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1. SURFACES: DEFINITION AND BASIC PROPERTIES

These notes contain an account of the material we have covered on surfaces in
Rn.

Definition 1.1. A subset S ⊂ Rn is said to be a k-dimensional surface if for each
point s ∈ S there is a neighborhoodU of s in S and a homeomorphism ϕ : Rk → U .

Here S is given the topology inherited from Rn, and so an open set in S is the
intersection of S with an open set in Rn, thus a neighborhood of x ∈ S is of the
form N ∩ S where N is a neighborhood of x in Rn. Recall that a homeomorphism is
a continuous bijection whose inverse is also continuous.

Informally then, surfaces in Rn are subsets which “locally look like Rk”. The
maps ϕ occuring in the definition are known as charts. A collection of charts
{ϕi : Rk → S}i∈I such that S = ∪i∈Iϕi(Rk) is called an atlas. Thus in order to
demonstrate that a subset S ⊂ Rn is a k-surface, it is enough to give an atlas for S.
There is a related notion which is that of a k-submanifold of Rn:

Definition 1.2. A subset S ⊂ Rn is a submanifold of Rn if for each s ∈ S there is an
open set V of Rn which contains s and a homeomorphism ψ : Rn → V such that
(if we think of Rk lying inside Rn as the span of the first k standard basis vectors)
ψ|Rk maps Rk homeomorphically to S.

In other words we require that if S is a submanifold, then locally at a point
s ∈ S the pair S ⊂ Rn looks like Rk ⊂ Rn. Notice that a k-submanifold is certainly
a k-surface, since we can take ψ|Rk as a chart for the point s. On the other hand,
if our charts are simply continuous, it is not necessarily that case that a surface
will be a submanifold ([Z] chapter 12 briefly mentions the Alexander horned sphere
which is an example of this, for more details see [H]). In analysis however, we
as interested in the case where the chart maps are differentiable. In this case the
the notions of surface and submanifold above are very close: in fact if we insist
that the charts ϕ in the definition of a surface are C(1) then the notions coincide
wherever the derivative has maximal rank. (Since the derivative is a matrix with
n rows and k columns, and k ≤ n, this means where the derivative has rank k.)
Before proving this, we first show that the set of points in the domain of a C(1) chart
ϕ where the derivative has maximal rank is an open set (which, however could be
empty), and so the maximal rank condition should be thought of as “stable”– see
also the statement of Sard’s theorem at the end of this section for a much deeper
result which shows that it is also in some sense “generic”.
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Lemma 1.3. Let k ≤ n and ϕ : Rk → Rn be a C(1) map. If Dϕ(0) has rank k, then there
is a neighborhood U of 0 in Rk such that dϕ has maximal rank at every point in U .

Proof. Since the matrix Dϕ(0) has maximal rank we can find k coordinates (which
for notional convenience we assume are the first k) such that the matrix ∆k =
(∂ϕi

∂tj
)1≤i,j≤k is invertible at 0. But now recall that a matrix is invertible precisely

when its determinant is nonzero, and so this means that det(∆k(0) 6= 0. But now
sinceDϕ is continuous so is det(∆k(t)) and hence the preimage of R−{0} contains
a neighborhood U of 0 ∈ Rk. Thus on U the matrix (∂ϕi

∂tj
)1≤i,j≤k is invertible and

hence dϕ has maximal rank. �

We now show that there is no difference between a k-surface and a k-submanifold
when the charts of the surface are C(1) and have maximal rank. Since open balls
centered at 0, open intervals centered at 0 and Rk itself are all diffeomorphic (con-
vince yourself of this!) we are free to take any of them as the domain of our charts.
We will prefer to choose intervals. For any k we set Ikε = {x ∈ Rk : |xi| < ε, 1 ≤
i ≤ k} and Ik = Ik1 .

Proposition 1.4. Suppose S is a k-surface in Rn such that each point s ∈ S has a C(1)

chart ϕ : Ik → S with ϕ(0) = s and Dϕ(0) of maximal rank. Then S is a submanifold of
Rn. In fact more precisely there is an ε > 0 and a diffeomorphism ψ : Inε → Rn such that
ψ|Ik∩In

ε
= ϕ|Ik∩In

ε
.

Proof. Since we are assuming that such charts exist for each point s ∈ S it is clear
that it is enough to show the existence of the diffeomorphism ψ. Now since Dϕ(0)
has rank k we can assume that the submatrix (∂ϕi

∂tj
)1≤i,j≤k is invertible. Let U be

a neighbourhood of 0 ∈ Rk on which that submatrix of Dϕ is invertible (see the
previous lemma). Pick ε1 > 0 such that Inε1 ⊂ U × Rn−k. Define ψ : Inε1 → Rn by

ψ(t1, t2, . . . , tn) = ϕ(t) + (0, 0, . . . , 0, tk+1, tk+2, . . . , tn).

It is then easy to check that the derivative of ψ is invertible on Inε1 and so by the in-
verse function theorem, ψ is a diffeomorphism on some (perhaps smaller) interval
Inε , and we are done. �

This leads us to the following definition.

Definition 1.5. A C(m) (sometimes smooth) k-surface in Rn is a k-surface S such
that at each point s ∈ S there is neighborhood U and a chart ϕ : Ik → U which is
C(m) and for which the derivative at ϕ−1(s) has rank k.

Thus the proposition shows that a C(1) surface is a submanifold of Rn. We also
want to have a notion of differentiability for a function f : S → R. The easiest way
to do this is to insist that f is the restriction of a differentiable function on Rn, at
least locally, and indeed this makes sense for any subset of Rn.

Definition 1.6. If A is a subset of Rn we say that a function f : A → R is C(m)

at a point x ∈ A if there exists a neighborhood U of x in Rn and a differentiable
function g : U → R such that g|A∩U = f|A∩U .

A consequence of the previous proposition is that we can use charts to test if a
function is differentiable in the above sense.

Lemma 1.7. Let S ⊂ Rn be a smooth surface in Rn.
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(1) If ϕ : Ik → U ⊂ S is a smooth C(m) chart of S and x ∈ U then a function
f : U → R is in C(p)(U,R) for p ≤ m if and only if f ◦ ϕ : Ik → R is in
C(p)(Ik,R).

(2) Suppose that ϕ : Ik → U ⊂ S and ψ : Ik → V ⊂ S are smooth C(m) charts such
that U ∩ V 6= ∅. Then

θ = ψ−1 ◦ ϕ : ϕ−1(U ∩ V ) → ψ−1(U ∩ V )

is a C(m) map between open subsets of Rk.

Proof. For the first part, clearly if f is in C(p)(S,R) then the composite f ◦ ϕ is in
C(p)(Ik,R) whenever p ≤ m. Conversely, Proposition 1.4 shows that if x ∈ S is
the image of t ∈ I we may extend ϕ to a C(m) diffeomorphism Φ from an open
neighborhood of t ∈ In ⊃ Ik to an open neighborhood of x ∈ Rn ⊃ S (this is
a slightly more general statement than what is given in Proposition 1.4 but it has
exactly the same proof). Thus if we know that f ◦ ϕ is in C(p)(Ik,R) then we may
set

g̃(t1, t2, . . . , tn) = f ◦ ϕ(t1, t2, . . . , tk),
and then g = g̃ ◦ Φ−1 is a C(p) function on the image of Φ which extends f as
required.

For the second part, suppose that x ∈ U ∩ V , and t = ϕ−1(x) ∈ ϕ−1(U ∩ V ).
Then θ = ψ ◦ Φ−1 with Φ as above, and so it is clear that θ is C(m) as required. �

Remark 1.8. The second part of the previous lemma shows that if f ◦ ϕ is differ-
entiable for one chart it is differentiable for any chart. (Of course this also follows
from the first part, since our definition of differentiability did not depend on any
chart). We could therefore define a function f : S → R on a smooth C(m) surface S
to be in C(p)(S,R) for p ≤ m if for some (and hence any) atlas {ϕi : Ik → Ui}i∈I the
functions fi = f ◦ ϕi : Ik → R are all in C(p)(Ik,R).

Example 1.9. It is relatively easy to check directly that things like the sphere

S2 = {(x1, x2, x3) ∈ R3 : x2
1 + x2

2 + x2
3 = 1}

are smooth surfaces. One way to do this is to use spherical polar coordinates,
P : R2 → R3 where

P (φ, θ) = (cos(θ) sin(φ), sin(θ) sin(φ), cos(φ)).

A direct check shows that the image of P is exactly S2, however since the functions
sin and cos are periodic, P is not quite a chart – it is not a homeomorphism onto its
image (indeed since the sphere S2 is compact it cannot be covered by any single
chart). This can easily be remedied by using P to define an atlas with two charts.
Let R : R3 → R3 be the map given by R(x1, x2, x3) = (x2, x3, x1). Then R maps S2

to itself, and if we put P1 = P|(0,2π)×(0,π) and P2 = R ◦ P|(0,2π)×(0,π) then {P1, P2}
is an atlas, since P1 omits only the points (0, 0 ± 1) from it’s image, and P2 omits
only the points (0,±1, 0).

In the previous example we were lucky to have a simple enough geometric
picture that it was not too difficult to produce an explicit parametrization, but if
we are to work with more general surfaces it is clear that we will need a method
of showing that something is a surface which is less cumbersome than searching
for explicit charts each time. Thankfully we can essentially turn the proof of the
Proposition 1.4 upside-down to give us a general method for producing surfaces.
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Definition 1.10. If f : Rn → Rm is a differentiable function, we say that x ∈ Rn is
a regular point if Df(x) has maximal rank at x. If y ∈ Rm we say that y is a regular
value of f if every x in

f−1(y) = {x ∈ Rn : f(x) = y}
is a regular point of f , otherwise y is a critical value. Sets of the form f−1(y) are
known as the fibers of f .

Proposition 1.11. Suppose that f : Rn → Rm is C(1) and that y ∈ Rm is a regular value
of f . Then S = f−1(y) is either empty or a C(1) surface in Rn of dimension n−m.

Proof. We assume that S is nonempty, so that for each s ∈ S we must produce
a C(1) chart. Now since y is a regular value, we know that Df(s) has rank m,
thus reordering the coordinates if necessary we may assume that the submatrix
( ∂fi

∂xj
)1≤i,j≤m is invertible. Consider now the map g : Rn → Rn given by

g(x) = (f1(x)− y1, f2(x)− y2, . . . , fm(x)− ym, xm+1 − sm+1, . . . , xn − sn).

(where y = (y1, y2, . . . , ym) and s = (s1, s2, . . . , sn) so that g(s) = 0.) It is im-
mediate that g ∈ C(1)(Rn,Rn) and that Dg(s) is invertible. Hence by the inverse
function theorem there is a neighborhood U of s on which g is a diffeomorphism
onto a neighborhood of g(0) = 0. Thus if ψ : Inε → U is the inverse of g defined
in some sufficiently small interval around 0, we see that the restriction of ψ to the
last n−m coordinates provides a C(1) chart for S. �

Example 1.12. It is now easy to see, for example, that the n-sphere Sn = {x ∈
Rn+1 : x2

1 + x2
2 + . . .+ x2

n+1 = 1} is a smooth surface of dimension n. With a little
more thought you can see that, for example the set of n× n orthogonal matrices

On(R) = {A ∈ Matn,n(R) : A.At = In}

is also smooth surface in Matn,n(R) (which is just Rn2
) of dimension 1

2n(n − 1).
(The point is to notice that the map f : Matn,n(R) → Matn,n(R) which sends A to
AtA lands in the linear subspace of symmetric matrices, i.e. matrices X for which
X = Xt. Since this space has dimension 1

2n(n + 1) we can think of f as a map
from Rn2

to R 1
2n(n+1), and so if one shows that In is a regular value of f we get the

desired result. But since Df(A)(H) = AtH +HtA this is easy.)

Remark 1.13. Lemma 1.7 and the remark following it suggest that all these results
might be extended to maps between surfaces. Indeed given surfaces S and T we
can define a function f : S → T to be m-times differentiable at a point x ∈ S if
for some chart ϕ : Ik → S containing x in its image and some chart ψ : I l → T
containing f(x) in it’s image, the function g = ψ−1 ◦ f ◦ϕ is m-times differentiable
at ϕ−1(x). It is then obvious how to extend the notions of regular value, critical
point etc. and the proof of the corresponding version of Proposition 1.11 is almost
the same as the one we give for Rn.

This last proposition shows that fibers of differentiable maps are smooth sur-
faces at a regular value. We mention here without proof a fundamental result that
shows that this will usually give a large supply of smooth surfaces.

Theorem 1.14. (Sard’s theorem) If f : Rn → Rm is differentiable then the set of critical
values of f has measure zero.
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Remark 1.15. Note that a point which is not in the image of f is a regular value,
vacuously.

2. TANGENT SPACES

We now want to make sense of the notion of a tangent vector to a smooth sur-
face. We start by considering the case of a curve C inside the plane R2. Then we
give two ways of thinking about the tangent space at a point (x0, y0) ∈ C. First,
appealing to physical intuition, consider a particle p moving along the curve, say
with position p(t) ∈ C at time t. Now since the point p always lies on the curve
C, it’s velocity at point should be tangent to the curve, that is, if p is at (x0, y0) at
time t = 0 then the vector ṗ(0) = dp

dt (0) should be a tangent vector to C at (x0, y0).
The set of all possible velocities of a particle as it passes through the point (x0, y0)
is then the tangent line T0C to C at (x0, y0).

