THE GENERAL LINEAR GROUP

KEVIN MCGERTY

Let IF, be a finite field with ¢ elements, and k a fixed algebraic closure. An
irreducible polynomials in F[t] will be assumed to be monic, and the set of such
polynomials (excluding the polynomial ¢) will be denoted ®,. This set can thus
alternatively be viewed as the set of F-orbits on k*, where F is the Frobenius map,
x — zd.

Let GL,, be the F,-variety given by the general linear group’ as a k-variety with
the standard Frobenius F, so that GL = GL,,(F,) is the group of F,-points. Then
GL, (IF,) is a finite group of order

n—1 n
IGL.(Fy)l = [[(@" =) ="V [[(@" = 1)
1=0 i=1

We let V,, be the canonical n-dimensional vector space as a k-variety, and let VnF be
its F,-rational points, thus V," is a F,-vector space with an action of GL,,(F,). We
let {ey, e, ...,e,} denote the standard basis vectors of V,,, so that e; € V,I".

A partition is a sequence X = (A1, Ag, ..., A\,) of weakly decreasing positive inte-
gers (i.e. A1 > Ay > ... > \,). We write |\| = Z:Zl A; and say that A is a partition
of |A|. Write ) for the empty partition (so that || = 0), and let P denote the set of
all partitions. For a partition A we let

riAN)=NHi:1<i<r X =3}

Setm; = 5, 7j()), then the partition A= (m1,ma,...) is called the dual parti-
tion, and has |A\| = |\’|. We will need some standard notation attached to partition,
which we now record. Set

n(\) =>_mi(m; —1)/2;

i>1
Z\ = Hri()\)!i”o‘).
i>1
Define polynomials ¢, and my € Z[t] by

T

my = [[@ =1 =TT =0

i=1 i>1

Ox = H Gr,(N)

i=1
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1Clearly, for GL,, one can define a scheme over Z, from which we can base change to any field k, to
obtain the k-variety GL,, (k)
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where
s

or = H(l - tz)'
i=1

A composition is an ordered sequence of positive integers A = (ny,n2,...,n,)
(and as for partitions we say that A is a composition of n; + ng + ...n,). Each
composition of n yields a partition of n by reordering the elements of the sequence.

Finally, we will write II4 for the functor of restriction of scalars from F . to I,
so that if X is a F ja-variety, I14(X) is a [F-variety and I14(.X)(FF,) can be identified
with X (F,a) uniquely up to the action of the Galois group Gal(FF,q,[Fy).

If z € GL,(F,) lies in the conjugacy class ¢, we write Zgr,, (c) for the conjugacy
class of subgroups containing Zc., (v, (), the centralizer of = in GL,,(F;). We now
describe the semisimple and unipotent conjugacy classes in GL,,(Fy).

A semisimple conjugacy class is determined completely by its characteristic
polynomial ¢ € F,[t]. We may write ¢ = [[._, f/'" where the f; are distinct
elements of ®,. Thus we may index semisimple conjugacy classes by functions
p: @4 — Nsuch that )4 p(f)deg(f) = n (the function being given by the inte-
gers n;). Let d; = deg(f;). Itis easy to see that Zgr,, (x) is isomorphic as a k-variety
to [ [, GLZZ and indeed as a F-variety to

H Hdi (GLTLL )

where GL,,, is viewed as a F 4, -variety via the Frobenius F%. A unipotent conju-
gacy class is determined by its Jordan form, which is determined by the partition
of n corresponding to the size of its blocks. It can be shown that the centralizer in
GL,,(F,) of a unipotent element x corresponding to the partition A has order ay(q)
where ay € k[t] is given by

ax(t) = A2, (1),

By the Jordan decomposition of elements of an algebraic group, we can combine
the observations above to get a parametrization of the conjugacy classes of G,

Lemma 0.1. There is a bijection between the conjugacy classes of GL,,(F,) and the func-
tions v: ©q — P such that 3~ o [v(f)|deg(f) = n.

Next we describe the rational tori in GL,,. As we have already seen, although
all tori are conjugate over k, this is no longer true over F,: in general the conjugacy
classes are indexed by F-twisted conjugacy classes in the Weyl group. If we use
the standard diagonal maximal torus 7" for GL,,, the action of the Frobenius map
on the Weyl group W = N(T')/T is trivial, so that the GL,,(IF,;) conjugacy classes
of rational tori are indexed by conjugacy classes in W, the symmetric group on n
letters. Since the conjugacy class of an element of the symmetric group is given
by its cycle type, these are again indexed by partitions of n. We now make this
correspondence explicit. Let A = (A1, A2,..., \;) be a partition, and split up the
standard basis of V,, according to the numbers );, so that we get a direct sum
decomposition of V,, = @._, V;i. Letting T; = I1,(GL;) we get an action of the
torus T}, on V;! by identifying V;’ with I, (V;). This gives an action of
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THE GENERAL LINEAR GROUP 3

on V,, and so determines a Fy-torus Ty in G,,. Any rational maximal torus is
conjugate to some T, and the conjugacy classes of the tori T are all mutually
distinct. The Weyl group W of T is Ngr, () (Tx)/T», a finite group. In fact, the
elements of W, can be represented by elements of G,,, so that Wy = N¢, (T»). W
is isomorphic to the centralizer of an element of cycle type A in S, the symmetric
group on n letters, and so it has order zj.

The first result that hints in the direction of a correspondence between charac-
ters of rational tori and the representation of G, is the following numerical calcu-
lation.

Lemma 0.2. 3, |\, [Wa\T)| is the number of conjugacy classes of G,.

Proof. By construction we have Ty = [[; k3, thus we may write ¢ € T) as a se-
quence (z1, T2, ..., z,) where z; € k- We define a map p;: & — P as follows: for
f € ®let p(f) be such that

ri(pe(f)) =Hi:1<i<razisarootof fand \;/deg(f) = j}|

(thus the partition is empty unless some z; is a root of f). Clearly we have

> loe(f)ldeg(f) = n.

feo

Since the map t — p; obviously descends to a map on the W), orbits W \T), and
it is easy to check that any function p: ® — P satisfying >~ ;.4 [o(f)|deg(f) = n
arises as p; for some ¢ in some T, we have a bijection between the disjoint union
of the | |, |y=, Wa\T and functions p: & — P satistying 3,4 [(f)|deg(f) = n.
Since the set of such functions also indexes the conjugacy classes in G,, we are
done. O

Recall that given a torus 7" defined over [, there is a unique IF,-split subtorus
T, of T. Define the k-rank of T to be the dimension of T,. A torus T is said to be
anisotropic if Ty = {e}. For any reductive algebraic group G over F,, a maximal
torus T is called minisotropic if IF,-rank of 7" is minimal. In that case T lies in the
center of GL,, (and so for a semisimple group, minisotropic implies anisotropic).
Thus for GL,,(k) a minisotropic torus T has T of dimension 1. It is easy then to
check that T, is the unique conjugacy class of minisotropic tori in GL,, (k).

