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1 Introduction

The functoriality conjecture of Langlands, as stated in [33], offers a general organizational
scheme for all automorphic representations. This conjecture can be roughly stated as follows:
if H and G are reductive groups defined over a global field k, ξ : LH → LG a homomorphism
between their Langlands dual groups, then it is possible to attach to each automorphic rep-
resentation πH = ⊗vπ

H
v of H a packet of automorphic representations π = ⊗vπv of G. In

the formula π = ⊗vπv , local components πv are irreducible admissible representations of
G(kv), kv being the completion of k at a place v ∈ |k|. The automorphic functoriality is
expected to be of local nature in the sense that it should be compatible with the local func-
toriality principle that consists in a map from the set of packets of irreducible admissible
representations of H(kv) to the set of packets of irreducible admissible representations of
G(kv). Since unramified representations of H(kv) at an unramified nonarchimedean place
v are parametrized by certain semi-simple conjugacy classes in LH, the local functoriality is
required to be compatible with the transfer of conjugacy classes from LH to LG.

A crucial part of the functoriality program, known as endoscopy, is now almost completely
understood thanks to cumulative efforts of many mathematicians over the last 40 years, see
[5]. Its main ingredients include in particular the construction of the general trace formula,
mainly due to Arthur [4] and the proof of the transfer conjecture and the fundamental lemma,
see [54] and [39]. The endoscopic case is concerned with the case where LH is essentially the
centralizer of a semi-simple element in LG. In spite of this severe restriction, the endoscopic
case is crucial in the general picture for it gives a sense to the concept of packet, both in local
and automorphic settings, along with global multiplicity formulae [31].

The endoscopic program also produced the stable trace formula expected to be an es-
sential tool for future works on the conjecture of functoriality. In [30], Langlands proposed
a conjectural limiting form of the stable trace formula aiming at isolating the part of the
automorphic spectrum of G that comes from a smaller group H by functoriality. These limit-
ing forms of trace formulae are designed to have a spectral expansion involving logarithmic
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derivatives of automorphic L-functions, as in [30], or a sum of automorphic L-functions
themselves, as in [21].

Another possible route to functoriality, proposed by Braverman and Kazhdan in [11], aims
first at the functional equations of automorphic L-functions. Historically, the functoriality
conjecture springs out of the study of general automorphic L-functions. For every automor-
phic representation π = ⊗vπv of G, and finite dimensional representation ρ : LG→ GL(Vρ)
of LG, Langlands defined the L-function of complex parameter s as an Euler product

L(s,π,ρ) =
∏

v

Lv(s,πv ,ρ) (1.1)

with local factors
Lv(s,π,ρ) = det(1−ρ(σv)q

−s
v )
−1 (1.2)

for unramified local component πv where σv is the corresponding semi-simple conjugacy
class in LG. Local factors at archimedean places as well as finitely many ramified places
are expected to be defined independently by local means. It is known that the Euler product
(1.1) converges absolutely for s in some right half plane and thus converges to a holomorphic
function on that domain. It is conjectured that this function can be extended meromorphi-
cally to the whole complex plane, and with appropriate local factors at archimedean and
ramified places being specified, it should satisfy a functional equation similar to the one of
the Riemann ζ-function.

If an automorphic representation πH of H transfers to an automorphic representation
π of G via a homomorphism ξ : LH → LG of L-groups, then for every finite dimensional
representation ρ : LG→ GL(Vρ), we must have

L(s,πH ,ρ ◦ ξ) = L(s,π,ρ). (1.3)

For G = GLn and ρ the standard representation of the dual group GLn(C), the meromorphic
continuation and functional equation of L(s,π,ρ) is a theorem of Godement and Jacquet
[23]. The functoriality conjecture will allow us to derive the meromorphic continuation and
functional equation of general automorphic L-functions from the special case of standard
L-functions.

In [11], Braverman and Kazhdan proposed a generalization of Godement-Jacquet’s frame-
work to all automorphic L-functions. This framework consists in the construction of some
nonstandard Schwartz spaces, nonstandard Fourier transform and Poisson summation for-
mula. Braverman-Kazhdan’s approach to functional equation would bypass the functoriality
conjecture, and in fact, may give another route to functoriality if it is combined with suitable
forms of the converse theorem.

In this paper, we attempt to give an up-to-date survey on Langlands’s functoriality con-
jecture and the functional equation of automorphic L-functions. This isn’t an easy task as the
topic is as broad as steep. On one hand, there is a depressing feeling that we are nowhere
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near the end of the journey, but on the other hand, there is a flurry of recent activities with
new ideas flying into multiple directions and grounded on as different tools as analytic num-
ber theory, representation theory and algebraic geometry. For reviewing many different ideas
would entail the risk to make the paper unreadable, thus useless, we will spend most of the
time to develop the ideas of Langlands and Braverman-Kazhdan and from there attempt to
connect to other developments.

This paper is not purely expository for some new and probably important ideas appear
here for the first time. In particular, we will give a general construction of Braverman-
Kazhdan’s nonstandard Fourier transform that we will call the Hankel transform. The con-
struction of the Hankel transform provides a firm ground to test many conjectures of [11].

Throughout this paper, we espouse the spirit of [33] in treating reductive groups in a
complete generality. This is not merely for the sake of generality for itself, or its abstract
elegance, the main new construction of the kernel of the Hankel transform relies very much
on the fact that all constructions can be carried out canonically in a complete generality.

Let us now review the organization of this paper. Materials exposed in section 2 are more
or less standard and mainly drawn from Langlands’s pioneer paper [33]. We review carefully
the root data with Galois action attached to a reductive group defined over an arbitrary base
field and Langlands’s construction of the L-group. We will also explain how to fix standard
invariant measure on tori and reductive groups defined over local fields. These backgrounds
are all ingredients in the construction of the Hankel kernel. After this, we review as much of
the theory of automorphic forms as it is needed to define automorphic L-functions and state
the functoriality conjecture. At the end of section 2, we will also briefly review the endoscopic
theory. As this section clearly aims at a non specialist audience, experts are invited to skip
it entirely with the exception of subsection 2.3 which is not completely standard. Readers
may also have to come back occasionally to subsection 2.1 to get an acquaintance with the
notations we use for root data and Galois action thereon.

In section 3, we review Langlands’s proposal on beyond endoscopy [30] and further de-
velopments in [21] and [35]. Langlands’s idea is to construct certain limiting form of the
trace formula whose spectral development are weighted by numbers related to the poles of
automorphic L-functions. Because the pole of L-functions of an automorphic form is ex-
pected to retain information on the functorial source, the smallest group from which the
automorphic representation may transfer, we expect this limiting form of the trace formula
to be helpful to corner the functoriality principle itself.

In section 4, we review Braverman-Kazhdan’s idea from [11] on a possible generalization
of the Godement-Jacquet method. In the case of GLn and the standard representation, the
Godement-Jacquet method relies on the Fourier transform operating on the space of Schwartz
functions on the space of matrices and the Poisson summation formula. Braverman and
Kazhdan suggest for each G and ρ the existence of nonstandard Schwartz spaces, Fourier
transform and Poisson summation formula and also certain ideas on how to construct them.
In sections 5 and 6, we attempt to turn Braverman-Kazhdan’s ideas into precise and testable
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conjectures.
In section 5, we discuss the geometry underlying the nonstandard Schwartz functions, to

be called ρ-functions to emphasize the dependance on ρ. The ρ-functions are expected to be
functions with compact support on a certain ρ-monoid that can be constructed canonically
out of G and ρ. This construction has been hinted in [11], and emphasized in [40] and
[10] in the case G split and ρ irreducible. Here we will construct the ρ-monoid in complete
generality in particular without assuming neither G to be a split reductive group nor the
representation ρ irreducible. In the toric case, the ρ-monoid is a toric variety. In this case,
we emphasize the existence of certain toric stack of which our ρ-toric variety is the coarse
space. The Schwartz ρ-functions in the toric case are functions of compact support on the ρ-
toric variety that come from smooth functions on the toric stack by integration. We suspect in
general the existence of something like a monoid stack without being able to make a precise
conjecture. At the end of the section, we review the relation between the singularities of
the arc space of the ρ-monoid with a distinguished Schwartz function that we call the basic
function, following [10]. The space of ρ-functions has also been investigated by Laffogue
[29].

In section 6, we present a conjectural construction of the kernel of the nonstandard
Fourier transform that we will call the Hankel transform. The construction of its kernel
is hinted by Braverman and Kazhdan’s construction in the case of reductive group over finite
fields [12] and Harish-Chandra’s theory of characters. The main idea is that the kernel of
the Hankel transform is given by a stably invariant function, the Bessel function, and the
Bessel function is determined by its restriction to maximal tori. The terminology of Hankel
transform and Bessel function is inspired by classical harmonic analysis on Euclidean space,
and a paper of Sally and Taibleson [46] on special functions of p-adic arguments. This kernel
of the Hankel transform being available, it will be possible to turn questions formulated in
section 4 into precise and testable conjectures.

In section 7, we attempt to merge Langlands and Braverman-Kazhdan approach. The
common ground here is the space of ρ-functions and its basic function. The trace formula,
to be called the ρ-trace formula, envisioned by Langlands, will be an invariant distribu-
tion on the space of adelic ρ-functions and its spectral expansion is weighted by values of
L-functions. The Poisson summation formula, envisioned by Braverman-Kazhdan can be in-
tegrated on the automorphic space and gives rise to a comparison of trace formulas between
the ρ-trace formula and its dual. On the spectral side, this comparison is basically the func-
tional equation of L-functions. As usual, it is tempting to approach the comparison from the
geometric side. On the geometric side, the Hankel transform on ρ-function descends to a
certain orbital Hankel transform on the space of orbital integrals of ρ-functions. A similar
transform on the space of orbital integrals was introduced in [21] by Frenkel, Langlands
and myself. The orbital Hankel transform and the FLN transform turn out to be completely
different in nature: the orbital Hankel transform has a clear group theoretic interpretation;
it is difficult to compute, and its Poisson summation formula seems to be very difficult to
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obtain, the FLN is not known to have a clear group theoretic interpretation, but satisfies in
principle a Poisson summation formula, see [1]. The orbital Hankel transform has many sim-
ilarity with Langlands’s local stable transfer factor studied in [34] and Johnstone’s thesis. It
is noteworthy that the thread of ideas on the local stable transfer factor and the Poisson sum-
mation formula has been extensively developed by Sakellaridis in the more general context
of spherical varieties and relative functoriality, see [43] and [44].

2 Automorphic L-functions and functoriality

In the epoch making paper [33], Langlands proposed certain general constructions and con-
jectures on automorphic representations that have shaped the development of this field. Most
notably, he defined the L-group LG attached to any reductive group G defined over a local or
global field, constructed automorphic L-function L(s,π,ρ) of complex variable s attached to
an automorphic representation π of G and an algebraic representation ρ of LG, formulated
the functoriality principle stipulating the transfer of automorphic representations from H to
G every time there is a homomorphism LH → LG, and explained how all these concepts may
tie together to offer compelling picture of automorphic spectra. The purpose of this section
is to briefly review Langlands’s constructions and conjectures, mostly in their formal aspects.

2.1 Root data, Langlands dual group and L-group

We recall in this section the construction of the Langlands dual group and his L-groups. In
following the surveys [51], [7] as well as the original source [33] in essence, we attempt
to frame the discussion in a categorical language. This approach is efficient and necessary
for later we want to perform certain constructions for general reductive groups using Galois
descent.

First, we discuss the classification of tori by combinatorial data. For every torus T over
an algebraically closed field k̄, we will denote by

Λ(T ) = Hom(Gm, T )

the group of cocharacters of T . The functor T 7→ Λ(T ) is an equivalence of categories from
the category of tori over k̄ to the category of free abelian groups of finite rank. In particular
it induces an isomorphism on the groups of automorphisms Autk̄(T )→ Aut(Λ(T )), the latter
being isomorphic to GLn(Z) where n is the rank of Λ(T ). We also have the inverse functor
Λ 7→ Λ⊗k̄ Gm where the torus Λ⊗k̄ Gm is defined to be the spectrum of the group algebra
k̄[Λ∨] with Λ∨ = Hom(Λ,Z). The construction Λ 7→ Λ⊗k Gm works over an arbitrary base
field k and produces a functor from the category of free abelian groups to the category of
tori over k whose essential image consists of split tori.
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Let k be an arbitrary base field and k̄ its algebraic closure. For a torus T over k̄, we denote
by Autk̄(T ) the group of k̄-automorphisms of T and Autk(T ) the group of k-automorphisms
of T i.e. k-algebra automorphisms of the algebra k̄[T] preserving also its comultiplication.
Such an automorphism preserves necessarily k̄ and so induces an element of the Galois group
Γk of k. We have thus a group homomorphism Autk(T )→ Γk whose kernel is Autk̄(T ) i.e. we
have the exact sequence:

0→ Autk̄(T )→ Autk(T )→ Γk

We have Autk̄(T ) = Aut(Λ) where Λ= Λ(T ).
We call k-model of T a torus Tk defined over k such that Tk ⊗k k̄ = T . For every k-model

Tk, we have a section Γk→ Autk(T ). Since k-models exist, the homomorphism Autk(T )→ Γk
is surjective i.e. we have an exact sequence

0→ Aut(Λ)→ Autk(T )→ Γk→ 0.

