that the function s — R (qbt (—7(:)) %) is an even function and that

s (¢t (—@) %((3) is an odd function. Therefore the following equality holds:

(6.16) /ME]UM b0 (-“ﬁ) ;'((Ss)) ds = /[M]UM R (@ (_7 558)) :;%) ds

No that we have R ((iv(s))fl) = —po/4+ O (s), for |s| small enough, i.e. taking the real part removes

We further have

the singularity at the origin. Combining Equations (E14) and (6IH) we obtain
S+iks( R+1ik;(8) R+2ie oco+2ie EN\ dk
o(-3)5
/R /R+1k (=96) /6+ik /I\‘Jr /oo+21s /RJrZis ! ik
/ oco+-2ie ]f dk oco+-2ie k; dk
B E T N A N
[—8,—¢]Ule,d] t 1y (5) —oo+2ie ik —oo+2ie ik’

as ¢ tends to zero. Now Lee [20, Theorem 5.1 proves that the integral on the right hand side is equal to

minus the normalised digital call price 27 (X; > xg), which is clearly independent of €. The proposition

then follows by taking the limit as ¢ goes to zero and dividing by —27. (]

All is now left in order to prove the tail estimate for the probability P (X; > x¢) is to approximate each

integral in Lemma BT2. The following lemma contains all these estimates.
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Lemma 6.13. All the following estimates hold for the integrals in Lemma for R large enough and t

small enough.

(6.17) /_55 R (¢t (—7 is)) ;g) ds = (ng\j%) T KB40 (1972),
(6.18) ( ( ’;) d’;) -0 (exp (—?)) ., for somem >0,
o \ & ( I N ——
o () o (-2))- sreme o

i

~(=0) R+1k (6) L
(6.21) / + < >
—Rtiki(=0) (o) t

where the constant K is defined by

di _0 (e—tl min {%R(Fo'y(—é)) ,m(F07(6)) })
ik

Ko 27 953 p® + 8y + 20%yop? + 8oy (o — kp) + 48kyo (yo — 8) + 40kbop — 120p (y3 + 02)
R 384 '

Before proving these estimates, we need the following technical lemma.

Lemma 6.14. Let k = k. + ik; € Z. Then the characteristic function ¢¢ has the following tail behaviour:

k

o (—)‘ —_£ (/»4;9—}— @) , uniformly int for all 0 <t < 1.
t o t

lim |k.|"" log
|kp]|—00

Proof. Let t > 0, k = k. + ik; € Z, where Z is defined in (63) and consider the expression for the

characteristic function ¢; given in (ER). Straightforward calculations show that

lim [k |71 d(—=k/t)= lim |k |71 K4 i \’ N op
— r T 1p0 —0’—(i——-)=—,

. K+ poik/t —d(=k/t)\ ip—p
\klgloog( ki) = Ik, 11300 (Ii-f—pUik’/t-‘r d(—k/t)) Cip

k
lim |k, (n +ipo— — d(—k‘/t)) =-2 (p+ ipsgn(k,)),
|k |00 t t

+
]l

uniformly in ¢ for all ¢ < 1. We have used the fact that k; is bounded since k£ € Z and hence the ratio
Vk2/|k,| converges to one as |k,| tends to infinity. Furthermore, the two ratios in the definitions of the

functions C' and D in (E8) converge to a constant as |k,| tends to infinity. Therefore the limit

lim_ [k, |~ log o (—k) - —é (n9+ %) (5 + ipsgn(k,))

|k |—

holds as well, uniformly in ¢ for all ¢t < 1. O

Proof of Lemma BI3. We first consider the integral (6I). Setting k& = v(s) and performing a Taylor

series expansion of R ((bt (—@) %((Z))) around ¢t = 0 and s = 0, we find that

o2 ®|o(-10) L ()4 5 0wt st e (-C0ED),

iy (s) t
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where the function ¢ : R — R is defined by

2yo +po 1 T 55 opyt 13 5, KYo
q(s) == q(s;k,0,p,0) 1 +4<p0+160p R Y AU R (yo — 0)
3 3 2 2 2
Yo , PO° | KOpYo D 0°Yo O°p 2
6.23 0 7 — 2 kbop — - 2
(6.23) 2 1 T RT3 16 (y0+pa)>8’

and e(s,t) = O (83> +0O(st)+ 0O (t2). The function ¢ is just a quadratic so it has an analytic continuation
to the complex plane. Using the Laplace expansion in [Z3, Chapter 4, Theorem 7.1] with § is inside the

