INTEGRATION IN R"

1. COVERINGS

Definition 1.1. Let X be a metric space. A collection ¢/ = {U, };c1 of open subsets
of X is said to be a covering (or sometimes just cover) of X if

X:UUi.

icl
A subcover of U is given by a subset J C I such that X = J,; U..

Definition 1.2. Let X be a metric space, and & = {U,};c; a covering of X, then
A € R, A > 01is said to be a Lebesgue number for U if, for all x € X, thereisan i € I
with

B(z,\) ={y € X : d(z,y) < A} C U,.
(Note that 7 depends on z).

Given a metric space X and a cover U = {U, }i¢y, it is not necessarily the case
that a Lebesgue number for the cover exists, as the following example shows: Let
X = (0,1) and for each i € N, let U; = (1/i,1). Then X = J,-, U;, but this cover
has no Lebesgue number. To see this, suppose that A > 0 is given. Choose n € N
such that £ < A. Then (0,2) C B(%,)) does not lie in any U;. For sequentially
compact metric spaces, on the other hand, the existence of a Lebesgue number is
guaranteed for every cover by the following lemma.

Lemma 1.3. (Lebesgue covering lemma): Let X be a sequentially compact metric space,
and let U = {U,}icr be a covering of X. Then U = {U,},c1 has a Lebesgue number
A>0.

Proof. We proceed by contradiction. If no such X exists, then for each n € N, there
must be a point a,, such that the ball B(a,,, %) does not lie in any U;. Let (a,, )ken
be a convergent subsequence of (ay, )nen, with limit 2y € X. Since U is a covering,
there is an iy € I such that o € U;,. But then since U;, is open, thereisa § > 0
such that B(zo,0) C U,;,. Since a,, — x9 we may find an N; > 0 such that
d(zo,an,) < /2 forall k > N;y. Set N = max{2/d, N1}, so that for £ > N we have
i < 1 < é/2and d(an,, z9) < 6/2. It follows from the triangle inequality that for
all k > N we have

1
B(ank, 7) C B({Eo, 5) C Uio,
ng
contradiction the definition of the a,,s. O

Definition 1.4. A metric space X is said to be compact if every covering has a finite
subcover (that is, the indexing set .J of the subcover is a finite set).

Lemma 1.5. Every sequentially compact metric space is compact.
1
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Proof. Let X be a sequentially compact metric space, and suppose for the sake
of contradiction that there is a covering i = {U,};cr of X which has no finite
subcover. Using the previous lemma, U/ has a Lebesgue number \. Let a; € X
be an arbitrary point. Then B(a;,A\) C U; for some U; € U, by the definition of
a Lebesgue number. Since ¢/ has no finite subcover, X # U, and so there is an
az € X such that as ¢ U;. Again by the definition of the Lebesgue number, there
is an open set Uy € U such that B(as, \) C Us. Continuing in this way, we obtain
a sequence (a,)nen, and a sequence of open sets U,, € U such that B(a,,A) C U,
anda, ¢ Uy UU U...UU,_1.

We now show that this sequence cannot contain a convergent subsequence, for
suppose (an, )ken converges. Then necessarily (a,, )ren is a Cauchy sequence, and
so there is an N > 0 such that for all &,/ > N we have d(ay,,a,,) < A. But then
picking £ > N we must have

Unyyy € Blan,,\) C Up,,

which contradicts the fact that a,,, ., ¢ U?glfl U;. Thus the sequence (an)nen

contains no convergent subsequence, and so X is not sequentially compact. O

In fact, the converse to this lemma is true — a compact metric space must be
sequentially compact.

Lemma 1.6. A compact metric space is sequentially compact.

Proof. Let X be compact, and suppose that (a,)ren is a sequence in X. We wish
to show that (a,,),en has a convergent subsequence. First observe that if, for some
point € X, every ball about « contains infinitely many terms of the sequence,
then that point is the limit of a subsequence and we are done (Exercise: fill in the de-
tails here). Thus we may suppose that for every point « € X there is a ball B(z, 6,)
(for some 6, > 0 depending on z) which contains only finitely many terms of the
sequence (an)nen. Then {B(x,d;)}zex is clearly an open covering of X, and so,
since X is compact, it has a finite subcover, say B(x1,61), B(x2,02), ..., B(Xm, 0m)-
But then since X = (J]_, B(x;,J;), and each of the balls B(z;, d;) contains finitely
many terms of the sequence, we contradict the fact that there are infinitely many
terms in the sequence, and we are done. O

Finally, I want to point out that we can in fact give three different equivalent
conditions for a metric space to be compact. The third condition captures the dif-
ference between a complete metric space and a compact metric space (recall that
we have shown that any compact metric space is complete, or see below) and is
in a sense just a distillation of what we need in order to use the “lion hunting”
argument. We say that a metric space X is totally bounded if for every € > 0 there
is a finite set of points =1, x2, ...z, € X such that

X = G B(Ii,&‘).
i=1

Proposition 1.7. Let X be a metric space. Then the follows properties are equivalent.
(1) X is compact;
(2) X is sequentially compact;
(3) X is complete and totally bounded.
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Proof. Since we have shown that the first two are equivalent already, it is enough
to show that (3) implies either (1) or (2) and vice versa. In one direction, since a se-
quentially compact space is clearly complete (since a Cauchy sequence converges
if and only if it has a convergent subsequence), we just need to show that a com-
pact metric space is totally bounded. But this follows directly from the definitions
by considering the covering X = J, . x B(x, ).

O

Exercise 1.8. Show the converse, i.e. that a complete totally bounded metric space
is sequentially compact.

Remark 1.9. In the case of subsets X of R", we also have the equivalent condition
that X is closed and bounded (since these sets have been shown to be exactly the
sequentially compact subsets of R™). It is worthwhile checking that you can show
such sets are automatically complete and totally bounded — the main point being
to see why boundedness and total boundedness are the same property in this case.
The argument that shows sequential compactness is implied by completeness and
total boundedness is essentially an abstraction of the “lion hunting” argument
used to show that closed and bounded are sufficient for sequential compactness in
R™. (It is easy to see that boundedness is not a useful property for a general metric
space, and total boundedness is its more interesting substitute for arbitrary metric
spaces).

Finally we recall some basic notions about open and closed sets. Given a subset
A of a metric space X we define its closure to be

A = {x € X : xis the limit of a sequence in A}.

Then A is a closed set, and is the smallest closed set containing A (that is, it is the
intersection of the closed sets in X which contain A). The interior of A, is

A= {z e A:36> 0such that B(z,6) C A}

thus A is the union of all open sets contained in A. The boundary of A is defined to
be A = A\ A, that is, it is the set of points z € X for which any open ball centered
at x contains both points in A and points not in A.

