
MATH 277, AUTUMN 2017

HOMEWORK 6: SOME APPLICATIONS

DUE MONDAY, NOVEMBER 13 AT 5PM

(1) Let M = (R; +,×,−, 0, 1, <) where the symbols have their usual interpre-
tation, and Trcf = Th(M). We call any model of Trcf a real closed field.
(a) Explain why there are countable real closed fields.
(b) Does there exist a real closed field of size continuum which is not

isomorphic to M? Justify your answer.

(2) Suppose L = {f, g} where f, g are binary function symbols. Let F be the
function given by (x, y) 7→ (f(x, y), g(x, y)).
(a) Write down an ∀∃ sentence ϕ which expresses that if F is injective,

then F is surjective.
(b) Explain why ϕ is true in any finite L-structure.

(3) Suppose now that L = {+,×, 0, 1}.
(a) Let F be a function given by (x, y) 7→ (p(x, y), q(x, y)) where p, q are

some polynomials in x, y of degree no more than 2. Write down an ∀∃
sentence, call it ϕ2,2, which expresses that if any such F is injective,
then F is surjective.

(b) Briefly indicate how for each n, k ≥ 2 we could find a ∀∃ sentence,
call it ϕn,k, which expresses that for any F given by (x1, . . . , xn) 7→
(p1(x1, . . . , xn), . . . , pn(x1, . . . , xn)) where each pi is a polynomial of
degree ≤ k, we have that if F is injective, then F is surjective.

(4) Using the fact from algebra that F̄p may be written as the union of an
increasing chain of finite fields, namely as

⋃
n Fpn! , prove that each ϕn,k is

true in F̄p. Suggestion: remember HW5.2.

(5) Prove the Ax-Grothendieck theorem: any polynomial map from Cn to Cn
which is injective is surjective. Suggestion: HW 5.5, 6.2.b, 6.4.

Turn over for the Challenge Problem.

Date: Assignments are due in the course mailbox in the basement of Eckhart by 5pm on the
due date. No late homework assignments will be accepted. We will automatically drop the lowest
homework score. Homework may also be turned in in class or at office hours prior to the due date.
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Challenge Problem (optional; turn in on a separate sheet with your name on it).

This problem is about exploding models, more formally, it will give an example to
show why we cannot guarantee existence of models below the size of the language.

Let L = {+,×, 0, 1, <}∪ {Pα : α < 2ℵ0} where the Pα are unary predicates. Let
M be the following L-structure. The domain is N and +, ×, 0, 1, < have their
usual interpretation. Finally, interpret the Pα so that each names a distinct infinite
set of primes.

(a) Let ψα(x) express “there exists z such that z is divisible by a prime number
p precisely if p is in Pα and p < x.” Briefly justify why this is a formula
of our language, and explain why M |= ψα(n) for every n in its domain.
Thus, for each α, M |= ∀xψα(x).

(b) Now suppose N ≡ M but N 6∼= M . Explain the following: there must be
some a ∈ Dom(N) with a > n for all n ∈ N, and necessarily N |= ψα(a) for
each α.

Explain why this tells us that the domain of N must contain at least continuum
many different elements; so that if, say, CH fails (i.e. 2ℵ0 > ℵ1), Th(M) will not
have any models of size ℵ1.


