
MATH 277, AUTUMN 2017

HOMEWORK 4: TOWARDS COMPACTNESS

DUE MONDAY, OCTOBER 30 AT 5PM

(1) Prove that any consistent set of sentences may be extended to a maximal
consistent set Σ. Explain why in Σ we have that for any sentence ϕ, either
ϕ ∈ Σ or ¬ϕ ∈ Σ, and if ϕ,ψ ∈ Σ then ϕ ∧ ψ ∈ Σ.

(2) From Ramsey’s theorem and HW3.4, prove the finite Ramsey theorem.1

(3) Let M be an model in which every element is named by a constant. Verify
that for any formula ϕ(x) in the language L of M with the single free
variable x, there is a constant c in L such that the sentence

∃xϕ(x) =⇒ ϕ(c)

is true in M .

(4) Say that the ultrafilter D on the infinite set I is regular if there exists some
collection of large sets, S = {Sα : α < |I|} ⊆ D, such that the intersection
of any infinitely many elements of S is empty.
(a) Let λ be an infinite cardinal. Let I = [λ]<ℵ0 be the set of finite subsets

of λ. (What is |I|?) Let S = { {i ∈ I : α ∈ i} : α < λ}. Verify that
S has the finite intersection property and that the intersection of any
infinitely many elements of S is empty.

(b) Conclude that for any infinite λ, there is a regular ultrafilter on some
set I with |I| = λ.

(5) (a) Let Fp denote the algebraic closure of the finite field with p elements
(so, a countable algebraically closed field of characteristic p). Let D be
a nonprincipal ultrafilter on P , the primes. Explain why

∏
p∈P Fp/D

is an algebraically closed field of characteristic zero and size c.
(b) Using ultraproducts, prove there exist algebraically closed fields of

characteristic p or 0 of arbitrarily large infinite size.

Turn over for the Challenge Problem.

Date: Assignments are due in the course mailbox in the basement of Eckhart by 5pm on the
due date. No late homework assignments will be accepted. We will automatically drop the lowest

homework score. Homework may also be turned in in class or at office hours prior to the due date.
1If G is a graph and H ⊆ G, we call H homogeneous if it is either a clique or an independent

set, i.e. either any two distinct points of H are connected by an edge, or no two are. Ramsey’s
theorem says that in any countable graph there is a countable homogeneous set. The finite Ramsey
theorem says that there exists a function f : N → N such that for every m, every finite graph of

size at least f(m) contains a homogeneous set of size m.
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Challenge Problem (optional; turn in on a separate sheet with your name on it).

Definition. If D is an ultrafilter on I, then the character of D, χ(D), is the
smallest size of X ⊆ D which generates D (i.e. 〈X〉 = D).

Prove that if D is a nonprincipal ultrafilter on N, then p ≤ χ(D) ≤ c.

Suggestion. For the left side, choose X ⊆ D with |X| < p. Show X has SFIP.
Show X has a pseudointersection. What happens if you split the pseudointersection
into two infinite pieces?