The conjugacy classes of parabolic subgroups of GL,, are indexed by composi-
tions in the following way: let A = (n1,nq,...,n,) be a composition of n, and let
Vi be the span of the basis vectors {e1, €2, ..., €n,+no+. +n; | SO that

0=VcVicVv2...cvr=V.

If Py denotes the stabilizer of this flag, Py is a parabolic subgroup of GL,,(k), and
moreover each parabolic of GL,, (k) is conjugate to exactly one Py. Let A, be the
[F,-torus of Pa consisting of the diagonal matrices which act by scalar multiplica-
tion on the quotients V*/V*~! (1 < i < r). Let M, be the centralizer of A in Py, a
Levi subgroup isomorphic to [ [, GL,,,. Two parabolics in GL,, are associated if their
Levi subgroups are conjugate in GL,,, so we see immediately that two parabolics
Py and Py are associated if and only if A and A’ yield the same partition of n.
Since a partition of n is also a composition of n, we may consider the parabol-
ics Py. These give representatives of the association classes of parabolics in GL,,,
sometimes called the cuspidal parabolics.



4 KEVIN MCGERTY

1. REPRESENTATIONS OF GL,, AND HOPF ALGEBRAS

In this section we review the construction of a Hopf algebra from the represen-
tations of GL,,(FF,), first given by Zelevinsky, inspired by his work with Bernstein
on p-adic groups. A general reference for Hopf algebras is [MM].

Definition 1.1. Let R be a commutative ring. A Hopf algebra over R is a datum
(H,m,e, A, c,S) such that

(1) (H,m,e) is an associative algebra (H,m,e) where m: H g H — H is a
multiplication and e: R — H gives the unit.

(2) Themaps A: H — H®pr H and ¢: H — R satisfy the dual axioms to those
of multiplication and unit, and the map A: H — H ®p H is an algebra
homomorphism.

(3) The map S: H — H is an antipode, that is, a map S: H — H such that
the composition c o e agrees with either composition m o (S ® id) o A or
mo (id® S) o A.

Example 1.2. We have the following examples of a Hopf algebra.

(1) Let G be a finite group. Then C[G] the group algebra of G is a Hopf algebra,
with the comultiplication given by A(g) = g ® g, and S(g) = g~ L.

(2) For an algebraic group G, the ring of regular functions on G is a Hopf al-
gebra, where the comultiplication is the map on functions given by multi-
plication G x G — G. The counit is given by the trivial representation, and
the anitpode is given by pull-back via the inverse map ¢: G — G. (Thus
the category of affine algebraic groups over k is just the category of k-Hopf
algebras).

(3) The universal enveloping algebra of a Lie algebra U(g) is a Hopf algebra,
where the comultiplication is given by the unique extension of the Lie al-
gebramapz — z® 1+ 1®x from g — U(g) ® U(g), and S is similarly
determined by the condition that S(z) = —a for 2 € g. The counit is again
given by the trivial representation.

A graded Hopf algebra will here mean an N-graded Hopf algebra, such that all
the structure maps are compatible with the grading. We say that a Hopf algebra
H = @,y Hy is connected if the maps e: R — H and c: Hy — R are inverses
of each other (where we have identified ¢: H — R with its restriction to Hy by
viewing Hj as a quotient of H). All Hopf algebras we will consider from now
on are connected graded Hopf algebras. If H is such an algebra the kernel of the
counitis @, , Hy, and the axiom for the counit shows that A(z) = 1@z +r®@1+y
where y € I @ I. We set A, (z) = y. The antipode for a connected graded Hopf
algebra is uniquely determined by the other structure, thus it is not necessary to
specify the antipode for connected graded coalgebras (what the antipode actually
is however, is still interesting to determine). A bialgebra is an algebra which is also
compatibly a coalgebra (that is, a Hopf algebra without antipode).

Definition 1.3. Given connected graded bialgebras A and B over a commutative
ring R, let G(A, B) be the set of morphisms of R-modules from f: A — B, such
that fp is the identity map of R. The we may equip G(A, B) with a product: for
f.9 € G(A, B) we set f * g to be the composition:

A—2 aeal® pepop
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Lemma 1.4. The set G(A, B) is a group under the operation . Thus a graded connected
bialgebra A has a unique antipode: the inverse of the identity map in G(A, A).

Proof. That « is associative follows from the definitions, so it remains to check that
inverses exist. Let f € G(A, B). We define f~! inductively on the graded pieces of
n—1

A, where (f~1)g is just the identity on R. Suppose that f~! is define on @} _, As.
Then for x € A,, we have

Alz)=z®1+ 1@z + Ay(x)

and now since A (z) = ) . x; ® y; where 0 < deg(z;),deg(y;) < n, it follows that
/7! has already been defined for these terms in A(z). Thus we may set

fH @) =2 = f@) = 3 F@a)f ),

so that f~! exists and is unique. O

For us, the most important example of a connected graded Hopf algebra is the
following:

Example 1.5. The ring of symmetric functions: let {x; : ¢ > 1} be a set of indetermi-
nates. Then for each n > 1 we may consider the polynomial ring Z[z1, 2, . . . , Z,].
It is acted on by the symmetric group S,, by permutation of the variables. The
resulting ring of invariants A,, = Z[z1, 7, ...,2,]°" is also a polynomial ring on
the elementary symmetric functions. There is a natural map Z[z1, z2, . .., Tpt1] —
Zlx1, %2, . .., x,) given by taking the quotient by the ideal generated by xz,,11. This
is compatible with the action of S;, where we think of S,, as a subgroup of 5,4 in
the obvious way. Thus it passes to a map on the invariants. We set

A =1limA,,

The ring A is called the ring of symmetric functions. It is graded by degree, since
the quotients preserves degree It can be made into a Hopf algebra as follows: A@A
can be viewed as the algebra of functions f(x, y) in variables x and y symmetric in
each separately. Then we obtain a map A — A ® A by letting A(f)(z,y) = f(z,y),
where we identify the variables some way.

Thus if p, = >_;5; 27, then A(p,) = p, ® 1 +1® p,,, while A(en) = D1 ex ®
Cn—*k-

Our interest in Hopf algebras comes from the fact that we may build a Hopf
algebra from the character rings of GL,, (I, ). More precisely, we have the following
definition.