The choice of a k-model of T gives rise to a splitting σ : Γk→ Autk(T ), and conversely every
splitting σ : Γk→ Autk(T ) gives rise to a k-model namely Tk = Spec(k̄[T]σ(Γk)). We also note
that the split k-model Tk = Λ⊗k Gm implies an isomorphism

Autk(T )' Aut(Λ)× Γk.

On the ground of the split k-model of T , a splitting σ : Γk → Autk(T ) is equivalent to a
continuous homomorphism

σΛ : Γk→ Aut(Λ).

To summarize, we have an equivalence of categories between the groupoid of tori over k and
the groupoid of pairs (Λ,σ)whereΛ is a free abelian group of finite rank andσ : Γk→ Aut(Λ)
is a continuous group homomorphism. This equivalence of categories may be regarded as a
classification of tori over k by combinatorial data.

In order to classify reductive groups, we will need more elaborate combinatorial struc-
tures. To be clear, a classification of reductive groups up to isomorphism over an arbitrary
base field won’t be possible, being hindered of the presence of Galois cohomology, but this is
possible up to inner equivalence.

A root datum Ψ = (Λ,Φ) consists of a free abelian group of finite rank Λ (group of
cocharacters), a finite subset (set of roots)

Φ ⊂ Λ∨ = Hom(Λ,Z)

and an injective map Φ→ Λ denoted by α 7→ α∨ whose image is denoted by Φ∨ ⊂ Λ (set of
coroots), satisfying the following properties:

• The equality 〈α,α∨〉= 2 holds for every α ∈ Φ;
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• For every α ∈ Φ, the reflection sα(x) = x − 〈x ,α∨〉α in Λ∨ preserves the set of roots Φ,
and the reflection sα(y) = y − 〈y,α〉α∨ in Λ preserves the set of coroots Φ∨.

The reflections sα generate a finite group W , the Weyl group, acting onΛ andΛ∨ in preserving
the set of roots Φ ⊂ Λ∨ and the set of coroots Φ∨ ⊂ Λ.

A (T, G)-pair over a base field k is a pair consisting of a torus T defined over k and a
reductive group G over a field k of which T is a maximal torus. A root datum Ψ(T, G) can
be attached to a (T, G)-pair defined over an algebraically closed field k̄. We we will only
provide an incomplete account of this construction and refer to [51] for a more detailed
treatment. We set Λ = Hom(Gm, T ) and Λ∨ = Hom(T,Gm) to be the groups of cocharacters
and characters of T . The set of roots Φ is given by the nonzero eigenvalues of T acting on
the Lie algebra of G. The Weyl group W can be identified with the quotient NorG(T )/T of
the normalizer NorG(T ) of T in G by T . The functor (T, G) 7→ Ψ(T, G) from the groupoid
TGk̄ of (T, G)-pairs over k̄ to the groupoid RD of root data

TGk̄→ RD (2.1)

induces a bijection on the sets of isomorphism classes. As to automorphisms of objects, we
have a surjective homomorphism

Autk̄(T, G)→ Aut(Ψ(T, G)) (2.2)

of kernel T (k̄)/Z(k̄) where Z is the center of G. Indeed, automorphisms of (T, G) inducing
identity on Λ are inner automorphism of G given by the conjugation by an element of T (k̄).

Let rGk̄ denote the groupoid of reductive groups over k̄. We have a functor TGk̄ → rGk̄
given by (T, G) 7→ G. For all maximal tori in a reductive groups over k̄ are conjugate, the
functor TGk̄→ rGk̄ induces a bijection of the sets of isomorphism classes of those categories.
As a result, we have a canonical bijection between the set of isomorphism classes of reduc-
tive groups over k̄ and the set of isomorphism classes of root data. However, there is no
functor rGk̄→ RD from the groupoid of reductive groups to the groupoid of root data for the
homomorphism (2.2) doesn’t factors through Autk̄(G). We do nevertheless have a functor
rGk̄ → RDOut where RDOut is the groupoid in which objects are objects of RD and groups of
automorphisms of (Λ,Φ) are defined to be

Out(Λ,Φ) := Aut(Λ,Φ)/W (2.3)

We have a commutative diagram of functors

TGk̄ RD

rGk̄ RDOut

(2.4)
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that induces on the automorphism groups the commutative diagram

Autk̄(T, G) Aut(Ψ(T, G))

Autk̄(G) Out(Ψ(T, G)).

(2.5)

The upper arrow in this diagram is surjective and its kernel is the group T (k̄)/Z(k̄) where Z
is the center of G. The lower arrow in this diagram is surjective and its kernel is the group
G(k̄)/Z(k̄) of inner automorphisms of G.

The exact sequence
0→W → Aut(Ψ)→ Out(Ψ)→ 0. (2.6)

affords sections given by based root data. To discuss these sections, let us recall the concept
of based root data introduced in [51]. Let Ψ = (Λ,Φ) be a root datum and W the associated
Weyl group. For every root α ∈ Φ, consider the hyperplane Hα in the real vector space
ΛR = Λ⊗R consisting of x ∈ ΛR satisfying the equation 〈α, x〉= 0. The group W acts simply
transitively on the set of connected components of ΛR\

⋃

α∈ΦHα,. The closure of each of
these connected components will be called a Weyl chamber. A based root datum is a root
datum plus a choice of a Weyl chamber Λ+R. For the intersection Λ+ = Λ∩Λ+R generate Λ+R as
a cone, Λ+ is determined by and determines the Weyl chamber Λ+R. We will call Λ+ the set
of dominant weights. We will denote by

Ψ+ = (Λ,Φ,Λ+) (2.7)

the resulting based root datum.
The group Aut(Ψ+(T, G)) of automorphisms of the based root system Ψ+ is a subgroup of

Aut(Ψ(T, G)) which has trivial intersection with W and projects isomorphically on Out(G):

Aut(Ψ+(T, G))' Out(G). (2.8)

In other words, the choice of a Weyl chamber Λ+R provides us with a section in the exact
sequence (2.6).

On the level of (T, G)-pairs, the choice of a Weyl chamber corresponds to the choice of a
Borel subgroup B of G containing T . We have an exact sequence

0→ T (k̄)/Z(k̄)→ Autk̄(T, B, G)→ Out(G)→ 0. (2.9)

The theory of pinnings provide us with sections for this exact sequence. A pinning of G, also
known as épinglage, consists of a triple (T, B, G) as above plus the choice of a nonzero vector
xα in the one-dimensional vector eigenspace gα for each simple root α of B. We know that
T (k̄)/Z(k̄) act simply transitively on the set of vectors xα and the group of automorphisms
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of an pinning (T, B, G, xα | α ∈ ∆), ∆ being the set of simple roots of B, is a subgroup of
Autk̄(T, B, G) projecting isomorphically on Out(G):

Autk̄(T, B, G, xα | α ∈∆)' Out(G). (2.10)

We now have a commutative diagram of functors:

Pink̄ RD+

TGk̄ RD

rGk̄ RDOut

'

' (2.11)

where Pink̄ is the groupoid of pinnings and RD+ is the groupoid of based root data. All
these functors induce bijections on the sets of isomorphism classes. Moreover, the functors
Pink̄ → RD+ and RD+ → RDOut are equivalences of categories. As a result, we obtain a
functor

RDOut→ rGk̄ (2.12)

which is a section of the functor rGk̄ → RDOut in the lower line of diagram (2.11). This
functor may be seen as the construction of reductive groups over k̄ from root data.

We are now ready to describe combinatorial data that can be attached to reductive groups
over an arbitrary base field. Let k be an arbitrary base field, k̄ its algebraic closure. Let G be
a reductive group over k̄, Autk̄(G) the group of automorphism of G over k̄ and Autk(G) the
group of automorphisms of G over k. As in the case of tori, we have an exact sequence

0→ Autk̄(G)→ Autk(G)→ Γk→ 0 (2.13)

which is actually split because split model exists. A k-model of G i.e. a reductive group Gk
over k such that Gk ⊗k k̄ = G correspond to a section Γk → Autk(G) in (2.13) and therefore
a homomorphism

σG : Γk→ Autk̄(G) (2.14)

on the ground of the splitting derived from the split model. It follows that the groupoid rGk
of reductive groups over k is equivalent to a pair (G,σG) consisting of an object G of rGk̄
and a continuous homomorphism σG : Γk→ Autk̄(G). In particular, the isomorphism classes
of k-models of G correspond bijectively to conjugacy classes of continuous homomorphisms
σG : Γk→ Autk̄(G).

By the lower arrow in the diagram (2.11), we have a functor rGk→ RDOut,k where RDOut,k
is the groupoid of pairs (Ψ,σOut) where Ψ is an object of RDOut and

σOut : Γk→ Out(Ψ) (2.15)
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is a continuous homomorphism. This functor affords a section

RDOut,k→ rDk (2.16)

from RDOut,k to the category of reductive groups defined over k. This functor may be seen as
the construction of reductive groups defined over k from root data with Galois action.

To construct this section we recall that in the diagram (2.11) the arrows Pink̄ → RD+

and RD+→ RDOut are equivalences. By applying the inverses of these functors to (2.15), we
obtain an object pin ∈ Pink̄, which consists of a reductive group G defined over k̄ endowed
with a pinning, and a homomorphism

σPin : Γk→ Aut(pin).

By forgetting the pinning, we obtain a homomorphism σG : Γk → Autk̄(G) and therefore a
reductive group Gk defined over k such that Gk ⊗k k̄ = G.

An object in rGk belonging to the essential image of (2.16) is called quasi-split. Two
reductive groups over k are said to be inner equivalent if they map to isomorphic objects in
RDOut,k. From what precedes we conclude that the functor rGk→ RDOut,k induces a bijection
from the set of inner equivalence classes of reductive groups over k on the set of isomor-
phism classes of RDOut,k. In each inner class, there exists a unique quasi-split group up to
isomorphism.

We are now ready to define the Langlands dual group of a reductive group G defined
over k̄. We have an involutive functor on the category of root data defined by mapping a
root datum Ψ = (Λ,Φ) to the dual root datum Ψ∨ = (Λ∨,Φ∨). This involution can be defined
compatibly on both categories RD+ and RDOut. If G is a reductive group defined over an
algebraically closed field k̄, by using the functor rD → RDOut in the lower line of diagram
(2.11), we obtain an object in RDOut. Then we apply the involution Ψ 7→ Ψ∨ in RDOut.
Applying (2.12) for to Ψ∨, with k̄ = C, we obtain a reductive group G∨ defined over C, the
Langlands dual group of G.

We will now define the L-group of a reductive group Gk defined over an arbitrary base
field k. The group Gk can be identified with an object of the category rGk consisting of a
reductive group G over k̄ and a continuous homomorphism σG : Γk → Autk̄(G). Using the
lower arrow in the diagram (2.11), we derive an object in RDOut,k consisting of a root datum
Ψ and a continuous homomorphism σΨ : Γk→ Out(Ψ). We apply the functor Ψ 7→ Ψ∨ to get
the dual root datum which will also be endowed with a homomorphism σΨ∨ : Γk→ Out(Ψ∨).
By applying (2.12) over k̄ = C, we get a the dual reductive group G∨ with a homomorphism
σOut : Γk→ Out(G∨). Langlands’s L-group of G to be semi-direct product

LG = G∨ o Γk (2.17)

where Γk acts on G∨ through its group of outer automorphisms acting on G∨ in fixing a
pinning. In many circumstances, it is harmless to replace the factor Γk in the semi-direct
product by the quotient Γk by a normal closed subgroup which acts trivially on G∨.
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2.2 Global fields, local fields and adèles

We will fix a global field k which may be a number field or the field of rational functions on
a curve defined over a finite field. For every absolute value v : k → R+ we define kv to be
the completion of k with respect to v. A place of k is an equivalence class of absolute values
for the equivalence relation defined by v ∼ v′ if and only if kv and kv′ are isomorphic as
topological fields. We will denote by |k| the set of places of k. If k is a number field, the set
of places |k| contains only finitely many archimedean places v, those places such that kv is
isomorphic to either R or C. For nonarchimedean places v ∈ |k|, the elements x ∈ kv with
|x |v ≤ 1 form a complete DVR to be called the ring of integers Ov of kv . We will denote by
Fv the residue field of Ov; Fv is a finite field of cardinal qv . For every v ∈ |k|, kv is a locally
compact group, and if v is nonarchimedean, Ov is a compact open subgroup of kv . If k is a
function field, every place v ∈ |k| is nonarchimedean and the completion kv is isomorphic to
the field of Laurent formal series with coefficients in the residue field Fv .

