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The classical Weyl formula expresses the leading term of the
asymptotics of the counting function N(�, H) of the spectrum of a
self-adjoint operator H in an invariant form: one can ‘‘hear’’ the
volume of the subset of the cotangent bundle where the symbol
of the operator H is less than �. In particular, it is applicable to
Schrödinger operators with electric potentials growing at infinity.
The Weyl formula is formulated in an invariant form; however, it
gives �� for magnetic Schrödinger operators with magnetic ten-
sors growing at infinity. For these operators, Colin de Verdière’s
formula is known, but the form of the latter is not invariant. In this
article, we suggest an invariant generalization of both Weyl’s and
Colin de Verdière’s formulas for wide classes of Schrödinger
operators with polynomial electric and magnetic fields. The con-
struction is based on the orbit method due to Kirillov, and it allows
one to hear the geometry of coadjoint orbits.

The aim of this article is to provide a unifying framework
for various types of spectral asymptotics for Schrödinger

operators.

Introduction
1.1 The Weyl Formula and Its Generalizations. Let

H � H�a� � V � � �
j�1

n � �

�xj
� ��1�aj�x�� 2

� V�x� [1.1]

be a Schrödinger operator in �n with a real continuous semi-
bounded electric potential V and magnetic potential a(x) �
(a1(x), . . . , an(x)) � C2 (�n, �n). The operator H admits a unique
realization as a self-adjoint operator in Lr(�n), with the domain
containing C0

�(�n) (see ref. 1 and references therein). If the electric
potential V grows regularly at infinity, it is well known that the
spectrum of H(0) � V is discrete, and the counting function of the
spectrum obeys the classical Weyl formula

N��, H�0� � V� � �2���n �
a�x,����

dxd�. [1.2]

Here, a(x, �) � ���2 � V(x) is the symbol of H(0) � V, and
f(�) � g(�) means that f(�)�g(�) 3 1 as � 3 ��. One easily
rewrites 1.2 in the following form:

N��, H�0� � V� � �2���n	vn	 �
�n

�� � V�x���
n�2dx, [1.3]

where 	vn	 is the volume of the unit ball of �n and a� � max {0, a}
(e.g., refs. 2 and 3). The classical Weyl formula is applicable to many
classes of operators and, in its initial form, was related to the
(Dirichlet or Neumann) Laplacian on a bounded domain 	, with
symbol a(x, �). For the Laplacian, Eq. 1.3 is valid with V(x) � 0 and
the integration over �n replaced by integration over 	; hence, 1.3
allows one ‘‘to hear the area of the drum.’’ If more information
about the spectrum is available, then one can ‘‘hear’’ much more
about the geometry of a ‘‘drum’’ (see refs. 4 and 5).

Refs. 6–10 show that the spectrum of H(0) � V can be discrete
even if V does not grow in some directions, and for wide classes of
degenerate potentials, the leading term of the asymptotics of N(�,
H(a) � V) is computed. The results of these articles agree with the
general ‘‘uncertainty principle’’ stated in ref. 11; it seems that this
principle provides upper and lower bounds, but it is difficult to use
it to study spectral asymptotics. Note that, in many cases, asymptotic
formulas are nonclassical in the sense that they do not agree with
the ‘‘classical’’ formula (Eq. 1.2). The following three cases are
possible: the classical Weyl formula holds (the so-called ‘‘weak
degeneration case’’); an analog of the classical Weyl formula with
the operator-valued symbol parameterized by points of a set with
a measure inherited from T*�n is valid (‘‘strong degeneration
case’’); and the classical Weyl formula fails, but the leading term of
the asymptotics is expressed in terms of an auxiliary scalar function
and no operator-valued symbol is involved (‘‘intermediate degen-
eration case’’). In simple strong degeneration cases, an operator-
valued symbol is parameterized by the cotangent bundle over a
manifold of degeneration of V, called M, and the operator-valued
analog of 1.2 is of the following form:

N��, H�0� � V� � �2���n�r �
T*M

N��, a�x
, �
��dx
d�
, [1.4]

where r � codimM, and for each (x
, �
) � T*M, a(x
, �
) is an
operator in L2(�r). Similar types of asymptotic formulas hold for
many other classes of differential operators, pseudodifferential
operators, and boundary value problems (see refs. 9 and 12–14 and
references therein).

1.2. Colin de Verdière’s Formula. If V � 0 and the magnetic tensor
B � [bjk], bjk(x) � �kaj(x) � �jak(x), grows regularly at infinity, the
leading term of the asymptotics was obtained in ref. 15:

N��, H�a�� � �
�n

vB�x����dx, [1.5]

where vB(�) is defined as follows. Let rank B � 2r, and let b1 �
b2 � � � � � br � 0 be the positive eigenvalues of iB. Then

vB��� � �2���n�r	vn�2r	b1 · · · br

� �
n1,..., nr�0

�� � �
j�1

r

�2nj � 1��bj��
n/2�r.