Definition 1.6. Let R,, = K (Rep(GL,(FF,)) be the Grothendieck group of the cate-
gory of representations of GL,, (F), a free Z-module with a basis naturally indexed
by the isoclasses of irreducible representations of GL,,(F,). Let R(¢q) = ,,~( Rn,
(where Ry = Z by definition, or rather, we consider GLy(F;) to be the trivial

group).

The abelian group R is naturally a Hopf algebra in the following way: given
x1 and x2 in R, and R,, respectively, we may form x; ® x2 a representation of
GL,, (F,) xGL,,(F,). Now this is a standard Levi of GL,,, 4+, (F,), and so we may
parabolically induce it to a representation of GL,,, 4, (F,) to obtain an element of
R, 1n,. Extending linearly we obtain a graded mulitplication m: R® R — R. In
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an analogous way, we obtain a graded comultiplication using parabolic restriction
from GL,, 4, (F;) — GL,, (Fq) x GL,,(F;). The antipode S is given by duality
on representations, the counit and unit by the obvious maps since Ry = Z. If
we extend scalars to the complex numbers, then the trace map, there is a natural
isomorphism C ®z R = @ C[GL,,(F,)]%"(F«) between R and the direct sum of the
rings of invariant functions on GL,,(F,) (where the groups act on themselves via
conjugation).

Theorem 1.7. The datum (R, m,e, A, ¢, S) is a Hopf algebra.

Proof. Most of the axioms are easy to check: the fact that (H,m, e) is an algebra is
just a restatement of the fact that parabolic induction is transitive, and similiarly
the coassociativity of A is the transitivity of parabolic restriction. The only difficult
axiom is the condition that A be an algebra homomorphism.

To see this we note that there is a natural pairing on R given on each R,, by

(X1, x2) = dim(Hom(x1, x2))-

This pairing is nondegenerate, and by adjointness of induction and restriction, our
multiplication and comultiplication are adjoints of each other under this pairing.
Using this pairing, the statement that A is an algebra homomorphism becomes
exactly the statement of the Mackey formula. O

Example 1.8. If, instead of GL,,(F,), we use the sequence of {5, },>1 of symmet-
ric groups, this time with the normal induction and restriction functors, then we
obtain a Hopf algebra S = @,,..; K(Rep(S,)). This algebra therefore has a basis
indexed by the isoclasses of irreducible representations. These can be naturally la-
beled by partitions, as we now describe. Let A be a partition of n, and let Sy be the
subgroup of S,, which preserves the sets {1,2,..., A1}, {1+ 1,..., A1 + A2}, ...
Then let uy = Indgz 1, the permutation representation of S,, on Sy-cosets, and

let vy = Indgz €, where ¢ is the sign representation of Sy. It can be shown that
Homyg, (v, tat) is one-dimensional, so that the image of vy in py: under any
nonzero such homomorphism is an irreducible. This representation is denoted
Xx. The set of irreducible representations of S, is thus {x, : A a partition of n}.

In fact, this Hopf algebra is none other than the Hopf algebra of symmetric func-
tions. To describe the isomorphism we need to introduce some symmetric func-

tions. First suppose that r is a fixed positive integer, and let A = (A1, A2, ..., A;).
Then we may consider the skew-symmetric functionay =, g £(0)z®N, where
x¢ = z7'...z% for any composition (¢1, ¢2, ..., ¢.). Nowletd = (r—1,r—2,...,1),
and define

Sx = Arts/as-

As the ratio of two skew-symmetric functions, is symmetric. It can be seen to
lie in Z[zy,z2,. .., z,] by using a Vandermonde determinant argument. Indeed
examining this argument more carefully, we see that multiplication by a; gives a
linear isomorphism from A,, to the space of skew-symmetric polynomials. Now
a, # 0if and only if u = w(A+9) for some ), and a,,(r+5) = £(0)ay, thus it follows
that the a5 are a basis for the space of skew-symmetric polynomials, and hence
the s) form a basis of A,.

Finally, note that if ¢(\) < r (that is, A has less than r nonzero parts) then
sx(z1,22,...,2,,0) = sx(z1,22,...,2,), so that for any A € P there is a well de-
fined element s, € A. These are the Schur functions. It can be shown that there is
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an isomorphism of Hopf algebras S — A which sends the irreducible representa-
tion x, to the Schur function s.

Definition 1.9. Let H be a (connected graded) Hopf algebra. An element p of I
is primitive if A(p) = p® 1+ 1 ® p, or equivalently A, (p) = 0. The subspace of
primitive elements is denoted P.

Proposition 1.10. Let H be a connected graded Hopf algebra over a field of characteristic
zero, and let I be the augmentation ideal I = @, . o Ry, and I* = m(I®I). If I = P&I?,
then H is isomorphic as an algebra to the symmetric algebra on the subspace P.

Proof. This is proved in [Z, Appendix 1]. One begins by showing that the multi-
plication and comultiplication are commutative. O

Zelevinksy in [Z] also introduces a certain class of Hopf algebras, which he calls
PSH-algebras (for Positive-Self-adjoint-Hopf-algebras — a shameless attempt to
get them called Zelevinksy algebras?) To define these, let R be an ordered ring.

A positive R-module to be a free R-algebra with a specified R-basis 2. Clearly if
A and B are positive R-module, then A ® B is a positive R-module, with basis the
tensor product of the bases of A and B. For a positive R-module A we let A* be
the subset of positive linear combinations of elements of 24. Finally, a morphism
of positive R-modules is a morphism of R-modules ¢: A — B which takes A"
into B.

Given a positive R-module, we obtain an R-valued nondegenerate bilinear sym-
metric form (-, -) by declaring the basis Q4 to be orthonormal and extending lin-
early.

Definition 1.11. A PSH-algebra is a positive Z-module which is graded Hopf
algebra H where all the structure morphisms are positive, and the multiplication
and comultiplication are adjoint with respect to the bilinear forms on H and HQ H.

It turns out that a PS H-algebra is automatically commutative and cocommuta-
tive, as the following easy lemma shows.

Lemma 1.12. If H is a PSH-algebra, then I = Py & I%,.

Proof. In fact, we see show that Py is the orthogonal complement of 2 in I. Indeed
wehaveforz € Tandy e I® 1,

(@,m(y)) = (A(x),y) = (Ar(z),y),z e LLye I® I

thus = € I is orthogonal to I? if and only if A (z) = 0, thatis, z € P. But the
pairing (-, -) is positive definite, and so this implies that Py @ I% = I as required.
(]

Of course, for us, the crucial examples of P.SH-algebras are the algebras R(q),
and A, viewed as a Hopf algebra built from the representations of the symmetric
group. In fact, Zelevinsky proves a structure theorems for PSH-algebras analo-
gous to Proposition 1.10. We say that a primitive element of a P.SH-algebra is irre-
ducible if it belongs to the basis Q. Given a collection { R, }wina of PSH-algebras,
when 4 is finite, the tensor product @ . 4 R« is clearly a PSH-algebra, while in
the infinite case, we may define the (restricted) tensor product to be the colimit,

® Rq = colim|g| <o ® Rg,

acA BEB



8 KEVIN MCGERTY

since the family of finite tensor products is clearly an inductive system.