We also recall that the ring of adèles Ak in an inductive limit of infinite products

Ak = lim−→
S

∏

v∈S

kv ×
∏

v /∈S

Ov (2.18)

over all finite subsets S ⊂ |k| that contain all the archimedean places. An element of Ak
can be represented as a sequence (xv)v∈|k| with xv ∈ kv for all v and xv ∈ Ov for almost
all nonarchimedean places. The ring of adèles with the inductive limit topology is a locally
compact ring.

For every place v ∈ |k|, we denote by Γv = Gal(k̄v/kv) the Galois group of the local field
kv . If v is nonarchimedean, we have an exact sequence

0→ Iv → Γv → ΓFv
→ 0 (2.19)

where Iv is the inertia group and ΓFv
is the Galois group of the residue field Fv in which the

Frobenius element σv(x) = xqv is a progenerator. There is a homomorphism between Galois
groups of local and global fields

Γv → Γk (2.20)

which is well defined up to conjugation. For every finite Galois extension k′/k, the induced
homomorphism Γv → Gal(k′/k) is trivial on the inertia subgroup Iv if and only if v is un-
ramified with respect to the extension k′/k. This is the case for all but finitely many nonar-
chimedean places. For an unramified place v, the homomorphism (2.20) defines a conjugacy
class [σv] of the image of σv in Gal(k′/k).

The L-group of a reductive group G defined over a global field k is defined in (2.17) to
be the semi-direct product

LG = G∨ o Γk

11
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in which Γk acts on G∨ factors through some finite quotient Gal(k′/k). For every nonar-
chimedean place v of G, the L-group of G over kv is the semi-direct product LGv = G∨ o Γv
constructed out of the action of Γv on G∨ deriving from the action of Γk through (2.20). For
almost all nonarchimedean places v, the restriction of the homomorphism Γk→ Gal(k′/k) to
the inertia group Iv is trivial. In this case, we may write LG = G∨ o 〈σv〉.

2.3 Canonical invariant measures

We first recall Weil’s construction measures out of top differential forms. Let F be a local field
equipped with an invariant measure dx with respect to addition. If X is a smooth algebraic
variety of dimension n over F then every non-zero algebraic top differential form ω over X
defines a distribution on X (F) i.e a continuous linear form

|ω| :C∞c (X (F))→ C

defined as follows. For every point x ∈ X (F), there exists a compact open neighborhood U
of X (F) and a p-adic analytic open embedding u : U → F n. For any system of coverings of
X (F) by compact open subsets Ui with an analytic open embedding ui : Ui → F n, by the
unit partition theorem, every smooth function with compact support f ∈ C∞c (X (F)) can be
decomposed as a sum f = f1+ · · ·+ fn where fi is a smooth function with support contained
in Ui . It is thus enough to prove that for every compact open subset U open embeddable in
F n as above, there exists a canonical linear form

|ω|U :C∞(X (F), U)→ C.

where C∞c (X (F), U) is the space of smooth functions on X (F) with support contained in U
such that for every compact open subset V ⊂ U we have the commutative diagram

C∞c (X (F), V ) C∞c (X (F), U)

C

ι

|ω|V |ω|U

(2.21)

where ι is the extension by zero.
Let U be a compact open subset of X (F) equipped with an analytic open embedding

u : U → F n. If x1, . . . , xn denote the coordinates of F n we can write u∗ω = φd x1 ∧ · · · ∧ dxn
where φ : F n→ F is an analytic function supported in the compact open subset u(U) of F n.
We define after [55]

|ω|U( f ) =
∫

u(U)
f (u−1(x))|φ(x)|dx1 . . . dxn

12
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for every smooth function f ∈ C∞(X (F), U) with compact support contained in U , and
d x1 . . . dxn is the product measure on F n. The chain rule in integration guarantees that
the above definition of the linear form |ω|U( f ) does not depend on the embedding u and
therefore must be compatible with the extension by zero as in diagram (2.21). We may also
observe that for the definition of the linear form |ω| applies to continuous functions with
compact support, |ω| defines not only a distribution but in fact a measure. One may notice
that for every analytic function ξ : X (F)→ F , the equality

|ξ|−1|ξω|= |ω| (2.22)

holds. This can be checked upon the very definition of |ω|.
Let F be a local field equipped with a Haar measure dx . We will define canonical invariant

measures on TF (F) for every torus TF defined over F . Let TF be a torus defined over F and
T = TF ⊗F F̄ its base to an algebraic closure F̄ of F . The group of cocharacters Λ = Λ(T )
is a free Z-module of rank n. As in 1.1, the F -form TF of T is equivalent to a continuous
homomorphism ρΛ : ΓF → Aut(Λ) from the Galois group ΓF of F to the discrete group Aut(Λ)
of automorphisms of the lattice Λ. In particular, we recover TF from ρΛ by the formula

F[TF ] = (F̄ ⊗F F[Λ∨])Γ (ρΛ)

where Γ (ρΛ) is the graph of ρΛ which is a subgroup of ΓF × AutΛ acting on F̄ ⊗ F[Λ∨] com-
ponent wise. We will denote by ρΛ(ΓF ) the image of ρΛ which is a finite subgroup of Aut(Λ).

If t denotes the Lie algebra of T , then we have t= Λ⊗ F̄ . We have (∧n
ZΛ)⊗ F̄ = ∧nt. Since

∧n
ZΛ is a free Z-module of rank one, its generator ε, which is well defined up to a sign, is

then a generator of the one-dimensional F̄ -vector space ∧n
F̄
t. The dual generator ε∨ of ∧n

ZΛ
∨

gives rise to a generator of ∧n
F̄
t∨ and therefore a nonzero invariant top differential form on T .

The automorphism group Aut(Λ) of lattice Λ acts on ∧n
ZΛ through the determinant character

detΛ : Aut(Λ)→ {±1} as well as on the space of invariant top differential form ∧n
F̄
t∨ on T .

The space of top differential form on the F -model TF is given by

(∧nt⊗F F[Λ∨])Γ (ρΛ) = (F̄ε∨ ⊗F F[Λ∨])Γ (ρΛ). (2.23)

Let ξ ∈ F[Λ∨] be an element of the group F -algebra of Λ∨ satisfying

γ(ξ) = detΛ(γ)ξ (2.24)

for every element γ of the finite subgroup ρΛ(ΓF ) of Aut(Λ). To construct such a function,
we pick an element α ∈ F[Λ∨] which is not fixed by any nontrivial element γ of the finite
subgroup ρΛ(ΓF ) of Aut(Λ) and we set

ξ=
∑

γ∈ρΛ(ΓF )

detΛ(γ)γ(α).

13
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Since the terms γ(α) appearing in the above formula are linearly independent in F[Λ∨], the
above linear combination is nonzero and obviously satisfies the equation (2.24). If ξ and ξ1
are two nonzero elements of F[Λ∨] both satisfying (2.24), we have ξ1 = φ1ξ where φ1 is a
rational function on T invariant under the action of Aut(Ψ). The top differential form ξε∨

on T is now invariant under the action of ΓF and therefore defines a top differential form on
the F -model TF as in (2.23).

The function ξ is not invariant under ρΛ(ΓF ) but its square is. We define the canonical
measure on TF (F) to be

dµ= |ξ2|−1/2|ξε∨|. (2.25)

One can check that this is an invariant measure on TF (F)which is independent of all choices,
including ε and ξ. Indeed, ε is well defined up to a sign which is canceled by the absolute
value. The independence on ξ is guaranteed by the formula (2.22).

We can extend the construction of canonical invariant measures on tori to every reductive
groups. Let G be a reductive group over F . We denote by C the neutral component of its
center and Gder its derived group. We know that C is a torus and Gder is a semisimple group.
We derive an invariant measure on G(F) from the measure on C(F) constructed as above,
and the measure on Gder constructed out of the Killing form.

2.4 Unramified local L-factors

If G is a reductive group defined over a nonarchimedean local field F , G(F) is a totally
discontected locally compact group i.e. it has a base of neighborhoods of the identity element
consisting of compact open subgroups. A representation π of G(F) on a complex vector space
V is said to be smooth if the stabilizer of every vector v ∈ V is an open subgroup of G(F). It
is said to be admissible if for every compact open subgroup K of G(F), the space V K of K-
fixed vectors is finite dimensional. It is known, and it is a deep fact of the theory of smooth
representations of reductive groups over nonarchimedean local fields, that all irreducible
representations of G(F) are admissible, see [6].

By choosing a Haar measure dµ on G(F), we can identify C∞c (G(F)) with the space of
locally constant measures with compact support in G(F). The choice of Haar measure allows
us to define the convolution product and as a result, to equip C∞c (G(F)) with a structure of
nonunital associative algebra. For every smooth representation (π, V ), V is equipped with a
structure of C∞c (G(F))-module by the formula:

π( f )v =

∫

G(F)
f (g)π(g)vdµ. (2.26)

If π is admissible, then for every f ∈ C∞c (G(F)) the operator π( f ) has finite dimensional
image. It follows that we have an adG(F)-invariant linear form

trπ :C∞c (G(F))→ C. (2.27)

14



Automorphic L-functions and functoriality

If G is a split reductive group over F , G can be extended as a reductive group scheme
over Z and in particular over the ring of integers OF of F . We will also denote by G the
smooth reductive group scheme over OF whose generic fiber is the group G over F with
which we start. The group K = G(OF ) of OF -points of G is then a maximal compact open
subgroup of G(F). The subalgebraH of C∞c (G(F)) consisting of K × K-invariant functions
with compact support in G(F), is a commutative subalgebra with a unit. An irreducible
smooth representation (π, V ) of G(F) is said to be unramified if it has a nonzero fixed vector
under K . In that case, the space of K-fixed vectors in V is a nonzero simple module overH .
Since H is commutative, simple modules are one dimensional and the set of isomorphism
classes of simple modules is in bijection with the set of maximal ideals of H . After Satake
[48], there is a canonical isomorphism of algebras:

Sat :H → C[G∨]ad(G∨) (2.28)

fromH to the algebra of algebraic regular functions on G∨ invariant under the adjoint action.
It follows that simple modules over H , and hence unramified representations of G(F), are
classified up to isomorphism by semi-simple conjugacy classes in the complex reductive group
G∨. An unramified representation π of G(F) is said to have the Satake parameter απ in the
set of semi-simple conjugacy classes of G∨ if for every φ ∈H we have

trπ(φ) = (Sat(φ))(απ). (2.29)

This equation defines a canonical bijection between the set of unramified representations of
G(F) up to isomorphism and the set of semi-simple conjugacy classes of G∨.

After Langlands [33], Satake’s theory can be generalized to unramified reductive groups
G over F . A reductive group G over F is said to be unramified if it admits a reductive model
over OF . For quasi-split groups, the condition of being unramified can be read off the action
of the Galois group ΓF of F on the root datum. Recall that we have an exact sequence

0→ IF → ΓF → ΓF→ 0 (2.30)

where IF is the inertia group and ΓF is the Galois group of the residue field F of which the
Frobenius element σF is a topological generator. Quasi-split groups over F are determined
up to isomorphism by a homomorphism σOut : ΓF → Out(G ⊗F F̄) as defined in (2.15). The
group G admits a reductive model over OF if and only if the restriction of σOut to the inertia
group IF is trivial. In particular, the action of ΓF on G∨ factors through ΓF. We may take

LG = G∨ o 〈σF 〉. (2.31)

We suppose that G has a reductive model over OF which we will also denote by G. An
irreducible smooth representation G(F) is said to be unramified if it has a nonzero vector
under G(OF ). In this setting, Langlands showed that unramified representations of G(F) are
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in canonical bijection with the conjugacy classes of G∨ in the connected component σF G∨ of
LG:

α ∈ σF G∨ ⊂ G∨ o 〈σF 〉.
There is a twisted form of the Satake isomorphism

Sat :H → C[σF G∨]ad(G∨). (2.32)

from the unramified Hecke algebra of G to the ring of regular functions on the connected
component σF G∨ of LG which are invariant under the adjoint action of G∨, see [7, p. 6.7].
The bijection π 7→ απ between the set of isomorphism classes of unramified representations
of G(F) and the set conjugacy classes of G∨ contained in the connected component σF G∨ is
characterized by the identity

trπ(φ) = (Sat(φ))(απ). (2.33)

More information on this construction may be found in [33], [7] and [13].
For every algebraic representation ρ : LG → GL(Vρ), we define the local L-factor of an

unramified representation π to be

L(s,π,ρ) = det(1−ρ(απ)q−s)−1 (2.34)

where q is the cardinal of the residue field of F , and s is a complex variable. Using the Newton
identity

det(1− At)−1 = 1+ tr(A)t + tr(sym2(A))t2 + · · · (2.35)

valid for every matrix A, the formal variable t being q−s, we obtain the development of
L(s,π,ρ) as formal series:

L(s,π,ρ) =
∞
∑

d=0

tr((symdρ)(απ))q
−ds. (2.36)

An unramified representation representation π of G(Qv) is said to be tempered if its param-
eter απ is a compact element of LG. In that case, all eigenvalues of the matrix (symdρ)(απ)
have absolute value 1, and therefore

|tr((symdρ)(απ))| ≤ dim(symdρ)< (d + 1)r (2.37)

where r = dim(ρ). We infer that the formal series (2.36) converges absolutely and uniformly
on the domainℜ(s)> 0 of the complex plane. In general, the formal series (2.36) converges
absolutely and uniformly on some domain ℜ(s) > σ where σ can be explicitly specified in
function of absolute values of eigenvalues of the matrix ρ(απ). More information can be
found in [33] and [7, p. 39] and [13, p. 16].