We can give a second desciption in the case when we can write the curve as
the graph of a function f : R → R, i.e. C = {(x, y) ∈ R2 : y = f(x)}. One
of the standard descriptions of the derivative at a point x ∈ R is as the slope
of the tangent line at the corresponding point (x, f(x)) of the graph of f . Thus
elementary calculus tells us that the tangent line T0C is the {(x, y) : y = f(x0) +
f ′(x)(x− x0)}, which I would like to write in the form:

{(x0, y0) + t(1, f ′(x0)) : t ∈ R}
Thus if we think of f giving a chart φ : R → C given by t 7→ (t, f(t)) then the
tangent space is just the set {(x0, y0) + tφ′(x0) : t ∈ R}.

Of course in this simple case it is immediate that these viewpoints are extremely
close to each other, and it is not hard to see that they give the same answer (this
will also follow from what we show later). However even in the case of curves
inside R2 the first notion makes sense more generally than the second.

Example 2.1. Consider the curve

C = {(x, y) ∈ R2 : y2 = x3 + x2},
then there is a map ψ : R → C given by ψ(t) = (t2 − 1, t(t2 − 1)), and moreover
ψ′(t) = (2t, 3t2−1), which never vanishes, thus it looks tantalizingly like a smooth
chart. However ψ(1) = ψ(−1) = (0, 0) and so ψ is not a bijection, and indeed at
(0, 0) the curve C is not smooth. On the other hand if we define the tangent space
at (0, 0) to be the set of all possible velocity vectors at (0, 0) of particles moving on
C it is not hard to convince yourself that the tangent space at (0, 0) is the union of
two lines – the lines {(x, y) ∈ R2 : x− y = 0} and the line {(x, y) ∈ R2 : x+ y = 0}.
The second definition of tangent space does not even make sense, because you
cannot write C as the graph of a function of x near (0, 0) (in fact you cannot find a
map φ : I1 → C which is a C(1) homeomorphism onto a neighborhood of (0, 0) in
C).

Note that the example above is not a smooth curve, and the fact that the tangent
space at the origin is a pair of lines, which may feel surprising, is not a phenome-
non that can happen for smooth curves, as we will shortly see.

We now give our definition for the tangent space to a surface in Rn.

Definition 2.2. Let S ⊂ Rn be a subset of Rn and let s ∈ S be a point in S. Then let

G = {α : (−ε, ε) → S : α ∈ C(1) and α(0) = s}
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be the set of all differentiable curves on S defined in some neighborhood of 0 ∈ R
which pass through s at time 0. The tangent space at s is then

TsS = {dα
dt

(0) : α ∈ G}.

Remark 2.3. You should of course notice that there is in some sense a lot of re-
dundancy in this definition – many different curves α will have the same velocity
at s. This redundancy also makes it look rather difficult to calculate, so we want
another description which is more computable. For smooth surfaces, the charts
will provide us with exactly that. This description will also show that for smooth
surfaces the tangent space is a linear space.

Remark 2.4. The interval (−ε, ε) which is the domain of the curve α is allowed to
be arbitrarily small – we are only interested in the derivative of α at 0 and this can
be calculated once we know α in some neighborhood of 0.

Suppose now that S is a smooth surface in Rn.

Proposition 2.5. Let φ : Ik → S be a smooth chart with range U ⊂ S, and set s = φ(0).
The tangent space TsS is a linear subspace of Rn. In fact we have

TsS = {Dφ(0)(v) : v ∈ Rk}.

Proof. Since φ is a smooth chart, the derivativeDφ(0) has full rank, so we can apply
Proposition 1.4 to view φ as the restriction of a diffeomorphism ψ : Inε0 → Rn,
where ε0 > 0. Now suppose that α : (−ε, ε) → S is C(1) and α(0) = s. Notice that
by Remark 2.4 we may assume that the image of α is contained in the image of ψ.
Then

β = ψ−1 ◦ α : (−ε, ε) → Inε0

is a C(1) curve. Moreover because α = ψ ◦ β the chain rule shows that α′(0) =
Dψ(0)(β′(0)), and hence the vector α′(0) lies in the image of Dψ(0). Since the
image of β lies in Rk we see that α′(0) lies in fact in the image of Dφ(0). Thus we
see that TsS ⊂ im(Dφ(0)). To obtain the reverse inclusion consider for each v ∈ Rk
the path α(t) = ψ(tv). �

Remark 2.6. I have defined the tangent space at a point of a smooth surface to be
a linear subspace of Rn. This is probably not quite what one’s standard picture
of a tangent vector is in the case of a curve – we tend to draw the tangent vector
starting at the point on the curve. It is of course fine to think of the tangent space
as I defined it simply translated to the point in the same way, however the more
modern idea is to consider the set of all tangent vectors to all points on the smooth
surface S as a new surface TS in R2n = Rn × Rn the points of which consist of
pairs (s, v) where s ∈ S and v ∈ TsS. The object TS is called the tangent bundle
of S. (If you have done Lagrangian mechanics at some point, then the tangent
bundle is essentially the phase space – that is the space of possible positions and
velocities of a point moving on the surface S).

Remark 2.7. The fact that TS is a surface is perhaps the first time we need to pay
attention to the degree of differentiability of our surfaces. If S has charts φ which
are infinitely differentiable (i.e. if S is a C(∞) surface) then so is TS. However
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if S is a C(m) surface, then TS is only a C(m−1) surface). Indeed suppose that
ϕ : Ik → U ⊂ S is a C(m) chart for S. Then Dϕ : Ik × Rk → TS given by

Dϕ(x, v) = (ϕ(x), Dϕ(x)(v))

is a C(m−1) chart of TS, with range
⋃
s∈U TsS.

The last notion we want to introduce is that of a vector field or section of the
tangent bundle.

Definition 2.8. A vector field or section of TS over a subset U ⊂ S is a map
t : U → TS such that for every x ∈ U we have t(x) = (x, v) where v ∈ TxS.

In other words, if we let π : TS → S be obvious map sending a pair (x, v) ∈ TS
to x ∈ S, then a map t : U → TS is a section if π ◦ t is the identity map on U .
Since we have shown that TS is a surface, it makes sense to say that a section is
continuous, differentiable etc.

3. ORIENTATION

For surfaces in R3 we familiar with the idea that there are ”two sides” – for
example if we think of the sphere of points at distance 1 from the origin, we can
imagine ourselves standing on the “outside” or “inside” of the sphere. Slightly
less intuitively, it is in fact that case that some surfaces have only one side, the
most famous example being the “Möbius band” which you can make by gluing
together the ends of a strip of paper with a half-twist. (Formally if we set

e(ϕ) = (cos(ϕ), sin(ϕ), 0),

f(ϕ) = (cos(ϕ)sin(ϕ/2), sin(ϕ)sin(ϕ/2), cos(ϕ/2)),

we can define a surface M in R3 given by

{e(ϕ) + tf(ϕ) : ϕ ∈ [0, 2π], t ∈ (−1
2
,
1
2
)}

which is a Möbius band). We want to make sense of this notion of “sides” for
a general surface. It is our first example of a global phenomenon: Locally any
smooth 2-surface in R3 looks like R2 ⊂ R3, and so clearly it has two sides. The
M’́obius band shows that it is not always possible to label the sides we see locally,
in a way which is globally consistent. What we actually do to formalize our dis-
cussion is to rephrase the question of in terms of an orientation for the surface, thus
we will first define what the notion of an orientation for a surface is, and then
return to see that it captures the idea of “sides” of a surface.

An orientation is a generalization of the notion of “clockwise” and “anticlock-
wise” for R2 and (if you have done physics) the “right-hand” and “left-hand” rule
for R3. Thus for R2 we say two nonzero vectors v1, v2 are oriented “clockwise”
if one rotates clockwise when turning from the direction of v1 to the direction of
v2, and oriented “anti-clockwise” in the opposite case (notice that this only makes
sense if the two vector are not collinear). The key to generalizing this is to observe
that if A is the two-by-two matrix whose first row is v1 and whose second row is
v2 then the vectors are oriented anticlockwise if det(A) > 0 and they are oriented
clockwise if det(A) < 0 (make sure you convince yourself of this!)



8 KEVIN MCGERTY

For Rn we generalize this as follows: A frame in Rn is a sequence of n lin-
early independent vectors (v1, v2, . . . , vn). If we have two frames (v1, v2, . . . vn)
and (w1, w2, . . . , wn) then since they both give bases of Rn we may write

wi =
n∑
j=1

aijvj , 1 ≤ i, j ≤ n,

for some constants aij . The matrix A = (aij) is called the transition matrix from
(v1, v2, . . . , vn) to (w1, w2, . . . , wn). We put a relation on the set of frames in Rn by
setting (v1, v2, . . . , vn) ∼ (w1, w2, . . . , wn), if det(A) > 0 where A is the transition
matrix above. It is easy to check, using the standard properties of the determinant,
that this gives an equivalence relation, and an orientation of Rn is an equivalence
class of this relation. We denote the set of orientations byO(Rn). In fact it is easy to
see that there are exactly two equivalence classes: the equivalence class containing
(e1, e2, . . . , en) the standard frame, and the equivalence class containing the frame
(−e1, e2, . . . , en). Indeed a more concrete way of defining an orientation would
have been to declare set of frames in Rn to be partitioned according to the sign
of det(C) where C is the matrix whose i-th row is i-th vector of the frame (this is
essentially what we did for R2. It’s worth convincing yourself that this notion of
orientation coincides with the one you are familiar with for R3.

Lemma 3.1. Let Λn(Rn) be the space of alternating multilinear functions on n vectors in
Rn, a one dimensional vector space. Then an orientation of Rn corresponds to a direction
in Λn(Rn).

Proof. If ω = dx1 ∧ . . . ∧ dxn denotes the alternating function corresponding to
taking the determinant of the matrix whose rows are the n vectors in order (see
the appendix), then Λn(Rn) is spanned by the function ω. The above “concrete”
description of the equivalence classes shows that one class corresponds to the pos-
itive multiples of ω and the other to the negative multiples of ω. �

We now want to define an orientation for a k-surface in Rn.

Definition 3.2. An orientation O of a smooth surface S is a choice of orientation
O(TxS) for the tangent space TxS of each point x ∈ S which varies continuously
with x ∈ S.

Of course in order for this defintion to make sense we need to say what we
mean by “varying continously” here. A family of frames F over U ⊂ S is just
a k-tuple F = (t1, t2, . . . , tk) of sections over U such that if ti(s) = (s, vi(s)) (so
vi(s) ∈ TsS) then for each s ∈ U the vectors (v1(s), v2(s), . . . , vk(s)) are a frame
in TsS. It is then natural to say a family of frames is continuous if the sections ti
are continuous. We then define a family of orientations to be continuous at a point
s ∈ S if there is a neighborhood U of s, and a continuous family of frames F on U
such that the orientation at s is the equivalence class of the frame F (s).

We now want to know when it is that a surface can be given an orientation.

Definition 3.3. An smooth k-surface S ⊂ Rn is said to be orientable if it has a
smooth atlas

{ϕi : Ik → Ui}i∈I



SURFACES IN Rn. 9

(i.e. the ϕi are charts such that S = ∪i∈IUi) such that for each i, j ∈ I the charts ϕi
and ϕj are compatible in the sense that either Ui ∩ Uj = ∅ or

θij = ϕ−1
i ◦ ϕj : ϕ−1

j (Ui ∩ Uj) → ϕ−1
i (Ui ∩ Uj)

has det(Dθij(t)) > 0 for all t ∈ ϕ−1
j (Ui ∩ Uj).

Notice that θij ∈ C(m)(ϕ−1
j (Ui∩Uj), ϕ−1

i (Ui∩Uj)) by Lemma 1.7. The following
lemma justifies the terminology “orientable”.

Lemma 3.4. An orientable surface S ⊂ Rn has an orientation.

Proof. We first define an orientation for the open sets Ui (i ∈ I). For this we take
the standard frame (e1, e2, . . . ek) in Rk and take the associated family of frames
over Ui, that is F : Ui → (TS)k given by

F (ϕ(t)) =
(
(ϕ(t), Dϕi(t)(e1)), (x,Dϕi(t)(e2)), . . . , (x,Dϕi(t)(ek)

)
,

It is clear that this is a continuous family of frames, and hence we get, by taking
orientation classes, a continuous family of orientations on each Ui. In order to
obtain a family of orientation on all of S we must only check that if x ∈ Ui ∩ Uj
then the orientations of TxS given by the frames

(Dϕi(t)(e1), Dϕi(t)(e2), . . . Dϕi(t)(ek)),

and
(Dϕj(t)(e1), Dϕj(t)(e2), . . . Dϕj(t)(ek)),

are the same. But by the chain rule, the transition matrix between these two frames
is exactly given by θ(t), which by assumption has det(Dθ(t)) > 0. �

Remark 3.5. We say that the atlas in the previous lemma is compatible with the
orientation. Indeed it is clear from the definitions that given any chart ϕ : Ik →
S either it is compatible with the orientation, or the chart ϕ̃ : Ik → S where
ϕ̃(t1, t2, . . . , tk) = ϕ(−t1, t2, . . . , tk) is compatible. Using this observation it is easy
to see that any orientation has a compatible atlas. (See also the proof of Proposition
7.5).

Example 3.6. The charts P1, P2 for the two sphere S2 described in Example 1.9
given a compatible atlas for S2, and hence it is an orientable surface.

The following lemma is not used in subsequent sections, but it clarifies the no-
tion of an orienting atlas:

Lemma 3.7. (∗) Let A = {ϕi : Ik → Ui}i∈I be an atlas of compatible charts. Then if
ψ : Ik → S is a chart, either ψ is compatible with all the ϕi or it is compatible with none.