Note that B, r, and the bj’s values depend on x. However, in the case
of a Schrödinger operator with polynomial potentials, there is a
dense open subset of �n of full measure on which B(x) has maximal
rank, so one can replace the integral in 1.5 by the integral over this
subset. Then, r will remain constant throughout the integration.
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1.3. The Case of Degenerate Potentials. In the general case, only
upper and lower bounds for N(�, H(a) � V) are known (16). They
are given in terms of a function �* � �*a,V constructed in ref. 1; for
polynomial V(�0) and bjk,

�*�x� � �
	

	�	V�x�	1��			�2� � �
	, j,k

	�	bjk�x�	1��			�2�. [1.6]

In the case B 
 0 not growing in some directions, the leading
term of the asymptotics is unknown apart from a special case of
Schrödinger operator (and Dirac operator) in 2D with homo-
geneous potentials (14).

Note the difference among formulas 1.2, 1.4, and 1.5: the first two
are written in an invariant form, whereas the last one is similar to
1.3, which is a realization of the invariant formula 1.2. This
observation suggests that there should be an invariant formula of
which 1.5 is a realization. Moreover, one should expect that there
is a general formula, with 1.2, 1.4, and 1.5 as special cases, and that
this formula should work in some cases of degenerate potentials.
The following observations indicate the direction where one should
look for such a formula.

The Weyl and Colin de Verdière’s Formulas: A Unifying View
2.1. Schrödinger Operators and Unitary Representations. Fix a Schrö-
dinger operator H � H(a) � V with polynomial potentials a, V. We
define gH to be the real Lie algebra generated by the polynomial
differential operators Lj � ���xj � ��1�aj(x) (1 
 j 
 n) and
L0 � ��1�V(x). It is clear that gH is a finite dimensional
nilpotent Lie algebra. Moreover, the commutator [gH, gH]
consists only of multiplication operators, and thus [gH, gH] is an
abelian ideal of gH.

Recall that two Schrödinger operators, H � H(a) � V and H
 �
H(a
) � V
, are said to be ‘‘gauge equivalent’’ if V � V
 and the
corresponding magnetic tensors are the same: B � B
. By Poincaré’s
lemma, the last condition is equivalent to the existence of a
differentiable function � : �n3 �, such that a
j(x) � aj(x) � �j�(x)
for all 1 
 j 
 n. If such a � exists, it is easy to check that the unitary
operator exp(i�) conjugates H into H
; in particular, H and H
 have
the same spectrum. However, if H, H
 are Schrödinger operators
with polynomial potentials that are gauge equivalent, then the
corresponding Lie algebras gH, gH
 are isomorphic, because the
commutation relations in gH depend only on V(x), bjk(x), and
their derivatives.

By the ‘‘tautological representation’’ of gH, we mean the rep-
resentation of gH on L2(�n) by (unbounded) skew-adjoint
operators that takes every element of gH to the polynomial
differential operator that it represents. Note that, unlike the case
of finite dimensional representations, the problem of lifting the
tautological representation to a unitary representation of the
connected and simply connected nilpotent Lie group G � exp gH
is not trivial. We address this issue in the theorem below.

From a more abstract point of view, let g be an arbitrary finite
dimensional nilpotent Lie algebra over � such that [g, g] is
abelian. At ‘‘sublaplacian’’ for g is an element H� � U(g)�, which
has the form H� � �(L1

2 � � � � � LN
2 ) � ��1�L0, where L0,

L1, . . . , LN � g are linearly independent elements that generate
g as a Lie algebra, and L0 commutes with [g, g]. Note that we
have extended the standard definition of a sublaplacian (which
does not contain the L0 term) to include the case of a Schröd-
inger operator with nonzero electric potential. Then, we have the
following result.

Theorem 2.1. (i) Every unitary irreducible representation of G � exp
g has a natural realization in a space L2(�n), n 
 N, such that each
element of g maps to a polynomial differential operator of order 
1;
L0 and all elements of [g, g] map to multiplication operators; and
H� maps to a Schrödinger operator with polynomial potentials,

which has discrete spectrum if the image of ���1�L0 is a
polynomial that is bounded below.

(ii) Conversely, if H is a Schrödinger operator (1.1) with polynomial
potentials, there exists a Schrödinger operator H0 with polynomial
potentials, which is gauge equivalent to H, such that if g � gH0

and
H� � U(g)� is the element corresponding to H0, then the
tautological representation of g on L2(�n) can be lifted to a
unitary irreducible representation of G � exp g, which is irreduc-
ible if and only if H has discrete spectrum.

It is important to have a concrete realization of each of the
representations of g that arises from a unitary irreducible
representation of G. These realizations will be discussed in detail
in section 3.4.