The local L-factor is conjectured to exist for all irreducible admissible representations of
G(F). There is a conjectural formula based on the local Langlands correspondence. The local
L-factor should also exist at the archimedean places as well. This is known in some cases:
for instance if G = GLn, and ρ is the standard representation of the dual group G∨ = GLn(C)
thanks to Godement and Jacquet [23], and Tamagawa [52].
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2.5 Automorphic L-functions

Let G be a reductive group defined over a number field k, LG = G∨oΓk its L-group defined by
a continuous homomorphism σOut : Γk → Out(G). By continuity, σG factors through a finite
quotient i.e. Gal(k′/k) for some finite Galois extension of k. For every nonarchimedean place,
we have an induced homomorphism σv,Out : Γv → Out(G) well defined up to conjugacy. We
know that G⊗kkv is unramified if and only if the restriction ofσv,Out to the inertia subgroup Iv
of Γv is trivial. This is true for all nonarchimedean place v ∈ |k|with finitely many exceptions.

Automorphic representations of G are irreducible representations π of G(Ak), occurring
in the space of automorphic functions on [G] = G(k)\G(Ak) as defined in the paper by Borel
and Jacquet [8], followed by a supplement by Langlands [32]. An automorphic representa-
tion π can be decomposed into tensor product

π=
⊗

v∈|k|
πv (2.38)

where πv are irreducible admissible representations of G(F). There exists a finite set Sπ ⊂ |k|
containing all archimedean places such that for all v ∈ |k|−Sπ, G⊗k kv is an unramified group
over kv and πv is an unramified representation of G(kv).

Following Langlands [33], for every representation ρ : LG → GL(Vρ), we define the
incomplete L-function as the Euler product

LSπ(s,π,ρ) =
∏

v∈|k|−Sπ

Lv(s,πv ,ρ) (2.39)

where Lv(s,πv ,ρ) is defined by (2.34). An automorphic representation is said to be of the
Ramanujan type if for all v ∈ |k| − Sπ, α(πv) is a compact element of LG. In this case, with
the development of local L-factor as formal series (2.36) and the estimate (2.37), one can
prove that LSπ(s,π,ρ) converges absolutely and uniformly to a holomorphic function on the
domain ℜ(s) > 1. It is known that in general the Euler product (2.39) converges absolutely
and uniformly on a domain of typeℜ(s)≥ σ for some real numberσ, see [33] and [8, p. 52],
which only depends on G.

In [33], Langlands asked no less than seven questions of which the first is if is it possible
to define local L and ε factors at the ramified places so that the complete L-functions

L(s,π,ρ) =
∏

v∈|k|

Lv(s,πv ,ρ) (2.40)

has a meromorphic continuation in the entire complex plane with finitely many poles which
satisfies the functional equation

L(s,π,ρ) = ε(s,π,ρ)L(1− s,π,ρ∨) (2.41)
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where ρ∨ is the dual representation of ρ, and

ε(s,π,ρ) =
∏

v

εv(s,π,ρ). (2.42)

We call this the standard properties of automorphic L-functions.
Again, this conjecture is known in some cases. For instance for G = GLn, ρ the standard

representation of G∨ = GLn(C), this is a theorem of Godement and Jacquet [23], [27, pp. 83-
84] and Tamagawa [52]. In other words, standard L-functions satisfy standard properties.
There are at least two other methods of proving particular instances of standard properties of
automorphic L-functions namely the Langlands-Shahidi and Rankin-Selberg methods which
are out of the scope of this survey.

2.6 Functoriality principle

The question 5 of [33, p. 19] is nowadays known as the functoriality principle. This conjec-
ture stipulates that for reductive groups H and G defined over a global field k, given with
a homomorphism of complex groups LH → LG, for every automorphic representation πH
of H there exists an automorphic representation π of G such that for every representation
ρ : LG→ GL(Vρ), there are equalities of local L and ε factors

Lv(s,πH,v ,ρ| L H) = Lv(s,πv ,ρ) and εv(s,πH,v ,ρ| L H) = εv(s,πv ,ρ). (2.43)

In other words, there should be a transfer of automorphic representations from H to G de-
pending "functorially" on a homomorphism of complex groups LH → LG. It is quite clear
from this formulation that there should be a similar transfer from smooth representations of
H(kv) to smooth representations of G(kv) satisfying a local-global compatibility. This is the
content of the question 4 of [33, p. 19].

An immediate consequence of the functoriality principle is that every automorphic L-
function is equal to some standard L-function of Godement-Jacquet. In particular, all au-
tomorphic L-functions have meromorphic continuations satisfying the functional equation
(2.41) as standard L-functions do. Thus the standard properties of automorphic L-functions
follow from the principle of functoriality.

In the opposite direction, at least when G = GLn, the functoriality principle follows from
the standard properties of automorphic L-functions. This is the content of different formu-
lations of the converse theorem [17].

2.7 L-packets and endoscopy

In the case of G = GLn, L-functions determine representations both in local and global set-
tings. The transfer of representations of H to representations of G = GLn in both local and
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global setting, according to the functoriality principle, should be a mapping. It is not nec-
essarily so for a general reductive group G. Locally, there are usually a finite number of
representations of G(F) having the same local L-factors. These representations are consid-
ered as elements of an L-packet. Globally, there are inequivalent irreducible representations
of G(AF ) whose local components belong to the same L-packet, occurring in the space of
automorphic forms with possibly different multiplicities. The functorial transfer from rep-
resentations of H to representations of G, both in local and global settings, are then at best
correspondences, or has to be reformulated on the level of L-packets.

This phenomenon, which is at first view an impediment, turns out to be a chance. In
[31], Langlands formulates a program aiming at explicating the L-packet phenomenon as
a particular case of the functoriality principle in which H∨ is the neutral component of the
centralizer of a semi-simple element of LG. The groups H arising in this way are called
the endoscopic groups of G. The functoriality principle, in the endoscopic setting, is to be
established by the way of comparison of trace formulae. It took more than thirty years to see
the endoscopy to come essentially to completion.

As opposed to other partial approaches to functoriality, L-functions and its standard prop-
erties don’t play a major role in endoscopy theory. The main method in the theory of en-
doscopy is the comparison of trace formulae. In some sense, the comparison of trace for-
mulae may be seen as a comparison of two distributions, and the transfer of automorphic
representations may be seen as the resulting comparison between the spectral supports of
those distributions. Both distributions are certain linear combinations of the trace formulae.
The comparison is to be proved by comparing their geometric sides, which derives from an
equality between certain linear combination of orbital integrals on H and on G. The prob-
lem of comparisons of the orbital integrals are to be divided into similar looking but different
problems in local harmonic analysis, known as the transfer and the fundamental lemma. A
summary of this topic may be found in [38].

Endoscopy theory and its twisted variants culminate to the results exposed in the recent
book of Arthur [5]. Twisted endoscopy theory has found a great number of applications in
number theory, for instance via the theory of base change and the calculation of cohomology
of Shimura varieties. As it is advocated in [21], in addition of the precise description of
local L-packets and global multiplicity formula, endoscopy theory produced the stable trace
formula which must be one of the most powerful tools for constructing functoriality.

3 Langlands’s first strategy for beyond endoscopy

In [30], Langlands proposed to construct certain limits of trace formula as means to prove
the functoriality principle. Admitting the reciprocity principle, automorphic representations
π of G should be classified by homomorphisms

σπ : Γ L
F →

LG
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from the hypothetical Langlands-Galois group Γ L
F to LG. Without having properly defined

Γ L
F , the Zariski closure of σπ(Γ L

F ) in LG should be well defined and will be denoted by H(π).
As an ersatz to functoriality, one may attempt to sort out automorphic representations π of
G according to subgroups H(π) of LG classified up to conjugation.

For every representation ρ : LG→ GL(Vρ) we will denote by

mπ(ρ) = mH(π)(ρ) = dim(Vρ(H(π))ρ )

the dimension of the subspace of Vρ consisting of fixed vectors under the action of H(π).
The numerical data ρ 7→ mπ(ρ) will tell a great deal about H(π) up to conjugation. For
instance, for G = GLn the numerical data mπ(ρ), as ρ varies, determine H(π) up to inner
automorphism of GLn(C) according to a result of Larsen and Pink [36]. It is not necessarily so
for other reductive groups but we may restrict ourselves to G = GLn for the time being. One
may therefore attempt to solve the problem of sorting out automorphic representations π of
G according to subgroups H(π) of LG by finding formulae that have access to the numbers
mπ(ρ). Langlands envisions a new breed of trace formula consisting of a stably invariant
linear form

`ρ :C∞c (G)→ C

whose spectral expansion is of the form

`ρ( f ) =
∑

π

mπ(ρ)trπ( f ) + · · · . (3.1)

Conjecturally at least, we have access to numbers mπ(ρ) by means of the L-function
L(s,π,ρ). Indeed, one expects that mπ(ρ) is equal to the order of the pole of L(s,π,ρ) at
s = 1. In other words,

mπ(ρ) = −ress=1dlog L(s,π,ρ)

where dlog ( f ) = f ′/ f . For representationsπ of Ramanujan type, the Euler product LSπ(s,π,ρ)
converges absolutely and uniformly on the domain ℜ(s) > 1 and we may expect an asymp-
totic formula as X →∞

∑

qd
v<X

log(qv)tr(ρ(απv
))tr((symd−1ρ)(απv

)) = mπ(ρ)X + o(X ) (3.2)

the sum ranging over all places v ∈ |k| − Sπ and d ∈ N such that qd
v < X , απv

∈ LG/∼ being
the Langlands parameter of unramified components πv . Although the terms corresponding
to exponents d ≥ 2 may look unpleasant, they shouldn’t contribute to the asymptotic, and
therefore we may expect

∑

v∈|k|−Sπ,qv<X

log(qv)tr(ρ(απv
)) = mπ(ρ)X + o(X ) (3.3)
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for all automorphic representations of the Ramanujan type. Langlands proposes to study the
asymptotic of

∑

v∈|k|−S,qv<X

log(qv)tr[G](φ
ρ
v ⊗ fS) (3.4)

as X →∞, for every fixed finite set of places S ⊂ |k| containing all the archimedean places,
φ
ρ
v being the Hecke operator corresponding to ρ and fS ∈

⊗

v∈SC∞c (G(F)).
This compelling perspective faces serious difficulties:

1. There are discrete automorphic representations not of Ramanujan type. The corre-
sponding L-functions may have poles, say at some real number m > 1, in which case
the leading term of (3.3) should be X m instead of X . Therefore one should first remove
the contribution of representations not of Ramanujan type.

2. Available analytic techniques to deal with a sum over primes as (3.4) are extremely
limited. Even if explicit information on orbital integrals of φρv are available, which
is the case only if G = GL2 and ρ is the standard representation, fundamentally new
ideas will be needed to find an asymptotic formula (3.4).

As suggested by Sarnak in [47], there may be some advantages to work with the Kuznetsov
trace formula which discards representations not of Ramanujan type. He also suggests that it
may be better to construct a trace formula whose spectral expansion involves a sum of auto-
morphic L-functions instead of their logarithmic derivatives, and whose geometric expansion
involves a sum over integers instead of a sum over primes. Sarnak’s suggestion has been im-
plemented in Venkatesh’s PhD thesis [53] treating the case G = GL2 and ρ the symmetric
square representation.