radius of convergence of (E22), we obtain

L R (qbt (—7(3)) _7/(8) ) ds L (q(s) + g (0 —yo)t+ 5(3,75)) exp (_F(V(S))) ds

% -5 t 1’y(s) :% -5 t

- (L3 L) agunizy LU w0)p (] ’ F(1(5))
= (77;_:01—‘ (n + 2) Aont" T2 4 ET’(S)P (2> 32 4+ 0 <t5/2)> _ /_65(3,15) exp (_t> ds
_ q(0)I" (1/2) t1/2 N T (3/2) <2q”(0) N <5 (F 07)/” (0)2 ~ (F 07)(4) (0)) q(0)> o o (t5/2>

m/2(Fey)"(0) 7 6(Foy)"(0)2 2(Foy)"(0)
2yo + p0 12 3/2 5/2

=T K
W tY2 L K32 4+ 0 (t ) :

where the constant K is computed explicitly in the lemma and I' represents the standard Gamma function.
We refer the interested reader to [23, Chapter 4, Theorem 7.1, Formula 7.0.6] for the full saddlepoint
expansion (up to any order) and a precise characterisation of the coefficients as,. Since we are only
interested in terms of order at most t3/2, we only need to compute the first two coefficients ag and a;,
which is performed directly in the third line.

Let us now consider the integral (618). Lemma 614 implies

for( GO )= [T ol (5.

for some m > 0, R large enough and ¢ < 1. The same argument holds for the integral (619).

Since the contours I'p , 5 and FE’O’ s defined on Page I3 are both vertical strips of length k; (§) > 0,

Lemma B4 again implies that for any m” > 0, the estimate

[, o ()] o (= ()

R,0,6
holds for the integral (6220) for any ¢ < 1 and R sufficiently large.

Using Lemmas 6 and 64 we can bound the remaining integral (E221) as

’( / 7;:;(_5) ; [y i:kj(é)> " (—’j) i ( / ;i;(_é) ; /y Zjiki(&) )u(—ik) exp (—Fff")) 1+ el )%
< xp (~min {R(F (2 (-0) ) R(F (6 )} ( / Lim v z:i’“(‘”> 0 ek, 0n 2520

=0 (exp (~7min {R(F (2 (-0 ) R(F (60 ) })).
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As explained in the beginning of the proof of the at-the-money case = 0 (Section 64 on Page M),
we need to derive a small-time expansion for the two probabilities P (X; > xp) and P* (X; > zg). Us-
ing the symmetry of the Heston model explained in [29], we can define the function ¢* by ¢*(s) :=
q(s,k*;0% 0,—p), with k* := kK — po and 0* := kf/k*, where the function ¢ is defined in (6223). The

following expansion under the Share measure P* hence follows immediately from Proposition G1IT:

Yo + po /2 a/2 \/3.%3/2 33 3 2 2
P* (X, > z (8 “op—9 83 19
(Xe > o) = *’ SN 7 768 \OYorop = I0TpT A ST 20 op

+ 802 4 480 k¥ — 48yoK* 0" — 40K* 0% op + 12y30p + 1203p) 3240 <t5/2) .

We can therefore use the equality (1) to deduce

e R (eXt —e” ) =P* (X} > zg) — P (X > x0)

/ [2 32 1
Z;(; " ((72 (1 ~1 2) +y2 — 6K (0 —yo) — 3y0p0) +0 (t5/2) ,

which proves Theorem B in the at-the-money case x = 0.
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7. APPENDIX

7.1. Proof of Proposition B33. Define dy := (—z £ 07t/2) / (04/t). We first consider the case z > 0.
Note that di tends to —oo as ¢ tends to 0. Substituting the asymptotic series

1-N(z) = (27‘1’)71/2 e /2 (7' =272+ 0(27%)), as 2 tends to infinity,
into the Black-Scholes call option formula with implied volatility oy, we obtain

E (X — Soe”) , = SoN (d1) — Soe" N (d-) = S (1 = N (~dy) — € + "N (—d_))

So d2 1 1 1 1 s

(7.1) ,ﬁgwexf’( )t taE s o)
as ¢ tends to zero, where we used the fact that —d% /2 + x = —d? /2. Since the expansion

daz 2?2 x(Zt4cex) B 44dadcPt
- = - - —4+0(#
eXp( 2 ) exP( o2t T oxd s 57O F)
Y8 +dx2c? t x? (3t + cx)
=(1- " - +0(# -
( o579 )) P ( 5% T 2%

holds as well as d_' — djrl + djr3 —d? =272833/2 40 (t5/2), we can then plug this expression into (IZ1)
and the desired result follows. The proof of the case z < 0 is analogous.
When z = 0, note that di converges to zero as t tends to zero, so that we use the asymptotic series
N(z)=1/2+ (27r)71/2 (z — 2% 4+ 0 (2°)) and the proposition follows from