2.2 Interpretation of Weyl and Colin de Verdière’s Formulas. Assume
that �(H) � �d(H), so 
 is irreducible. The orbit method, due to
Kirillov (17), provides a natural one-to-one correspondence be-
tween (unitary equivalence classes of) unitary irreducible repre-
sentations of G and orbits of the coadjoint action of G on g*. In
particular, we let 	
 � g* denote the coadjoint orbit corre-
sponding to 
. Suppose that the magnetic potential a � 0, and
that V(x) grows regularly at infinity. The values of the symbol
a(x, �) appearing in the classical Weyl formula (1.2) can be
interpreted as the images of H� in a family of representations of
G on the 1D space L2(�0). The family is parameterized by points
of the orbit 	
, and the measure (2�)�ndxd� coincides with the
canonical (Kostant) measure on 	
.

However, assume that V � 0 and the magnetic tensor B(x)
grows regularly at infinity. It is shown in ref. 18 that the formula
of Colin de Verdière 1.5 can be written in the following form:

N��, H� � �
Q

N��, H�� d���� as � 3 �� , [2.1]

where H� is the image of H� in a certain unitary irreducible
representation of G on L2(�r), Q is a manifold parameterizing a
family of such representations, and the measure d�(�) can be
obtained in the following way. Let Q̃ � g* be the union of the orbits
corresponding to the representations parameterized by the points
of Q. There is a natural ‘‘projection map’’ p : 	
3 Q̃, such that the
pushforward �̃ of the canonical measure on 	
 is a G-invariant
measure on Q̃. One can decompose �̃ as an integral of the canonical
measures on the orbits contained in Q̃, with respect to a certain
‘‘quotient’’ measure on Q � Q̃�G. Then, we take � to be this
quotient measure.

Let us explain the case n � 2 in detail. The magnetic tensor
must be of the following form:

B�x� � � 0 b�x�
� b�x� 0 �,

where b(x) is a polynomial, and because B(x) grows regularly at
infinity, we may assume without loss of generality that b(x) � 0 for
�x� �� 0. Note that the eigenvalues of ��1�B(x) are �b(x).

The Lie algebra g is generated by the operators L1 � ���x1 �
��1�a1(x) and L2 � ���x2 � ��1�a2(x), which satisfy [L1,
L2] � ��1�b(x). Let us write P0 � ��1�b(x), and let P1, . . . ,
PN be an arbitrary basis of the vector space spanned by all mixed
partial derivatives of P0 of all positive orders (i.e., not including
P0). Thus, {L1, L2, P0, P1, . . . , PN} is a basis of g. We can now
define a projection map p : 	
 3 g* by p(f)(L1) � f(L1),
p(f)(L2) � f(L2), p(f)(P0) � f(P0), p(f)(Pj) � 0 for 1 
 j 
 N.
We will now show that if Q̃ is taken to be the image of this map,
then Q is G-stable, and the pushforward measure �̃ � p*(�
) is
G-invariant (where �
 is the Kostant measure on the orbit 	
).
Moreover, if Q � Q̃�G and � is the measure on Q induced by
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�̃, then the right side of 2.1 coincides with the right side of Colin
de Verdière’s formula.

It follows from Proposition 3.6 and Proposition 3.7 that the
orbit 	
 admits a parameterization � : �4 3 g* given by

���1, �2, y1, y2��Lt� � �t for t � 1,2,

and

���1, �2, y1, y2��Pj� � ���1�Pj�y1, y2� for 0 
 j 
 N .

Moreover, we have �
 � (2�)�2��*(d�dy), where d�dy denotes the
Lebesgue measure on �4. Let a denote the subspace of g spanned
by P1, . . . , PN; it is clearly an ideal of g. By definition, the image
of the map p is contained in the annihilator of this ideal in g*,
which we can identify with (g�a)*. Now, g�a has basis {X, Y, Z},
where X, Y, and Z are the images of L1, L2, and P0 under the
quotient map g3 g�a. They satisfy the relations [X, Y] � Z, [X,
Z] � [Y, Z] � 0, so we see that g�a is the 3D Heisenberg algebra.
Let us use the basis {X, Y, c} to identify (g�a)* with �3 in the
obvious way. Then, the composition � � p � � : �4 3 (g�a)*
is given by �(�, y) � (�1, �2, b(y)), and we are interested in the
measure �̃ � (2�)�2 �*(d�dy). It is well known that there are
two types of coadjoint orbits in (g�a)*: the 2D orbits given by
f(Z) � c, where c is a nonzero constant, and the 0D orbits
[namely, points of the plane defined by f(Z) � 0]. In particular,
we see that �(�4) is a union of coadjoint orbits, so the set p(	
)
is G-stable. Moreover, if c 
 0 is fixed, then the functions u : f
� f(X) and v : f � f(Y) are coordinates on the coadjoint orbit
defined by f(Z) � c, and the Kostant measure on this orbit is
given by �c � (2�)�1c�1�dudv. Consequently, the pushforward
measure �̃ can be decomposed as an integral of the Kostant
measures �c in the following way:

�̃ � �
�

�cd��c�,

where � is the measure on � obtained as the pushforward of the
measure (2�)�1b(y)dy by the map b : �2 3 �. [A fortiori, this
formula implies that �̃ is G-invariant. Note also that we have ignored
the plane f(Z) � 0 in the computation above, which can be done
because it has measure zero with respect to �̃.] Last, the represen-
tation of g�a corresponding to the orbit f(Z) � c can be realized
in the space L2(�) such that X � ���x and Y � ��1�cx. Under this
representation, the sublaplacian �(X2 � Y2) maps to the operator
��x � c2x2, whose spectrum can be computed explicitly; it consists
of eigenvalues of the form (2m � 1)c, each having multiplicity 1,
where m runs over all nonnegative integers. We now have all the
ingredients that are needed to make sense of the right side of 2.1,
and we see that it becomes

�2���1� �
�2

N��, ��x � y2x2� �b�y�dy ,

which coincides with the right side of Colin de Verdière’s formula.
The classical Weyl formula also can be written in the form 2.1,

with Q parameterizing a family of 1D representations (in this case,
Q � Q̃, so one does not need to decompose the pushforward
measure).

3. Main Results and Conjectures
3.1. Generalizations: The Main Idea. It is tempting to conjecture that
for any magnetic Schrödinger operator with discrete spectrum one
can find a family of irreducible representations of G and the
pushforward measure d�(�) on Q such that 2.1 holds. As it turns
out, this construction can be realized in many, albeit not all, cases,
and our first goal is to suggest a general way of construction of the

family Q and the pushforward measure d�(�). Naturally (cf. refs. 9,
12, and 13 for generalizations of the classical Weyl formula), we
have two similar (but a bit different) algorithms: one for the strong
degeneration case and one for the weak and intermediate degen-
eration case. In the intermediate degeneration case, one has to
introduce additional logarithmic factors into 2.1. To verify our
conjecture for several classes of magnetic Schrödinger operators,
we use a modification of the variational technique from refs. 9 and
12–14.

Let us keep the same notation as described above and write �	


for the canonical (Kostant) measure on the orbit 	
. In trying to
turn the vague ideas above into a precise formula that applies to
wide classes of the Schrödinger operators, one meets two consid-
erable difficulties. The first difficulty is the fact that there seems to
be no natural general way of defining a projection map p : 	
3 Q̃ �
g*, such that the pushforward p*(�	


) will always be a G-invariant
measure. The second difficulty, which is more serious, is that in the
intermediate degeneration cases, there exists an asymptotic for-
mula of the form 2.1 (with additional logarithmic factors), but the
measure � cannot be obtained from a pushforward measure arising
from a process described above.

Thus, one has to look for a different construction of the subset
Q̃ � g* and the G-invariant measure �̃ on Q̃. We suggest a
construction which has the advantage of being canonical (i.e.,
independent of any choices). Moreover, the measure �̃ that it
provides is automatically G-invariant. Thus, both problems
mentioned above are solved at once. To our knowledge, no
similar construction has been used previously in this or any
related context.

Let us give a brief description of our idea. For each � � 0, we let
�� � ��,	


denote the positive Borel measure on g* defined by
��(A) � �	


(	
 � ��A) for every Borel subset A � g*. Note that
�� is supported on ��1 � 	
, which is another coadjoint orbit in g*.
Now, 	
 is closed in g*, and there is a coordinate system on 	
,
which identifies 	
 with �2n, such that �	


corresponds to the usual
Lebesgue measure under this identification (both of these state-
ments hold for arbitrary nilpotent Lie algebras). In particular, we
see that each �� can be identified with a positive linear functional
on the space Cc(g*) of compactly supported continuous functions
on g*. Note also that, if A is a neighborhood of 0 in g*, then, as �
3��, the sets 	
 � ��A exhaust all of 	
; thus, ��(A)3� �. Let
us now suppose that there exists a function f(�) such that the
functionals f(�)��� � Cc(g*)* have a nonzero weak-* limit f0 �
Cc(g*)*. By the Riesz representation theorem, f0 corresponds to a
positive Borel measure �0 on g*. We define Q̃ � supp(�0), and �̃ �
�0	Q̃. Then, Q̃ is a conical G-invariant subset of g*, and the
G-invariance of �̃ is automatic because each of the measures �� is
G-invariant.

For simplicity, we refer to the construction described above as the
‘‘scaling construction.’’ Because of its ‘‘homogeneous’’ nature, it is
not surprising that in applying the construction to the computation
of spectral asymptotics of Schrödinger operators, one has to require
a certain homogeneity condition on the potentials. We say, some-
what imprecisely, that 1.1 is a Schrödinger operator with quasiho-
mogeneous potentials if V(x) and B(x) are quasihomogeneous
polynomials of the same weight; i.e., if there exists an n-tuple of
positive rational numbers � � (�1, . . . , �n) such that for all t � �,
t � 0, and all x � �n, we have

V�t�1x1, . . . , t�nxn� � t�V�x� and B� t�1x1, . . . , t�nxn� � t �B�x� .