A general form of the trace formula with sum of L-functions appearing in the spectral
expansion has been initiated in [21]. Instead of (3.4), [21] aims a spectral expansion of the
form

Lρ( f ) =
∑

π

ress=1 L(s,π,ρ)trπ( f ) + · · · . (3.5)

For the geometric expansion of Lρ will be a sum over integers instead of a sum over primes
as (3.4), there is more hope of finding estimate of the geometric expansion and derive some
information on the spectral expansion. In [21], we propose to use a Poisson summation
formula for this endeavor. This strategy has been implemented with success by Altug [1].

The formal structure of (3.5) can be greatly clarified by the introduction of certain Schwartz
spaces whose existence is conjectured by Braverman and Kazhdan [11], we will review their
conjectures before coming back to the trace formula of [21] in section 7.
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4 Braverman-Kazhdan conjectures

Braverman and Kazhdan propose in [11] a conjectural generalization of Godement-Jacquet’s
construction of standard automorphic L-functions. Before stating the Braverman-Kazhdan
conjectures, we will briefly recall Godement-Jacquet’s construction. We will call the case
G = GLn and ρ the standard representation of G∨ the standard case, and qualify all other
cases as nonstandard.

4.1 Standard case

Let G be the group GLn and M std be vector space of n× n-matrices containing G as a Zariski
open subset. Let F be a nonarchimedean local field. The Schwartz space S std(G(F)) in
this case consists of all locally constant functions with compact support on M std(F). The
restriction of φ ∈ S std(G(F)) to G(F) is a locally constant fonction on G(F) but no longer
of compact support. For φ is completely determined by its restriction to G(F), S std(G(F))
may be regarded as the space of locally constant functions on G(F) that can be extended to
a locally constant function with compact support in M std(F).

The Schwartz space determines the standard L-factor L(s,π, std) in terms of Godement-
Jacquet’s zeta integrals. These integrals, depending on a function φ ∈ S std(G(F)), a matrix
coefficient f of π and a complex variable s

Z(φ, f , s) =

∫

G
φ(g) f (g)|det(g)|sdg (4.1)

is convergent for ℜ(s) > sG for some positive real number sG depending only on G. For a
given test function φ and a matrix coefficient f , Z(φ, f , s) can be extended to a rational
function Q(q−s) of q−s, q being the cardinal of the residue field of F . The standard local
L-factor is then

L(s,π, std) = P(q−s− n−1
2 )−1 (4.2)

where P(t) is a polynomial such that P(t)−1 generates the fractional ideal of rational func-
tions Q(t) as above, with P(t) being normalized such that P(0) = 1.

Disregarding the convergence issue that can be circumvented by an appropriate applica-
tion of the principle of analytic continuation, the above zeta integral can be expressed as a
convolution product

Z(φ, f , s) = (φ ? f̌ |det |−s)(δG) = (φ̌ ? f |det |s)(δG) (4.3)

where f̌ (g) = f (g−1), φ̌(g) = φ(g−1) and δG is the neutral element of G.
In this construction the characteristic function Lstd of the compact set M std(O ) of integral

matrices plays a prominent role for it singles out unramified representations and produces
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unramified L-factors:

trπ(Lstd) =

¨

L(− n−1
2 ,π, std) if π is unramified

0 otherwise.
(4.4)

As M std(F) is an F -vector space, the Schwartz spaceS std(G(F)) is equipped with a Fourier
transform, once we chose a nontrivial additive character of ψ : F → C×:

φ̂(x) =

∫

M std(F)
φ(y)ψ(tr(x y))d+ y (4.5)

where d+ y is the additive invariant measure on M std(F) which can be normalized by the
formula:

d+g = |det(g)|ndg. (4.6)

The Fourier transform can be written as the multiplicative convolution

φ 7→ φ̂ =F std(φ) = J std|det |ndg ? φ̌ (4.7)

where the convolution kernel J std is the conjugation invariant function

J std(g) =ψ(tr(g)). (4.8)

We observe that J stddg as an invariant measure on G(F) which is essentially of compact
support in M std(F). Indeed, for every compact open subgroup K of G(F), eK the invariant
measure on K on volume one, it is not hard to check that eK ? J std is of compact support in
M std(F). In a suitable sense, J stddg defines an element of a generalized Bernstein center.
For every irreducible representation π of G(F), for every matrix coefficient f of π, the con-
volution product J std ? f |det |s converges for ℜ(s) large enough and there exists a constant
γstd(s,π) such that

J stddg ? f |det |s = γstd(s,π) f |det |s. (4.9)

After analytic continuation, by setting s = 0, we have γstd(π) = γstd(0,π) and

J stddg ? f = γstd(π) f (4.10)

where π 7→ γstd(π) is a rational function on the Bernstein variety of G. Provisionally, for
generalized Bernstein center we mean the total ring of rational functions on the Bernstein
variety. In this sense, J stddg defines an element of the generalized Bernstein center.

One can derive from (4.10) the functional equation for zeta integrals (4.1):

Z(φ̂, f̌ , s) = γstd(s,π)Z(φ, f , n− s) (4.11)
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In manipulating formally convolution integrals, we have

Z(φ̂, f̌ , n− s) = (φ̂ ? f |det |−n+s)(δG)

= (J std|det |n ? φ̌ ? f |det |−n+s)(δG)

= (φ̌ ? J std ? f |det |s)(δG)

= γstd(s,π)Z(φ, f , s).

Using the Poisson summation formula on the vector space M std, Godement and Jacquet
prove the product formula for γ-factors

∏

v

γstd(π) = 1 (4.12)

and derive the functional equation of global L-functions.

4.2 Nonstandard case

Taking Godement-Jacquet’s construction of standard L-functions as paradigm, Braverman
and Kazhdan made a series of conjectures aiming at establishing the meromorphic contin-
uation and functional equation of general automorphic L-functions. Before recalling their
conjectures, we will put ourselves in a slightly more favorable situation. We will assume that
G is given with a homomorphism to ν : G → Gm similar to the determinant in the case of
GLn:

0→ G′→ G→Gm→ 0. (4.13)

Dually we have a homomorphism ν∨ : C×→ LG. We will only consider irreducible represen-
tation ρ : LG → GL(Vρ) such that ρ ◦ ν is the scalar multiplication of C× on Vρ. In fact, we
can always put ourselves in this setting by adding an extra Gm factor to G. The advantage of
this setting is that we can get rid of the complex parameter s in the L-function by putting

L(π,ρ) = L(−
nρ − 1

2
,π,ρ) with nρ = 〈2ηG ,λρ〉+ 1 (4.14)

where 2ηG is the sum of positive roots of G and λρ is the highest weight of ρ. We recover
the whole L-function from these L-values by the formula

L(s,π,ρ) = L(π⊗ |det |s+
nρ−1

2 ,ρ).

We will reformulate Braverman-Kazhdan’s conjectures as follows:

1. There exists a Schwartz space S ρ(G(F)) of ρ-functions on G(F), locally constant on
G(F) and characterized by asymptotic conditions on certain boundary such that the
zeta integral (4.1) defines L-factors of irreducible representations of G(F).
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2. The Schwartz space of ρ-functions contains a distinguished vector, the ρ-basic func-
tion:

Lρ ∈ S ρ(G(F))

satisfying

trπ(Lρ) =

¨

L(π,ρ) if π is unramified

0 otherwise.
(4.15)

3. With the help of the basic function, we can construct the global Schwartz space of
adelic ρ-functions associated with a reductive group G defined over a global field k

S ρ(G(Ak)) = lim−→
S⊂|k|

⊗

v∈S
S ρ(G(kv)) (4.16)

over all finite sets of places of F containing all the archimedean places, the transition
map in the inductive system being the tensor product with the basic functions:

⊗

v∈S
φv 7→
⊗

v∈S′−S

Lρv ⊗
⊗

v∈S
φv (4.17)

for all finite subsets S ⊂ S′ of |k|.

4. There exists an involutive Hankel transformFρ of S ρ(G(F)) to itself of the form φ 7→
Jρ|ν|nρ ? φ̌ where Jρ, the ρ-Bessel function, is a locally integrable invariant function
on Grss(F). We expect that the equality Jρ(Lρ) = Lρ holds for all nonarchimedean
places v where v is unramified and the conductor of ψ is Ov . We expect the γ-factor
γρ(π) to be defined by the formula

Jρ ? f = γρ(π) f (4.18)

for all matrix coefficients f of π.

5. Local Hankel transforms on S ρ(G(kv)) induce the adelic Hankel transform on the
global Schwartz space S ρ(G(Ak)). We expect that the Poisson summation formula

∑

γ∈G(F)

φ(γ) =
∑

γ∈G(F)

Fρ(φ)(γ) (4.19)

holds for all φ ∈ S ρ(G(AF )) subject to certain local conditions. (Note that in the stan-
dard case the Poisson sum is a sum over all rational matrices and in order to eliminate
non-invertible matrices on both sides, we need to impose some local conditions on test
functions.)
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5 Geometry underlying the ρ-functions

In order to add more precision to the conjectures of Braverman and Kazhdan, we will need
a space Mρ, containing G as an open subset, that plays the role of the space of matrices in
the standard case. For instance, the asymptotic conditions defining the ρ-Schwartz functions
should refer to the boundary of G in the monoid Mρ. A good candidate for Mρ turns out to
be a reductive monoid, that can be constructed canonically from G and ρ. This construction
is an application of the general theory of reductive monoids due to Putcha and Renner of
which the survey [42] is a good reference.

We will also relax the condition the central character of ρ and no longer request ρ to
be irreducible. Under some mild conditions on the central characters of ρ, we will define
a monoid Mρ of which G is the group of units, generalizing the space of matrices in the
standard case. Following [11], we expect that the space S ρ(G(F)) of ρ-functions is defined
by local conditions on Mρ(F) with respect to its totally disconnected topology. In other
words, there should exist a sheaf S̃ ρ on the totally disconnected topological space Mρ(F)
of which S ρ(G(F)) is the space of sections with compact support:

S ρ(G(F)) = Γc(M
ρ(F), S̃ ρ). (5.1)

For every x ∈ Mρ(F), the stalk S̃ ρ
x of S̃ ρ at x would define the asymptotic condition for a

smooth function on G(F) to be a ρ-function. The existence of S̃ ρ is only known in the case
G = GLn and ρ is the standard representation and in the toric case. In the toric case, it is
necessary to relax the condition ρ being irreducible to produce interesting examples.

5.1 Renner’s construction of monoids

A reductive monoid is a normal affine algebraic variety equipped with a monoid structure
such that the unit group, which is the open subset consisting of invertible elements, is a
reductive group. We will recall some basic elements of the construction of reductive monoids
out of certain combinatorial data, following [42].

Let G be a reductive group defined over an algebraically closed field k̄. Let M be a
reductive monoid of unit group G. Let T be a maximal torus of G. If we denote by MT the
normalization of the closure of T in M , then MT is a normal affine toric variety of torus T
which is W -equivariant. This toric variety is thus completely determined by a W -equivariant
strongly convex rational polyhedral cone σM ⊂ ΛR = Λ⊗R where Λ= Hom(Gm, T ). For our
purpose, the main outcome of the theory of reductive monoids is that the reductive monoid
M determines and is uniquely determined by the W -equivariant strongly convex rational
polyhedral cone σM ⊂ ΛR = Λ⊗R, see [42, Thm 5.2, 5.4].

We first observe that there is no reductive monoid with semisimple unit group. If G is
semisimple, there is no W -equivariant strictly convex polyhedral cone σ ⊂ ΛR other than
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zero. Indeed, if λ ∈ ΛR is a nonzero vector, the average of the W -orbit of λ, being a W -
invariant vector, must be 0 as ΛW

R = 0 for G is semisimple. It follows that 0 belongs to the
interior of convex span of Wλ with respect to the topology of the linear span of Wλ. It also
follows that every W -equivariant cone containing the ray passing through λ contains a line,
in other words, is not strictly convex.

The simplest example of W -equivariant strictly convex cone is related to the setting fixed
for the subsection 4.2. We recall that G is equipped with a homomorphism ν : G → Gm
such that dual homomorphism ν∨ : C× → G∨ induces the scalar action of C× on the vector
space Vρ. If Ω(ρ) denotes the convex span of weights of ρ, then for every ω ∈ Ω(ρ) we
have 〈ν,ω〉 = 1. It follows that the cone ξ(ρ) generated by Ω(ρ) is contained in the open
half-space consisting of vectors x ∈ ΛR satisfying 〈ν, x〉> 0 and therefore is strictly convex.

This construction can be generalized as follows. Let G be a split reductive group and ρ
a representation ρ : G∨ → GL(Vρ) which is not necessarily irreducible. We will denote by
Ω(ρ) the convex set in ΛR generated by the weights of ρ. We will denote by ξ(ρ) the cone
in ΛR generated by rays through elements of Ω(ρ). Whether ξ(ρ) is a strictly convex cone
or not depends only on how the center of G∨ acts on the vector space Vρ.