Proof. It is sufficient to show that if ψ : Ik → V ⊂ S is compatible with some ϕi0
with V ∩ Ui0 6= ∅, it is compatible with all other ϕj . For i, j ∈ I , let θij = ϕ−1

i ◦ ϕj ,
(thus by assumption det(Dθij) > 0), and let ηj = ψ−1 ◦ ϕj . We want to show that
det(Dηj) > 0 for all j, given that det(Dηi0) > 0.

Fix x ∈ V ∩Ui0 , and suppose that y ∈ V ∩Uj for some j ∈ I . Take a smooth path
c : [0, 1] → V with c(0) = x and c(1) = y. By compactness we can find a finite set of
Ui, say Ui = Ui0 , Ui1 , . . . Uip = Uj which covers c([0, 1]). Moreover we can arrange
that Uir ∩ Uir+1 is nonempty. We show by induction on r that Uir is compatible
with ψ. For r = 0 this is true by assumption. For r > 0 pick z ∈ Uir−1 ∩ Uir .
Then since ψ since ηir = ηir−1 ◦ θir−1ir , by induction and the chain rule we see
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that det(Dηir (z)) > 0. But since det(Dηir ) is always nonzero, it follows that it is
positive on c([0, 1])∩V ∩Uir . Then since Uip = Uj we see that ψ is compatible with
ϕj as required.

�

Remark 3.8. An alternative definition of an orientation can be given by taking an
orientation to simply be an atlas A = {ϕi : Ik → Ui} of compatible charts as in
Definition 3.3. In this case it is normal to take the atlas to be maximal, that is, if
ψ : Ik → V ⊂ S is a chart, and ψ is compatible with each ϕi then in fact ψ ∈ A.
The previous lemma shows that it is sufficient to check ψ is compatible with a
single chart in the atlas. It also has the following corollary:

Corollary 3.9. (∗) A connected surface S which is orientable has exactly two orientations.
Moreover if S has a sequence of charts ϕi : Ik → Ui for i = 1, 2, . . . , n such that for each
i we have Ui ∩Ui+1 6= ∅ and ϕi and ϕi+1 are compatible but U1 ∩Un 6= ∅ and ϕ1, ϕn are
incompatible then S is not orientable.

Proof. The previous lemma shows that a given orienting atlas A splits the set of
charts for a connected surface up into two nonempty equivalence classes – those
charts which are compatible with A, and those which are not. From this is it easy
to deduce there is at most two possible orientations.

For the second part suppose that an orienting A exists. Considering which
equivalence class of A the charts in the sequence lie in, we immediately obtain a
contradiction. �

Remark 3.10. The sequence of charts in the second part of the Corollary is known
as an “incompatible chain”. It is easy to use the explicit description of the Möbius
strip given at the start of the section to produce a three term incompatible chain
for it, thereby showing it is not orientable.

Finally, we prove a result which relates orientation to the idea of the “sides” of
a surface, at least for surfaces of dimension (n − 1) (or hypersurfaces) in Rn. To do
this we need the notion of a normal vector field for a k-surface S in Rn. This is a
continuous function n : S → Rn such that at each x ∈ S we have (n(x), v) = 0 for
each v ∈ TxS.

Lemma 3.11. Let S be a smooth (n − 1) surface in Rn. Then an orientation of S corre-
sponds to a continuous normal vector field n such that ||n(x)|| = 1 for all x ∈ S.

Proof. Fix an orientation for Rn, say the standard one given by the frame. Let O be
an orientation of S and suppose that ϕ : In−1 → U ⊂ S is a chart of S such that the
standard frame F given by ϕ over U induces O. Since S is a hypersurface, there is
a unique normal vector n(x) of length 1 such that

(n(x), Dϕ(ϕ−1(x))(e1), Dϕ(ϕ−1(x))(e2), . . . , Dϕ(ϕ−1(x))(en−1))

is in the chosen orientation of Rn. Hence given a choice of orientation we get a
unit normal vector field (check that it is continuous).

Conversely, suppose that we are given a unit normal vector field n : S →
Rn. Then we get an induced orientation on each tangent space taking the frames
(v1, v2, . . . vn−1) such that (n(x), v1, v2, . . . , vn−1) is in the standard orientation of
Rn. It is easy to check that this gives a continuous orientation if n is continuous.

�
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This gives us another way to show that the sphere S2 is orientable, since the
vector field n(x) = x gives a nowhere vanishing normal vector field (and indeed
this method also shows the n-sphere is orientable).

Since a choice of a unit normal vector field is just a formal way choosing a
side of the hypersurface, this explains the relation between orientations and sides
mentioned heuristically at the start of this section. The fact that a nonorientable
hypersurface has no unit normal vector field is just a formal way of expressing the
fact that, even though a hypersurface always locally appears to have two sides,
you cannot always make this local fact globally consistent, (as the Möbius band
shows).

4. SURFACES WITH BOUNDARY

We now want to extend our notion of surfaces to one which allows a boundary –
for example we certainly want to be able to say that the closed unit disc in the plane
is a surface with a boundary consisting of the unit circle. Our original definition
of a surface insisted that each point had a neighborhood which looked like Rk, but
this makes each point “interior” to the surface. In order to allow boundaries, we
need another local picture to pemit boundary points. We do this in the simplest
way: Let Hk = {(x1, x2, . . . , xk) ∈ Ik : x1 ≤ 0} be the half-cube of points in Ik

with nonpositive first coordinate. Clearly Ik−1 thought of as the points in Ik with
x1 = 0 is the boundary of Hk (in the sense of point set topology).

Definition 4.1. A subset S of Rn is a surface with boundary if for each point x ∈ S
there is a neighborhood U of x in S and either a homeomorphism ϕ : Ik → U or a
homeomorphism ψ : Hk → U .

We obtain the notion of a C(m)-smooth k-surface by insisting that the charts are
C(m) and their derivatives have maximal rank (the notion of differentiablility for
functions on Hk is that of Definition 1.6). For a surface with boundary we have a
natural notion of a boundary.

Definition 4.2. A point x ∈ S is said to be a boundary point if for some chart
ϕ : Hk → S we have ϕ−1(x) ∈ ∂Hk = Ik−1. The set of boundary points is denoted
∂S.

Notice that if the preimage of x lies in ∂Hk for some chart whose image con-
tains x then this will be true of any chart whose image contains x, since the inverse
function theorem implies that diffeomorphisms send boundary points to bound-
ary points. We say that a surface has no boundary if ∂S = ∅.

Lemma 4.3. The boundary ∂S is a smooth k − 1 surface (without boundary).

Proof. Let x ∈ ∂S, and suppose that ϕ : Ik → S is a chart such that ϕ−1(x) ∈ Ik−1.
Then ϕ|Ik−1 is a chart for ∂S near x. It is now also clear that ∂S is a surface without
boundary. �

Lemma 4.4. If S is an oriented surface, then so is ∂S.

Proof. Suppose that we have an atlas of compatible charts for S. Let ϕ : Hk → U
and ψ : Hk → V be two of these charts such that U ∩ V 6= ∅. Let θ : ψ−1(U ∩
V ) → ϕ−1(U ∩ V ) be the composite ϕ−1 ◦ ψ. Since θ takes Ik−1 to itself, it follows
that on Ik−1 we have ∂θ1

∂ti
= 0 for i > 1. Moroever since it maps Hk to itself,
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t1 ≤ 0 ⇐⇒ θ1(t) ≤ 0 and so ∂θ1
∂t1

> 0 for t ∈ Ik−1. Thus the derivative Dθ at
points on Ik−1 looks like 

∂θ1
∂t1

0 . . . 0
∂θ2
∂t1

. . . ∂θ2
∂tk−1

∂θ2
∂tk

...
. . .

...
...

∂θk

∂t1
. . . ∂θk

∂tk−1

∂θk

∂tk

 .

Hence it is clear that the restrictions ϕ|Ik−1 and ψ|Ik−1 are compatible. �

Remark 4.5. Later we will need to be precise about the actual orientations used.
Let {ϕi : Dk

i → Ui ⊂ S}i∈I be an atlas for, where Dk
i is either Ik or Hk. For

x ∈ ∂S, pick ϕi such that x ∈ Ui. Then we say that (v1, v2, . . . , vk−1) is a positively
oriented frame in Tx∂S if (e1, Dϕi(x)−1(v1), Dϕi(x)−1(v2), . . . , Dϕi(x)−1(vk−1)) is
in the orientation class of (e1, e2, . . . , ek).

Example 4.6. In the previous section the Möbius band M was mentioned as an
example of a nonorientable surface. There it is described as an open surface, but if
we instead take it’s closure

M̄ = {e(ϕ) + tf(ϕ) : ϕ ∈ [0, 2π], t ∈ [−1
2
,
1
2
]}

we get an example of a 2-surface with boundary. It’s instructive to check this and
to see that ∂M̄ is a circle.

5. DIFFERENTIAL FORMS ON Rn

In this section we use the exterior algebra Λ∗(Rn) (see the appendix for a de-
tailed discussion, or [E] chapter V sections 3 and 5). A differential k-form on an
open subset U of Rn assigns to each point x ∈ U an alternating k-multilinear func-
tion in smoothly varying way, that is, a differential k-form is a smooth function
ω : U → Λk(Rn). In the notation of the appendix, ω may be written in the form

ω(x) =
∑
I

fI(x)dxI ,

where I runs over all subsets of {1, 2, . . . , n} of size k, and the requirement that ω
be smooth is simply that each fI : Rn → R is a smooth function. We write Ωk(U)
for the set (in fact vector space) of differential k-forms on U . Since Λ∗(Rn) is an
algebra under the ∧ product, the space of all differential forms Ω∗(U) =

⊕
k Ωk(U)

is also: given α and β we set

(α ∧ β)(x) = α(x) ∧ β(x).

Ω0(U) is just the vector space of smooth functions on U . Since the derivative
of a smooth function f : U → R is a smooth map which assigns to each point
x ∈ U a linear map Rn → R, (and any such linear map is alternating), we see that
the derivative can be thought of as a map d : Ω0(U) → Ω1(U). Explicitly, given
f ∈ Ω0(U)

df =
∂f

∂x1
dx1 +

∂f

∂x2
dx2 + . . .+

∂f

∂xn
dxn ∈ Ω1(U).

We want to extend d to a map which sends k-forms to (k + 1)-forms.
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Definition 5.1. Let dk : Ωk(U) → Ωk+1(U) be the linear map defined by

dk(fIdxI) = dfI ∧ dxI .

for each k-subset I ⊂ {1, 2, . . . , n}.

(When there is no possibility for confusion, we usually drop the superscript k.
We denote the derivative by d when dealing with real-valued functions, where
it coincides with d0, while we will write D for the derivative of functions taking
values in Rn.) The map d is known as the exterior derivative. Its basic properties of
the map d are as follows:

Lemma 5.2. If α ∈ Ωk(U) and β ∈ Ωl(U) then
(1)

d(α ∧ β) = dα ∧ β + (−1)kα ∧ dβ.
(2) d ◦ d(α) = 0.

Proof. For the first statement, it suffices to check the case where α = fIdxI and
β = gJdxJ . Then

d(α ∧ β) = d(fIgJdxI ∧ dxJ)

= (fIdgJ + gJdfI) ∧ dxi ∧ dxJ
= (d(fI)dxI) ∧ (gJdxJ) + fI(dgJ) ∧ dxI ∧ dxJ
= (d(fI)dxI) ∧ (gJdxJ + (−1)kfIdxI ∧ (dgJ) ∧ dxJ
= dα ∧ (β) + (−1)kα ∧ dβ.

For the second part, we again need only check on the forms fIdxI . But then

d ◦ d(fIdxI) = d(dfI ∧ dxI)
= (d2(fI) ∧ dxI)− (dfI) ∧ d(dxI)
= (d2(fI)) ∧ dxI ,

since d(dxI) = 0 by definition. Thus we are reduced to checking that d(dfI) = 0.
But now

d(dfI) = d(
n∑
i=1

∂f

∂xi
dxi)

=
n∑
i=1

(
n∑
j=1

∂

∂xj
(
∂f

∂xi
)dxj) ∧ dxi

=
∑

1≤i,j≤n

(
∂2f

∂xi∂xj
− ∂2f

∂xj∂xi
)dxi ∧ dxj .

But this last expression vanishes by the symmetry of mixed partial derivatives
(thus we needed the fI to be at least C(2)). �

Remark 5.3. The operator d : Ωk(U) → Ωk+1(U) is determined by the conditions:
(1) d is linear, that is d(α+ β) = dα+ dβ,
(2) d is an antiderivation: d(α ∧ β) = d(α) ∧ β + (−1)kα ∧ dβ for α ∈ Ωk(U).
(3) d ◦ d : Ωk(U) → Ωk+2(U) is zero.
(4) On Ω0(U), the space of smooth functions, d is the derivative.
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In order to extend the notion of differential forms to surfaces, we need to first
understand how they behave under smooth maps from Rk to Rn . Let ψ : Rk → Rn
be a smooth map. Recall that Ω0(U) is simply the set of smooth functions on U .
Now given f ∈ Ω0(U) the map ψ allows us to define an element of Ω0(ψ−1(U)) by
setting ψ∗(f)(x) = f(ψ(x)). We want to generalize this to obtain a map

ψ∗ : Ωp(U) → Ωp(ψ−1(U)).