Theorem 1.13. Let H be a PSH-algebra. Let Qp be the set of irreducible primitive
elements in H. Then for p € Qp, set

Qp) ={weQ:3In>0,(w,p") # 0} H(p) = @ Zw.
we(p)

There is an isomorphism Qq, , H(p) — H.

Proof. A crucial lemma in the proof of this result is to show that if 7 = p1p2...p,
and 7" = pip} ... p, where the p; and p} are in Q2p, then (7, 7') = 0 unless the p;
and p); are equal up to permutation. This is easy to check using the primitiveness
of the p;. O

This theorem shows that the study of PSH-algebras reduces to the study of
PS H-algebras where there is exactly one irreducible primitive element. Let R be
such an algebra and let p be the irreducible primitive element. The previous the-
orem shows that each basis element of R has nonzero inner product with some
power of p. This shows that the nonzero graded pieces are in degrees which
are a multiple of the deg(p), thus one can assume without loss of generality that
deg(p) = 1. It turns out R is essentially unique, as the following theorem (also due
to Zelevinksy) shows.

Theorem 1.14. Let R be the P.S H-algebra built from the representations of the symmetric
groups. Then R has exactly on irreducible primitive element p, and exactly one nontrivial
automorphism as a PS H-algebra. If R’ is any other P.S H-algebra with a single irreducible
primitive element of degree 1, then there are exactly two isomorphisms R = R'.

Proof. To prove the theorem, one studies an abstract P.S H-algebra H with a single
irreducible primitive element, and shows the following:

(1) p* = 23 + yo for unique elements z2, yo € .

(2) For each n > 0 there are unique z,,, y,, € Q,, such that z3(y,,) = y3(x,) =0
(where z* is the adjoint operator to multiplication by x).

(3) For 0 < k < n we have z}(z,) = n—k and ¥} (yn) = Yn—i. Moreover is
w € Qis distinct from {z, : 0 < k < n} then w*(x,) = 0, and similarly for
Yn.-

(4) For each n > 1 we have

Alwn) =D o @Tnk, AlYr) =D Uk @ Yok
k=0 k=0

(5) H has a unique nontrivial automorphism ¢ given by t(z,,) = y, and t(y,,) =
x, foralln > 1.

One can moreover show that there is a unique primitive element z,, € H,, such
that (z,, z,,) = 1, and the subgroup of primitive elements in H,, is Z - z,.

It is easy to check that R is an example of such a PSH-algebra: the primitive
irreducible is clearly the trivial representation of the trivial group. The antipode
is given by tensoring with the sign representation. The z,, and y,, are the trivial
and sign representations of S,,, and zy, is [Su|/|Zs, (C(n))|1(n) = nl(y), Where 1
denotes the characteristic function of the conjugacy class with cycle type A. O

We may apply these result to the PSH-algebra R(q) to find the following.
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Theorem 1.15. Let C,, be set of isomorphism classes of irreducible cuspidal representations
of the group GL,,(Fy), and let C = | |, Cy. Then we have

R(q) = @) R(p),
peC
where R(p) is the subspace spanned by irreducibles which are constituents of p™ for some
n. Moreover, if p € R(q)n, then R(q) is isomorphic, up to a shift of grading by the degree
of p, to R, the PS H-algebra of representations of the symmetric groups.

Notice that this theorem has given us a parametrization of the irreducible repre-
sentations in terms of the cuspidal ones (of course it gives much more that this be-
sides): every irreducible of GL,,(F,) parabolically restricts irreducibly to uniquely
determined Levi, and on each factor GL, say, of that Levi, we have r = md and
it yields an irreducible representation which has associated to it a cuspidal repre-
sentation of GL,4, and an irreducible representation x of some symmetric group,
that is, a partition .

Remark 1.16. It therefore follows from this result that the endomorphism algebras
of the representations I¢(p) for a cuspidal representation p of a Levi subgroup of
GL,, are isomorphic to the group algebra of the group W¢(p) — the twisting of the
group algebras which can happen for arbitrary finite reductive groups does not
occur in the case of GL,,(F,).

We want to do more than just parametrize the irreducible representations of
GL,,(F,) however, we also want to compute their characters. To do this we intro-
duce the algebra of class functions on the general linear groups.

Let C,, be the space of complex-valued functions on GL,, (F,) which are constant
on conjugacy classes, and let C(¢q) = €P,,~,Cn be the direct sum of these spaces.
Clearly if we set Rc(q) = C ®7 R(q), then Re(q) = C(q) via the map which assigns
to a representation its character, a class function on the group. Thus C(q) is a
Hopf algebra. Moreover, C(q) has a basis given by the characteristic functions of
the conjugacy classes. Given a function A\: &, — P, we denote the characteristic
function of the associated conjugacy class by x.

Given a conjugacy class in GL,,(IF,) indexed by ), let V) be the isomorphism
class of F,[t]-module given by sending ¢ to an element of the conjugacy class of .
For any three conjugacy classes \, zand v, we let g3, be the number of submodules
W C Vy such that W = V,, and V), /W =V, as F,[t]-modules. Let a) be the order
of the centralizer of an element of the conjugacy class of ).

Lemma 1.17. We have
1)
XuXe = D GpuXa-
A

)

Alxa) =) 05 auaugin Xv @ Xu-
wr

Proof. The first of these equations follows immediately from the formula for the
character of an parabolically induced representation. The second is a consequence
of the first, since comultiplication is the adjoint of multipliction, and we have

(Xp» Xv) = 5u,za;1 0
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Definition 1.18. Let H(g) be the subalgebra of C' consisting of those functions
which vanish outside the set of unipotent elements. We have a projection map
p: C — H(q) given by restricting f € C, to the set of unipotent elements of
GL,(F,). The algebra H(q) is called the Hall algebra. Let x, be the characteris-
tic function of the unipotent conjugacy class with Jordan blocks of size A\. Thus
{xx : A € P} is a basis of H(q).

Lemma 1.19. H(q) is a Hopf subalgebra of C, and the map p is a morphism of Hopf
algebras, so H(q) is also a quotient of C.