We prove that in the quasihomogeneous situation in which the
classical formulas of Weyl and Colin de Verdière are applicable,
our construction gives the same result as the pushforward
construction described above. However, in the intermediate
degeneration examples that we have studied, it also produces the
‘‘correct’’ measure space (Q, �), even though the pushforward
construction no longer applies.
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We remark that our scaling construction makes sense for any
nilpotent Lie algebra. Indeed, let g be a finite dimensional nilpotent
Lie algebra over � and 	 � g* a coadjoint orbit. It is known (e.g.,
see chapter I of ref. 19) that 	 is a closed (in fact, Zariski closed)
submanifold of g*. Moreover, it follows from the explicit param-
eterization obtained in ref. 20 that there exists a polynomial map �
: �2n3 g*, which is a diffeomorphism onto 	, and such that under
this diffeomorphism �	 corresponds to the standard Lebesgue
measure on �2n.

As before, for every � � 0, we define a positive Borel measure
�� on g* as follows:

���A� � �	�	 � ��A� � meas���1�� �A�� ,

where meas is the Lebesgue measure. Because � is proper, we see
that Cc(g*) � L1 (d��) for each � � 0. In particular, we can again
identify �� with a positive linear functional on Cc(g*), and the
rest of our construction goes through without any changes. It is
apparent from the computations of explicit examples that the
scaling construction is closely related to the geometry of the
embedding 	 3 g*.

The idea of applying representation-theoretic methods to the
study of partial differential operators is not new (e.g., see ref. 21 and
references therein). Several authors have studied extensions of the
known results about Schrödinger operators to the differential
operators arising from unitary representations of general nilpotent
Lie groups. In ref. 22, upper and lower bounds for N(�, H) were
obtained, where H is the image under an irreducible representation
of the ‘‘sublaplacian’’ on a stratified nilpotent Lie algebra. Manchon
(23) has generalized the approximate spectral projection method of
Tulovskii and Shubin (24) to prove a Weyl-type asymptotic formula
for elliptic operators associated to representations of arbitrary
nilpotent Lie groups. In refs. 25 and 26, this result was generalized
to arbitrary Lie groups (more precisely, to the representations
corresponding to closed tempered coadjoint orbits for which Kiril-
lov’s character formula is valid). However, note that refs. 23, 25, and
26 use the initial form of the approximate spectral projection
method, which requires the high regularity of the symbol. In
particular, if a degeneration of any kind is present, this form of the
approximate spectral projection method does not work at all. For
a general version of the approximate spectral projection method
and applications to various classes of degenerate and hypoelliptic
operators, see refs. 9, 12, and 13.

Most of the works relating differential operators to representa-
tion theory of nilpotent Lie groups deal only with stratified Lie
algebras (21,22); i.e., Lie algebras g admitting a decomposition
g � g1 Q g2 Q � � � Q gs as a direct sum of vector subspaces, such
that [gj, gk] � gj�k (gj � (0) for j � s), and g is generated by
g1 as a Lie algebra. However, there are situations in which the
Lie algebra arising from a Schrödinger operator with polynomial
potentials admits no natural grading. The theory that we develop
in section 3 makes no use of a grading on g.

In ref. 18, we use an example of the Schrödinger operator in 2D
with zero electric potential and magnetic tensor b(x) � x1

2 � x2 (this
is an example of strong degeneration, and there is no natural
grading) to illustrate in detail the use of our conjectural formula.
We also study the weak degeneration case for operators without
either magnetic or electrical potential and deduce from our con-
jecture the classical Weyl formula and Colin de Verdière’s formula,
respectively. In particular, we prove that, in the case of a quasiho-
mogeneous electric potential, the classical Weyl formula holds if
and only if the integral in this formula converges, and our general
conjectural formula also gives the classical Weyl formula if and only
if this condition is satisfied. Last, we consider the Schrödinger
operator in 2D with magnetic tensor b(x) � x1

kx2
l and zero electric

potential. In the case k 
 l, we have the strong degeneration, and
in the case k � l, we have the intermediate degeneration. In all
cases, we derive the leading term of the asymptotics from our

conjectural formula, and we prove them by using the variational
method in the form (9, 12–14).

The next subsections contain formulations of our main conjec-
tures and statements of several representation-theoretic results that
are necessary for the applications of our conjectures and also
interesting in their own right. More details and complete proofs are
given in ref. 18.