First observe that any linear map from Rn to itself induces a pullback on multilin-
ear functions on Rn. That is, if A : Rn → Rn is linear, there is a map A∗ on the
space of multilinear functions given by setting, for M : (Rn)k → R multilinear,

A∗(M)(v1, v2, . . . , vk) = M(A(v1), A(v2), . . . , A(vk)),

for v1, v2, . . . , vk ∈ Rn. Since A∗(M) is clearly alternating if M is, A∗ also restricts
to give a pullback on Ωk. But now we are requiring that ψ is smooth, and so at
each x ∈ ψ−1(U) we have a linear map Dψ(x) : Rk → Rn. Thus we obtain our
desired pullback of forms by combining the two pullbacks we have just described:

Definition 5.4. Given ψ : Rk → Rn and α ∈ Ωp(U) let ψ∗(α) be given at t ∈ ψ−1(U)
by setting, ψ∗(α)(t) = (Dψ(t))∗(α(ψ(t)), that is,

ψ∗(α)(t)(v1, v2, . . . , vp) = α(ψ(t))(Dψ(t)(v1), Dψ(t)(v2), . . . , Dψ(t)(vp)),

v1, v2, . . . vp ∈ Rk. Notice that we need ψ to be at least differentiable in order to be
able to pull back at all. Since ψ is infinitely differentiable, it is straightforward to
check (though elaborate to write out explicitly) that ψ∗(α) is a smooth form if α is
(see the example below).

We now show that ψ∗ is has all the compatibilities we could want.

Lemma 5.5. Let α, β ∈ Ω∗(U), and ψ : Rk → Rn be a smooth map. Then we have

(1) ψ∗(α ∧ β) = ψ∗(α) ∧ ψ∗(β)
(2) d(ψ∗(α)) = ψ∗(dα).

Proof. For the first part notice that the wedge product is defined pointwise, and so
we only need to show that if L : Rn → Rk is a linear map and M,N are alternating
multilinear functions, then

L∗(M ∧N) = L∗(M) ∧ L∗(N).

We show this in the appendix.
For the second part, we first prove it for functions, i.e. for f ∈ Ω0(U). In this

case for x ∈ ψ−1(U) and v ∈ Rk, we have

d(ψ∗(f))(x)(v) = d(f ◦ ψ)(x)(v) = df(ψ(x)) ◦ dψ(x)(v) = ψ∗(df)(x)(v).

by the chain rule. Now given a form α = fdxI where I = (i1 < i2 < . . . < ik), we
see that if ψ = (ψ1, ψ2, . . . , ψn) we have

dψ∗(fdxI) = d(ψ∗(f)ψ∗(dxi1) ∧ . . . ∧ ψ∗(dxik))

= d(ψ∗(f)dψi1 ∧ . . . ∧ dψik),



SURFACES IN Rn. 15

using the result for 0-forms, since ψ∗(xi) = ψi. But then using Lemma 5.2 and the
result for the 0-form f we see that

d(ψ∗(f)dψi1 ∧ . . . ∧ dψik) = d(ψ∗(f)) ∧ dψi1 ∧ . . . ∧ dψik
= ψ∗(df) ∧ dψi1 ∧ . . . ∧ dψik
= ψ∗(df ∧ dxi1 ∧ . . . ∧ dxik),

where in the last equality we once again used the result for 0-forms. �

Example 5.6. Consider the special case where ψ : Rn → Rn. Then if U is an open
subset of Rn and α ∈ Ωn(U), we want to compute what ψ∗(α) is. We may write
α = fdx1 ∧ dx2 ∧ . . . dxn where f is a smooth function on U . but then

ψ∗(α)(x) = f(ψ(x))dψ1 ∧ dψ2 ∧ . . . ∧ dψn
= f(ψ(x))det(Dψ(x))dx1 ∧ dx2 ∧ . . . ∧ dxn.

The close relation of this expression to the change of variables formula is what will
allow us to define the integral of a k-form on an orientable k-surface.

Example 5.7. Suppose that ψ : R2 → R3 so that

ψ(t1, t2) = (ψ1(t1, t2), ψ2(t1, t2), ψ3(t1, t2)),

and α be the 2-form dx1 ∧ dx3. Then using the above properties of the pullback ψ∗

we see that
ψ∗(dx1 ∧ dx3) = ψ∗(dx1) ∧ ψ∗(dx3)

= d(ψ∗(x1)) ∧ d(ψ∗(x3)
= dψ1 ∧ dψ3

= (
∂ψ1

∂t1
dt1 +

∂ψ1

∂t2
dt2) ∧ (

∂ψ3

∂t1
dt1 +

∂ψ3

∂t2
dt2)

= (
∂ψ1

∂t1

∂ψ3

∂t2
− ∂ψ3

∂t1

∂ψ1

∂t2
)dt1 ∧ dt2.

Example 5.8. We define a 2-form ω on R3 as follows: given x ∈ R3 let

ω(x)(v, w) = det

 x1 v1 w1

x2 v2 w2

x3 v3 w3


Expanding this by the first column we see that with respect to the forms {dxi∧dxj :
1 ≤ i, j ≤ 3} the form is

ω(x) = x1dx2 ∧ dx3 − x2dx1 ∧ dx3 + x3dx1 ∧ dx2,

then the same kind of calculation as the previous example shows that ψ∗(ω) is(
ψ1(

∂ψ2

∂t1

∂ψ3

∂t2
− ∂ψ3

∂t1

∂ψ2

∂t2
)− ψ2(

∂ψ1

∂t1

∂ψ3

∂t2
− ∂ψ3

∂t1

∂ψ1

∂t2
)

+ ψ3(
∂ψ1

∂t1

∂ψ2

∂t2
− ∂ψ2

∂t1

∂ψ1

∂t2
)
)
dt1 ∧ dt2.

Hence if, say, ψ(t1, t2) = (cos(t2) sin(t1), sin(t2) sin(t1), cos(t1)) then we find

ψ∗(α) = sin(t1)dt1 ∧ dt2.
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6. PARTITIONS OF UNITY

This section proves a fundamental result which allows us to move from local
considerations on a surface to global ones. The key fact is that smooth functions
are local objects. To make this idea precise we make the following definitions.

Definition 6.1. Given a topological space X and a continuous function ρ : X → R
we say the support of ρ to be

{x ∈ X : ρ(x) 6= 0}.
An open covering, or simply cover ofX is a collection of open sets {Ui}i∈I inX such
that X = ∪i∈IUi. We say that an cover {Vj}j∈J refines the cover {Ui}i∈I if for each
open set Vj there is some Ui such that Vj ⊂ Ui. We say the covering {Vj}j∈J is
locally finite if each x ∈ X has a neighborhood which intersects only finitely many
of the Vj .

We can now define the key concept of this section.

Definition 6.2. Let X be a topological space with a locally finite open cover U =
{Ui}i∈I . A partition of unity subordinate to U is a collection of continuous func-
tions {ρi : X → [0, 1]}i∈I such that supp(ρi) ⊂ Ui and∑

i∈I
ρi(x) = 1,

where this sum is finite for each x ∈ X since the cover is locally finite.

We are interested in the case where X is a smooth surface (from now on, we
mean C∞ when we say smooth), and when the covering is given by the images
of the charts of an atlas. A smooth partition of unity for X is then a partition of
unity where the functions ρi are C∞. The main result of this section is that such
partitions always exist. We begin with an easy lemma which produces a supply of
compactly supported smooth functions.

Lemma 6.3. Let x0 = (a1, a2, . . . , ak) ∈ Rk, and let Ikr (x0) be the open interval {x ∈
Rk : |ai − xi| < r,∀i ∈ {1, 2, . . . , k}}. Then there is a smooth function ρ : Rk → [0, 1]
such that ρ(x) > 0 on Ikr (x0) and ρ(x) = 0 outside of Ikr (x0).

Proof. Let ψ : R → R be given by

ψ(t) =
{

exp(−1/x), x > 0
0, x ≤ 0

It is easy to check that this is a smooth function on all of R. Thus χ(t) = ψ(1 +
t)ψ(1 − t) is a smooth function vanishing outside (−1, 1) and positive on (−1, 1).
Setting

ρ(x) =
k∏
i=1

χ(
ai − xi
r

),

it is then clear that ρ has the required properties. �

The function ρ in the lemma is known as a bump function. We now prove that
partitions of unity exist. Here we will state the most general result, but only
demonstrate it only for the case of a compact surface, relegating the proof of the
general case to an appendix.
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Theorem 6.4. Let S be a smooth C∞ k-surface in Rn, and let {Ui}i∈I be a cover of S.
Then there is a locally finite refinement Vjj∈J of the cover {Ui} such that V̄j ⊂ Ui(j) if
Vj ⊂ Ui(j), and a partition of unity {ρj}j∈J subordinate to {Vj}j∈J . Moreover one can
assume that J is countable.

Proof. We give a proof here only for the case where S is compact. The general case
is relegated to an appendix. Fix a smooth function ρ : Ik → R as in the previous
lemma, which vanishes outside Ik1/2 and is positive in Ik1/2. For each point x ∈ S,
pick a coordinate neighborhood ϕx : Ik → S with image Vx in some Ui, and let
ψx : Vx → R be ϕx ◦ ρ ◦ϕ−1

x so that we can extend ψx to a smooth function on all of
S by letting it equal zero outside Vx. If Wx = ψx(Ik1/2), the collection {Wx : x ∈ S}
is a covering of S, so that by compactness we may take a finite subcover of the
{Wx : x ∈ S}, say {Wx1 ,Wx2 , . . . ,Wxm

} (this cover is then clearly also locally
finite). Then set

ρj = ψxj
/(

m∑
k=1

ψxk
).

(since each x ∈ S lies in some Wxk
the denominator of the expression is never

zero). It is clear that the functions ρj are a partition of unity as required (the re-
finement in the statement of the theorem is the cover {Vx1 , Vx2 , . . . Vxm

}, and the
indexing set is J = {1, 2, . . . ,m} is finite and so countable.) �

The results of this section imply that smooth functions are completely local ob-
jects – if you know the values of a smooth function on some closed set in Rk, you
know absolutely nothing about that function outside of that set. We use the follow-
ing corollary to show this.

Corollary 6.5. Let U ⊂ Rk be an open set, and let A be a closed subset of U . Then there
is a smooth function ψ : Rk → R such that ψ(x) = 1 for x ∈ A, and ψ(x) = 0 outside of
U .

Proof. Consider the cover {U,Rk −A} and apply the previous theorem to obtain a
locally finite refinement {Vj}j∈N, and smooth functions {ηj}j∈N with supp(ηj) ⊂
Vj . Then set ψ to be the sum of the ηj with Vj ⊂ U . �

Of course this corollary used the full version of the theorem, which we prove
in an appendix. The function ψ is known as a cut-off function. If we are given a
smooth function f and a closed set A of Rk on which it is defined and any point
y /∈ A, we can find a cut-off function ψ such that ψf vanishes at x but is equal to f
on all of A. Thus the existence of smooth functions is a purely local question. This
will be essential for us in, for example, establishing Stokes’ theorem, or even more
basically in defining what it means to integrate a differential form.

7. DIFFERENTIAL FORMS ON SURFACES

We now extend our definition of differential forms to a smooth k-surface S. A p-
form on S assigns to each point x ∈ S an alternating multilinear function of degree
p on the space TxS. It is smooth, said differently, is a differential p-form, if the
multilinear functions vary smoothly with x ∈ S. Now the tangent space TxS is a k-
dimensional subspace of Rn. If you are comfortable with alternating functions on
abstract vector spaces, then all you need to make sense of an alternating function
on TxS is the fact that TxS is a vector space. If you do not want to think this way,
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it is also legitimate to assume that the alternating function is defined on all of Rn
and we are just restricting it to tuples of vectors in TxS (see Remark 10.23 in the
appendix for more details).

There are two ways of making the notion of “smoothly varying” precise, just
as in section 1 we had two ways of describing differentiability (or smoothness)
for functions on a surface. Indeed since 0-forms are just smooth functions, we
are simply generalizing that discussion. Our first definition has the advantage of
being explicit.

Definition 7.1. A p-form ω on a surface is smooth if for each x ∈ S there is a
neighborhood N of x in Rn and α ∈ Ωp(N) such that ω is the restriction of α to
N ∩ S.

Notice here that “restriction” is being used in two senses: The first being that
we restrict α from U to the points of S, and the second being that for each x ∈ S,
we restrict the alternating function α(x) to the linear subspace TxS ⊂ Rn. The
disadvantage of this definition, although it is entirely rigorous, is that it is hard
to test if a given p-form actually is a differential p-form. In practice, we compute
most things using charts, and so our second definition is in terms of charts for the
surface.

Definition 7.2. A differential p-form ω on S is an assignment for each x ∈ S of an
alternating p-form ω(x) on TxS such that if ψ : Ik → U ⊂ S is a chart then ψ∗(ω) is
a differential p-form on Ik.

It follows from our discussion of pullbacks in section 5 that if we have any atlas
{ψi : Ik → S}i∈I for which ψ∗i (ω) is a differential p-form for each ψi, then ω is a
differential form on S. Moreover it is clear that a p-form which is smooth in the
sense of our first definition is smooth in the sense of our second definition. In fact
the two definitions are equivalent.

Proposition 7.3. (∗) If ω is a p-form in the sense of Definition 7.2 then for each x ∈ S
there exists an open set N in Rn and α ∈ Ωp(N) such that ω|N∩S = α|N∩S .

Proof. As noted above, it is clear that a p-form which is smooth in the sense of
Definition 7.1 is smooth in the sense of Definition 7.2. This is proved in the same
manner as Lemma 1.7. Suppose that x ∈ S and ϕ : Ik → S is a coordinate chart
such that ϕ(0) = x. Informally, if (t1, t2, . . . tk) are the coordinates on Ik then
Proposition 1.4 says we can think of the ti as smooth function on some neighbor-
hood of x in Rn. But then since in terms of the tis we have ω =

∑
I fIdtI it is

clear we can view this expression as giving a smooth form on that neighborhood
as required. More formally, Proposition 1.4 shows that we can find a smooth dif-
feomorphism Φ: Inε → N ⊂ Rn such that Φ|Ik∩In

ε
= ϕ|Ik∩In

ε
for some ε > 0 (and

hence N is a neighborhood of x). Let π : Rn → Rk be the obvious projection map,
sending (t1, t2, . . . , tn) 7→ (t1, t2, . . . tk). We can then define α ∈ Ωp(U)

α = (Φ−1)∗ ◦ π∗ ◦ ψ∗(ω).