So

B (6"~ 5o), = S (@) =S¥ (0-) = 2 ({0 =)~ (e = ) +0 (&)

So 12 , 12¢— Dy 3/2 5/2
= — —t t .
- (Et + +0 ( )

7.2. Proof of Theorem E2. Let us first assume z > 0. If we equate the leading order and correction

terms for the Heston and the Black-Scholes models as

2

(7.2) A () = Ajg(x) = 27, and A(z) = Aps(x,00(x)) exp a(a;)a; ,
205 () 204(x)
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we obtain (BZ). We now have to make this argument rigorous, since we do not know a priori that oy
admits an expansion of the form stated in the theorem. However by Theorem B and (), we know that
for all € > 0, there exists t*(¢) such that for all ¢ < t*(¢) we have

The function a is continuous on (0,00). Therefore for any ¢ > 0 sufficiently small we can choose £’ > 0

exp <1a (z) $2) e =exp <1W) e e,

2 og(z) 2 o5(x)

such that the equality

holds and hence Theorem Bl implies the inequalities

Aps(z,09(x a(z) + 6) 22 9 x? e
E (X — Spet), < BS(\/ﬂO( ) exp (( (2(),—j(x)) )t?’/ exp (_202 )t) o

< Cgs (:c,t, \/ag(x) + (a(z) +9) t)

for ¢ sufficiently small. Since the Black-Scholes formula is a strictly increasing function of the volatility
then the upper bound o7 (x) < 03(z) + a (x)t + §t holds for all > 0. We proceed similarly for the lower

bound and for the case x < 0, and the theorem follows.

7.3. Proof of Corollary B3. We wish to compute a series expansion for p*(z) defined on page B as the
unique solution to = A’(p*(x)) when z is close to zero (recall that p*(0) = 0). We substitute an ansatz
power series expansion for p*(z) and then recursively we determine the coefficients such that the power

series of the composition A’'(p*(x)) equals x. We only indicate below the important auxiliary quantities:

0 (14207 pt + 2N y0(2+p)p5+(’)(p6),

[oa
A(p>:@2+py03 i

2P 1 P 24

»?
Yo Yo

Up)=1—Lp+ k(0 =y —

() 2p ( ( Yo0) — opyo + 2) 1

; 5 3 3
+</3,0(0_2y0)_oy0 (1_'_[)2)_%(5(9—%) poYo) — y0>p +0 (p),

3 12/ 4

A (z) = al - E 54 Kl (190* — 4) 2* + O (=)

2y0 4y} 96y3 ’

5 o?z?
1- = 2 O 3
o) = Vi + L7+ ( 2p)24yg/2+ (@),
3/2

Az) = Yo g £(3p0 + 2y0) — ! (11p°0® — 80% — 48yppo — 24k0 + 24yok — 12y3) + O (z).

22 96 /7o 0

From these formulae we can deduce the expansion

A(x) 14 o2 (p* — 4) + 12yopo + 24k (0 — yo) 22
Aps(z,00(2)) 96y3
- % (10yopo + 3p°0® — 60% — 20yok + 28k0) 2° + O (2*),
0

which implies the expression for a(z) = 272204(x) log (A(z)/Ags(x, 09(z))) in Corollary E3.
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7.4. Proof of Corollary EH. Using Proposition B3 and Theorem Bl we can equate the normalised at-
the-money call option prices under the Heston model and the time-dependent Black-Scholes model. This

leads the following two equalities:

H—yo).

2 2
(73) og = m7 and a = _1 <1 _ p) + yO4PU + g(

We now have to make this argument rigourous since we do not know a priori that ;(0) admits an expansion
of the form in (872). However by Theorem Bl we know that for all € > 0, there exists t*(¢) > 0 such that
for all 0 < t < t*(e) we have

—x + yO
eTE (¥t —e™), < \/ o /2 - 48 \/ Yo ( (1 - ) 40— 6k (0= 30) - 3y0pa) e
_90 4172

0 < )t3/2+s
Vom 200\/ m \oo 12

We now choose € > 0 small and () > 0 such that the equality

1 a 00 1 a+6(g) 00
_ + £ = — &
oov/2m \200 24 200V 2 o 12

holds, which directly implies the inequalities

t1/2 t3/2 a+5(€) 0.4
“ToR (Xt _ o%0) < 90 0 5/2) _¢ <
e (et —e™), < NoT + P ( p- 12) +0 (t ) £ < Cps (0 t, (a+5(5))t)

for t sufficiently small. The monotonicity of the Black-Scholes call option formula as a function of the

volatility implies the upper bound 67(0) < 02(0) + a(0)t + 6t. The proof for the lower bound is analogous

and we hence omit it for clarity. Since d(¢) is taken arbitrarily small, the corollary follows.
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