3.2 Preliminary Version of the Conjecture. Let us now formulate a
preliminary version of our conjecture. Let H be a Schrödinger
operator (1.1) with discrete spectrum and quasihomogeneous poly-
nomial potentials, and let g � gH be the associated Lie algebra.
Because we are interested in �(H), we may assume, by Theorem 2.1,
that the tautological representation of g lifts to a unitary repre-
sentation of G on L2(�n); moreover, this representation is then
irreducible, from which corresponds to a coadjoint orbit 	 � g*.
Let �	 be the Kostant measure on 	; for the precise normalization,
see Definition 3.4. Then, we have the ‘‘dilates’’ �� of the measure �	,
as defined in section 2: ��(A) � �	(	 � ��A), for every Borel subset
A � g*. Furthermore, H naturally defines an element H� � U(g)�,
and the definition of g implies that H� is a sublaplacian for g. For
any coadjoint orbit � � g*, we denote by H� the image of H� in
the unitary irreducible representation of G that corresponds to
� via Kirillov’s theory. By Theorem 2.1, each H� can be naturally
realized as a Schrödinger operator with polynomial potentials.

Conjecture 1. There exist a positive real number 	 and a nonnegative
integer � such that the weak limit �0 � lim�3����	�(log�)����� exists
and is nonzero. Then �0 is automatically G-invariant; let Q � (supp
�0)�G, and let 
 : supp �03Q be the natural projection. Let � be the
measure on Q such that for every nonnegative Borel-measurable
function F on g*, we have

�
g*

F d�0 � �
Q

d��q� ��

�1�q�

F�x� d�q�x� ,

where d�q denotes the Kostant measure corresponding to the orbit

�1(q) (the existence of � is proved in ref. 18, proposition 2.12). Then
there exists a constant � � 1 such that

N��, H� � ���log �����
Q

N�� , H�� d���� as � 3 �� .

[3.1]

Some motivation for the form of this conjecture, and especially
for the appearance of the logarithmic factors in both 3.1 and the
definition of �0, is provided by a result of Nilsson, which we now
recall. It is a special case of theorem 1 in ref. 27; the latter is, in turn,
based on the results of ref. 28.

Theorem 3.1 (27, 28). Let P(x) be a real polynomial on �n such that
P(x) 3 �� as �x� 3 �, and set

G��� � meas�x � �n	P�x� 
 �� .

Then, there exist positive reals c, C, 	 and a nonnegative integer � such
that

C�1��	��log ��� 
 G��� 
 C ��	�� log ��� for all � � c .

The precise relationship of this theorem to our results is
explained in detail in ref. 18. Here, we remark that the explicit
formulas for the measure � and its dilates �� obtained in section
3.5 imply that the growth of the measures �� as �3 � is closely
related to the growth of the function G(�) in Theorem 3.1 for a
suitably defined polynomial P(x).
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3.3 Precise Version of the Conjecture. We now formulate a more
precise form of our conjecture, one that essentially provides a
formula for the constant � that appears in 3.1. To that end, we
introduce the function

�*�x� � �
	

	�	V�x�	1�2 � �
	, j,k

	�	bjk�x�	1�2. [3.2]

It is to be compared with the function �* in refs. 1 and 16 (see 1.6).
If, for example, V � 0 and B(x) grows regularly at infinity, then the
terms corresponding to 	 � 0 dominate both �* and �*, so we see
that these two functions have the same asymptotic behavior as �x�
3 �. However, in general, it may happen that the function �*(x)
grows slower than the function �*(x).

We keep the same notation and assumptions as in Conjecture
1. In particular, because H has discrete spectrum, both �* and
�* tend to �� as �x� 3 �, the functions G1(�) � meas {x �
�n	 �*(x) 
 �} and G2(�) � meas{x � �n 	 �*(x) 
 �}, are
well-defined (meas stands for the usual Lebesgue measure).

Conjecture 2. Assume that H is a Schrödinger operator on L2(�n) with
discrete spectrum and quasihomogeneous potentials. Let (Q, �) be
defined as in Conjecture 1. Then, one of the following situations occurs.

(i) We have G2(�)�G1(�) 3 � as � 3 ��. This is the ‘‘strong
degeneration case.’’ Then, Conjecture 1 is valid with the
normalization constant � � 1.

(ii) We have G2(�) � O(G1(�)) as � 3 ��. This is the
‘‘weak�intermediate degeneration case.’’ Then there exists a
limit lim�3�� G2(�)�G1(�), and Conjecture 1 is valid with �
equal to the value of this limit.

3.4. Concrete Realization of Representations. Until the end of the
section, the quasihomogeneity assumption will play no role. Let g

be a real finite dimensional nilpotent Lie algebra such that [g,
g] is abelian, and let H� � U(g)� be a sublaplacian. We want to
obtain concrete realizations of the representations of g induced
by unitary irreducible representations of G � exp g. Let h � g

be a Lie subalgebra, and H � exp h the corresponding connected
and simply connected subgroup of G. (Schrödinger operators do
not appear until the end of the section, so the notation should
not cause any confusion.) Fix f � g*. We say that h is subordinate
to f if f	[h, h] � 0. Under this condition, f defines a unitary
character �f of H by �f(exp h) � exp(i�f(h)). Thus, we may form
the induced representation 
f,h � IndH

G(�f). Kirillov’s classifica-
tion (17) of unitary irreducible representations of G can be
summarized as follows.