2. RIEMANN INTEGRATION IN R"
We begin with some basic definitions.

Definition 2.1. An intferval in R is a bounded connected subset of R, thus (by the
intermediate value theorem), it is a set I C R of the from [a, b], (a, b], [a, b), or (a,b)
where a < b are real numbers known as the endpoints of I. Define the content of I
to be v(I) = b — a (thus the content of a rectangle is the same for an open, closed
or half-open interval).

A rectangle A in R™ is a product of intervals, that is, a subset of R™ of the form
Iy x Iy x ...I,, where I} are intervals in R, (1 < k < n). Define the content of a
rectangle to be v(A) = v(I1)v(I2) ... v(I,).

The next definition is the crucial one for the development of the integral:

Definition 2.2. Let I be an interval with endpoints a,b € R where a < b. A parti-
tion of I is a sequence P = (tg,%1,...,tm) Wherea =ty < t; < ... <t, =b. The
partition allows us to write I as the union of intervals [t;, ;11]NI. We call these the
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subintervals of the partition, and write J € P when J is a subinterval of P. For a
rectangle A = Iy x Iy x ... x I,, C R™ a partition is a sequence P = (P, P, ..., P,)
where each P, is a partition of the intervals Ij. If Jy, Js, . .. J, are subintervals of
the partitions Py, Ps, . .. P, respectively, we say that R = J; x Jy X ... X J,, is a sub-
rectangle of the partition P and write R € P. Clearly the collection of subrectangles
of P determine P and vice versa. Indeed if {m;: R" — R} <k<, are the coordi-
nate functions (that is, 7y (21, 22, ..., ) = xx), the sequence Py, is determined by
the endpoints of the intervals 7, (R) where R runs over the subrectangles of the
partition.

Notice that if follows immediately from the definitions that if P is a partition of
a rectangle A, then

v(A) = > v(P).

ReP

Given two partitions P and Q of A, we say that P refines Q if every subrectangle
of P is contained in a subrectangle of Q. It follows that if R is a subrectangle of Q,
the subrectangles of P contained in () give a partition of R. Notice also that if A is
a rectangle with partition P, then if B C A is a rectangle inside A, the intersection
of the subrectangles of P with B yield a partition of B. By abuse of notation we
will denote this partition by P N B, the partition of B induced by P.

Lemma 2.3. (Refinement lemma): Let A be a rectangle, and let { Ry, Ra, ..., Ry} be any
finite collection of rectangles contained in A. Then we may find a partition P of A such
that for any subrectangle S of P and any rectangle R;, either S N éj =0orS CR;.

Proof. For each k, let P, be the set of endpoints of the intervals 74 (R;) arranged
in increasing order, and let P = (Py, P, ..., P,). Itis then easy to check that this
partition satisfies the conclusion of the lemma. O

For any rectangle A C Rlet B(A) be the set of bounded real-valued functions on
A.Let f: A— Rin B(A). Set Ma(f) =sup{f(z): 2z € A} and ma(f) = inf{f(z) :
x € A}. For P a partition of A, we set

U(f,P) =Y Mr(f)v(R);

REP

L(f,P) =Y mr(f)v(R).

ReP
Clearly L(f, P) < U(f, P, however more importantly we have the following lemma:

Lemma 2.4. Let A be a rectangle, and f € B(A). Then if P and Q are partitions of A
such that P refines Q, we have

L(f,Q) < L(f,P) <U(f,P) <U(f, Q).

Proof. The middle inequality was observed above. To show the left-hand inequal-
ity, suppose that R € Q. Then let 7(R) be the collection of subrectangles of P
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contained in R. Then clearly we have

Y ome(HrR) =D Y ma(f)u(S))

ReQ REQ SeT(R)

<Y ms(Hw(S)

REQ SeT(R)

= 3 ms(HuS),

SepP

and hence L(f, Q) < L(f,P). The remaining inequality is established in exactly
the same fashion. O

Corollary 2.5. Let f € B(A) where A is a rectangle in R™, and let P and Q be partitions
of A. Then

L(f,Q) <U(f,P),

Proof. Applying the refinement lemma to the the collection of rectangles R N S
where R is a subrectangle of P and S is a subrectangle of Q, we obtain a partition
P’ which refines both the partitions P and Q. If follows that

L(f,Q) < L(f,P") <U(f,P") <U(f,P),

and the claim is established. O

It follows immediately from the corollary that if f € B(A) then the numbers

sup L(f,P);  infU(f,P),
P P

exist. The lower Riemann integral of f € B(A) is defined to be
| 1=swrip),
By P

and the upper Riemann integral of f is

/Af:i%fU(f,P).

Definition 2.6. Let A be a rectangle, and f € B(A). We say that f is Riemann

integrable if
[i=]+
J A A

and denote their common value by [, f. We denote the set of Riemann integrable
functions on A by R(A).

Finally we establish a useful criterion for a function to be integrable:

Lemma 2.7. Let A be a rectangle and f € B(A). Then f € R(A) if and only if, for each
€ > 0 there is a partition P of A such that

U(f,P)— L(f,P) <e.
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Proof. First note that one implication is trivial from the definitions. Suppose now
that f is Riemann integrable. Then we may find partitions P and Q such that

/f—e/2<L<f,7v>; U(f7Q)</f+6/2-
A A

Picking P’ to be a common refinement of P and Q as in the previous lemma, and
applying Lemma 2.4 we see that P’ has the required property. O

As an example of how we may use this criterion, we show that the integral is
additive:

Lemma 2.8. Let A C R"™ be a rectangle and suppose that f: A — Rand g: A — Rare
integrable. Then f + g is integrable and moreover

/A(f+g)=/Af+/Ag-

Proof. Let € > 0 be given. Since f is integrable there is a partition of A such that
U(f,P) — L(fP) < €/2, and similarly there is a partition Q such that U(g, Q) —
L(g, Q) < €/2. Using the refinement lemma (Lemma 2.3) for the rectangles S N'T'
where S is a subrectangle of P and 7' is a subrectangle of Q we obtain a partition
R refining both. Now given any rectangle R C A we have

Mg(f +9g) < Mg(f)+ Mr(9); mg(f +g) > mgr(f) +mr(g),
and hence it follows that U(f + g,R) < U(f,R) + U(g,R) and L(f + g,R) >
L(f,R)+ L(g,R). Then using Lemma 2.4 we have

<e/2+4¢/2 =k,
and hence f + g is integrable. The additivity follows immediately from the in-

equality L(f 4+ ¢,R) < [, f+9 < U(f +g,R), and the corresponding inequalities
for f and g. |

Remark 2.9. Since it is straightforward to check that [, is compatible with scalar
multiplication, it follows that the set R(A) of bounded integrable functions on A
is a vector subspace of the space of bounded functions, and moreover that [, is a
linear map from R(A) to R.