It is clear that α is a differential form on N such that α|S∩N = ω as required. �

Denote the space of differential p-forms on S by Ωp(S). It is clear that there is a
wedge product on Ω∗(S). Somewhat more subtly, there is an exterior derivative d
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Lemma 7.4. Given a differential form ω ∈ Ωp(S) there is a unique differential form
dω ∈ Ωk+1(S) such that for each chart ψ : Ik → S

ψ∗(dω) = dψ∗(ω).

Proof. Proof of the lemma in terms of the second definition: Because the differen-
tial Dψ(t) of a chart ψ : Ik → S gives an isomorphism between Rk and Tψ(t)(S),
it is clear that such a differential form is unique if it exist. Let {ϕi : Ik → Ui ⊂
S}i∈I be an atlas for S. Then on each Ui we can consider ϕ∗i (ω) ∈ Ωp(Ik). Let
β = d(ϕ∗i (ω)) ∈ Ωp+1(Ik). Then define

dω(x) = (Dϕi(ϕ−1
i (x))−1)∗(β(ϕ−1(x)).

Lemma 5.5 shows that this gives a well defined (k+ 1)-form on S as required. �

Because of the compatibility of d with pullbacks, it is easy to see that if ω is
given in a neighborhood as α|S then dω = (dα)|S in that neighborhood. We can
also extend the notion of pullback to the case of smooth maps ψ : S1 → S2 between
surfaces S1 and S2. Again there is an issue concerning what we mean by a smooth
map between surfaces – there is a definition in terms of charts, and another in
terms of restrictions, and again they coincide. The definition in terms of charts is
given in Remark 1.13. The important point is that a smooth map ψ induces, for
x ∈ S1 a linear map Dψ(x) : TxS1 → Tψ(x)S2, and hence given α ∈ Ωp(S2), in the
same fashion as we did for maps from Rk → Rn, we can define ψ∗(α) ∈ Ωp(S1) by
setting

ψ∗(α)(t) = (Dψ(t))∗(α(ψ(t))),

for t ∈ Rk, as we did in the case of a smooth map Rk → Rn. Then we check on
charts that this does indeed give a smooth form. It is then also routine (though
tedious) to check via charts that,

dψ∗(α) = ψ∗dα.

In most cases that we will deal with the map ψ will the the restriction to S of a map
from Rn, and so we can work directly with an extension of our form (again in most
cases the form we work with will be the restriction of a form on some open subset
of Rn also). However it is important in future generalizations of the material we
are discussing to realize that all these concepts can be expressed just in terms of
the chart maps.

We also want to mention the relation between orientations and k-forms on a
k-surface, as an example of using Definition 7.2.

Proposition 7.5. A k-surface S in orientable if and only if there exists nowhere vanishing
differential k-form on S.

Proof. This is just a globalization of Lemma 3.1. Suppose that S is orientable, and
let {ϕi : Ik → Ui ⊂ S}i∈I be an atlas of compatible charts. Then on eachUi we have
the form ωi defined by the condition that ϕ∗i (ωi) = dt1∧dt2∧. . .∧dtk ∈ Ωk(Ik). Let
{ρm}m∈N be a partition of unity subordinate to {Ui}i∈I and set ω =

∑
m∈N ρmωi(m)

where i(m) is such that supp(ρm) ⊂ Ui(m). It is easy to check using Example 5.6
that the compatibility of the charts ensures that ω never vanishes: indeed if x ∈ S
is such that ρn(x) 6= 0 for some n ∈ N then if j = i(n) we can pullback to the
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domain of the chart ϕj to see that, if ϕj(t) = x then

ϕ∗j (ω)(t) =
∑
m

ϕ∗j (ρm)(t) det(Dθj,i(m)(t))dt1 ∧ dt2 ∧ . . . ∧ dtk,

where θj,i(m) = ϕ−1
i ◦ ϕi(m). But the compatibility of the charts says exactly that

det(Dθj,i(m)(t)) > 0, and so it is clear that ω is nonzero at x = ϕj(t).
Conversely, suppose that ω is a nowhere vanishing differential k-form on S,

and let {ϕiIk → Ui ⊂ S}i∈I be an atlas. Then on each Ui we may write ϕ∗i (ω) =
f(t)dt1 ∧ dt2 ∧ . . . dtk, where f(t) 6= 0 for all t ∈ Ik. But then clearly either f(t) > 0
for all t or f(t) < 0 for all t. In the first case set ψi = ϕi while in the latter set
ψi(t1, t2, . . . , tk) = ϕi(−t1, t2, . . . , tk). It is then easy to see that {ψi}i∈I is an atlas
of compatible charts for S. �

We will call such a form an orientation form for S. We wish to make a specific
choice of orientation form, known as the volume form: Given an oriented surface S
in Rn then there is an unique k-form νS such that at each x ∈ S we have

νS(x)(v1, v2, . . . , vk) = 1,

for all orthonormal frames (v1, v2, . . . , vk) in the specified orientation on TxS or
equivalently, by the linear change of variables formula, νS assigns to any frame in
the orientation the volume of the parallelepiped described by that frame. It is then
easy to check that if ϕ : Ik → S is a chart,

ϕ∗(νS) =
√

det(Dϕ(t)tDϕ(t))dt1 ∧ dt2 ∧ . . . ∧ dtk.
You can check that the volume form on the 2-sphere S2 is the 2-form in Example
5.8. We define vol(S) =

∫
S
νS to be the volume of S

8. INTEGRATION OF FORMS

If U is an open subset of Rn and α is a differential n-form on U with compact
support, then there is a smooth function f : Rn → R such that α = fdx1∧ . . .∧dxn.
We define ∫

U

α =
∫
U

fdx,

i.e. the integral of f over U (apologies for the fact that here “dx” on the right
hand side of the equation isn’t a differential form, just the standard notation for
the Riemann integral). Now let ψ : V → U be a diffeomorphism between open
subsets of Rn then∫

V

ψ∗(α) =
∫
V

f(ψ(x)) det(Dψ(x))dx1 ∧ . . . ∧ dxn

=
∫
V

f(ψ(x)) det(Dψ(x))dµ = ±
∫
U

fdµ

= ±
∫
U

α,

using the change of variables formula in the second line. Thus we see that

(8.1)
∫
V

ψ∗(α) = ±
∫
U

α

with the sign ± according as ψ preserves or reserves the orientation of Rn. This
suggests that we should be able to define a consistent notion of the integral of
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a differential k-form over a k-surface when that surface is orientable. In order to
ensure that our integrals exist, we need to suppose that our differential forms have
compact support, that is, ω ∈ Ωk(S) has compact support if

{x ∈ S : ω(x) 6= 0}

has compact closure. We write Ωpc(S) for the space of p-forms with compact sup-
port. For such forms we can make the following definition.

Proposition/Definition 8.1. Let S be a smooth oriented k-dimensional surface.
There is a unique linear map

∫
S

: Ωkc (S) → R such that if ϕ : Dk → U ⊂ S is any
chart compatible with the orientation, and α is a k-form such that supp(α) ⊂ U
then ∫

S

α =
∫
Dk

ϕ∗(α).

Proof. Let {ϕi : Dk
i → Ui ⊂ S}i∈I be an atlas of charts compatible with the orien-

tation of S (here the notation Dk
i stands for Ik or Hk depending on what kind of

chart ϕi is), and let {ρm : S → R}m∈N a partition of unity subordinate to {Ui}i∈I
such that supp(ρm) ⊂ Ui(m). Given any α ∈ Ωk(S) we have α =

∑
j∈N ρmα. Each

of the ρmα are supported in the image of a chart of the atlas, and as α has compact
support there are only finitely many nonzero terms in the sum. Thus since the
integral is supposed to be linear, we are led to define∫

S

α =
∑
m∈N

∫
Dk

i

ϕ∗i(m)(ρmα).

It is then easy to see using equation 8.1 and the compatibility of the charts in the
atlas that

∫
S

has the required property. �

Remark 8.2. Notice that we have used a partition of unity to do exactly what it was
advertised to do – to let us go from a local situation to a global one. In this case we
knew how to integrate a differential form locally (in the image of a single chart),
and the partition of unity lets us use this to define the integral globally – i.e. on the
whole of S.

We are now ready to state the main theorem of this course: Stokes’ theorem.
This is a vast generalization of the fundamental theorem of calculus, using all of
the objects that we have constructed over the course. It is an example of a result
where the true difficultly lies in finding what class of objects it is really a statement
about, and this is the work we have been doing so far. Thus the actual proof at this
point will seem almost a triviality, but this should not be allowed to be mislead
one into thinking that the result is without content.

Theorem 8.3. (Stokes’ Theorem): Let S be an oriented k-surface in Rn with boundary
and let α ∈ Ωk−1

c (S) be a (k − 1)-form with compact support, then∫
S

dα =
∫
∂S

α.

Proof. We first reduce to the case where α is supported in the image of a single
chart. As in the definition of the integral, take an atlas of charts {ϕi}i∈I compat-
ible with the orientation, and take a partition of unity {ρs}s∈N subordinate to a



22 KEVIN MCGERTY

refinement of {Ui}.

α =
∑
s

ρsα.

Applying the exterior derivative we see that

dα =
∑
s

d(ρsα)

But each of the forms ρsα is supported in a compact subset of some Ui and so it
is indeed enough to prove the theorem for α supported in the image of a single
chart, say ϕ : Dk → U , where Dk is either Ik or Hk. By definition we have∫

S

dα =
∫
Dk

ϕ∗(dα) =
∫
Dk

dβ,

where β = ϕ∗(α) ∈ Ωk−1(Dk). Similarly we have∫
∂S

α =
∫
Dk∩ϕ−1(∂S)

β,

and thus it is enough to show that∫
Dk

dβ =
∫
Dk∩ϕ−1(∂S)

β.

On Dk we can write

β =
k∑
i=1

(−1)i−1fi(t)dt1 ∧ dt2 . . . ∧ d̂ti ∧ . . . ∧ dtk,

where each of the fi are smooth functions, and the notation

dt1 ∧ dt2 . . . ∧ d̂ti ∧ . . . ∧ dtk
denotes the exterior product of all the dtp except dti. Hence applying the exterior
derivative we see that∫

Dk

dβ =
∫
Dk

(
k∑
i=1

∂fi
∂ti

)dt1 ∧ . . . ∧ dtk.

There are two cases: whenDk is Ik and when it isHk. In the first case the functions
fi vanish outside of some compact subset of Ik by assumption and so we have∫

Ik

(
k∑
i=1

∂fi
∂ti

)dt1 ∧ . . . ∧ dtk =
k∑
i=1

∫
Ik

∂fi
∂ti

dt

=
k∑
i=1

∫
s∈Ik−1

(
∫ 1

−1

∂fi
∂ti

dti)ds

=
k∑
i=1

∫
s∈Ik−1

[fi(t)]ti=1
ti=−1ds

= 0,

where in the second line Fubini’s theorem allows us to integrate in any order we
like. Since in this case the support of α does not intersect ∂S we are done.



SURFACES IN Rn. 23

In the case where Dk
j = Hk the calculation is similar: the functions fi now have

to vanish outside of some compact subset of Hk. Moreover on ∂Hk = Ik−1 we
have dx1 = 0, thus

β|∂Hk = f1(t)dt2 ∧ . . . ∧ dtk−1 ∧ dtk.

Now we have∫
Hk

(
k∑
i=1

∂fi
∂ti

)dt1 ∧ . . . ∧ dtk =
k∑
i=1

∫
Hk

∂fi
∂ti

dt

=
∫
s∈Ik−1

(
∫ 0

−1

∂f1
∂t1

dtk)ds+
k∑
i=2

∫
s∈Hk−1

(
∫ 1

−1

∂fi
∂ti

dti)ds

=
∫
s∈Ik−1

[fk(t)]tk=0
tk=−1ds+ 0

=
∫
s∈Ik−1

fk(s1, s2, . . . , sk−1, 0)ds.

and so our choice of orientation for ∂S exactly guarantees that the last expression
is just ∫

Hk∩ϕ−1(U)

β.

�

9. APPLICATIONS OF STOKES’ THEOREM

We start with an immediate corollary of Stokes’ theorem: Recall that the unit
ball Bn is the set {x ∈ Rn : ||x|| ≥ 1}, and the unit sphere Sn−1 = {x ∈ Rn : ||x|| =
1}, which is the boundary of Bn.

Theorem 9.1. (Brower fixed point theorem): Let F : Bn → Bn be a smooth map from
Bn to itself. Then F has a fixed point.

Proof. Suppose for a contradiction that there was an F with F (x) 6= x for all x ∈
Bn. Then we can define a map G : Bn → ∂Bn by taking the line segment from x
to F (x) and extending it until we meet Sn−1. Since F is smooth, the function G is
also smooth. Now let ω be an (n − 1)-form on Sn−1 such that

∫
Sn−1 ω = 1. Now

the function G is the identity on Sn−1 by construction, hence∫
∂Bn

G∗(ω) =
∫
Sn−1

ω = 1.

