
MATH 277, AUTUMN 2017

HOMEWORK 3: NEW MODELS FROM OLD

DUE MONDAY, OCTOBER 23 AT 5PM

All languages contain equality. Please answer problems 3 and 4 by directly using
the definition of ultraproduct, not by appealing to theorems about them.

(1) Let I be an infinite set. Prove that any F ⊆ P(I) which has the finite
intersection property is contained in a (nontrivial) ultrafilter.

(2) Using the definition of formula on the back of this page, answer the follow-
ing. Please append brief explanations in English.
(a) If L = {R}, where R is a binary relation, write down a formula ex-

pressing “R is a dense linear order without a first or last element.”
(b) If L = {f}, where f is a unary function, write down a formula ex-

pressing “f is injective and f is not surjective.”

(3) Let M = (N;<) and let N = M I/D be an ultrapower. Prove that <N is a
linear order on N , in which every element has a unique successor.

(4) Let 〈Gi : i ∈ I〉 be a sequence of graphs.1 In a graph G, we say that a set
of elements A is independent if there is no edge between any two elements
of A. Let D be a nonprincipal ultrafilter on I and n ∈ N. Prove that if the
ultraproduct G =

∏
i∈I Gi/D contains an independent set of size n, then

at least one (in fact, many) of the Gi’s must also contain an independent
set of size n.

(5) A family Y of countable subsets of N, in symbols Y ⊆ [N]ℵ0 , is called almost
disjoint if A,B ∈ Y and A 6= B implies A ∩B is finite.2

(a) Prove that there exists an almost disjoint family of size c. (Suggestion.
Is there a way to think of T from HW1.5 as N? )

(b) Say that X is maximal almost disjoint if it is almost disjoint and is
not strictly contained in any other almost disjoint family. Let a be the
minimum size of a maximal almost disjoint family. Explain how to use
the above to show that a ≤ c.

Turn over for the Challenge Problem.

Date: Assignments are due in the course mailbox in the basement of Eckhart by 5pm on the
due date. No late homework assignments will be accepted. We will automatically drop the lowest
homework score. Homework may also be turned in in class or at office hours prior to the due date.

1Our language is {R}, a binary relation symbol, and for each Gi, R
Gi is a symmetric, irreflexive

binary relation which we think of as an “edge.”
2For this problem, “family” always means “family of countable subsets of N.”
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Challenge Problem (optional; turn in on a separate sheet with your name on it).

Let A ⊆∗ X mean that all but finitely many elements of A are elements of X.
Definition. Let p be the minimum size of a family F ⊆ [N]ℵ0 such that (i) F has

the strong finite intersection property, meaning that the intersection of any finitely
many elements of F is infinite, and (ii) F has no pseudointersection, meaning that
there is no infinite A ⊆ N such that for all B ∈ F , A ⊆∗ B.

Prove that p ≤ c. Suggestion: show there is some such family of size continuum,
perhaps by combining HW1.5 and HW3.5.b. (Perhaps your example shows that in
fact p ≤ a.)