3. MEASURE AND CONTENT ZERO

Given a subset of A of R” we say that A has measure zero if for every e > 0 we

can find a sequence of rectangle R1, R», . .., such that
AcC U R;, and Zy(Ri) <e.
i>1 i>1

Similarly, we say that A has content zero if for every ¢ > 0 we can find a finite set of
rectangles Ry, Ry, ... Ry, suchthat A C |J" | R;and > | v(R;) < e.

Remark 3.1. It will be useful to notice that we could require in both the definition
of content zero and measure zero that the rectangles R; all be open, or that they
all be closed. (Check this). Notice also that if B is a subset of A C R™ and A has
measure zero (or content zero) then B does also.
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Clearly, a set of content zero has measure zero, but the converse is not true, as
we will see below. First make some basic observations about sets of measure zero.
Clearly the finite union of sets of content zero has content zero, however we can
do somewhat better for sets of measure zero.

Lemma 3.2. Let Ay, Ag, ... be subsets of R™ of measure zero. Then their union A =
;1 Ai is a set of measure zero. Moreover, any countable subset of R™ has measure zero.

Proof. Let e > 0 be given. Since each A, has measure zero, we may find rectangle
R} such that A; C ;> R} and 3., v(R}) < ¢/2°. Now the collection {R?}; jen
is countable set of rectangles, (since the product N x N is countable) so we may
label the rectangles R; as 51,53, .... Then we have

A=J4ic | R = S

i>1 4,7>1 k>1

and
SouSk) =Y vR) =D R <D /2 =¢,
E>1 i,5>1 i>1 j>1 i>1

and hence A has measure zero as required. The moreover part follows once we
observe that a point has measure zero (in fact it clearly has content zero). O

This lemma implies in particular that since the rationals Q are countable, they
are a set of measure zero, even though they are dense in R.

We now want to understand what the difference between measure and content
zero. Recall that for A a subset of R" we denote its closure by A (see the end of
section 1).

Lemma 3.3. Suppose that A C R™.

(1) If A has content zero, then A, the closure of A, is compact and has content zero.
(2) If Ais compact, then A has content zero if and only if it has measure zero.

Proof. For the first part, notice that if A has content zero, then given any ¢ >
0 we may find closed rectangles Ri, Ry, ..., Ry, such that A C |J,.,.,, Ri and
> v(R;) < e. Since the rectangles are closed, and the finite union of closed sets
is closed, it follows immediately that A C |J,,.,, Ri, and hence A has content
zero. Moreover, since any rectangle is bounded, and the finite union of bounded
sets is bounded, it follows that A is bounded. Since A is also closed, A is a compact
subset of R”.

For the second part, suppose that A is compact and has measure zero. Then
given ¢ > 0 there are open rectangles R;, Rs,... such that A C |J,»; R; and
S is V(R;) < e. Since A is compact, it follows that there is some finite subset
of these rectangles R;,, R;,, ..., R;,, such that A C |J;-, v(R;,), and hence A has
content zero. g

It follows from the lemma that a set has content zero if and only if its closure is
compact and has measure (or content) zero, which in R" is equivalent to requiring
its closure to be bounded and have measure zero.

Finally we want to show that not all subsets of R have measure zero!

Lemma 3.4. Let A be a rectangle in R™. Then A does not have measure zero.
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Proof. Clearly we may assume that A is close. Suppose that A has measure zero,
then by the previous lemma it has content zero. Hence there exist closed rectangles
Ri, Ry, ... Ry, covering A with Z;":l v(R;) < 3v(A). Using the refinement lemma
we may find a partition P of A such that each subrectangle of the partition lies in
some R;. But then since the content of a rectangle is the sum of the contents of the
subrectangles in any partition we must have

m m 1
v(A) =Y v(S)=>( > wS) <) vRy)< Fv(4),
SeP j=1 SEP;SCR; j=1
and we have a contradiction. O

Remark 3.5. Notice that this gives a proof that the real numbers are uncountable.

4. OSCILLATION OF BOUNDED FUNCTIONS AND INTEGRABILITY

The goal of this section is to establish which functions are Riemann integrable.
A good preparatory exercise is to show that any continuous function on a closed
rectangle is integrable — a result which follows quickly from the fact that such a
function is uniformly continuous.

Definition 4.1. Let A C R", and f: A — R a bounded function on A. Then for
eachx € Aand § > 0 set
M(f,2,6) =sup{f(y) 1y € A, ||z —yl| <}
m(f,z,6) =nf{f(y) : y € A, [lx —y| < d}.
It is clear that the difference M (f,x,0) — m(f,z,d) decreases as § decreases, hence
the limit
;H%[M(f7 xz, 5) - m(f7 €, 5)]7

exists. We denote it by o( f, x) — the oscillation of f at x.

Remark 4.2. It is easy to see that a bounded function f: A — R is continuous at a
point z € A if an only if o(f, x) = 0. In establishing our criterion for integrability,
we will need to consider points where we only know o( f, z) < € for some positive
constant . The advantage of considering the set of such points is given by the next
lemma.

Lemma 4.3. Let A C R™ be a closed set, and let f: A — R be a bounded function. Then
for any € > 0 the set of points
B.={zxe€A:o(f,x) > e}

is closed.

Proof. We must show that R” — B, is open. Consider apointz € R" —B.. If 2 ¢ A,
then since A is closed thereis a § > 0 with B(z,§) CR"— A CR” - B,,soR" - B
contains an open ball about z. On the other hand, if z € A, then we must have
o(f,x) < e, and so there is a 6 > 0 such that

M(f,$,5)7m<f,£,§) <e.

Now suppose that y € B(z,d/2). Then since, by the triangle inequality we have
B(y,0/2) C B(z,d), it follows directly from the definitions that M (f,y,d/2) —
m(f,y,0/2) < ¢, and so B(z,/2) C R" — B,, and R" — B, is open as required. [
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On the other hand, functions with small oscillation are not much worse (for the
purposes of integration) than continuous functions in the following sense:

Lemma 4.4. Suppose that A C R"™ is a rectangle, and f: A — Ris a bounded function.
Then if for all x € A we have o(f,x) < ¢ for some ¢ > 0, we can find a partition P of A
such that

U(f, P) = L(f, P) < ev(A).
Proof. For each x € A we may choose d, > 0 such that
M(fvxadL) _m(fvxa(S-L) <Ee.