However, applying Stokes’ theorem we see that∫
∂Bn

G∗(ω) =
∫
Bn

dG∗(ω) =
∫
Bn

G∗(dω) = 0,

since dω = 0 (there are no nonzero n-forms on an (n − 1)-surface). Thus we have
a contradiction. �

Remark 9.2. In fact, this theorem holds if we just assume that F is continuous.
Surprising as it may seem, what we have proved is close to this – one can bootstrap
up to an arbitrary continuous function once you know that smooth functions are
dense (in a suitable sense) in the set of continuous functions.
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Definition 9.3. Let S be a surface. We say that a differential form α ∈ Ωp(S) is
closed if dα = 0. We say that α is exact if α = dβ for some β ∈ Ωp−1(S). Since d2 = 0
any exact form is automatically closed.

If S is a k-surface, then Ωk+1(S) = 0 and so every k-form is closed. Stokes
theorem shows that if S is a compact surface without boundary then

Hk
S : Ωk(S) → R, α 7→

∫
S

α

vanishes on exact k-forms. We want to use this to attach to a smooth map between
compact surfaces a numerical invariant called the degree. Before we can do this,
we need to check that Hk

S is a nonzero map, that is we need to find a form whose
integral is nonzero.

Lemma 9.4. Let S be a compact oriented surface, and let α be an orientation form com-
patible with the orientation of S. The ∫

S

α > 0.

In particular the mapHk
S is surjective, moreover since the volume form νS is an orientation

form, we see that the volume of S is a positive number.

Proof. Let {ϕi : Ik → Ui ⊂ S}i∈I be an atlas compatible with the orientation, and
{ρm}m∈N a partition of unity subordinate to {Ui}i∈I as in Definition 8.1. Then we
have ∫

S

α =
∑
m∈N

∫
Ik

ϕ∗i(m)(ρmα).

But now each of the terms of the sum is positive because the {ρm} are nonnegative
and ϕ∗i (α) = gi(t)dt1 ∧ . . . ∧ dtk for some smooth function gi : Ik → R>0 for each
i ∈ I . �

Definition 9.5. Let f : S → T be a smooth map between compact surfaces of di-
mension k. Then given α ∈ Ωk(T ) the pullback f∗(α) ∈ Ωk(S) is exact if and only
if α is, because the exterior derivative commutes with pullback. Let νT ∈ Ωk(T )
be an orientation form on T normalized so that

∫
T
νT = 1. We define the degree of

f to be

deg(f) =

∫
S
f∗(νT )∫
T
νT

=
1

vol(T )
Hk
S(f∗(νT )).

Example 9.6. Let S2 = {(x1, x2, x2) : x2
1+x

2
2+x

2
3 = 1} be the 2-sphere, and a : S2 →

S2 the antipodal map, a(x1, x2, x3) = −(x1, x2, x3). We calculate the degree of a. It
is easy to see as in example 5.8 that if

α(x) = x1dx2 ∧ dx3 − x2dx1 ∧ dx3 + x3dx1 ∧ dx2.

then α restricts to a nowhere vanishing 2-form ω on S2 which is in fact the volume
form νS2 . Moreover since a extends to R3, and a∗(α) = (−1)3α = −α then

deg(a) =

∫
S2 a

∗(ω)∫
S2 ω

=

∫
S2(−ω)∫
S2 ω

= −1

We wish to show that the degree of a map f is constant when f varies smoothly
– so once again we are forced to make precise the notion of a smoothly varying
family.
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Definition 9.7. Let S and T be smooth compact k-surfaces, and f0, f1 a pair of
smooth maps from S to T . A smooth homotopy from S to T is a smooth function
F : S×R → T (where S×R is naturally a (k+1)-surface in Rn+1 if S is a k-surface
in Rn) such that F|S×{0} = f0 and F|S×{1} = f1. We write ft : S → T for the map
F|S×{t}.

We need a preparatory lemma:

Lemma 9.8. Let S be a smooth k-surface and let it : S → S × R denote the inclusions
it(x) = (x, t). Then there are maps Hp : Ωp(S × R) → Ωp−1(S) such that

dHp(ω) +Hp+1d(ω) = i∗1(ω)− i∗0(ω).

Proof. As for the definition of the integral of a k-form, we can reduce to the case
of where S is an open subset U of Rk. If we give U × R coordinates (x, t) =
(x1, x2, . . . , xk, t), then any ω ∈ Ωp(U × R) can be written as

ω =
∑
I

fI(x, t)dxI +
∑
J

gJ(x, t)dt ∧ dxJ ,

where I runs over subsets {i1 < i2 < . . . < ip} and J runs over subsets {j1 < j2 <
. . . < jp−1}, and fI and gJ are smooth functions on U × R. Define

Hp(ω) =
∑
J

(
∫ 1

0

gJ(x, t)dt)dxJ

Then we see that

dHp(ω) +Hp+1d(ω) =
∑
J,i

( ∫ 1

0

∂gJ
∂xi

(x, t)dt
)
dxi ∧ dxJ

+
∑
I

(
∫ 1

0

∂fI
∂t

dt)dxI −
∑
J,i

( ∫ 1

0

∂gJ
∂xi

(x, t)dt
)
dxi ∧ dxJ

=
∑
I

(
∫ 1

0

∂fI
∂t

dt)dxI

=
∑
I

fI(x, 1)dxI −
∑
I

fI(x, 0)dxI

= i∗1(ω)− i∗0(ω).

�

We are now ready to prove the invariance of degree under smooth homotopy.

Proposition 9.9. Let F : S × R → T be a smooth homotopy between compact surfaces.
Then

deg(f0) = deg(f1).

Proof. Let νT be the volume form for T . As before, for t ∈ R let it : S → S × I
be the inclusion given by it(x) = (x, t). Then f∗0 (νT ) = i∗0 ◦ F ∗(νT ) and f∗1 (νT ) =
i∗1 ◦ F ∗(νT ), hence if we set α = F ∗(νT ) we are reduced to showing that∫

S

i∗0(α) =
∫
S

i∗1(α).
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Since S is compact and without boundary, it therefore follows from Stokes’ theo-
rem that it is enough to show that i∗1(α)− i∗0(α) = dβ for some β ∈ Ωk−1(S). To do
this we simply apply Lemma 9.8: Set β = Hk(α). Then we know that

i∗1(α)− i∗0(α) = dHk(α) +Hk+1(dα) = dβ,

since dα = dF ∗(νT ) = F ∗(dνT ) = 0. �

Finally we use this invariance of the degree to show that the sphere S2 does not
have a nowhere vanishing vector field. In fact the same proof shows that S2n has
no such vector field.

Theorem 9.10. Let S2 the the unit sphere in R3. Then there is no nowhere vanishing
vector field v : S2 → TS2

Proof. Suppose for contradiction that there is such a v. By rescaling if necessary
we may assume that ||v(x)|| = 1 for all x ∈ S2. Consider the map Ft : S2×R → S2

given by
Ft(x) = cos(πt)x+ sin(πt)v(x).

It is easy to check that Ft(x) ∈ S2 for all t and that F0 is the identity, whereas
F1 = a the antipodal map, a(x) = −x. It is easy to check that deg(a) = −1 whereas
deg(Id) = 1. Thus we have a contradiction as required. �

Remark 9.11. The above proof easily generalizes to show that there is no nowhere
vanishing smooth vector field on an even-dimensional sphere. It is easy to see that,
on the other hand there are nowhere vanishing vector fields on odd-dimensional
spheres – see if you can find one, starting first with the unit circle.

Remark 9.12. The applications in this section are just a glimpse at the many con-
nections between analysis and topology on surfaces. The connection has been the
subject of a huge amount of mathematics in the latter part of the twentieth cen-
tury continuing through to today. [MT] is a natural continuation of what we have
been talking about, while [BT] and [M] are, if it is allowable to say such a thing,
canonical.
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10. APPENDIX: MULTILINEAR ALGEBRA

We begin by discussing the content (or n-volume) of an n-dimensional version
of a parallelogram: Given a set of n vectors, v1, v2, . . . , vn, the n-dimensional par-
allelepiped P (v1, v2, . . . , vn) is the set:

{t1v1 + t2v2 + . . . tnvn : ti ∈ [0, 1],∀i, 1 ≤ i ≤ n}.

We want to consider the function on n-tuples of vectors c : (Rn)n → R given by
c(v1, v2, . . . , vn) = ν(P (v1, v2, . . . , vn)), the n-volume of P (v1, v2, . . . , vn).

Example 10.1. We consider the smallest cases, when n = 1 or 2. For n = 1 there is
almost nothing to do: any vector v ∈ R is of the form λe1, and V (v) = |λ|. Now
let n = 2, and suppose we have two vectors v = (a, b) and w = (c, d). Then the
area of the parallelogram that they span is |ad − bc|. (You can see this by cutting
up the parallelogram they yield into two triangles say). Notice that in each of the
cases we have examined, the content function (length or area) was the absolute
value of a polynomial function, which gives a “signed volume”. It turns out that
this function is in fact easier to study. For the n = 2, let S be this signed area. Then
S(v, w) has the following properties:

• S(v, v) = 0 for all v ∈ R2;
• S(e1, e2) = 1 where e1 = (1, 0), e2 = (0, 1);
• S(v1 + v2, w) = S(v1, w) + S(v2, w), for all v1, v2, w ∈ R2;
• S(v, w1 + w2) = S(v, w1) + S(v, w2), for all v.w1, w2 ∈ R2.

Of course all of these can be checked directly from the formula, but they can
also be explained as follows: the first property simply asserts that the degenerate
parallelogram consisting of the line segment from 0 to v does not have any area.
The second is simply a normalization of area (a choice of units, if you like). Finally,
the last two properties follow from the fact that the area is the product of the length
of one of the vectors, w say, times the (signed) length of the component of the other
vector in the direction perpendicular to w. Since taking the signed length of this
component is a linear function, we see that S is linear in the vector v.

Similar reasoning suggests that a signed volume in R3 should have similar
properties. In fact it turns out that the generalization of these properties uniquely
determine a function on n-tuples of vectors in Rn. We formalize this with the fol-
lowing definition:

Definition 10.2. A function A : (Rn)k → R is an alternating k-multilinear map if

• (alternating): A(v1, v2, . . . , vn) = 0 whenever at least two of the vi are equal;
• (multilinear): A is linear in each factor: given v1, v2, . . . , vi−1, vi+1, . . . vn,

and w1, w2 we have

A(v1, v2, . . . vi−1, w1 + w2, vi+1, . . . , vn) =A(v1, v2, . . . , vi−1, w1, vi+1, . . . , vn)

+A(v1, v2, . . . , vi−1, w2, vi+1, . . . , vn).

Notice that the set Λk(Rn) of such functions for a fixed integer k is a vector
space. For convenience, we also define Λ0(Rn) = R. The functions on k-vectors
which only satisfy the second property are called k-multilinear functions. They also
form a vector space, denoted T k(Rn). These spaces are finite dimensional, as we
will soon see.
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Lemma 10.3. Let v1, v2, . . . vk ∈ Rn and suppose that vi =
∑n
j=1 a

i
jej (1 ≤ i ≤ k).

Then if A ∈ T k(Rn) we have

A(v1, v2, . . . , vk) =
∑

j1,j2,...,jk

(a1
j1a

2
j2 . . . a

k
jk

)A(ej1 , ej2 , . . . , ejk).

Proof. We show this by induction on k: for k = 0 there is nothing to prove. Sup-
pose now that the result is known for k− 1. Then the function (v1, v2, . . . , vk−1) 7→
A(v1, v2, . . . , vk−1, vk) is an element of Λk−1(Rn), and so we obtain

A(v1, v2, . . . , vk) =
∑

j1,j2,...,jk

(a1
j1a

2
j2 . . . a

k
jk

)A(ej1 , ej2 , . . . , ejk−1vk).

But now, since A is linear in vk we have

A(ej1 , ej2 , . . . , ejk−1 , vk) =
n∑

jk=1

akjkA(ej1 , ej2 , . . . , ejk−1 , ejk).

Substituting this into the above expression gives the required result. �

Using the alternating property, we see that each of the terms in the formula
given by the lemma vanishes for A ∈ Λk(Rn) unless all the ejk are distinct. But in
fact more is true:

Lemma 10.4. Let v1, v2, . . . , vk vectors in Rn, and A ∈ Λk(Rn) we have

A(v1, v2, . . . , vi−1, vi, vi+1 . . . , vj−1, vj , vj+1, . . . vk) =

−A(v1, v2, . . . , vi−1, vj , vi+1 . . . , vj−1, vi, vj+1, . . . vk),

for every 1 ≤ i < j ≤ k.

Proof. Given vectors v1, v2, . . . , vk consider a pair of indices i < j. Then

0 = A(v1, v2, . . . , vi−1, vi + vj , vi+1 . . . , vj−1, vi + vj , vj+1, . . . vk)

But then using the fact that A is linear in each of the ith and jth entries we find
that

0 =A(v1, v2, . . . , vi−1, vi, vi+1 . . . , vj−1, vi, vj+1, . . . vk)

+A(v1, v2, . . . , vi−1, vi, vi+1 . . . , vj−1, vj , vj+1, . . . vk)

+A(v1, v2, . . . , vi−1, vj , vi+1 . . . , vj−1, vi, vj+1, . . . vk)

+A(v1, v2, . . . , vi−1, vj , vi+1 . . . , vj−1, vj , vj+1, . . . vk)

Using the alternating property for the right-hand side, we see that the first and last
of terms are zero, and so the lemma follows. �

A multilinear map satisfying the conclusion of the lemma is said to be skew-
symmetric. It is easy to check that this property implies the alternating property
(because the only number c with c = −c is zero), so the space of alternating mul-
tilinear maps is the same as the space of skew-symmetric multilinear maps. Us-
ing Lemma 10.4, the formula in the preceeding lemma can be made more precise:
each of the terms A(ej1 , ej2 , . . . , ejk) is zero unless all the indices j1, j2, . . . , jk are
distinct, and then given a set of distinct indices {j1, j2, . . . , jk} if we swap any pair
of them, the value ofA simply changes sign. In particular, if k = n then the indices
{j1, j2, . . . , jn} must just be a reordering of the integers {1, 2, . . . , n}, and if k > n
then there are no nonzero alternating k-multilinear functions. For n = 2 we have
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shown that the signed area function is a skew-symmetric bilinear function (“bilin-
ear” = 2-multilinear), but we do not as yet know if there are any such functions
(apart from the zero function) for n > 2.