Proof. Both of these statements are consequences of the previous lemma. O

We now describe the structure of H(g) more explicitly. To do this, note that if p
is any one-dimensional representation of GL; (F,), then p is an irreducible cuspidal
representation, and so we have the P.SH-subalgebra of R(g) corresponding to it
R(p). Let ¢ be the trivial representation of GL;(FF,), and let R(:) be the PSH-
algebra attached to it. Then we know that R(¢) is isomorphic to R, the algebra of
representations of the symmetric groups (this isomorphism can be normalized by
requiring the trivial representations of the groups S,, and GL,,(F,) to correspond).

This lemma gives another decomposition of the PSH-algebra R(q). Indeed let
f € ®;,and A € P. Then define 7, (f) = x, where u(g) = Aif g = fand pu(g) =0
otherwise. B

Proposition 1.20. Let p,: Rc — H(q) be the map given by
Re =C®z R — Cz R(t) — H(q),

where the first map is given by the isomorphism above, and the second is given by p. Then
p, is an isomorphism of Hopf algebras.

Proof. To prove the theorem we show the following:

(1) Forn > 1wehave p,(z,) = > \cp, Xa-

() pyn) = a"" 2 x ).

3) pL(Zn) = Z)\EP"(I - q)(l - q2) s (1 - qT(A)_l)X)\'
Note that since C ®z R is just a polynomial algebra on its primitive elements, to
show that p, is injective, it is enough to show that p,(z,,) is nonzero for each n, so
that the injectivity of p, follows from (3). Moreover, since R¢ and H(g) have the
same graded dimensions, the injectivity of p, in fact implies that it is an isomor-
phism. Thus we are reduced to proving (1), (2) and (3).

Since p(zy,) is the trivial representation of GL,, (F), the equation (1) is immedi-
ate. Denote by Z,, §, and Z, the right hand sides of equations (1), (2) and (3)
respectively. We need to use the g-binomial theorem: For each n > 0 we set
[n] = (¢" —1)/(¢g — 1) and [n]! = [n][n — 1] ... [1]. Then the ¢-binomial coefficient is

| =t - 0<ke<n,

and where we set [}'] = 01if k lies outside this range. We claim that

n

DD yra k=05 Y (0 —k)yrzak = 2.

k=0 k=0
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and that the corresponding formulas hold for z,, §, and Z,, respectively. Indeed by
examining the structure constants of R¢ with respect to the basis 15, and similarly
in H(q) with the basis x,, we see that

UkTn k= Y <£(];\)> 1)

AEP,
and similarly that

. _ (A
YTn—k = Z qk(k 1)/2|: (k ):| XA-
AEPy,
Substituting these into the previous equations, we see that the identities can be

deduced from
n—1 n
Herqy quk 1)/2[} 2Rk
i=0 k=0

and it’s derivative with respect to x. O

Remark 1.21. The algebra H(g) contains a natural integral form Hz(q) given by
the Z-valued class functions on the unipotent classes. Since it is clear from the
above that the structure constants of Hz(g) with respect to the basis {x} rep, are
nonnegative integers, H(q) is a PSH-algebra with basis {x : A € P}. Since the
unipotent radical of a Borel subgroup intersects every unipotent conjugacy class,
it is clear that the only primitive irreducible is the characteristic function of the
identity element of GL, (F,). It follows that Hz(g) is isomorphic as a PSH-algebra
to R, and hence certainly it follows H(q) is isomorphic to R ®z C.

Notice that this is not the isomorphism we have described above: the inner
products on R ®z C and Hz(g) are not intertwined by the map p,.

We denote the characteristic functions of unipotent conjugacy classes by x
where ) is the partition of n given by the size of the Jordan blocks of an element
of the conjugacy class, and similarly denote the structure constants by g7, ,. (This
is consistent with our previous notation if we identify P with the functions which
take 1 € @, to A and every other element of ®, to the emptyset).

We now want to show that the Hopf algebra R(g) has another decomposition
as a tensor product of Hopf algebras. This we show by examining the structure

A
constants g, ay.

Lemma 1.22. Let A\, v, v are functions from &, — P with finite support. Then we have

€ )\ €,
ax= [ axp(a™=P); T = 11 gEE}C;,z(f) (g7,
fed, fed,

Moreover

Proof. We only show the first of these identities, the second being a similar, but
slightly more elaborate argument. Take z € (', the conjugacy class given by .
Then we wish to calculate | Zgy, (z)F'|. Butis x = su = us is the Jordan decomposi-
tion of z, then if g € Zg1, (¢), we must have g € Zgy,, (s). But we have already seen
that the I, points of this group are of the form [ ;) .9 GL|x(s)| (Fgaests) ), where
the product corresponds to the decomposition of Fy according to the F-orbits of
eigenvalues of s (thatis, the f € ®, for which A(f) # (). The unipotent u preserves
each of these summands of V, and the result follows from the definition of a(q).



12 KEVIN MCGERTY

d

Let f € ®,. Welet H( f) be the subspace of C spanned by the functions x where
A(f) € P,but A(f1) = 0 for all f; # f. Write Ay for the function ®, — P given by
Af(g) = Nif f = g and 0 otherwise.

Corollary 1.23. The subspaces H( f) are sub-Hopf algebras. Moreover they are mutually
orthogonal for the natural inner product on C(q), and the projection map is a homomor-
phism of Hopf algebras. Moreover C = @ ;. C(f) (a restricted tensor product).

Proof. The orthogonality is clear, while the remains claims follow from the previ-
ous lemma. O

Remark 1.24. The proof of the Lemma along with the proof of Proposition 1.20 also
shows that the algebras C(f) can be identified explicitly with R¢. If | = n/deg(f),
then the map, which we denote by cy, is given by:

To= D Xy Yo g BT 2y

HEPL

and

Znm > (=) =g .. (1= gV Dhxy,.
AEP;

2. THE CONSTRUCTION OF CUSPIDAL REPRESENTATIONS

We are finally ready to construct cuspidal characters for GL,,. The isomorphism
R(q)®zC = C(q) along with the respective tensor product decompositions of these
Hopf algebras, shows that the number of irreducible cuspidal representations of
GL, (F,;) must be the same as the number of irreducible monic polynomials of
degree n in [F[t]. Denote this set of polynomials by ®,(n). The space of primitive
elements P = &, P,, of C(q) has a basis given by {cf(z,) : n > 1, f € ®,}. Let B¢
be this basis. Similarly, we know that the primitive elements of R(q) are free on
the set

{rp(2zn) : pirreducible cuspidal,n > 1},

where r7p: R — R(p) is an isomorphism (determined up to the automorphism
given by the antipode®. We let By denote the basis of the space of primitive el-
ements of R ®z C = C(q) that this yields. Let L,(n) be the group of complex
characters 7: Fj. — C. Then via the norm map (or rather its transpose), we may
take the limit of the groups ©,(n), which we denote by L,. Let I" denote the Galois
group of k over . Clearly, I' acts compatibly on this system, and we let ©, denote
the set of Galois orbits on L, and ©,4(n) the Galois orbits on L,(n). For § € L, let
d(0) be the size of the I'-orbit of 8, so that ©,4(n) = {¢ € O, : d(¢)|n}. Note that we
may similiarly view ®,(n) as the set of Frobenius orbits on ;...