Now {B(z, d,)}zc4 is an open covering of A, hence since A is closed and bounded
in R", it has a Lebesgue number A > 0. Choose a partition P of A such that each
subrectangle R has

diam(R) = sup{||lz — y|| : z,y € A} < \.

(one can ensure this by, for example, insisting that the side lengths of the subrect-
angles are all less than A/n). Then it follows from the definition of the Lebesgue
number that each subrectangle R is contained in some ball B(z, §,) and so Mr(f)—
mg(f) < e. Thus we have

U(f,P) = L(f,P) = Y (Mg(f) = mr(f))v(R) <e > v(R) = ev(A).

ReP ReP
(]

Remark 4.5. Observe that this lemma already shows that any continuous function
on a rectangle is Riemann integrable — if f: A — R is continuous, then o(f,z) = 0
for all x € A, and so the lemma ensures that we can find partitions whose upper
and lower sum differ by arbitrarily small amounts, and hence by Lemma 2.7 f is
integrable.

Theorem 4.6. Let A be a closed rectangle in R™, and f: A — R a bounded function.
Then f is Riemann integrable if and only if the set

B = {x € A: fis not continuous at x}

has measure zero.

Proof. Suppose first that the set B has measure zero. Then observe that, for all
e > 0 we have
B.={z € A:o(f,x) > e} C B,

and hence, since by Lemma 4.3 B, is closed about bounded, B, has content zero.
Thus we may find a finite set of open rectangles R1, Rs, ..., R, such that B, C

" Riand 31" v(R;) < e. By the refinement lemma we may pick a partition P
of A such that the subrectangles of P are either contained in one of the R;, or are
disjoint from B.. Let S; be the subrectangles which are disjoint from B., and let
S, be the subrectangles which lie in some R;. For each S € &; by Lemma 4.4 we
can find a partition Pg of .S such that

U(f,Ps) — L(f,Ps) < ev(S).
Using the refinement lemma for the collection of rectangle
{R:R e PsforsomesS c S }U{R;:1<i<m},
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it follows that we may find a partition Q of A such that the induced partition of
S € S; refines Pg. Let M > 0 be such that |f(x)] < M for all z € A. Then using
Lemma 2.4 we see that

Uf,Q-L(£,Q = >  (Mp(f)—me(f))v(T)

TeQ:TCSeS:

+ > (Mr(f) = mr(f)v(T).

TeQ;TCR;,1<j<m

= > (U(f,2n8) - L(f,2NnS))

SeS1

LS (M) = mr ()T,

TeQTCR;,1<j<m

< Z (U(fa PS) - L(faps)) + ZZMV(Rj)
SeS1 j=1

< Z ev(S) + 2Me

SeS1

<e(w(A)+2M).
Since € was arbitrary, we see that f satisfies the condition of Lemma 2.7, and hence
is Riemann integrable.

To see the converse, we show that B, /,, has content zero. Since B = J,,~, B1/»

this will imply that B has measure zero. Suppose that f is Riemann integrable,
and let ¢ > 0 be given. Then there is a partition P of A such that

U(f,P)—L(f,P)<e/n

Then let 7 be the set of subrectanges of P whose interiors intersect B.. Then we
have

% Yo ulS) < 3 (Ms(f) —ms(£)v(S)

SeT SeT
<e/n.
and thus 5 v(S5) < €. Therefore
By C{0S:SeP,S¢TrU{S:SeT}.

But the boundary of a rectangle is a union of 2n rectangles R with v(R) = 0 (be-
cause it is a product of intervals one of which is a point), we see that B, /,, is con-
tained in the union of finitely many rectangles the sum of whose content is less
than ¢, and hence B, ,, has content zero as required. O

Remark 4.7. Observe that the set B of discontinuities of f need not be closed or
have content zero. If f: [0, 1] — R is the function given by

Fa) = 1/q if x = p/q, with p, ¢ relatively prime,
= 0 ifz ¢ Q.

then the set of discontinuities of f is QN[0, 1], which is dense in [0, 1]. Nevertheless,
f is Riemann integrable (with integral zero).
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So far, we have only defined the integral of a bounded function over a rectangle.
We may now define integrals over larger class of subsets of R”, and at the same
time give a class of subsets for which we have a good notion of volume. First
suppose that S is a bounded subset of R™. Let 15 be the characteristic function of
S, thatis 15: R™ — R with

1, z€8
1S($>:{ 0, ¢S

Then we may find a rectangle A containing S, and then the integral

/]-Sa
A

if it exists, is clearly independent of the choice of A. We define the volume or
content v(S) of S to be this integral. It is easy to see that this definition extends
our earlier definition of the content of a rectangle. The previous theorem gives us
a characterization of the sets whose content we can define in this way: they are
exactly the sets for which 1g is continuous almost everywhere. Since the points
where 1¢ is discontinuous are exactly the points in the boundary 95 of S, we see
that 14 is integrable if and only if 0 A is bounded and has measure zero (since 9 A
is closed this is equivalent to requiring 0A to be bounded and have content zero).
The following definition sumarizes this discussion:

Definition 4.8. A bounded subset S of R™ is said to be Jordan measurable, or have
Jordan content, if S is bounded and of measure zero. In this case we set

v(s) = /A 15,

where A is any rectangle containing S.

Remark 4.9. It is not the case that any bounded open or closed set is necessarily
Jordan measurable — see the problem sets for an example. In order to ensure that
all bounded open and closed sets have a good notion of volume, one must develop
a more sophisticated notion of integral than the one we use here.

As a consistency check, we note that this definition agrees with the definition
of v(R) we already have in the case where R is a rectangle.

Lemma 4.10. Let A be a closed rectangle and R a rectangle contained in A. Then

/ 1n = v(R)
A
(where the right-hand side is the product of the side lengths of the rectangle R).

Proof. Note that the boundary OR of R has content zero, and so given ¢ > 0 we
may find open rectangles 73, 73, . . ., T, such that OR C UjL, Ty and 3°7°, v(T)) <
e. Choose a partition P of A refining the collection of rectangles { R, R, Ra, ..., R}
so that for ever subrectangle S of P we have S C R; for some j or SN9R = (), and
either S € Ror SN R = (). Thus for S € P we have Mg(1) — mg(1g) is zero if S
does not intersect the boundary of 12 and is 1 otherwise. But then we have

U(lR7P) - L(lR,P) < in:l/(Rj) =E.
j=1
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Moreover we have

U(lg,P)—v(R)=U(f,P)— > v(S)

SeP;SCR

m

< Z v(R;) =e¢.
j=1
hence it follows that [, 1z = v(R) as required. O

We may also now readily extend our definition of integral to allow us to inte-
grate over Jordan measurable sets.