Definition 10.5. A permutation of {1, 2, . . . , n} is a bijection

σ : {1, 2, . . . , n} → {1, 2, . . . , n}.
We denote the set of all permutations of the set {1, 2, . . . , k} by Sk, the symmetric
group. Note that the composition of two permutations is clearly a permutation. A
permutation which interchanges two elements of the set {1, 2, . . . , k} and leaves
the remaining k − 2 unchanged is called a transposition.

Suppose that we have a subset {j1, j2, . . . , jr} of {1, 2, . . . , k}. We may define a
permutation σ by setting

σ(i) =

 js+1, if i = js, s < r;
j1 i = jr;
i 0

We say that σ is a cycle of length r, and write σ = (j1j2 . . . jr). Thus a transposition
is cycle of length 2. We say two cycles σ1 = (i1i2 . . . it) and σ2 = (j1j2, . . . jr) are
disjoint if the sets {i1, i2, . . . , it} and {j1, j2, . . . , js} are disjoint. Notice that if σ1

and σ2 are disjoint cycles, then they commute, i.e. σ1σ2 = σ2σ1. The next lemma
shows that there is a kind of unique factorization of a permutation as a product of
cycles.

Lemma 10.6. Let σ ∈ Sk be a permutation. Then there are disjoint cycles γ1, γ2, γl such
that

σ = γ1γ2 . . . γl

Proof. To find the cycles we introduce a relation on {1, 2, . . . , k} as follows: say
that i ∼ j if for some integer r ∈ Z we have σr(i) = j (where σ0 is the identity
permutation by definition, and if n > 0 we set σ−n = (σ−1)n). Now i = σ0(i),
so that ∼ is reflexive. Next, if σr(i) = j, then σ−r(j) = i so that ∼ is symmetric.
Finally, if i ∼ j and j ∼ p, then there are integers r, s such that σr(i) = j and
σs(j) = p. But then σr+s(i) = σs(σr(i)) = σs(j) = p, and so i ∼ p, that is, ∼ is
transitive. Thus ∼ is an equivalence relation.

It follows that {1, 2, . . . , k} is the disjoint union of the equivalence classes of ∼.
Now let O be an equivalence class. Then if j ∈ O, it follows σs(j) ∈ O for all
s ∈ Z. Since {1, 2, . . . , k} is finite, O is also finite, and so at some point we must
have σs(j) ∈ {j, σ(j), σ2(j), . . . , σs−1(j)}. Suppose that r is the first s for which
this is true. Then we have σr(j) = σp(j) for some p < r. But then σr−p(j) = j,
and so if r is minimal, we must have p = 0, and hence σr(j) = j. It follows that
O = {j, σ(j), . . . , σr(j)}. Let {Oi}1≤i≤l be the equivalence classes of ∼ and jt ∈ Ot
be an element of Ot, (1 ≤ t ≤ l), so that Ot = {jt, σ(jt), . . . , σrt−1(j)} where
rt = |Ot|. Then if γi is the cycle (jt, σ(jt), . . . , σrt−1(jt)) we see immediately that
σ = γ1γ2 . . . γl as required. �

Example 10.7. The lemma is easiest to understand in an example: Suppose that
σ ∈ S6 is the permutation which sends 1 7→ 4, 2 7→ 1, 3 7→ 5, 4 7→ 2, 5 7→ 6 and
6 7→ 3. Then if we start with 1 we find that 1 7→ 4 7→ 2 7→ 1, so that (142) is one
of the cycles for σ. Picking 3 as the smallest term not in the cycle we already have,
we find that 3 7→ 5 7→ 6 7→ 3, and so σ is the product (142)(356) = (356)(142).
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The number of cycles in the expression for σ ∈ Sk as a product of disjoint cycles
(more precisely, the number of equivalence classes for ∼ in the previous lemma) is
called the cycle length of σ, written c(σ). We define a map ε : Sk → {±1} by setting

ε(σ) = (−1)k−c(σ).

We call ε(σ) the sign of σ. The existence of non-zero skew-symmetric multilinear
functions follows from the fact that the function ε we have just defined is compat-
ible with composition of permutations, in that if σ1, σ2 ∈ Sk then

(10.1) ε(σ1 ◦ σ2) = ε(σ1)ε(σ2).

The following lemmas gives a proof of this basic fact.

Lemma 10.8. Let σ ∈ Sk be a permutation. Then there are transpostions τ1, τ2, . . . , τm
such that

σ = τ1τ2 . . . τm.

(where this product is taken to be the identity map from {1, 2, . . . , n} to itself if m = 0).

Proof. Since any permutation can written as a product of cycles, it is enough to
show that any cycle can be written as a product of transpositions. Let (j1, j2, . . . , js)
be a cycle. It is easy to check that

(j1, j2, . . . , js) = (j1js)(j1js−1) . . . (j1, j2)

�

Example 10.9. Let σ = (1234) ∈ S4, the we have

(1234) = (14)(13)(12)

The general case works in exactly the same way.

Notice that a representation of a permutation as a product of transpositions, in
contrast to the representation as a product of disjoint cycles, is far from unique
(as a trivial example, if τ is a transposition, then τ2 = 1, so given any product of
transpositions which equals σ, we can add on 2 copies of τ at the end to get a new
product of transpositions equaling σ).

Lemma 10.10. Let σ ∈ Sk and let τ be a transposition. Then ε(στ) = ε(σ)ε(τ).

Proof. It is enough to show that c(στ) = c(σ) ± 1. Let τ = (ij) be the presenta-
tion of τ as a product of cycles, and let σ = γ1γ2, . . . γl be the presentation of σ
as a product of cycles. . To see this, observe that there are two cases. Either the
elements (ij) are in the same cycle γr, or they are in two different cycles γr, γs. In
the first case one checks that γrτ splits into two disjoint cycles: suppose that γr =
(i, n1, n2, . . . , np, j,m1,m2, . . . ,mq), then γrτ = (i, n1, n2, . . . , np)(j,m1,m2, . . . ,mq).
In the second case we have γr = (i, n1, n2, . . . , np), γs = (j,m1,m2, . . . ,mq) say,
and so γrγsτ = (i, n1, n2, . . . , np, j,m1,m2, . . . ,mq), is a single cycle. The result
follows. �

Combining the two lemmas, we see that ε is compatible with composition of
permutations as claimed.

Lemma 10.11. Let A ∈ Λk(Rn), and let v1, v2, . . . , vk ∈ Rn. Then for any σ ∈ Sk we
have

A(vσ(1), vσ(2), . . . , vσ(k)) = ε(σ)A(v1, v2, . . . , vk).
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Proof. For σ a transposition, this follows from skew-symmetry. For an arbitrary
permutation σ, write is as a product of transpositions, and use induction. �

We now consider again the expression we obtained in Lemma 10.3 for A ∈
Λk(Rn), an alternating multilinear function: for vectors v1, v2, . . . , vk with vi =∑n
j=1 a

i
jej , (aij ∈ R) we have

A(v1, v2, . . . , vk) =
∑

j1,j2,...,jk

a1
j1a

2
j2 . . . a

k
jk
A(ej1 , ej2 , . . . , ejk).

Each of the terms A(ej1 , ej2 , . . . ejk) vanishes unless all the {j1, j2, . . . , jk} are dis-
tinct, and moreover, in this case we may find σ ∈ Sk such that the sequence
({jσ(1), jσ(2), . . . , jσ(k)) is increasing. It follows using Lemma 10.11 that if we group
together the nonzero terms in the above summation according to the k-element se-
quences J = (j1 < j2 < . . . < jk), for js ∈ {1, 2, . . . , n}, (1 ≤ s ≤ k) we have

A(v1, v2, . . . , vk) =
∑

J⊂{1,2,...,n}

A(ej1 , ej2 , . . . , ejk)
( ∑
σ∈Sk

ε(σ)a1
jσ(1)

a2
jσ(2)

. . . akjσ(k)

)
Now let, for each J as above, let DJ : (Rn)k → R be the function given by

DJ(v1, v2, . . . , vk) =
∑
σ∈Sk

ε(σ)a1
jσ(1)

a2
jσ(2)

. . . akjσ(k)
,

so the previous equation shows that for an arbitrary A ∈ Λk(Rn),

(10.2) A =
∑

J⊂{1,2,...,n}

A(ej1 , ej2 , . . . , ejk)DJ .

Lemma 10.12. For any J a k-element subset of {1, 2, . . . , n} (where k < n), the func-
tion DJ is a nonzero element of Λk(Rn). Moreover the functions DJ as J runs over the
sequences (j1 < j2 < . . . < jk), for js ∈ {1, 2, . . . , n}, (1 ≤ s ≤ k) form a basis of
Λk(Rn).

Proof. Let J = (j1 < j2 < . . . < jk). It is clear that DJ is multilinear, so we
need only check that it is alternating and nonzero. To see that it is alternating, let
τ = (ij), and vi =

∑n
j=1 a

i
jej ∈ Rn (1 ≤ i ≤ k), then we have

DJ(vτ(1), vτ(2), . . . , vτ(k)) =
∑
σ∈Sk

ε(σ)a1
jσ(τ(1))

. . . akjσ(τ(k))

=
∑
ρ∈Sk

ε(ρτ)a1
jρ(1)

. . . akjρ(k)

= ε(τ)
∑
ρ∈Sk

ε(ρ)a1
jρ(1)

. . . akjρ(k)

= −DJ(v1, v2, . . . , vk).

where in the second equality we set ρ = στ . To see that the functions DJ form
a basis of Λk(Rn), notice that if (v1, v2, . . . , vk) = (ei1 , ei2 , . . . , eik) where I =
(i1, i2, . . . , ik) is an increasing sequence of elements of {1, 2, . . . , k}. then we have

DJ(ei1 , . . . , eik) =
{

1 if J = I
0 if I 6= J
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This shows that theDJ are linearly independent, but Equation (10.2) already shows
that they span Λk(Rn), so we are done. �

Suppose now that k = n, then we have shown that Λn(Rn) is one dimensional
with basis vector D = D(1,2,...,n) (as (1, 2, . . . , n) is the only n-term increasing se-
quence in {1, 2, . . . , n}). This allows us to define the determinant of a linear map.

If α : Rn → Rn is linear, then the function α∗(D) given by

α∗(D)(v1, v2, . . . , vn) = D(α(v1), α(v2), . . . , α(vn))

is clearly an alternating multilinear map, i.e. α∗(D) ∈ Λn(Rn). But since this vector
space is one-dimensional, with basis {D}, we see that

α∗(D) = λD,

and using Equation (10.2) above we see that λ = D(α(e1), α(e2), . . . , α(en)). Thus
we define

det : End(Rn) → R
to be the map which sends α 7→ D(α(e1), α(e2), . . . , α(en)), the determinant of α.

Lemma 10.13. Let α ∈ End(Rn), and let A = (aij)1≤i,j≤n be the matrix of α, then

det(α) =
∑
σ∈Sn

ε(σ)a1σ(1)a2σ(2) . . . anσ(n).

Moreover if α, β ∈ End(Rn) then

det(α ◦ β) = det(α).det(β).

Proof. The first part is immediate from the columns of A are the vectors α(ei),
as i runs from 1 to n. The second part follows from the fact that (α ◦ β)∗(D) =
β∗(α∗(D)) so that

det(α ◦ β) = det(α).det(β).
�

Corollary 10.14. A linear map α : Rn → Rn is invertible if and only if det(α) 6= 0.

Proof. Suppose that α ◦ β = Id. Then since it is easy to see that det(Id) = 1, the
previous lemma shows that

det(α) det(β) = 1,

and hence det(α) 6= 0. For the converse, suppose that α is not invertible. Then
the vectors α(e1), α(e2), . . . , α(en) are linearly independent. Thus we may find an
i such that

α(ei) =
∑
j 6=i

λjα(ej).

But then
det(α) = D(α(e1), α(e2), . . . , α(en))

= D(α(e1), . . . ,
∑
j 6=i

λjα(ej), . . . , α(en))

=
∑
j 6=i

λjD(α(e1), . . . α(ej), . . . α(en))

= 0.
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using the fact that D is alternating and multilinear (in the j − th term in the last
sum, α(ej) occurs twice, and so D vanishes). �

Definition 10.15. If we have a collection of vector spaces Vk where k runs over the
nonnegative integers {0, 1, 2, . . .} (which we will denote N), then we define⊕

i≥0

Vi = {(vi)i∈N : vi ∈ Vi for all i ∈ N, vi = 0 for all but finitely many i ∈ N},

where we make the left-hand side into a vector space by adding and scaling com-
ponentwise.