Proposition 5.1. Let Gk be a reductive group over an arbitrary base field k, G = Gk ⊗k k̄. Let
ρ : LG → GL(Vρ) be a finite dimensional representation whose central characters are nonzero
and generate a strictly convex cone. More precisely, if C denotes the connected center of G∨ and
if we decompose the restriction of ρ to C as a sum of characters

ρ|C = χ1 ⊕ · · · ⊕χr

χ1, . . . ,χr ∈ ΛC = Hom(C ,C×) possibly appearing with multiplicity, then we assume that
χ1, . . . ,χr are non zero and generate a strictly convex cone in ΛC ⊗ R. Then there exists a
unique reductive monoid Mρ

k containing Gk as the open subset of invertible elements such that
for every maximal torus T of G, the normalization of its closure Mρ

T is the toric variety of torus T
corresponding to the strictly convex cone generated by the set of weights Ω(ρ) of representation
ρ.

Proof. If the central weights χ1, . . . ,χr are non zero and generate a strictly convex cone
in ΛC ,R, then there exists a central cocharacter ν : C× → C such that 〈ν,χi〉 > 0 for all
i = 1, . . . , r. It follows that for every λ ∈ Ω(ρ), we have 〈ν,λ〉 > 0 and therefore the cone
generated by Ω(ρ) is strictly convex.

By [42, Thm 5.2,5.4], there exists a unique reductive monoid Mρ containing G as the
open subset of invertible elements such that for every maximal torus T of G, the normaliza-
tion of its closure Mρ

T is the toric variety of torus T corresponding to the strictly convex cone
ξ(ρ) generated by the set of weights Ω(ρ) of representation ρ.

In order to justify the descent to the base field k, we need to recall the construction of
the monoid. Let T be a maximal torus of G and Mρ

T the normal affine toric variety of torus T
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corresponding to the strictly convex cone ξ(ρ) generated by the set of weights Ω(ρ) of the
representation ρ. By construction, the ring of regular functions on Mρ

T is k̄[ξ(ρ)∨] where
ξ(ρ)∨ ⊂ Λ∨ is the sub-monoid consisting of α ∈ Λ∨ such that the restriction of α to Ω(ρ)
takes non-negative values. The assumption that the cone ξ(ρ) generated by Ω(ρ) is strictly
convex guarantees that ξ(ρ)∨ generates Λ∨ as an abelian group and therefore T acts on the
variety Mρ

T that contains T as an open subset. The fact that Ω(ρ) is stable under the action
of W implies that the action of W on T extends to an action of W on Mρ

T .
Let α1, . . . ,αr ∈ Λ∨ such that their orbits under W generate ξ(ρ)∨. By replacing αi by

a W -conjugate if necessary, we may assume that the αi lie in the the positive Weyl chamber
Λ∨,+. Let ωαi

: G→ GL(Vαi
) the Weyl module of G of highest weight αi and ω : G→ GL(V )

the representation in the direct sum V =
⊕

i Vαi
. The monoid Mρ, which is defined as the

normalization of the closure of ρ(G) in the space of matrices End(V ), is independent of the
choice of the generators α1, . . . ,αr ∈ Λ∨,+.

The reductive group G defined over k gives rise to a continuous homomorphism σOut :
Γk → Out(Gk̄). We denote by Outσ the image of σOut in Out(Gk̄). Since Γk is compact and
Out(Gk̄) is discrete, Outσ is a finite subgroup of Out(Gk̄). Since the representation ρ : G∨→
GL(Vρ) extends to LG, the set Ω(ρ) is stable under the action of Outσ, and so are the cones
ξ(ρ) ⊂ ΛR and ξ(ρ)∨ ⊂ Λ∨R. We can choose a set α1, . . . ,αr ∈ Λ∨,+ stable under Outσ such
that the W -conjugates of α1, . . . ,αr generate ξ(ρ)∨. The homomorphism ω : G → GL(V ) is
then Outσ-equivariant. It follows that the closure of the image of ω and its normalization is
acted on by G(k̄)/Z(k̄)oOutσ extending the action of this group on G(k̄).

A k-model Gk of G corresponds to a section of the exact sequence

0→ Autk̄(G)→ Autk(G)→ Γk→ 0.

This section σG : Γk→ Autk̄(Gk̄) = G(k̄)/Z(k̄)oOut(Gk̄) has image contained in G(k̄)/Z(k̄)o
Outσ. It follows that the σG-action of Γk on Gk̄ extends to Mρ, and therefore we obtain a
k-model Mρ

k of Mρ given by
Mρ = Spec(k̄[Mρ

k̄
]σG(Γk)).

We have thus defined a monoid Mρ

k of Gk which is a k-model of the monoid Mρ of G.

After taking some pain to construct the monoid in full generality for future reference,
let us come back to the familiar case where G is split and ρ is an irreducible representation
of G∨. In this case, the connected center C of G∨ acts on Vρ via a character χ : C → Gm.
The assumption of Proposition 5.1 is then simply that the character χ is nontrivial, and in
particular, C itself is a nontrivial torus. This encompasses the automorphic L-functions setting
we fixed in the subsection 4.2: G is a split reductive group given with a homomorphism
ν : G→ Gm, the dual central homomorphism ν : C×→ G∨ induces the scalar multiplication
of C× on Vρ. The monoids constructed in the particular setting of 4.2 are to be called L-
monoids.
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The construction of the L-monoid Mρ is motivated by the combinatorics of the basic
function Lρ. According to the expansion of the unramified L-function L(s,π,ρ) as a formal
series (2.36), the basic function Lρ has an expansion as an infinite sum

Lρ =
∞
∑

d=0

Lρd (5.2)

where Lρd ∈ H (G(F)) is the element of the Hecke algebra whose Satake transform is the
invariant regular function on G∨ given by g 7→ tr(g, symd(ρ)). Under the assumption of
subsection 4.2, the infinite sum (5.2) is locally finite and therefore it makes sense as a function
on G(F), invariant under G(O )×G(O ) whose support is not compact in general. In fact, the
spherical function Lρd has support contained in

Supp(Lρd ) ⊂
⊔

µ∈Λ+∩Ω(symd (ρ))

KµK . (5.3)

where Ω(symd(ρ)) is the set of weights of symd(ρ) and therefore

Supp(Lρ) ⊂
⊔

µ∈Λ+∩ξ(ρ)
KµK = G(F)∩Mρ(O ). (5.4)

The relation (5.4) was the main motivation behind the introduction of the monoid Mρ for the
study of L-functions in [40]. The same monoid also appears earlier in works of Braverman-
Kazhdan [11] and Lafforgue [28]. More recently, Wenwei Li and Shahidi have studied this
monoid in the setting of Piatetski-Shapiro and Rallis’s doubling method, see [37], [49] and
[50].

We expect that the supports of ρ-functions on G(F) have compact closure in Mρ(F).
Moreover those functions, beside being locally constant on G(F) must be characterized by
asymptotic properties on the boundary (Mρ − G)(F).

5.2 Toric varieties and toric stacks

Let T be a split torus over a field k, and ρ : T∨→ GL(Vρ) a finite dimensional representation
of T∨ satisfying the assumption of Proposition 5.1. Suppose that ρ decomposes as a direct
sum of characters

Vρ = Cµ1
⊕ · · · ⊕Cµr

where µ1, . . . ,µr ∈ Λ are characters of T∨ which are not necessarily distinct. Assuming that
the cone ξ(ρ) ∈ ΛR generated by µ1, . . . ,µr is strictly convex, we have a the normal affine
toric variety Mρ

T of torus T characterized by the property that a homomorphism λ :Gm→ T
extends to a morphism A1→ Mρ

T if and only if λ ∈ Λ∩ξ(ρ). The ring of coordinates k[Mρ
T ]

of Mρ
T is the k-algebra k[Mρ

T ] = k[ξ(ρ)∨] associated to the subsemigroup ξ(ρ)∨ of the group
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Λ∨ consisting of α ∈ Λ∨ such that 〈λ,α〉 ≥ 0 for all λ ∈ ξ(ρ). The assumption ξ(ρ) being
strictly convex guarantees that ξ(ρ)∨ generates Λ∨ as abelian group, or in other words, T is
an open subset of Mρ

T .
The cocharacters µ1, . . . ,µr induce a homomorphism of tori ρT :Gr

m→ T given by

ρT (x1, . . . , xr) = µ1(x1) . . .µr(xr). (5.5)

Let U denote the kernel of ρT . For each µi extends to a homomorphism of monoids µi :
A1→ Mρ

T , the formula (5.5) gives rise to a homomorphism of monoids ρMT
: Ar → Mρ

T such
that we have a Cartesian diagram

Gr
m Ar

T Mρ
T

ρT
ρMT (5.6)

We consider the quotient stack of Ar by the action of U

Mρ
T = A

r/U (5.7)

of which Mρ
T is the coarse space. As opposed to Mρ

T , the quotient stackMρ
T depends on the

cocharacters µ1, . . . ,µr ∈ Λ i.e. on the representation ρ : T∨ → GL(Vρ) and not merely on
the cone ξ(ρ) generated by µ1, . . . ,µr . As we will see, the space of ρ-functions depends on
the finer geometry of Mρ

T . Before coming to that point, let us show that this construction
can be generalized to an arbitrary torus.

Let T be a torus over an arbitrary base field k. If Λ denotes the group of cocharacters
Gm→ T defined over an algebraic closure of k, then the Galois group Γk of k acts onΛ through
a finite quotient. The Langlands dual group is then L T = T∨ o Γk where T∨ = Hom(Λ,C×).
Let ρ : L T → GL(Vρ) be a r-dimensional algebraic representation of L T satisfying the as-
sumption of Proposition 5.1. The restriction of ρ to T∨ is a direct sum of characters, possibly
with multiplicity

λ|T∨ = λ
r1
1 ⊕ · · · ⊕λ

rm
m (5.8)

where λ1, . . . ,λm ∈ Λ are distinct characters of T∨ and multiplicities r1, . . . , rm adding up to
r. The weights λ1, . . . ,λm given with multiplicities r1, . . . , rm determine a finite subset

Rρ = {(λ1, 1), . . . , (λ1, r1), . . . , (λm, 1), . . . , (λm, rm)} (5.9)

of Λ×N of cardinal r1 + · · ·+ rm = r. For the representation λ|T∨ extends to T∨ o Γk, this
subset is invariant under the action of Γk on Λ×N.
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Over k̄, we have a homomorphism ρT : G
Rρ
m → Tk̄ given by the formula (5.5). As this

homomorphism is equivariant with respect to the action of Γk, it can be descended to a
homomorphism between tori over k

ρT : Dρ → T (5.10)

where Dρ is the unique torus defined over k satisfying Dρ ⊗k k̄ = G
Rρ
m and such that the

induced action of Γk on G
Rρ
m coincide with the one derived from the action of Γk on Rρ.

We will denote by U the kernel of ρT . Let Aρ denote the affine space over k satisfying
Aρ ⊗k k̄ = ARρ and such that the induced action of Γk on ARρ coincide with the action of Γk
on the set of indices Rρ. By construction Aρ(k) is a product of finite separable extensions of
k. The homomorphism of tori can be extended to a morphism of monoids ρMT

: Aρ → Mρ
T

such that we have a Cartesian diagram

Dρ Aρ

T Mρ
T

ρT
ρMT (5.11)

We will denote byMρ
T = Aρ/U the stack quotient of Aρ by the action of U of which Mρ

T is
the coarse space. Now we will explain how the geometry of Mρ

T gives rise to the space of
ρ-functions when the base field k is a nonarchimedean local field.

The simplest example one may have in mind is the case where T =Gm and ρ = std⊕ std
is the 2-dimensional representation of C× acting on C2 as scalar multiplication. In this case,
the toric variety Mρ

T is the affine line A1 and the homomorphism ρT : G2
m → Gm is the

multiplication map ρ∨(x , y) = x y which can be extended to A2 → A1. The stack Mρ
T

is A2/U where U is isomorphic to Gm and acts on A2 by the hyperbolic action t(x , y) =
(t x , t−1 y). Now let the base field k be a nonarchimedean local field F with ring of integers
OF . The basic function Lρ defined by (4.15) can be identified with the push-forward of the
characteristic function of A2(OF ) − {0} to A1(OF ) − {0} with multiplicative Haar measure
normalized as in 2.3. By straightforward calculation, we see this function is the function
supported in OF and given by the formula z 7→ val(z) + 1. In this case, every ρ-function is a
linear combination of the basic function Lρ and smooth compactly supported functions on
F .