Let us say that h is a polarization of g at f if h is of maximal
dimension among the subalgebras of g that are subordinate to f.
Then, 
f,h is irreducible if and only if h is a polarization at f.
Moreover, in this case, 
f,h does not depend on the choice of h,
up to unitary equivalence. Also, at every f � g*, there exists at
least one polarization. Thus, we write 
f � 
f,h for any choice of
a polarization h at f. Last, every unitary irreducible represen-
tation of G is unitarily equivalent to 
f for some f � g*, and 
f1

,

f2

are unitarily equivalent if and only if f1, f2 lie in the same
coadjoint orbit of G.

Let us define the alternating bilinear following form:

Bf : g � g 3 � , Bf�X , Y� � �f , �X , Y�� . [3.3]

Thus, a subalgebra h � g is subordinate to f if and only if h is
isotropic with respect to Bf. One can prove that h is a polarization
at f if and only if h is maximally isotropic with respect to Bf as
a linear subspace. In particular, all polarizations at f have the
same dimension, dim h � 1�2 � (dim g � dim g(f)), where g(f)
� Ker Bf � {X � g	 f([X, Y]) � 0@Y�g}.
In our situation, we can give an elementary proof of the existence
of polarizations of a special form:

Lemma 3.2. Let g, S be as above, and f � g*. Then, there exists a
polarization h of g at f such that h � g(f) � �L0 � [g, g], and
hence, h is an ideal of g. Moreover, [h, h] � g(f), so g(f) is an ideal
of h.

Let us now fix a subalgebra h � g subordinate to f, but not
necessarily a polarization at f, which satisfies the requirement of
the lemma: g(f) � �L0 � [g, g] � h. Because L0, L1, . . . , LN
generate g as a Lie algebra, we have g � [g, g] � span�{L0,
L1, . . . , LN}, and hence, a fortiori, g � h � span�{L1, . . . , LN}.
After reindexing, we may assume that for some 0 
 n 
 N, the
elements L1, . . . , Ln form a complementary basis to h in g. (We
allow n � 0, which means that h � g.) For every element h �
h, let us define a real polynomial ph(x) in n variables x � (x1, . . . ,
xn) by

ph�x� � �
	1,...,	n�0

1
	1!· · ·	n!

� f��ad L1�
	1· · ·�ad Ln�	n�h�� �x1

	1· · ·xn
	n. [3.4]

Proposition 3.3. There exists a realization of the representation 
f,h �
IndH

G(�f) of the Lie group G in the space L2(�n, dm) (where dm
is the Lebesgue measure) such that the induced representation of g

takes every h � h to the operator of multiplication by ��1�ph(x)
and takes Lj, for 1 
 j 
 n, to the operator ���xj � ��1�aj(x),
where aj(x) � �[x1, . . . , xn] is a certain polynomial.

The practical applications of this proposition are based on the
obvious analogy between 3.4 and the usual Taylor’s formula.

3.5. Coadjoint Orbits and Kostant Measures. Let G be any connected
Lie group, and let g be its Lie algebra. If f � g*, we denote by
G(f) the stabilizer of f in G (with respect to the coadjoint action),
and by g(f) the Lie algebra of G(f). If 	 � g* is a coadjoint orbit,
then for any point f � 	, the orbit map G3 	, g � (Ad*g)(f),
identifies 	 with the homogeneous space G�G(f) and, hence
identifies the tangent space Tf	 with the quotient g�g(f). The
notation is consistent with the one used in section 3.4: if Bf is the
alternating bilinear form on g given by Bf(X, Y) � �f, [X, Y]�,
then it is easy to see that g(f) is precisely the kernel of Bf.
Moreover, Bf induces an alternating bilinear nondegenerate
form wf on g�g(f) 
 Tf	. One then proves the following facts
(e.g., see chapter II of ref. 19):

1. the forms �f vary smoothly with f, thus defining a nondegen-
erate differential 2-form �	 on 	;

2. the form �	 is closed, and thus a symplectic form on 	; and
3. the form �	 is G-invariant.

Definition 3.4: The form �	 is called the ‘‘canonical symplectic
form’’ on the orbit 	. The Kostant measure (or the ‘‘canonical
measure’’) on the orbit 	 is the positive Borel measure �	

associated with the volume form

�2���n �
1
n!

� �	
n �n �

1
2

dim 	� .