Definition 4.11. Let R(R") be the set of bounded functions on R” which are equal
to zero on the complement of a bounded set and which are continuous everywhere
except on a set of measure zero. We say that f € R(R") is Riemann integrable, and
for any Jordan measurable subset S of R” we define

széfh.

Here the right-hand side is defined, because the function f.1g is bounded and
continuous everywhere except on a set of measure zero. We also write fRn f for
the integral of f over any rectangle outside of which f = 0. Note that the set of
Riemann integrable functions on R" is clearly closed under addition and multipli-
cation.

Remark 4.12. In order to check that this definition is independent of the choice of
the large rectangle A, one needs to prove an analogue of Lemma 4.10. This is left
as an exercise for the fabled enthusiastic reader.

If S is Jordan measurable we define R(.S) to be the set of functions f: S — R
which are bounded and continuous except on a set of measure zero. Notice that if
f € R(S) then the function

f(x), z€S
oo ={ 1 255

is in R(R"™), thus the previous definition also gives a notion of integral for func-
tions in R(.S).

5. FUBINI’'S THEOREM

We have now established a theory of integration for a large class of functions.
However, we still do not have any convenient method by which we can evaluate
integrals. Our next major result shows that integrals may be computed iteratively,
and hence we can reduce the problem of computing integrals in R™ to the same
problem for R. Since we have the Fundamental Theorem of Calculus in the single
variable case, this is a significant improvement. We start by defining a class of
functions for which the integral is trivial to compute.
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Definition 5.1. Let A be a rectangle in R”. Then we have 14 € R(R"). A simple
function on R™ is a linear combination of the characteristic functions of rectangles,
that is f is a simple function if we may write

f:)\llAl —|—>\21A2—|—...—|—/\m1A

where A4;, (1 < i < m) are rectangles and A, A, ..., A, € R. Since the intersection
of two rectangles is again a rectangle, and 1.1 = 1png the space of simple func-
tions is in fact closed under addition and multiplication of functions, and hence
we refer to the set of simple functions S(R"™) as the algebra of simple functions.

m?

Lemma 5.2. Let f: A — R" be a simple function,
f= )\1131 + )\21R2 + ...+ /\m]-Rm7
where Ry, C A foreach k (1 < k < m). Then

/f => Av(R;).
i=1
Proof. By the linearity of the integral, we are reduced to showing that [, 1z =

v(R) for a rectangle R C A, but this is exactly the statement of Lemma 4.10 O

It is easy to check the following result. If f, g are real-valued functions on a set
X, we write f < g if for every z € X we have f(z) < g(z).

Lemma 5.3. Let A be a closed rectangle, and f: A — R a bounded function. Then we
have

[ =it [ vivesar<u
/Af=sup{/A¢:¢eS(A),¢§f}

Proof. 1t suffices to show the first of these equalities (as the second follows from
the first applied to — f). Now suppose that P is a partition of A. Let B denote the
rectangles which occur as the boundary of some S € P, so that ¥(R) = 0 for all

R € B. Let
=3 Ms(Nlg+ > |fllolr

SeP ReB
Then f < ¢ and it follows from the previous lemma that [, v = U(f, P). Hence

we see that inf{wa s € S(A), f < ¢} < TAf. On the other hand, for any
functions g1, gs it follows immediately from the definitions that

/ g1 S / 92,
A A

thus clearly [, f < inf{[, ¥ : ¢ € S(A), f < ¥}. O

Corollary 5.4. Let A be a rectangle. Then a function f: A — R is integrable if and
only if for every e > 0 we may find simple functions ¢: A — R,: A — R such that

o< [f<pand
/Awf/Agb<5.

Proof. This is immediate from the previous lemma. O



14 INTEGRATION IN RY

We now state Fubini’s theorem. Let A C R™ and let f: A — R be integrable.
Then suppose we write A = A; x Ay where A4; C RP is a rectangle in R” and
Ao C R? (where p + ¢ = n). Given x € A; we define a function f,: A, — R
by fz(y) = f(z,y), and similarly for y € A, we define f,: Ay — R by f,(z) =
f(z,y). Also, define the function f : Ay — Rby f (z) = fA2 fz, and the function

f1: A1 = Rby fi(2) = 7A2fz'

Theorem 5.5. (Fubini’s theorem): Suppose that A = Ay x A, is a rectangle in R™ as
above, and f: A — Ris Riemann integrable. Then the functions f and f1 are integrable,

and
Af:1;ﬂ=éﬁx/ £ (w)

L yeAs

L= Lo o)

Proof. Note that the | are necessary in the definition of f because, although f is
Riemann integrable on A4, this does not imply that f, will be integrable on A, for
allz € A;.

We prove the theorem in a number of steps. First consider the case of simple
functions on A. Let R be a rectangle contained in A, and say R = R; x Rg, where
Ry C R?and Ry C RY, and let f = 1. Thenif z € A; and y € A, it is easy to see
that

(1) 1R(l‘,y) = 1R1 (x)le(y)

Thus for x € Ay, the function f, isjust 1, if x € Ry, and zero otherwise. Similarly,
we see that for any simple function v, the function ¢, € S(A) for allz € A, and
hence P .= f Ay 1, (that is, the lower Riemann integral in the definition of P , can
be replaced with the actual integral since 1), is integrable). Moreover, it is clear
from Equation (1) that ¢ € S(4,). if ¢ € S(A). We claim that in this case

Because both sides are linear in ¢ (here we use the fact that for simple functions
we can use the Riemann integral throughout — the lower Riemann integral is not
necessarily linear) we need only check the above equation for functions of the form
1y as above. But for f = 1, it follows from Equation (1) and Lemma 4.10 that

il = V(RQ)]'Rl)
hence using Lemma 4.10 again we find
/ 5 :/ V(Ry)1g, = v(R1)v(R2) = v(R) :/ 1n
Ay Aq N

as required. Thus we have established [, f = [, f, for all simple functions f €
S(A).
Now we consider, for an arbitrary bounded function f: A — R, the inequality

/;fﬁ/?fr (%)
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Observe that we already know (x) holds (and is even an equality) when f € S(A).
Moreover, for any bounded f we have by Lemma 5.3

[ r=swi[ viveswv<n
LA A
. But using what we have already established for simple functions, this is just

sun [ 1,0 S(A)0 < 1),

and moreover, it follows from the above that if ) € S(A) and ¢ < f, then ¢, €
S(A;) and P L </[f . Using Lemma 5.4 the result follows. It follows from Lemma

5.3 that
/ ke / N2

and (*) is established for any f. But now applying (x) to —f (since (—f) = —f;)
we immediately obtain the inequality

Alfl < /Af. (t)

Now combining () and () in the case where f is integrable (so that the upper and
lower Riemann integrals of f agree) we obtain

/Af:/Af</Alf1</A1f1< A1f1</Af=/Af

where the second inequality follows because f < f1- But then each of the inequal-

ities must be an equality, and hence f is integrable (and similarly f1 is integrable)
and so the statement of the theorem follows. O

Remark 5.6. Exactly the same proof shows that we can integrate “in the opposite

order”, that is, we have
[r=] (] s
A yeA2 J pea,

and all the other corresponding equalities hold. Thus applying the previous the-
orem repeatedly, we see that if A C R™ and f: A — R is integrable, we may
evaluate the integral [, f by integrating each of the variables one at a time, in any
order that we choose. This freedom to choose the order of integration is useful
both theoretically and in practice.

