
MATH 277, AUTUMN 2017

HOMEWORK 5: COMPACTNESS

DUE MONDAY, NOVEMBER 6 AT 5PM

(1) Let M = (N;<). Prove there is a countable N ≡M such that N 6∼= M .

(2) Prove that if 〈Mn : n < ω〉 is an increasing chain of L-models and N is
their union, then any sentence ϕ which is “∀∃” which is true in each Mn is
also true in N .

(3) Prove that in (Q;<), any formula in n ≥ 1 free variables is equivalent
to a quantifier-free formula. (Suggestion. Recall review problem #12.)
Conclude that the only definable subsets in one free variable are Q and ∅.

(4) Let T be a set of axioms expressing that there are infinitely many elements.
(a) Give an example of a T which works.
(b) Let κ > ℵ0 be an uncountable cardinal. Explain how, in a language

with κ constants, you could write down axioms asserting that there
are at least κ elements.

(c) How would you prove that (b) cannot be done in a language with only
countably many symbols?

(5) Using the fact that any algebraically closed field of characteristic zero and
size c is isomorphic to C, prove a Lefschetz principle: if ϕ is a sentence of
the language L = {+,×, 0, 1} then ϕ holds in Fp for infinitely many primes

p iff ϕ holds in C iff ϕ holds in Fp for all but finitely many primes p.

Turn over for the Challenge Problem.

Date: Assignments are due in the course mailbox in the basement of Eckhart by 5pm on the
due date. No late homework assignments will be accepted. We will automatically drop the lowest
homework score. Homework may also be turned in in class or at office hours prior to the due date.
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Challenge Problem (optional; turn in on a separate sheet with your name on it).

Definition. Let t be the minimum size of a family F ⊆ [N]ℵ0 such that (i) F is
well-ordered by ⊇∗ and (ii) F has no pseudointersection, meaning that there is no
infinite A ⊆ N such that for all B ∈ F , A ⊆∗ B. [Here, ⊇∗ is just ⊆∗ from last
week’s challenge problem, written in the opposite direction.]

Unwind the definitions to prove that p ≤ t.


