
MATH 277, AUTUMN 2017

MIDTERM GUIDELINES

Our midterm exam is Tuesday, October 17, in class.
The aim of this exam is to make sure everyone has mastered the fundamentals

discussed so far this quarter and has a solid foundation for the second part of the
class. You are responsible for material from lectures and homeworks. The midterm
accounts for 25% of the total course grade.

Structure of the exam: Choose three questions out of four. All questions will
have equal weight, 10 points. At least one will be a homework problem and at least
one will be a review problem. There will be an optional challenge problem worth a
small number of points (about transfinite induction).

Review: The last 20 minutes of class on Thursday, October 12, will be a brief
review, and there will be opportunity for review in problem session. Please email
any requests for topics before then to MM for class, to SR for problem session.

Office hours: Our usual hours are posted. I will have extra office hours after
class on Thursday, October 12, 2-3pm. During fourth week, my office hours will be
moved to Monday, October 16, 9:30-11am and Tuesday, October 17, 10-11am.

Topics covered:

• Basic set theory: ordinals, cardinals, defining the cardinality of any set.
• Addition and multiplication of cardinals, the fundamental theorem of car-

dinal arithmetic. The definition of exponentiation for cardinals.
• The definition of model, isomorphism, submodel.
• Be able to use transfinite induction or recursion, as below.
• Ultrafilters and ultraproducts: know the definitions, as below.

References: primarily, course notes. (Written references to most of the above
may be found in subsets of Chang and Keisler pps. 18-22, 211-216 and 579-586.)

Please turn over for the Review Problems. These are not to be turned in.1

1For the purposes of review, I suggest you try to prove these problems from scratch without
your notes, just starting from the definitions, and without citing theorems from homework or

class. On an exam, it would be clearly stated which results you may assume.
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Review Problems.

(1) Define the following: transitive, ordinal, cardinal. Give an example of a
set which is well-ordered by ∈ but not transitive, and an example of a set
which is transitive but not well-ordered by ∈.

(2) X is transitive iff x ∈ X implies x ⊆ X iff
⋃
X ⊆ X.

(3) Let X be a transitive set which is well-ordered by ε, and B ⊂ X. Prove
that B is an initial segment of (X, ε) iff B is a transitive set. Prove that if
B is transitive then either B ∈ X or B = X.

(4) Let X,Y be ordinals. Prove that X ∩ Y is an ordinal. Prove that every
element of X is an ordinal. Prove that if Z is a transitive set all of whose
elements are ordinals, then Z is an ordinal.

(5) If X is a nonempty set of ordinals, let sup(X) =
⋃
X. Let inf(X) =

⋂
X.

Show that sup(X) and inf(X) are ordinals, and justify the names.

(6) If A is an infinite set, say of cardinality κ, then the set of finite sequences
of elements of A also has cardinality κ.

(7) Prove that if A ⊆ R is either discrete or well ordered, then it is countable.

(8) Prove that ℵω =
⋃

n<ω ℵn. First explain what is to be proved.

(9) Prove that for any n < ω, if κ = ℵn+1 then κ cannot be written as the union
of fewer than κ sets each of which has size strictly less than κ. Observe
that this fails for κ = ℵω.

(10) Prove that any function f : R→ R may be written as g + h where g and h
are both one-to-one.

(11) Define “N is a submodel of M .” Give an example of a model M and a
submodel N (whose domain is strictly smaller) so that M ∼= N , and a
submodel N such that M 6∼= N .

(12) Let L = {<} and let M = (Q;<) be the model whose domain is the
rationals and < is interpreted to mean the usual linear order. Prove that
for any a, b ∈ Q, there is an automorphism of M which sends a to b.

(13) Let M = (Z;<). Prove there is a countable increasing chain of models
M0 ⊆ M1 ⊆ M2 ⊆ · · · such that each Mn

∼= M , but
⋃

n<ωMn is not a
discrete linear order. (Explain how to take a union of a chain of models.)

(14) Prove that if L is at most countable, there are at most continuum many
pairwise nonisomorphic countable L-models.

(15) Consider M = (N;<) where the symbols have their usual interpretation.
Let D be a nonprinicipal ultrafilter on ω. Prove that Mω/D is uncountable.