The main result about cuspidal representations is the following:

Theorem 2.1. There is a natural degree preserving bijection ¢ — p(¢p) between the sets
O, and the set of irreducible cuspidal representations R(q)°. If ¢ € ©, contains £ € L,
and d = d(¢), then we write p, () = pn(&) = 0 if d does not divide n, and otherwise set

P1a(d) = 7p(¢)(21). The set {pn(9) : ¢ € O4(n)} forms a basis of P,.

2One can normalize this using the notion of a nondegenerate representation, due to Gelfand and
Graev.
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Moreover, the bases B¢ and B, are related as follows:

Bu(@) = (=1)!"D 37 (& 2)ubulx),

zelfyn
where pr () = cf(2n/q), (f the minimal polynomial of x and d = deg(f)).

Thus we must produce the bijection p. To do this we use a beautiful idea of
Green and Brauer, which produces complex characters of a finite group from mod-
ular representations of the group.

Definition 2.2. Let G be a finite group. We say that a subgroup H is elementary if,
for some prime p, we have H = C'P where C is a cyclic group of order prime to p,
and P is a p-group. For any finite group G, the subring of the space of complex-
valued class functions on G generated by the irreducible complex characters of G
is called the character ring of G, denoted Ch(G).

Theorem 2.3. Let G be a finite group, and 1 a complex-valued class function on G. Then
¥ € Ch(G) if and only if Res$; (1)) € Ch(H) for every elementary subgroup H of G.

Thus the elementary subgroups of G detect the character ring of G. We use this
to define a lifting, on the level of characters from characters of GG in characteristic
p to characteristic zero.

Definition 2.4. Let k be, as usual a choice of algebraic closure of F,. Pick an iso-
morphism §: k* — pu,, between the multiplicative group of k and the group of
roots of unity of C of order prime to p. (Of course here we could restrict ourselves
to the algebraic closure of Q.) Let ¢: G — GL, (k) be a representation of G on a
k-vector space. Then for any symmetric polynomial f € Z[zy,z2,...,2,]%" we
define a C-valued function By(¢, ) on G by setting

By(9, )(9) = [(O(x1),0(22) ..., 0(xn))

where {z; : 1 <i < n} are the eigenvalues of ¢(g) counted with multiplicity.
Theorem 2.5. Let 0, f and ¢ be as above, then By (&, f) is in the character ring of G.

Proof. Notice that since the ring of symmetric polynomials is a polynomial algebra
in the elementary symmetric polynomials, by considering tensor products, it is
enough to prove the theorem for f = e, an elementary symmetric polynomial.
By replacing ¢ by its exterior powers, it is then enough to prove the theorem for
f = e1.

Suppose first that G has order g, prime to p. Since G is finite, we may assume
that in fact ¢: G — GL,,(F,) for some ¢ a power of p. But then ¢ is a unit in Z/gZ,
and so g divides ¢" — 1 where r = ¢(g) (Where ¢ is Euler’s totient function). Thus
it follows that the eigenvalues of x € G all lie in F}., and hence it is only the
restriction of 6 to Fy» which matters. Since the group of characters of ;. is cyclic,
if we prove the theorem for a generator ¢, of the character group, we will be done
(since if f is symmetric, then f(z%, 5%, ...,2%) is also).

Let o be the ring of integers of the cyclotomic field generated by the ¢" — 1-
th roots of unity in C. Then let p be a prime ideal of o which contains p, so that
o/p = Fyr. The group U of roots of unity in ¢ maps isomorphically via the residue
map to F}., thus we may choose 6 to be the inverse of this isomorphism. Our
assumption that p does not divide the order of G implies that the representation
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¢ can be lifted to a representation ¢y: G — GL,,(0), so that ¢(x) = ¢o(z) for each
z € G, where T denotes the image of m € GL, (o) in GL,,(0/p) = GL,,(Fy). Itis
then clear that the character of ¢g is By, (¢, e1), and so we are done in this case.
Now let G be an arbitrary finite group. By the previous theorem of Brauer, it is
enough to prove the theorem for an elementary group, say G = CP where C is a
cyclic group of order prime to [ and P is a [-group (where [ is prime). Then it is
clear that G is the direct product PK of a p-group P and a group K of order prime
top. If z € G, then we may write x = yz wherey € P and z € K. Then since
the matrices p(y) and p(z) can be simultaneously diagonalized, the eigenvalues
of z and z are identical, and so By(®, f)(x) = By(®, f)(z). But By(o, f)x is in
the character ring of K, by the above, since the order of K is coprime to p, hence
By(¢, f) is a character of G as required. O

We now apply this to our situation.

Definition 2.6. Let § € L be a multiplicative character of k. Then for each n > 1
we define a class function on GL,, (k) by setting

ba(6)(g) = Y 0(a)

where z; are the eigenvalues of g (counted with multiplicity). Thus in particular
b, (0)(1) = nuy, that is, n copies of the trivial representation.

Theorem 2.7. The functions b, (0) are (virtual) characters of GL,,(F,), that is, b, () is
an integral combination of irreducible complex characters of GL,,(F,).

Proof. This is a simple application of the previous theorem in the case where G =
GL,(F,), and ¢ is the vector representation of G, and f = e;. O

We record the essential properties of the characters b,,(0). Let &,(6) be the re-
striction of 6 to Fyn, and let d,, () be the size of the I'-orbit of £,,(#). For §,¢' € L,,
let

o (1 ifTe=T.¢;
on(0,0) = { 0 otherwise.
and set
cn(0,0) = d,(0)"'n.6,(0,0); en(0) = 6,(0,1).

Proposition 2.8. Let § € L, and let n > 1. Then we have
1)
ABn(0) = Y (06(0) ® tnk + tn—1 @ bi(6)).

