
MATH 277, AUTUMN 2017

HOMEWORK 7: SATURATION

DUE MONDAY, NOVEMBER 20 AT 5PM

(1) Prove the compactness theorem using ultraproducts. That is, let I be
the set of finite subsets of a given theory T . Prove that if each i ∈ I
has a model Mi then there is an ultrafilter D such that the ultraproduct
N =

∏
iMi/D |= T . Suggestion: HW 4.4a.

(2) Let M = (Q;<, {cq : q ∈ Q}) and let T = Th(M). Prove that T has
uncountably many nonisomorphic countable models.

(3) Letting S denote the successor function, prove that linear order, as a binary
relation, is not definable in (N;S).

(4) Prove that if M is a model in a countable language and D is a regular
ultrafilter on λ then Mλ/D is ℵ1-saturated.

(5) Assume CH. Prove that if M , N are countable models in a countable lan-
guage, then M ≡ N if and only if they have isomorphic ultrapowers.

Turn over for the Challenge Problem.

Date: Assignments are due in the course mailbox in the basement of Eckhart by 5pm on the
due date. No late homework assignments will be accepted. We will automatically drop the lowest
homework score. Homework may also be turned in in class or at office hours prior to the due date.
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Challenge Problem (optional; turn in on a separate sheet with your name on it).

A class of models is elementary if it is a class of L-structures for some L, and
there is a set of L-sentences T such that this class is precisely the class of models
of T . Prove that a class of models is an elementary class iff it is closed under
ultraproducts and elementary equivalence.