Definition 10.16. An algebra is a vector space A together with a map A× A → A
where (v, w) 7→ v ∗ w such that

(λ1v1 + λ2v2) ∗ w = λ(v1 ∗ w) + λ2(v2 ∗ w)

(v1, v2, w ∈ A, λ1, λ2 ∈ R), and

v · (λ1w1 + λ2w2) ∗ w = λ(v ∗ w1) + λ2(v ∗ w2)

(v, w1, w2 ∈ A, λ1, λ2 ∈ R. We say A is associative if u ∗ (v ∗ w) = (u ∗ w) ∗ w. It has
a unit if there is an e ∈ A such that e ∗ v = v ∗ e = v for all v ∈ A. Every algebra
we will come across will be associative and have a unit. If A is a graded vector
space, say A =

⊕
i∈N Ai then we say that A is a graded algebra if the multiplication

is compatible with the grading in the sense that ∗ restricts to a map ∗ : Ai × Aj to
Ai+j .

Remark 10.17. The symbol “∗” used to denote the multiplication is often changed
to “·” or something else depending on the particular algebra we are talking about
(e.g. ∧ in the case of the soon-to-be-defined exterior algebra). In fact, as with
multiplication of real numbers, sometimes the symbol is suppressed altogether.

Example 10.18. Let P be the set of polynomials in two variables x, y. Then it is
easy to see that P is an algebra under the standard multiplication of polynomials.
Moreover if Pk is the linear span of the functions {xk, xk−1y, . . . , xyk−1, yk}we see
that P =

⊕
Pi and that P is a graded algebra. Notice that P is commutative, that

is, if p, q are polynomials, then p∗q = q ∗p. Most of the algebras we will be dealing
with will not be commutative. One of the simplest examples of a noncommutative
algebra is the algebra Mn(R) of n-by-n matrices, though it is not a graded algebra.

We want to make
⊕

k∈N T
k(Rn) and

⊕
k≥0 Λk(Rn) into algebras. It is easy to

make T ∗(Rn) into an algebra, in fact a graded algebra: Given M ∈ T k(Rn) and
N ∈ T l(Rn) we define M.N ∈ T k+l(Rn) by

M.N(v1, v2, . . . vk+l) = M(v1, v2, . . . , vk) ·N(vk+1, . . . , vk+l).

Extending this linearly we get a multiplication on all of T ∗(Rn). Notice that this
multiplication is not commutative. (We will sometimes suppress the “·” to make
some expressions more compact).

On the other hand, it is not immediately clear how to make Λ∗(Rn) into an
algebra. Although we have defined a product on T ∗(Rn), it is not the case that if
α ∈ Λk(Rn) and β ∈ Λl(Rn) then their product α ·β lies in Λk+l(Rn). To fix this we
need a way to take the “alternating part” of this product:

Lemma 10.11 shows that a multilinear function is alternating exactly when

(10.3) M(vσ(1), vσ(2), . . . , vσ(k)) = ε(σ)M(v1, v2, . . . , vk).
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for every σ ∈ Sk. If for an arbitrary N ∈ T k(Rn) we write σN for the multilinear
function given by

σN(v1, v2, . . . , vk) = N(vσ(1), vσ(2), . . . , vσ(k)),

then the condition that M is alternating can be more concisely written as σM =
ε(σ)M . Notice that the map M 7→σ M is linear for any σ ∈ Sk. We use this char-
acterization of alternating functions to produce a projection map from the space
T k(Rn) to the subspace Λk(Rn) as follows:

Lemma 10.19. Let A : T k(Rn) → T k(Rn) be the linear map given by

A(M)(v1, v2, . . . vk) =
1
k!

∑
σ∈Sk

ε(σ)M(vσ(1), vσ(2), . . . , vσ(k))

=
1
k!

( ∑
σ∈Sk

ε(σ)σM
)
(v1, v2, . . . , vk).

Then A(M) ∈ Λk(Rn) for all M ∈ T k(Rn), and moreover A(τM) = ε(τ)A(M) for any
τ ∈ Sk, and hence A(M) = M if M ∈ Λk(Rn), hence A2 = A and the image of A is
exactly Λk(Rn).

Proof. It is clear that A is a linear map. Suppose that τ ∈ Sk, and M ∈ T k(Rn).
Then we have

τ (A(M))(v1, v2, . . . , vk) =
1
k!

∑
σ∈Sk

ε(σ)τM(vσ(1), vσ(2), . . . , vσ(k))

=
1
k!

∑
σ∈Sk

ε(σ)M(vτ◦σ(1), vτ◦σ(2), . . . , vτ◦σ(k))

=
1
k!

∑
σ′

ε(τ−1 ◦ σ′)M(vσ′(1), vσ′(2), . . . , vσ′(k)),

where in the second line we have set σ′ = τ ◦ σ. But as σ runs over Sk so does σ′

and since ε(σ′ ◦ τ−1) = ε(σ′)ε(τ−1) = ε(σ′)ε(τ) we see immediately that this is just
ε(τ)A(M). Thus A(M) ∈ Λk(Rn) as claimed. The proof of the “moreover” part is
almost identical:

A(τM)(v1, v2, . . . , vk) =
1
k!

∑
σ∈Sk

ε(σ)M(vσ◦τ(1), vσ◦τ2), . . . , vσ◦τ(k))

=
1
k!

∑
σ′

ε(σ′ ◦ τ−1)M(vσ′(1), vσ′(2), . . . , vσ′(k))

= ε(τ−1)
1
k!

∑
σ′

ε(σ′)M(vσ′(1), vσ′(2), . . . , vσ′(k))

= ε(τ)A(M)

where here σ′ = σ ◦ τ , and we have again used the fact that ε(τ) = ε(τ−1). This
immediately implies the remaining statements in the lemma, since |Sk| = k!. �

Definition 10.20. If α ∈ Λk(Rn) and β ∈ Λk(Rn) then set (α ∧ β) to be

(k + l)!
k!l!

A(α · β).
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It is now of course clear that α ∧ β is alternating. Moreover, this product is
associative, that is, if α, β, γ ∈ Λ∗(Rn) then

(α ∧ β) ∧ γ = α ∧ (β ∧ γ),
indeed if α, β, and γ have degree k, l,m respectively, then

(α ∧ β) ∧ γ = α(β ∧ γ) =
(k + l +m)!

k!l!m!
A(α · β · γ),

and so we have made Λ∗(Rn) into an algebra, which we call the exterior algebra.
Although, like T ∗(Rn), the alternating algebra Λ∗(Rn) is not commutative, it is
anticommutative, that is, if α ∈ Λk(Rn) and β ∈ Λl(Rn) then

α ∧ β = (−1)klβ ∧ α.
Given a linear map between L : Rk → Rn, we obtain a map L∗ : T ∗(Rn) →

T ∗(Rk) known as the pullback map associated to L as follows: If α ∈ Λp(Rn) then
we set

L∗(α)(v1, v2, . . . , vp) = α(L(v1), L(v2), . . . , L(vp)),
where v1, v2, . . . , vp ∈ Rk. It is easy to see thatL∗ is a linear map T p(Rn) → T p(Rk),
and moreover it is compatible with the product on the two algebras T ∗(Rn) and
T ∗(Rk), in other words, given M,N ∈ T ∗(Rn)

L∗(M ·N) = L∗(M) · L∗(N).

Now it is clear from the definitions that the maps A and L∗ commute, and so L∗

restricts to give a linear map L∗ : Λp(Rn) → Λp(Rk), which moreover is compatible
with the ∧ product, i.e. if α, β ∈ Λ∗(Rk) then

L∗(α ∧ β) = L∗(α) ∧ L∗(β).

Example 10.21. Let α0 = dx1∧dx2∧ . . .∧dxn ∈ Λn(Rn), then if v1, v2, . . . , v
n ∈ Rn

α0(v1, v2, . . . , vn) = det(V )

where V is the n-by-n matrix whose columns are the vectors v1, v2, . . . , vn. Indeed
if we use the definition of ∧ we obtain the formula

det(V ) =
∑
σ∈Sn

ε(σ)v1
σ(1)v

2
σ(2) . . . v

n
σ(n).

Now if L : Rn → Rn is a linear map, then L∗(α0) is also an n-form. But Λn(Rn)
is one dimensional, and so there is a constant c(L) such that L∗(α0) = c(L)α0. By
applying L∗(α0) to the n-tuple (e1, e2, . . . , en) we see that c(L) = det(L), and so
since Λn(Rn) is one dimensional we see that

L∗(α) = det(L)α, α ∈ Λn(Rn).

Remark 10.22. We have given this whole discussion in the context of Rn, where
we could instead have talked about an abstract n-dimensional vector space V . In
order to deal with this slightly more general case the only thing that changes is
that one makes an arbitrary choice of a basis w1, w2, . . . , wn, and then in place of
the linear functions dxi we use the dual basis of Λ1(V ) consisting of the functions
{dwi}1≤i≤n where

dwi(
n∑
j=1

ajwj) = aj .
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Remark 10.23. Given a linear subspace V ⊂ Rn, multilinear functions on Rn clearly
restrict to give multilinear functions on V . In fact every multilinear function on
V arises this way: if we pick a basis {v1, v2, . . . , vk} of V we can extend to a
basis {v1, v2, . . . , vk, vk+1, . . . , vn} of Rn. Let W be the linear span of the vec-
tors {vk+1, vk+2, . . . , vn}. Since any vector w in Rn can be written uniquely as∑n
i=1 λivi, setting w1 =

∑k
i=1 λvi and w2 =

∑n
i=k+1 λivi we see that w can be writ-

ten uniquely as w1 +w2 with w1 ∈ V and w2 ∈W . It is easy to check that the map
π : Rn → V such that π(w) = w1 is then linear, and if w ∈ V then π(w) = w. The
map π is called a projection map. Now given any degree p multilinear function M
on V and any linear projection π : Rn → V , it follows that π∗(M) is a multilinear
function on Rn which extends M .

Remark 10.24. There are many linear projections from Rn to V , as the choices above
make clear, but if we are willing to use the inner product on Rn there is a natural
projection known as the orthogonal projection. This takes w ∈ Rn to w1 ∈ V such
that w −w1 is perpendicular to every element of W . Explicitly, if v1, v2, . . . vk is an
orthonormal basis for V (that is, (vi, vj) = 1 if i = j and is 0 otherwise) then

w1 = (w, v1)v1 + (w, v2)v2 + . . . (w, vk)vk,

where (·, ·) denote the inner product.

11. APPENDIX: PARTITIONS OF UNITY.

We show here the proof of existence of partitions of unity for a general surface.
We begin with a lemma on the topology of our surfaces. A basis for the topology
of a space X , is a collection of open sets {Uα}α∈I such that for any open set U ⊂ X
there is an α ∈ I with Uα ⊂ U .

Lemma 11.1. A subset of Rn has a countable basis for its topology. In particular any
surface has a countable collection {Ui}i∈N of open sets which form a basis for its topology.
Moreover in the case of a surface S these sets can be chosen such that their closures {Ūj}
in S are compact.

Proof. Observe that the collection B of open balls in Rn which are centered at point
with rational coordinates and which have rational radii form a countable set. They
form a basis of the set of open subsets of Rn in the sense that for any open set U
there is a ball B ∈ B such that B ⊂ U . Intersecting these with our surface S we get
a countable collection {Uj}j∈N of open subsets of S which are a basis for the open
sets in S.

For each point x ∈ S we may take a chart ϕ : Ik → S such that x lies in the
image of ϕ. Take an open ball in B in Ik such that B̄ ⊂ Ik and x ∈ ϕ(B). Then
the image Ux = ϕ(B) is an neighborhood of x in S with compact closure. By the
previous paragraph, S has a countable basis for its open sets {Uj}j∈N and so we
can find for each x an open set Uj ⊂ Ux, and hence Ūj ⊂ Ū has compact closure,
so we can assume that the {Uj}j∈N have compact closure. �

Recall the statement of the theorem:

Theorem 11.2. Let S be a smooth C∞ k-surface in Rn, and let {Vα}α∈A be a cover of
S. Then there is a locally finite refinement {Wk}k∈N of the cover {Vα}, and a partition of
unity {ρk}k∈N subordinate to {Wk}k∈N.
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Proof. Pick a basis {Uj}j∈N for the topology of S as in the previous lemma, such
that Ūj is compact for each j ∈ N. We use these sets to exhaust the surface S. Set
G1 = U1. Then notice that since

Ḡ1 ⊂ S =
⋃
j≥1

Uj ,

and Ḡ1 is compact, there is a k ≥ 0 such that Ḡ1 ⊂
⋃k
j=1 Uj = G2. Continuing in

this way we find open sets Gk such that Ḡj is compact, and Ḡj ⊂ Gj+1

By our construction, we have

Ḡj\Gj−1 ⊂ Gj+1\Ḡj−2

where the set on the left is compact, and the one on the right is compact. Take
the cover {Vα}. The sets Vα ∩ (Gj+1\Ḡj−2) cover Ḡj\Gj−1. Since this last set is
compact, we may find a finite subcover, and continuing with j + 1 etc. we obtain
a countable refinement {Wj}j∈N of the cover {Vα} which is locally finite because
the sets Gj+1\Ḡj−2 and Gj+4\Ḡj+1 are disjoint.

For each x ∈ S let j be the largest integer such that x ∈ S\Gj . Take a chart ϕx
whose image lies within some Wk ⊂ Gj+1\Ḡj−1, and pick a bump function which
is strictly positive in a neighborhoodQx of x. The neighborhoodsQx for each such
x give a covering of Ḡj+1\Gj , a compact set, hence we can find a finite subcover.
Doing this for all x ∈ S we obtain a countable collection of functions {ψi}i∈N
subordinate to the cover {Wk}k∈N such that ψi ≥ 0. Now since the supports of the
ψi are locally finite, the function

ψ =
∑
i

ψi,

is well defined on S. Then the functions ρi = ψi/ψ obviously satisfy our require-
ments. �
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