1<k<n
(2) Let f € ®, and d = deg(f), so that x1,xa,...,x4 are the roots of f. Then if
rr: C(q) — C(f) denotes the orthogonal projection, we have

re(bua(0)) =1 > (§a(0), z:)1acs (xn)
1<i<d
(3) For6,0" € L we have
(bn(0),0n(0) = > ci(0,0)+ > c(@)e; (@),

1<i<n i+j<n



THE GENERAL LINEAR GROUP 15

Proof. The first two properties follow from the definitions. For the last prop-
erty, one uses an finite field analogue of the Weyl integration formula, due to
Kawanaka:

Let G be a reductive algebraic group defined over F,, and let T1,T5,...,Ts be
representatives of the rational conjugacy classes of rational maximal tori in G.
Then if u(g),v(g) are class functions on G¥ which depend only on the semisim-
ple part of g, we have

(u,0)e = [TIWil ™ (w,0),
i=1

where W; is the Weyl group of T}, that is W; = N(T;)¥/TF, O

The crucial theorem is then the following. For § € L and n > 1 define p,(0) € C,
by
pa@) = Y (=D)'eibui(h),
0<i<n—1
(here ¢; is the image of y; under the map R — R(¢) where ¢ is the trivial represen-
tation of GLy).

Remark 2.9. The motivation for the definition of p,(f) comes from the work of
Lusztig [L] on Brauer lifting at the level of representations. There he constructs
a complex of characteristic zero representations {X; : 1 < ¢ < n} such that the
Brauer lift of the vector representation of GL,, (F,) is

X, —Xo+...+(-D"'X,,

and moreover the X; are irreducible if ¢ > 2 or ¢ > 1, the representation X, is
cuspidal.

Theorem 2.10. The function p,(6) is a primitive element of R,,. Moreover we have

(Pn (9)7pn(9/) = cn (0, 9/)’
and

pn(e) = Z (§n(9),x)ﬁn(x)

zelfyn,

The previous theorem contains enough information to allow us to compute the
character table of GL,,(F,). Indeed, if p is cuspidal, the irreducible representations
in R(p) arer,(sx) wherer,: R — R(p) is anisomorphism from the P.S H-algebra R
to R(p), and {sx}ep are the irreducible representations of the symmetric groups.
Identifying R with A, the ring of symmetric functions, these are the Schur func-
tions discussed earlier. The elements p,, (¢) correspond to the basis of the submod-
ule of primitive element of R, which in terms of symmetric functions are the power
symmetric functions.

To give the character table of GL,(F,) is to give the change of basis matrix
between the basis {xx}x: 4, .} of characteristic functions of conjugacy classes,
and {p,} the basis of irreducible characters of C(¢q) (where u runs over parti-
tion valued functions on O, the set of Galois orbits on k* — this set naturally in-
dexes the irreducible representations of the groups GL,,(F,) via our description
of the cuspidal irreducible representations, indeed each irreducible is of the form

[loeo, 7o) (u(0))-
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Now we have two auxilliary bases of C(g): Given a function A: &, — P, we may
define py = [[;cq, 7(2a(s)) where if v is a partition, we set z, = ][, z,,. Similarly
we can define, for y: ©, — P an element p, = Hee@q 75(0)(2u(0))- Then each of
the sets {p,} and {p,} are bases of C(g). Moreover, the previous theorem allows
us to compute the change of basis matrix between then via the pairing between k*
and its group of multiplicative characers.

The change of basis matrix between s,, and p, is given (in terms of A) by the
change of basis matrix between the power symmetric functions and the power
symmetric functions, or (in terms of R) by the character tables of the symmetric
groups, which is explicitly known. On the other hand, the change of basis matrix
between {x,} and {p, } involves the Hall algebra. Indeed in showing that H(q) is
isomorphic to R®zC, we established explicitly the image of the primitive elements
p.(2n), and it is the change of basis matrix between the elements p,(z,) and the x
which controls this last piece of the computation of the character table.

Definition 2.11. For A, i € P with |A\| = |u| we set
pulzn) =Y QA m)xa-
A

It turns out that these numbers Q(\, ;1) are polynomials in g. These polynomials
are known as Green polynomials, and turn out to be pivotal in the development of
a more general theory of characters for reductive groups. They are characterized
by the following conditions:

Definition 2.12. For each ordered pair (), p1) of partitions [A| = |u| < n, there is a
unique integer Q (A, ) such that

(1) Q(\, p) is a polynomial function in ¢ with integral coefficients;
2 QW pu+v)=3,,9,Qp,1)Q(0,v);

(3) >, 2. 'Q(\ ) = 1forall \;
(4) (orthogonality relations): We have

> a3 QA p)QA, 0) = m 2,00
A

(5) If Mis a partition of k and r = £(\), then Q({k}, A) =1, Q(\, {k}) = ¢r—1(q)
and Q({1"}, ) = (—=1)"my " éx(q)-
Q(A, p) is already uniquely determined by the second and third of these condi-
tions.

One can show that once the Green polynomials are known, the characters of
GL, (IF,) are determined by their values on the regular semisimple set.

3. INTERSECTION COHOMOLOGY AND CHARACTERS OF FINITE REDUCTIVE
GROUPS

We begin with a discussion of the case of a torus 7. Since a torus is just a product
of G,,s, there is little lost in assuming that T' = G,,,, equipped with the standard
Frobenius structure F': T — T given by z + 7. The finite group T is simply a
cyclic group with ¢ — 1 elements, so its characteristic zero representation theory is
elementary. We wish, however, to give a “geometric” account of it. In order to do
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this we need to use the theory of etale cohomology (see [Mil] for an introduction
to this theory — a more standard reference is SGA4.5).

For each m € N coprime to p, the characteristic of k, we have a map =, : G,,, —
Gy, given by m,,,(t) = ¢™. Then 7, exhibits G,, as a Galois cover of itself, with
group L, (k) the m-th roots of unity in k (this is a cyclic group of order m, be-
cause of our assumption on m). Let [ be a prime different from p, and consider
the constant sheaf in the etale topology on G,,. Then since 7, is a Galois cov-
ering, (m,,)1(Q;) is a local system on G,,® , which splits as a direct sum of one-
dimensional local systems, according to the characters of the group s, (k):

T (Q)) = @ Ep-

PEpm (k)
Let S be the collection of one-dimensional local systems obtained in this way (for
all m coprime to p). Now if a local system &£, € S is F-stable, that is, if F*(&,)
is isomorphic to &, itself, then, since the local system is one-dimensional, this iso-
morphism is unique up to scalar. Picking such an isomorphism ¢: F*(&,) — &,
we obtain a ;-valued function x¢, 4 on the fixed points of F,

Ye,o(@) = S (= 1)itr(6,, HE(E,)),
ieN
where H: (€,) denotes the stalk cohomology of £, at z € TF.

It can then be shown that the collection of functions xe¢, ¢ as £, runs over the
F-stable local systems in S gives, up to a scalar multiple, the irreducible characters
of T, (This is not a hard result, we state it simply because it gives a geometric
rephrasing of the character theory of 7' — note for example, that there is an obvious
analog of the set of local systems S over C, whereas there is no clear analog of the
finite group T'F).