We finish this section by proving the fundamental theorem of calculus, which
gives us a method of computing integrals in the case of R.

Lemma 5.7. (Fundamental theorem of Calculus). Let f: [a,b] — R be a continuous
function. Define F': [a,b] — R by
Fo = [ 1
[a]

Then F is differentiable on (a,b) with and DF(t) = f(t).
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Proof. Fix o € (a,b). Then since f is continuous as =, we may write f(z) =
f(zo) + () where |e(z)| — 0 as & — xo. Suppose that h > 0, then we have

1 1
E(F(ﬂﬁo +h) = F(zo)) = h(/[a,zo-i-h] /- [a. o] &

-
h [zo,z0+h]

= (f(xo) +¢)

~h [zo,z0+h]

1
=fe g o)

Since ¢ — 0 as x — =y, it follows from the monotonicity of the integral that this
term tends to zero as h does. The case . < 0 follows in the same way. It follows
that F' is differentiable, with derivative f. O

| —

—_

Remark 5.8. Observe that this result, which is the standard version of the funda-
mental theorem of calculus, does not fully answer the quesetion of when functions
possess an antiderivative. If f is a differentiable function on R, then it is not nec-
essarily the case that D f is continuous (consider for example f(z) = z?sin(1/x)).
Moreover we know that the integral of a function makes sense so long as the func-
tion is continuous away from a set of measure zero, thus one might hope for a
stronger connection between the class of functions which possess a derivative and
the class of integrable functions.

6. MULTILINEAR ALGEBRA

We begin by discussing the content (or n-volume) of n-dimensional versions
of a parallelograms: Given a set of n vectors, vy, vs,...,v,, We may consider the
n-dimensional parallelepiped P(vy, v, ..., vy,):

{tlvl +t21)2 =+ .. .tn’Un : ti S [O, 1},%, 1 S ) S n}

We want to consider the function on n-tuples of vectors c: (R")” — R given by
c(v1,v2,...,0,) = V(P(v1,v2,...,0p)).

Example 6.1. We consider the smallest cases, when n = 1 or 2. For n = 1 there is
almost nothing to do: any vector v € R is of the form ey, and V' (v) = |A|. Now let
n = 2, and suppose we have two vectors v = (a,b) and w = (¢, d). Then (working
for the moment informally) the area of the parallelogram that they span is |ad — bc|.
(You can see this by cutting up the parallelogram they yield into two triangles say).
Notice that in each of the cases we have examined, the content function was the
absolute value of a polynomial function, which gives a “signed volume”. It turns
out that this function is in fact easier to study. For the n = 2, let S be this signed
area. Then S(v, w) has the following properties:
S(v,v) = 0 forall v € R
5(81, 62) = 1 where €] = (17 O), €y = (07 1),
S(v1 + vo,w) = S(vy,w) + S(ve,w), for all vy, ve, w € R?;
S(v,wy +wg) = S(v,wr) + S(v,ws), for all v.wy, wy € R2,

Of course all of these can be checked directly from the formula, but they can
also be explained as follows: the first property simply asserts that the degenerate
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parallelogram consisting of the line segment from 0 to v does not have any area.
The second is simply our normalization of area (a choice of units, if you like).
Finally, the last two properties follow from the fact that the area is the product of
the length of one of the vectors, w say, times the (signed) length of the component
of the other vector in the direction perpendicular to w. Since taking the signed
length of this component is a linear function, we see that S is linear in the vector
V.

Similar reasoning suggests that a signed volume in R* should have similar
properties. In fact it turns out that the generalization of these properties uniquely
determine a function on n-tuples of vectors in R”. We formalize this with the fol-
lowing definition:

Definition 6.2. A function A: (R")* — R is an alternating k-multilinear map if
o (alternating): A(v1,ve, ..., v,) = 0 whenever at least two of the v; are equal;
o (multilinear): A is linear in each factor: given vi,vg,...,vi—1, Vit1,-..Un,
and w1, ws we have
A(Ul,UQ, e Vj—1,W1 —+ W2, Vi41y.-- ,’Un) :A(’L)l,l}27 ey Ui—1, W1y Vig1ye - ,’Un)

+ A(’Ul,’l)g, e ,’Uifl,’ZUQ,UH,l, e ,’l}n).

Notice that the set A*(R™) of such functions for a fixed integer k is a vector
space. For convenience, we also define A°(R™) = R. These spaces are finite di-
mensional, as we will soon see.

3

Lemma 6.3. Let v1, vy, ... v, € R™ and suppose that v; = 22:1 a;'-ej (1<i<k). Then
if A € AF(R™) we have
A(Ulav2)"'avk¢) = Z (a‘}laiz "'a‘]jck)A(ejwejW'"’ejk)'
1532530k

Proof. We show this by induction on k: for £ = 0 there is nothing to prove. Sup-
pose now that the result is known for k& — 1. Then the function (vy, vz, ..., vk—1) —
A(vy,v2,...,vk_1,v) is an element of A*~1(R"), and so we obtain

A(’l}17’l)2,...7’l)k> = Z (a;1a52...a;‘fk)A(ejl,ejy...,ejkilvk).
J1:J25-5Jk

But now, since A is linear in v;, we have

n
k
A€y, €y €y, Vk) = Z aj, A€y, €5nr 5 €y i)
Jr=1
Substituting this into the above expression gives the required result. O

Notice that the proof of the last lemma only used the multilinear property, not
the alternating property. Using the alternating property, we see that each of the
terms in the formula given by the lemma vanishes unless all the e;, are distinct.
But in fact more is true:

