
MATH 277, AUTUMN 2017

HOMEWORK 1: INFINITE SETS

DUE MONDAY, OCTOBER 2 AT 5PM

(1) Prove that the number of polynomials in one variable with integer coeffi-
cients is countable. Conclude that there exist real numbers which are not
roots of any nonzero polynomial with integer coefficients.

(2) The notation YX means the set of functions from Y to X. Compare (i.e.
linearly order, giving equalities and strict inequalities) the sizes of the fol-
lowing: N, R, RN, NN, NR. Justify each comparison.

(3) Suppose |A| ≤ |B| witnessed by the injection f , and |B| ≤ |A| witnessed
by the injection g. If c, d are elements of A ∪ B, say that c, d are on the
same path if it is possible to get from c to d by finitely many applications of
f−1, g−1, f and/or g. Use an analysis of the cases to prove that there is a
one-to-one and onto map h : A→ B. Conclude that |A| = |B|. Suggestion:
first explain why we may classify each ‘path’ as either: a finite cycle, of
type N starting in A, of type N starting in B, or of type Z, and observe that
being ‘on the same path’ is an equivalence relation.

(4) (a) Prove that if (X,<) is a well-ordered set and f : X → X is monotone
[i.e. a < b implies f(a) < f(b)] then f(x) ≥ x for each x ∈ X.

(b) Conclude that no well-ordered set is order-isomorphic to a proper ini-
tial segment of itself.

(5) Let T = ω>2 be the set of finite sequences of 0’s and 1’s. Let Y = ω2 be
the set of countably infinite sequences of 0’s and 1’s. We may think of T as
the nodes of an infinite binary tree and Y as the branches. For each η ∈ Y ,
let Sη = {a ∈ T : ¬(a E η)} be the set of nodes which do not lie along the
branch η. Prove that F = {Sη : η ∈ Y } has size continuum, i.e. |F| = |R|,
and that the intersection of any finitely many of the Sη’s is infinite.

Turn over for the Challenge Problem.

Date: Assignments are due in the course mailbox in the basement of Eckhart by 5pm on the
due date. No late homework assignments will be accepted. We will automatically drop the lowest
homework score. Homework may also be turned in in class or at office hours prior to the due date.
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CHALLENGE PROBLEM. Optional; turn in on a separate page with your name.

Let A be an infinite set. Prove that A can be partitioned into two sets each of
which has the same size as A.