We would like a similar geometric picture for the character theory of G =
GL,,(F,). Now the character values of irreducible representations are computable
by the theory developed by Green, and by examining the answers, one can see two
things:

e On the regular semisimple set, the character values of can be attached to
local systems in a way similar to, but more elaborate than, the case of the
torus.

o The character values on the entire group are determined by the values on
the regular semisimple set.

We first describe the local systems: the character values on regular semisim-
ple elements are combinations of terms which correspond to local systems on the
torus, and character values of the symmetric group. However, if G™*° is the regu-
lar semisimple set, these ingredients arise naturally from the geometry of G". Let
T denote the standard maximal torus in G. Given a regular semisimple element
x € G, clearly x has n distinct eigenlines. Picking an ordering of these lines, we get
an element of T, by taking the diagonal matrix with i-th entry the i-th eigenvalue
of z. Clearly this element of T' is conjugate to x in G.

Shere “local system” means etale local system, that is, each stalk is finite dimensional, and every
point has an etale neighborhood on which the sheaf is constant
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Let G"* be the set of pair {(z,t) € G™ x T : t = gzg~', some g € G}. Then
there are natural maps p;: G™ — G and Po: G — T. Moreover, the map
p1 is a principal bundle with structure group S,, the symmetric group (it acts by
permuting ordering of the eigenlines), and the map p is a fibration with fiber G/T
(since the centralizer of a regular semisimple element in G is a maximal torus)
and so in particular a smooth map. Now given a local system £ on T, we may
pull it back via p; to obtain a local system on G, and then since py is an S,,-
bundle, we may push the resulting local system forward to G™* to obtain a local
system (p1)p5(E) on G™°. Now S, acts by endomorphism on this local system,
fixing the base G"*. This action allows us to decompose (p1)ip5(E) according to
the representations of the symmetric group:

(p0)ws(€) = P Exe W,
AEP,

where each &) is a one-dimesional local system. Let m,,,: T — T be the map ¢t —
t™. Then just as for G,,, we can define a family of local systems S on T' given by
taking the local systems occuring in 7, (Q;) for g.c.d.(n,p) = 1. Then using the
procedure just described we get a collection of local systems {£ : € € S, A € P, }.

Just as for the case of a torus, it can be shown that if we consider the elements of
this set which are F-stable, then taking traces of Frobenius, we obtain the values of
the irreducible characters at the regular semisimple elements (again up to a scalar
factor).

However, so far we have only obtained the character values on the regular
semisimple elements — the question of what the values of the characters on other
conjugacy classes is considerably deeper. The remarkable phenomenon here is that
the rest of the character values are in some sense contained in the singularities of
these local system around the complement of the regular semisimple elements.
To understand this precisely, a new geometric construction is required — that of
intersection cohomology.

Suppose that X is a (compact) variety. Then if X is singular, the (co)homology
of X (etale cohomology if we are in positive characteristic, but ordinary, say, singu-
lar cohomology when we work with C) is less well behaved than it is for smooth
varieties: indeed for smooth varieties the cup product on cohomology groups,
gives a duality map for groups in complementary dimensions, and corresponds
geometrically to an intersection pairing on cycles (this is essentially a consequence
of Poincare duality). Seeking invariants of singular spaces which are better be-
haved than ordinary homology theories, Goresky and MacPherson introduced In-
tersection Homology. In their initial definition of these groups, one introduces a
stratification of X — that is, a partition of X into locally closed pieces such that the
closure of a stratum is a union of other strata (and, normally, some more technical
conditions). The the intersection homology groups (loosely) are defined by study-
ing a complex who’s groups consist of cycles in X which intersect the singular
locus “not too perversely”.

Shortly thereafter, Deligne pointed out that their construction could be viewed
as providing X with a complex of sheaves whose hypercohomology gives the In-
tersection (co)homology groups. This complex is constructible. A sheaf F if said to
be constructible if there is a stratification of the variety X such that when we re-
strict F to a stratum, the resulting sheaf is locally constant. A complex of sheaves
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is said to be constructible if each of its cohomology sheaves are. Constructible
complexes of sheaves arise naturally when one studies the push-forward of local
systems via maps which are not principal bundles.

Deligne’s observation is enlightening because it emphasizes that one only needs
to understand the intersection cohomology complex in the derived category, that
is, up to quasi-isomorphism. Indeed he went on to give a construction of a com-
plex which is quasi-isomorphic to the sheaf given by Goresky and MacPherson,
starting with the constant sheaf on the dense open stratum (which is often taken
to be the smooth locus of X)) and extending to all of X stratum by stratum of some
stratification of X (in the end the complex thus obtained does not depend on the
choice of stratification, at least up to quasi-isomorphism). This construction has
the advantage that it makes sense for any local system on the dense open stratum,
not just the constant local system. Moreover, it makes sense in the context of etale
sheaves, so that we may define intersection cohomology groups for varieties over
k. This gives a canonical extension of any local system £ on a dense open subvari-
ety of X to an object IC/(€) of D%(X), the derived category of constructible sheaves
on X (for more details on this, and much more, see [BBD]).

The first suggestion that intesection cohomology sheaves might be important
in the study of the character theory of GL,,(F,) is the following beautiful theorem
of Lusztig. Recall that the irreducible constituents of 73" (1) are indexed by par-
titions of n (they are just the n-th degree part of R(¢) in the notation of the last
section). These representations are called the unipotent representations of GL,,(Fy);
we denote them as {E) : A € P,}. Let X be the unipotent variety in G, so that
X = |yep, (in fact, this gives an example of a stratification of a variety). Let
n(A\) = 3 ,50(i — 1)\; be the dimension of X, and IC(X)) the intersection coho-
mology sheaf on X (extended by zero to all of X).

Theorem 3.1. (Lusztig [L81]). Let X be the variety of unipotent elements, so that X =
X, and let w € X (F,). Then

Tr(u, Ex) = "™ ) ¢"/? dim(H,,(IC(X,)),
i€Z
moreover H,(IC (X)) = 0 if i is odd.

Finally, we give a description of all whole of the character table of GL, (F,).
Given a local system £ on G in our collection £ such that there is an isomorphism
F*(€) — £. Then we may consider A = IC(£), a constructible complex on G. It
can be shown that ¢ extends uniquely to an isomorphism ¢: F*(A) — A, and one
can thus define a function x 4 4 on G¥' just as we did for local systems on the torus.

Theorem 3.2. (Lusztig): Let L be the collection of local systems which are F-stable. The
(up to scalars) the functions x a4 as above are the irreducible characters of G

Remark 3.3. The proof of the theorem is contained in the works of Lusztig on char-
acter sheaves.
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