(Note that dim 	 is even because 	 admits a symplectic form.)
It is clear that the Kostant measure is G-invariant. In the rest of

this subsection, we obtain an explicit parameterization of the
coadjoint orbits for the Lie algebras of the type considered in
section 2.1, and we derive formulas for the corresponding canonical
symplectic forms and Kostant measures. We note that explicit
parameterizations of the dual space of a (not necessarily nilpotent)
Lie algebra have been studied by various authors (e.g., ref. 29).
More recently, a very fine stratification of g* for nilpotent g has
been obtained in ref. 20. A result from loco citato is used in ref. 18.

In our subsequent computations (especially the ones that appear
in the concrete examples in ref. 18), we implicitly use the following
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result. Let g be a Lie algebra and a � g an ideal. Write a� for
the annihilator of a in g*. The quotient map g 3 g�a induces
an isomorphism of vector spaces (g�a)* 3



a� 3 g*. Let G be

a connected Lie group with Lie algebra g, and let A � G be the
closed connected normal subgroup corresponding to a. The
adjoint action of G on g leaves a stable, from which G also acts
on g�a and on (g�a)*. Then, we have the following:

Proposition 3.5. (i) The isomorphism (g�a)* 3 a� above is G-
equivariant, and the action of G on (g�a)* factors through the
quotient group G�A; thus, the G-orbits in (g�a)* are the same as
the coadjoint orbits of G�A in (g�a)*.

(ii) If 	 � g* is any coadjoint orbit, then either 	 � a� � �, or
	 � a�. In the latter case, 	 is the image of a coadjoint orbit in
(g�a)*. Moreover, the canonical symplectic form and the Kostant
measure on 	 are the same whether we regard 	 as a coadjoint orbit
for G or as a coadjoint orbit for G�A.

(iii) If G is simply connected and nilpotent, then the bijection
between the coadjoint orbits in g* that meet a� and the coadjoint
orbits in (g�a)*, defined above, corresponds, by Kirillov’s theory,
to the natural bijection between the unitary irreducible representa-
tions of G that are trivial on A, and all unitary irreducible
representations of G�A.

We return to the situation considered in Section 3.4. Thus, G
is a connected and simply connected nilpotent Lie group with
Lie algebra g such that [g, g] is abelian. Fix a point f0 � g*. We
want to parameterize the G-orbit G � f0 � g*. As before, we
assume we are given a sublaplacian H� � �(L1

2 � � � � � LN
2 ) �

��1�L0 for g, and we let h be a real polarization of g at f0
provided by Lemma 3.2: g(f0) � �L0 � [g, g] � h. Furthermore,
we suppose that for some 1 
 n 
 N, L1, . . . , Ln is a
complementary basis for h in g.

From now on, we also assume that h is an abelian ideal of g. To
justify this assumption, we note that because h is an ideal of g,
so is a :� [h, h]; however, by the definition of a polarization, f0
annihilates a. Thus, f0 induces a linear functional f�0 on g�a. By
Proposition 3.5, the canonical inclusion (g�a)* 3 g* gives an
isomorphism of the coadjoint orbit of f�0 in (g�a)* onto the
coadjoint orbit of f0 in g*; moreover, this isomorphism preserves
the canonical symplectic form and the Kostant measure. Last,
note that because a � g(f) by Lemma 3.2, it is clear that h�a is
a maximal isotropic subspace of g�a with respect to the form Bf̃0

.
Thus, from the point of view of either the coadjoint orbit of f0,
or of the corresponding unitary irreducible representation,
nothing is lost by passing from g to g�a.

Proposition 3.6. With the notation above, assume that h is abelian.
The map � : �n � �n 3 g* defined by ��(�, x), Lj� � �j for 1 

j 
 n,

����, x�, Y� � �
	1,...,	n�0

1
	1!· · ·	n!

f0��ad L1�
	1· · ·�ad Ln�	n�Y��

�x1
	1· · ·xn

	n for all Y � h,

is a diffeomorphism of �2n onto the coadjoint orbit of f0 in g*.
By a slight abuse of notation, we identify 	 with �2n by using the

diffeomorphism �, and in particular, we view (�, x) as coordinates
on the orbit 	. Let us define polynomials bjk(x) by

bjk�x� � ���0, x�, �Lj, Lk�� ;

note that if g arises from a Schrödinger operator with polynomial
potentials, and if f0 restricts to the linear functional ��1�P(x) �
P(0) on the subspace of g consisting of multiplication operators,
then the bjk(x) are precisely the components of the magnetic tensor
of the operator. The next proposition gives an explicit formula for
the Kostant measure.

Proposition 3.7. The canonical symplectic form and the Kostant
measure on the orbit 	 are given by

�	 � �
j�1

n

d�j � dxj � �
1
j�k
n

bkj�x� dxj � dxk [3.5]

and

�	 � �2���n�d�1· · ·d�ndx1· · ·dxn.

In other words, if we identify �	 with its extension by zero to g*, then
we can write

�	 � �2���n��*�d�1· · ·d�ndx1· · ·dxn�, [3.6]

where �* denotes the pushforward by the map � : �2n 3 g*.
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