Let us now consider a more general case. Let the base field k be a nonarchimedean local
field F We assume that ρT : Dρ → T is a surjective homomorphism of tori whose kernel
is a split torus over F . Under this assumption, we have H1(F, U) = 0 and the ρT induces
a surjective homomorphism Dρ(F) → T (F) on F -points. In this case, ρ-functions on T (F)
are obtained by integration along the fibers from smooth functions with compact support in
Aρ(F) or in other words

S ρ(T (F)) = S (Aρ(F))Uρ(F). (5.12)
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where S (Aρ(F))Uρ(F) is the space of U(F)-coinvariants in the space of compactely supported
smooth functions on the F -vector space Aρ(F). This is the space of ρ-functions defined by L.
Lafforgue in [29, p. II.1].

Without the assumption H1(U , F) = 0, for the map Dρ(F)→ T (F)may not be surjective,
the above definition of ρ-functions has to be corrected. We expect the space of ρ-functions
in the toric case to be Sakellaridis’s space of Schwartz functions on F -points of the smooth
stack Aρ/U defined in [45].

The case of tori suggests that in addition to the monoid Mρ, one may want to construct an
algebraic stackMρ of which Mρ is the coarse space. As opposed to Mρ which only depends
on the cone ξ(ρ) generated by the set Ω(ρ) of weights of ρ, one expect an algebraic stack
Mρ retains enough information to reconstruct ρ. Over a finite field, the category of `-adic
sheaves over Mρ should be equipped with an involutive Fourier transform, similar to the
Fourier transform on the space of matrices in the standard case. This question has been
addressed by Laumon and Lettelier whose work on progress sheds some lights on the nature
ofMρ.

5.3 Perverse sheaves on arc spaces

When the representation ρ : G∨ → GL(Vρ) is irreducible, singularities of the associated
monoid Mρ must bear relation with the asymptotic behavior of ρ-functions. In particular, as
it is shown in [10], the basic function Lρ is the Frobenius trace function on the intersection
complex of the arc space of Lρ. To state this result with some precision, we need some
backgrounds on arc spaces.

We will assume that F is a local field of positive characteristic i.e. F = k((t)) and O =
k[[t]], k being a finite field of characteristic p. Let M be an affine algebraic variety over k.
For every d ∈ N, we define the jet spaceLd M of order d to be the affine variety representing
the functor R 7→ M(R[[t]]/td+1) from the category of k-algebras to the category of sets. The
arc space LM is defined to be the projective limit of Ld M

LM = lim←−
d∈N

Ld M . (5.13)

We have LM(R) = M(R[[t]]) and in particular LM(k) = M(O ).
For the arc space LM is infinite dimensional when dim(M) > 0, it is not clear how to

make sense of the intersection complex of LM . In [24] and [19], Grinberg, Kazhdan and
Drinfeld proved that the formal completion of LM at a non degenerate arc is equivalent
to the formal completion of a finite-dimensional variety up to formally smooth equivalence.
More precisely, a k-point x ∈ LM(k) is said to be non-degenerate if as a morphism x :
Spec(O )→ M , it sends the generic point Spec(F) of Spec(O ) in the smooth locus of M . The
theorem of Grinberg-Kazhdan-Drinfeld says that for every non-degenerate point x ∈ LM(k)
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of the arc space, there exists a finite dimensional k-variety Y and a k-point y ∈ Y (k) such
that there exists an isomorphism

LMx ' Yy×̂D∞ (5.14)

where LMx is the formal completion of the arc space LM at x , Yy the formal completion
of Y at y and D∞ the infinite power of the formal disc.

This result is not enough to construct the intersection complex onLM for it only gives a
finite dimensional description of the formal completion instead of henselization. Neverthe-
less, if k is a finite field, we can define the trace of the Frobenius on the stalk of the sought
for intersection complex on the arc space by means of its finite dimensional formal model. In
[10, Prop. 1.2] we proved that this definition is well grounded in the sense that the function
we construct is independent of the finite dimensional formal model we choose. As a result,
we have a canonical function IC on the subset of LM(k) consisting of non-degenerate arcs.
In [10], we prove:

Theorem 5.2. If G a split reductive group and ρ is an irreducible representation of G∨ as in
4.2, then up to a normalization constant, the function IC on LMρ(k) is the basic function Lρ.

We believe that not only the basic function but many relevant ρ-functions may be re-
lated to other perverse sheaves on arc spaces. In [9], complemented by [41], Bouthier and
Kazhdan outlined a theory of perverse sheaves on arc spaces. A definitive theory is yet to be
established.

6 Kernel of the Hankel transform

In this section, we will propose a conjectural construction of the kernel of the Hankel trans-
form for all reductive groups over nonarchimedean local fields. Following the paradigm
of [46], the kernel of the Hankel transform is defined by a certain Bessel function. Our
construction of the ρ-Bessel function on tori generalizes Sally-Taibleson’s construction. We
propose a bold construction of the ρ-Bessel function on reductive groups from the case of
tori relying on the equality (6.5). Some evidences for this construction producing the right
Hankel transform have been provided by Shahidi [50] and Dihua Jiang very recently. The
material presented in this section is new and will be addressed in more details in a separate
publication.

6.1 ρ-Bessel functions on tori

Let F be a nonarchimedean local field and ψ : F → C× a nontrivial additive character. Let
T be a torus defined over a nonarchimedean local field F and ρ : L T → GL(Vρ) a finite-
dimensional representation of its L-group satisfying the assumption of Proposition 5.1. We
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will define a canonical smooth function

JρT : T (F)→ C (6.1)

to be called the ρ-Bessel function of T .
As in subsection 5.2, the representation ρ of the L-group gives rise to a canonical induced

torus Dρ defined over F endowed with a homomorphism ρT : Dρ → T . This homomorphism
of tori extends to a monoid homomorphism Aρ → Mρ

T . We recall that after base change to

to the algebraic closure F̄ of F , we have Dρ ⊗F F̄ = G
Rρ
m and Aρ ⊗F F̄ = (A1)Rρ where Rρ is

the finite set defined in (5.9) which is equipped with a canonical action of the Galois group
ΓF of F .

The morphism h : (A1)Rρ →Ga defined by

(xα)α∈Rρ 7→
∑

α∈Rρ

xα

is clearly invariant under the action of ΓF and therefore descends to a morphism

h : Aρ → A1 (6.2)

defined over F . We denote by hψ : Aρ(F)→ C× the function defined by x 7→ψ(h(x)).
We define the function JρT : T (F)→ C by integrating the restriction of the function hψ to

Dρ(F) along the fibers of ρT : Dρ(F)→ T (F). In other words, for every t ∈ T (F), we aim at
defining the value of JρT at t by the formula

JρT (t) =

∫

ρ−1
T (t)

hψ(x)dx . (6.3)

To give a sense to this integral we need to show how to normalize the measure dx on the
fiber ρ−1

T (t) and how to regularize the integral as the function hψ is not of compact support.
First, if x does not belong to the image of Dρ(F) → T (F) we declare that JρT (x) = 0.

If x belongs to the image of Dρ(F) → T (F), then by choosing a F -point of ρ−1
T (t), we get

an isomorphism ρ−1
T (t)(F) ' U(F) where U is the kernel of ρT : Dρ → T . The canonical

invariant measure on tori defined in subsection 2.3 gives rise to a measure on ρ−1
T (t)(F)

which is independent of the choice of the base F -point on the principal homogenous space
ρ−1

T (t). We have thus a canonical measure dx on ρ−1
T (t)(F) as long as t belongs to the image

of Dρ(F)→ T (F).

Proposition 6.1. Let T be a torus defined over a nonarchimedean local field F and ρ : L T →
GL(Vρ) a finite-dimensional representation of its L-group satisfying the assumption of Proposi-
tion 5.1. Let ρT : Dρ → T be the associated homomorphism of tori and U its kernel. For every
compact open subgroup KU of U(F), we denote by eKU

the distribution with compact support on
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U(F) defined by the invariant measure on the compact subgroup KU with total mass one. Then
the function

hψ ? eKU
: Dρ(F)→ C

is a smooth function of compact support relatively to ρT : Dρ(F)→ T (F). The integral

JρT (t) =

∫

ρ−1
T (t)
(hψ ? eKU

)(x)dx . (6.4)

defines a smooth function on T (F) which is independent of the choice of KU .

We regularize of the integral (6.3) by setting (6.4) as the definition of the ρ-Bessel func-
tion JρT : T (F)→ C.

In the case G = Gm and ρ = std ⊕ std, the induced torus Dρ is G2
m which is endowed

with the homomorphism ρT : Dρ → T given by (x , y) 7→ x y . In this case, the integral (6.10)
defines the p-adic Kloosterman integral. In this case, the function JρT was introduced and
calculated by Sally and Taibleson in [46, Section 4].

6.2 ρ-Bessel functions on reductive groups

Let G be a reductive group over a nonarchimedean local field F and ρ : LG → GL(Vρ) a
representation of its L-group satisfying the assumption of Proposition 5.1. We will define a
canonical ρ-Bessel function JρG : Grss(F)→ C where Grss is the open subset of G consisting of
elements x ∈ G such that the centralizer Gx is a maximal torus. It will be the unique stably
invariant function satisfying

JρG (x) = JρT (x) (6.5)

where JρT is the ρ-Bessel function of the torus T = Gx centralizer of x .
There is a priori a difficulty to make sense of the right hand side of (6.5) for the rep-

resentation ρ : LG → GL(Vρ) of LG does not induce a representation of L T in general. To
circumvent this difficulty we observe that the construction of the ρ-Bessel function presented
in subsection 6.1 does not require a representation L T but merely a finite set Rρ of cardinal
r = dim(Vρ) endowed with an action of ΓF .

To clarify the matters, let us recall the construction of the L-groups of T and G and
compare them. As in subsection 2.1, we can associate to a pair (T, G) consisting of a reductive
group G and a maximal torus T both defined over F , a root datum Ψ(T, G) = (Λ,Φ) object
of RT endowed with a continuous action of ΓF

σΨ : ΓF → Aut(Λ,Φ) =W oOut(Λ,Φ).

Going one step down to the category RDOut in the fundamental diagram (2.11) we obtain a
homomorphism

σΨOut
: ΓF → Out(Λ,Φ)
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which depends only on G and not on the maximal torus T . By using an inverse of the equiva-
lence RD+→ RDOut in the diagram (2.11), we obtain an object (Λ,Φ,Λ+) of RDOut equipped
with a homomorphism

σΨ+ : ΓF → Aut(Λ,Φ,Λ+).

Be exchanging roots and coroots, we get a homomorphism

σΨ+ : ΓF → Aut(Λ∨,Φ∨,Λ∨,+).

An inverse of the equivalence PinC → RD+ in the diagram (2.11) gives rise to a reductive
group G∨ over C endowed with a pinning. The pinning encompasses many data including a
maximal torus T∨ with Hom(T∨,C∨) = Λ.

We form LG = G∨ o ΓF with ΓF acting on G∨ in preserving the pinning by means of σΨ+ .
On the other hand, we form L T = T∨ o ΓF by means of σΨ . For the two actions of ΓF on
T∨ through σΨ and σΨ+ are different, there is a priori no given homomorphism L T → LG.
Nevertheless, the restriction of ρ : LG→ GL(Vρ) to T∨ defines a finite subset Rρ ⊂ Λ×N

Rρ = {(λ, d) ∈ Λ×N | 1≤ d ≤ rρ(λ)}. (6.6)

where rρ(λ) is the multiplicity of the weight λ ∈ Λ in ρ. This set is stable under the action of
the Weyl group. If we denote by Outσ the finite image of σΨOut

in Out(Λ,Φ), then Rρ is also
stable under the action of Outσ. It follows that Rρ is stable under the action of Aut(Λ,Φ) =
W oOut(Λ,Φ). The homomorphism σΨ induces now an action of ΓF on the finite subset Rρ
of Λ×N compatible with its action on Λ. We also know that the set Rρ generate a strictly

We are now in position to apply the construction in subsection 6.1 and make sense of the
right hand side of formula (6.5). This formula gives rise to a function x 7→ JρG (x) defined for
all elements x ∈ G(F) whose centralizer is a maximal torus.

Proposition 6.2. Let G be a reductive group over a nonarchimedean local field F and ρ : LG→
GL(Vρ) a representation of its L-group satisfying the assumption of Proposition 5.1. Then the
function JρG : Grss(F)→ C defined by (6.5) is stably invariant.

Proof. It is equivalent to prove that the function JρG is well defined on the adjoint quotient.
To discuss question of rationality, it is convenient to switch to notations of subsection 2.1. We
denote by GF the reductive group defined over F and use the letter G to denote G = GF ⊗F F̄ .
We denote by T a maximal torus of G and W = NorG(T ) the associated Weyl group. We have
the adjoint quotient morphism

c : G→ C (6.7)

where C = T//W is the coarse quotient defined by F̄[C] = F̄[T]W . We note that the mor-
phism c is invariant under the inner automorphisms of G. There is an open subset C rss of C
consisting of all a ∈ C such that for all x ∈ G mapping to a, the centralizer Gx is a maximal
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torus. The fiber of c over a ∈ C rss is a homogenous space for the inner action of G. The Weyl
group W acts freely on the preimage T rss of C rss in T .