Lemma 6.4. Let vy, vs, ... ,v;, vectors in R™, and A € A*(R™) we have
A(Ul, V2, v o3 Vim1,Viy Vi1 -+ -5 Vi1, V5, Ujp1,y - - 'Uk;) =
—A(V1,V2, V15V Vi1 - Vi1, Vi Vg1 - - - Uk )

forevery1l <i < j<k.
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Proof. Given vectors vy, vs, ..., v consider a pair of indices i < j. Then
0= A(’Ul,vg, ey V1,0 F U5, Vi1 -, V51, V5 + V5, Vg, - .’Uk)

But then using the fact that A is linear in each of the ith and jth entries we find
that

0 :A(Ul,’Ug, ey Vi1, V5, Vi1 o v -, V=1, U4y Uj41, - ..’Uk)
+ A(’Ul,’Ug, cee s Vi—1,Vi, Vg1 - o o3 V-1, U5, Vjga, - - .Uk)
+ A(Ul,’Ug, e ,”Ui_l,’Uj,’UH_l . 7Uj_1,’Ui7Uj+17 . .’Uk)
+ A(’Ul,’Ug, e ,’l)l',l,’l)j,’l}prl e 7Uj,1,'l)j,1}j+1, .. .Uk)

Using the alternating property for the right-hand side, we see that the first and last
of terms are zero, and so the lemma follows. O

A multilinear map satisfying the conclusion of the lemma is said to be skew-
symmetric. It is easy to check that this property implies the alternating property
(because the only number ¢ with ¢ = —c is zero), so the space of alternating multi-
linear maps is the same as the space of skew-symmetric multilinear maps. Using
Lemma 6.4, the formula in the preceeding lemma can be made more precise: each
of the terms A(ej,,ej,,...,¢;,) is zero unless all the indices ji, jo, ..., ji are dis-
tinct, and then given a set of distinct indices {j1, j2, . . ., jr } if we swap any pair of
them, the value of A simply changes sign. In particular, if ¥ = n then the indices
{j1,72,---,Jn} must just be a reordering of the integers {1,2,...,n}. Forn = 2
we have shown that the signed area function is a skew-symmetric bilinear func-
tion (“bilinear” = 2-multilinear), but we do not as yet know if there are any such
functions (apart from the zero function) for n > 2.

Definition 6.5. A permutation of {1,2,...,n} is a bijection
o: {1,2,...,n} = {1,2,...,n}.

We denote the set of all permutations of the set {1,2,...,k} by S, the symmetric
group. Note that the composition of two permutations is clearly a permutation. A
permutation which interchanges two elements of the set {1,2,...,k} and leaves
the remaining k — 2 unchanged is called a transposition.

Suppose that we have a subset {j1, ja,...,j-} of {1,2,...,k}. We may define a
permutation o by setting

Js+1, ifi=js,s<m;

o(i) = it 0= Jr;
i 0
We say that o is a cycle of length r, and write o = (j1j2 ... jr). Thus a transposition
is cycle of length 2. We say two cycles o1 = (i142...4;) and o2 = (j1jo, ... jr) are
disjoint if the sets {i1,%2,...,4;} and {j1,j2,...,js} are disjoint. Notice that if oq
and o, are disjoint cycles, then they commute, i.e. 0109 = 0201. The next lemma
shows that there is a kind of unique factorization of a permutation as a product of
cycles.

Lemma 6.6. Let o0 € Sy, be a permutation. Then there are disjoint cycles 1,72, such
that

g =% ---M
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Proof. To find the cycles we introduce a relation on {1,2,...,k} as follows: say
that i ~ j if for some integer r € Z we have o7 (i) = j (where ¢* is the identity
permutation by definition, and if n > 0 we set ™" = (¢ 1)"). Now i = ¢°(i),
so that ~ is reflexive. Next, if 0" (i) = j, then 0~ "(j) = ¢ so that ~ is symmetric.
Finally, if i ~ j and j ~ p, then there are integers r, s such that ¢"(i) = j and
o%(4) = p. But then o™ (i) = o%(0"(i)) = 0°(j) = p, and so i ~ p, that is, ~ is
transitive. Thus ~ is an equivalence relation.

It follows that {1,2, ..., k} is the disjoint union of the equivalence classes of ~.
Now let O be an equivalence class. Then if j € O, it follows ¢°(j) € O for all
s € Z. Since {1,2,...,k} is finite, O is also finite, and so at some point we must
have o°(j) € {j,0(j),02(4),...,0°71(4)}. Suppose that r is the first s for which
this is true. Then we have o”(j) = o”(j) for some p < r. But then ¢"P(j) = j,
and so if r is minimal, we must have p = 0, and hence ¢"(j) = j. It follows that
O=1{j,0(4),...,0"(j)}. Let {O; }1<i<: be the equivalence classes of ~ and j; € O,
be an element of O;, (1 < t < 1), so that O; = {js,0(jt),..., 0™ 1(j)} where
re = |O¢|. Then if ~; is the cycle (ji, o(jt),...,0™ " (j:)) we see immediately that
0 =172 ... as required. O
Example 6.7. The lemma is easiest to understand in an example: Suppose that
o € Sg is the permutation which sends 1 — 4,2 — 1,3 — 5,4 +— 2,5 — 6 and
6 — 3. Then if we start with 1 we find that 1 — 4 +— 2 — 1, so that (142) is one

of the cycles for o. Picking 3 as the smallest term not in the cycle we already have,
we find that 3 — 5+ 6 + 3, and so o is the product (142)(356) = (356)(142).

The number of cycles in the expression for o € S}, as a product of disjoint cycles
(more precisely, the number of equivalence classes for ~ in the previous lemma) is
called the cycle length of o, written c(c). We define a map ¢: S, — {£1} by setting

£(0) = (~1)4).

We call e(o) the sign of . The existence of non-zero skew-symmetric multilinear
functions follows from the fact that the function € we have just defined is compat-
ible with composition of permutations, in that if o1, 02 € Sj, then

2 g(oq1 0 02) = e(01)e(02).
The following lemmas gives a proof of this basic fact.

Lemma 6.8. Let o € Sy, be a permutation. Then there are transpostions Ty, Tz, ..., Tm
such that

O =T17T2...Tm-
(where this product is taken to be the identity map from {1,2,...,n} to itself if m = 0).

Proof. Since any permutation can written as a product of cycles, it is enough to
show that any cycle can be written as a product of transpositions. Let (j1, jo, - - -, Js)
be a cycle. It is easy to check that

(J15J2s - -5 Js) = (J1ds)(Grds—1) - - - (41, Ja)

Example 6.9. Let 0 = (1234) € Sy, the we have
(1234) = (14)(13)(12)

The general case works in exactly the same way.
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Notice that a representation of a permutation as a product of transpositions, in
contrast to the representation as a product of disjoint cycles, is far from unique
(as a trivial example, if T is a transposition, then 72 = 1, so given any product of
transpositions which equals o, we can add on 2 copies of 7 at the end to get a new
product of transpositions equaling o).