We recall the exact sequence

0→ G(F̄)/Z(F̄)→ AutF̄ (G)→ Out(G)→ 0 (6.8)

where AutF̄ (G) is the group of F̄ -automorphisms of G, G(F̄)/Z(F̄) is the subgroup on inner
automorphisms and Out(G) is the group of outer automorphisms which is determined by the
associated root datum. We note that the morphism c is equivariant with respect to the action
of AutF̄ (G) on G and Out(G) on C .

As discussed in subsection 2.1, a k-model GF of G corresponds to a homomorphism σ :
ΓF → AutF̄ (G). We will write GF = Gσ. The homomorphism σ : ΓF → AutF̄ (G) induces a
homomorphism σOut : ΓF → Out(G). Since Autk̄(G) and Out(G) act on G and C compatibly,
we obtain a σ-twist of morphism c

cσ : Gσ→ Cσ

which is invariant under inner automorphisms of Gσ. For every x ∈ Grss,σ(F), the stable
conjugacy class of x is the set cσ,−1(cσ(x))(F) of F -points on the fiber of cσ passing through
x . We will define a function C rss,σ(F)→ C whose pullback to Grss,σ(F) is JρG defined by the
formula (6.5). This implies in particular that JρG is stably invariant.

The representation ρ : LG → GL(Vρ) gives rise to a finite subset Rρ ⊂ Λ × N defined

in (6.6) with a canonical homomorphism ρT : G
Rρ
m → T . As the Weyl group acts W acts

canonically on Rρ, we have an induced morphism on the coarse quotients

ρW
T :G

Rρ
m //W → T//W = C .

Twisting by σ, we get a morphism

ρ
W,σ
T : (G

Rρ
m //W )

σ→ Cσ.

The formula (6.3) can be used to define a function on C rss,σ(F) whose pullback to Grss,σ(F)
is the function JρG defined by (6.5). The function JρG is therefore stably invariant.

Proposition 6.3. Extending the function JρG from Grss(F) to G(F) be zero, we obtain a locally
integrable function on G(F). For every compact open subgroup K of G(F), the measure JρG(F)?eK

has compact support in the monoid Mρ(F).

Proof. It is enough to prove that JρG is locally bounded. Let x ∈ G(F) and and a ∈ C(F) its
image. There are only finitely many tori Tα up to conjugacy whose image in C(F) contains
a. Since JρTα are smooth function on Tα(F), in particular locally bounded, the function JρG is
locally bounded. Similarly, the compactness of the support in the monoid can also be reduced
to the torus case.
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The Bessel function JρG gives rise to the Hankel transform Fρ as in subsection 4.2. We
conjecture that the properties of the Hankel transform listed on 4.2 hold for our definition of
JρG . This conjecture can ben checked in the torus case and the standard case. Furthermore, it
has received strong evidences from recent works of Shahidi [50] related to the construction
of certain L-functions by the doubling method of Piatetski-Shapiro and Rallis, and a work in
progress of Dihua Jiang and his students.

6.3 ρ-Bessel sheaves for reductive groups over finite fields

Our construction of the kernel of the Hankel transform is inspired by the construction of
Braverman and Kazhdan in the case of reductive group over finite fields in [12]. For simplic-
ity, we first assume that G is split over a finite field k and that the restriction ofρ : Ĝ→ GL(Vρ)
to the maximal torus T∨ of Ĝ is multiplicity free. In other words

ρ|T∨ = λ1 ⊕ · · · ⊕λr (6.9)

where λ1, . . . ,λr are distinct characters of T∨. The multiplicity-free assumption implies that
there exists a canonical homomorphism ρW : W →Sr where W is the Weyl group of G such
that the decomposition (6.9) is W -equivariant. The dual homomorphism of tori ρT :Gr

m→ T
is thus W -equivariant. We define the `-adic ρ-Bessel sheaf

J ρT = ρ̌T,!J std (6.10)

where J std = (x1 + · · ·+ xr)∗Lψ, where x1, . . . , xn are the standard coordinates of Gr
m and

Lψ is the Artin-Schreier sheaf on Ga attached to a non trivial additive characterψ : k→Q×
`

.
In [16], we proved that the assumption (4.13) guarantees that J ρT is, up to a degree shift, a
local system [16]. This is a generalization of Deligne’s theorem on hyper-Kloosterman sums
in [18].

Let T rss be the open subset of T where W acts freely. With help from the canonical action
of W on J ρ, we can descend J ρT |T rss to a local system J̃ ρT on T rss/W . If j : Grss ,→ G
denotes the subset of G of regular semisimple elements, we have a natural G-invariant map
p : Grss→ T rss/W . Following Braverman and Kazhdan, we set

J ρ = j!∗p
∗J̃ ρT . (6.11)

This construction is very similar to the construction of character sheaves. The main differ-
ence is that we start on the torus with the local system J ρT of Kloosterman type with large
monodromy instead of Kummer local systems as in the construction of character sheaves.

Without the multiplicity free assumption, we can still define a canonical action of W on
J ρT , on the ground of the Hasse-Davenport relation for Kloosterman sums, as follows. The
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decomposition in weight spaces of Vρ defines a Levi subgroup M of GL(Vρ). If WM denotes
the Weyl group of M , there exists a canonical extension W ′ of W by WM :

0→WM →W ′→W → 0. (6.12)

By construction, the finite group W ′ is equipped with canonical homomorphisms W ′ → Sr
and W ′ → W such that the homomorphism of tori Gr

m → T is W ′-equivariant. It follows
that J ρT = ρ̌T,!J std is W ′-equivariant i.e. for every w′ ∈W ′, we have a canonical morphism
α(w′) : w′∗J ρT → J

ρ
T , satisfying the usual cocycle equation. The Hasse-Davenport relation

implies that the induced action of WM on J ρT is given by the sign character

sgnr : WM →Sr → {±1}. (6.13)

We construct a new action of W ′ on J ρT by setting

α′(w′) = α(w′)sgnr(w
′). (6.14)

The restriction of α′ to WM is then trivial, and therefore it induces an action of W on J ρT .
In order to be compatible with the standard case, we need to correct this action by the sign
character of W and set

α′′(w) = α(w)sgnW (w) (6.15)

where sgnW : W → {±1} is the sign character of W . Construction gives us an action of W on
J ρT from what we continue the construction of the γ-Bessel sheaf J ρ as in the multiplicity-
free case (6.11).

As the construction of J ρ is purely geometric, it is not a priori obvious that it acts on
matrix coefficients with expected γ-factors compatible with Deligne-Lusztig’s induction. This
is implied by the conjecture 9.19 of Braverman and Kazhdan [11]. This conjecture may be
seen as the geometric reason for why the kernelJ ρ behaves correctly with respect to Deligne-
Lusztig induction. In [12], Braverman and Kazhdan proved this conjecture for groups of
semi-simple rank 1. In [16], S. Cheng and I proved this conjecture for GLn and arbitrary ρ.
T.H. Chen proved this conjecture for arbitrary G in the setting of D-modules in [14].

7 ρ-trace formula and Poisson sums

This section aims to describe global problems related to the trace formula and the Poisson
summation formulas. As the current state of my knowledge is limited and piecemeal, the dis-
cussion will have to be imprecise. We aim only to draw an impressionistic picture connecting
relevant works.
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7.1 ρ-trace formula for beyond endoscopy

The spaces of ρ-functions S ρ(G(Fv)) along with the basic function Lρv ∈ S ρ(G(Fv)) provide
the natural theoretical framework for the beyond endoscopic trace formula (3.5). Assume
that we have defined local Schwartz space S ρ(G(F)) for all places v, both archimedean
and nonarchimedean. For nonarchimedean place, we have also defined the basic function
Lρv ∈ S ρ(G(F)). We then define the global ρ-Schwartz space as the inductive limit

S ρ(G(A)) = lim−→
S

⊗

v∈S
S ρ(G(F)) (7.1)

over all finite sets of places of F containing all the archimedean places. The inductive system
is formed with the basic functions.

Leaving aside very serious analytic difficulties, the stable ρ-trace formula must consists
in a stably invariant linear form Sρ : S ρ(G(A))→ C endowed with a geometric expansion

Sρ(φ) =
∑

γ

SOγ(φ) + hyperbolic terms (7.2)

and a spectral expansion

Sρ(φ) =
∑

π

mπLρ,S(π)
∏

v∈S

χst
πv
(φv) + continuous terms. (7.3)

In the spectral expansion, the traces
∏

v∈S χ
st
πv
(φv) are weighted by values of partial L-

functions Lρ,S(π) at complex parameter s specified as in (4.14). Other values of s can be
obtained by twisting. In fact, one need to move s in some half-plane ℜ(s) >> 0 to assure
absolute convergence. It is necessary to shift s at least further right than the pole of the
L-function of the trivial representation π. Before attaining essentially interesting arithmetic
information concealed in the poles at s = 1 of L functions of tempered representations, one
should have an analytic control on the removal of non-tempered representations whose L-
functions have poles to the right of s = 1.

For this purpose, one of the proposals of [21] is to treat the geometric side (7.2) as a
Poisson sum. Regular semisimple stable conjugacy classes in G over a field F may be identified
with F -points of the invariant quotient T//W , which is an affine space under the assumption
G semisimple and simply connected. In [21], we call that affine space the Steinberg-Hitchin
base. It is thus theoretically possible to analyze the analytic behavior of (7.2) by using the
Poisson summation over the Steinberg-Hitchin base. This completely new approach to the
trace formula gives rise to a formidable technical difficulties of which we have not yet grasped
the essence. This approach has been pursued in Altug’s in his PhD thesis [1], [2], [3], in
the case G = GL2 and ρ being either the standard representation or the symmetric square
representation. Among significant works in this direction, on should mention those of Getz,
Herman and Sakelarridis [25], [26], [22] and [43], [44].
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One difficulty that would immediately arise when we look at the general case is that we
don’t have a good understanding the Fourier transform on the Steinberg-Hitchin base from
the representation theoretic standpoint.

7.2 Trace formula and the functional equation

The trace formula (7.3) may also provide a new road to the functional equation of L-functions.
By taking average over π, the functional equation of L-function would boil down to a com-
parison between Sρ(φ) and Sρ(Hρ(φ)) where Hρ(φ) is the Hankel transform of an adelic
ρ-function φ ∈ S ρ(G(A)). We want to establish this comparison by the way of the geomet-
ric sides. One should observe that the comparison between Sρ(φ) and Sρ(Hρ(φ)) can be
derived from the conjectural Poisson summation formula (4.19) by in integration over the
automorphic quotient G(F)\G(AF ).

Comparison between the geometric sides (7.2) boils down to compare
∑

γ SOγ(φ) + · · ·
and
∑

γ SOγ(Hρ(φ))+ · · · . Stable orbital integrals of φ induces a function θφ : (T//W )(AF )
such that SOγ(φ) = θφ(a) where a ∈ (T//W )(A) is the characteristic polynomial of γ. On
the space Θρ((T//W )(AF )) of all stable orbital integral of ρ-function, we have the induced
Hankel transform HρΘ . The comparison between

∑

γ SOγ(φ)+ · · · and
∑

γ SOγ(Hρ(φ))+ · · ·
boils down to a Poisson type summation formula for the orbital Hankel transform HρΘ .

In the case of G = GLn and ρ = std, HρΘ coincide with the Harish-Chandra transform.
The abovementioned Poisson summation type formula has been carried out by S. Cheng in
his thesis [15].

In all other cases, there are important obstacles to this approach. For instance, we have
very little understanding of the stable orbital Hankel transform HρΘ . In the case G = GL2
and ρ = std, the paper [20] provides explicit formula for the kernel of HρΘ . Staring at the
hyperbolic part in the Everling formula i.e. the part of the kernel concerning hyperbolic
orbital integrals, one observe that the kernel is essentially the same as the kernel of the
Hankel transform for the split torus. In fact, the diagonal part in the Everling formula has
the same shape as the Hankel transform for different tori of GL2. We also recall that the
Poisson summation formula for the Hankel transform has been established by Lafforgue in
[29]. One may hope to use the Poisson summation formula for tori as an approximation of
the Poisson summation formula for the stable orbital Hankel transform on T//W .

We finally note that Sakellaridis has found explicit formulas for the transfer operator, very
similar to the above stable orbital Hankel transform, in many examples in the framework of
relative functoriality. In the cases where explicit formula for the transfer operator can be
explicitly computed, he derived the non linear Poisson summation formula from the usual
Poisson summation formula.
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