Lemma 6.10. Let o € Sy, and let T be a transposition. Then e(oT) = e(o)e(7).

Proof. It is enough to show that c(o7) = ¢(o) £ 1. Let 7 = (ij) be the presenta-
tion of 7 as a product of cycles, and let ¢ = 7172, ...7 be the presentation of ¢
as a product of cycles. . To see this, observe that there are two cases. Either the
elements (ij) are in the same cycle ., or they are in two different cycles 7;,vs. In
the first case one checks that v, 7 splits into two disjoint cycles: suppose that v, =

(i,m1,n2,...,Np, j, M1, Ma,...,mg,), theny,7 = (i,n1,na, ..., np)(J, M1, Ma, ..., Mg).
In the second case we have v, = (i,n1,n2,...,1p), ¥s = (j,m1, ma,...,m,) say,
and so Vs = (4,n1,N2,...,Np, j, M1, Ma,...,My), is a single cycle. The result
follows. O

Combining the two lemmas, we see that ¢ is compatible with composition of
permutations as claimed.

Lemma 6.11. Let A € A*(R™), and let vy, v2,...,v, € R™. Then for any o € Sy, we
have
A(’Ug(l),vg(g), SN ,UU(k)) = E(O’)A(’Ul, Vo, ... ,Uk).

Proof. For ¢ a transposition, this follows from skew-symmetry. For an arbitrary
permutation o, write is as a product of transpositions, and use induction. O

We now consider again the expression we obtained in Lemma 6.3 for A €
AF(R™), an alternating multilinear function: for vectors vy, vs,...,v; with v; =
>oi—1 akej, (a% € R) we have

J
_ 1 2 k o ‘
A(vy,va, ..., 0) = E aj aj, ...a; Aej, €. €5,).
J1sJ255dk

Each of the terms A(ej, ,ej,, ... €;,) vanishes unless all the {ji, jo, ..., i} are dis-
tinct, and moreover, in this case we may find o € S; such that the sequence
({Jo1)» Jo(2)s - - - » Jo(k)) 18 increasing. It follows using Lemma 6.11 that if we group
together the nonzero terms in the above summation according to the k-element
sequences J = (j1 < j2 < ... < ji) forjs € {1,2,...,n}, (1 <s < k) wehave

A(v,va, ..., 0) = Z A(ejl,ejz,...,ejk)( Z E(U)a;o(l)ai@) ...a§6<k))
Jc{1,2,...,n} oSy

Now let, for each .J as above, let D : (R™)* — R be the function given by
— 12 k
Dj(vi,va,...,05) = Z s(a)ajv(l)aja(z) g
o€Sk
so the previous equation shows that for an arbitrary A € A¥(R"),

(©)] A= Z Alejy, €y 55D

JC{1,2,...,n}
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Lemma 6.12. For any J a k-element subset of {1,2,...,n} (where k < n), the func-
tion D is a nonzero element of A¥(R™). Moreover the functions D ; as J runs over the
sequences (j1 < jo < ... < ji), for js € {1,2,...,n},(1 < s < k) form a basis of
AR (R™).

Proof. Let J = (j1 < jo2 < ... < ji). Itis clear that D; is multilinear, so we
need only check that it is alternating and nonzero. To see that it is alternating, let

7= (ij),and v; = 3°7_ ale; € R™ (1 < i < k), then we have

1 k
DJ(vT(l), UT(Q), e ,’UT(k)) = Z E(U)QJ'U(T(U) N ajU(T(k))
€Sk
_ 1 k
- Z e(pT)ajp(l) RS
pESk
_ 1 k
=e(7) Z s(p)ajp(l) Ay
pESk
=—Dj(v1,va,...,0k).
where in the second equality we set p = o7. To see that the functions D; form
a basis of A¥(R"), notice that if (vy,va,...,v1) = (€iy,€in,---,¢€i,) Where I =
(41,12, .. .,1%) is an increasing sequence of elements of {1,2, ..., k}. then we have

1 ifJ=1
DJ(eil,...,eik):{ 0 lfI#J

This shows that the D are linearly independent, but Equation (3) already shows
that they span A*(R"), so we are done. O

Suppose now that k& = n, then we have shown that A"(R") is one dimensional
with basis vector D = D15, ») (as (1,2,...,n) is the only n-term increasing se-
quence in {1,2,...,n}). This allows us to define the determinant of a linear map.

If a: R™ — R™ is linear, then the function o* (D) given by

a”(D)(v1,v,...,0,) = D(a(vy), a(va), ..., a(v,))

is clearly an alternating multilinear map, i.e. o*(D) € A™(R"™). But since this vector
space is one-dimensional, with basis { D}, we see that

a*(D) = AD,
and using Equation (3) above we see that A = D(a(e1), a(e2), ..., a(ey,)). Thus we
define
det: End(R") — R
to be the map which sends a — D(a(e1), a(ez2), ..., aley)), the determinant of c.

Lemma 6.13. Let o € End(R™), and let A = (a;5)1<i,j<n be the matrix of o, then

det(a) = Z £(0)A15(1)025(2) - - - Ano(n)-
gESy

Moreover if o, 5 € End(R™) then
det(c o B) = det(a). det().
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Proof. The first part is immediate from the columns of A are the vectors af(e;),
as ¢ runs from 1 to n. The second part follows from the fact that (a o 5)*(D) =
B*(a*(D)) so that

det(c o B) = det(a). det(S).

Corollary 6.14. A linear map o: R™ — R™ is invertible if and only if det(ca) # 0.

Proof. Suppose that « o 3 = Id. Then since it is easy to see that det(Id) = 1, the
previous lemma shows that

det(a) det(B) =1,

and hence det(«) # 0. For the converse, suppose that « is not invertible. Then

the vectors a(eq), a(es), . .., a(e,) are linearly independent. Thus we may find an
i such that
aler) =Y Ajale)).
i
But then

J#i
= \;D(a(er),...ale;),...ale,))
J#i
=0.
using the fact that D is alternating and multilinear (in the j — th term in the last
sum, a(e;) occurs twice, and so D vanishes). O

7. INTEGRATION AND TRANSFORMATIONS OF R™

Suppose that ¢: U — V is a transformation between subsets of R™ (in many
examples it will be a diffeomorphism between open sets in R"™). Then ¢ defines
a correspondence between subsets of R®. Given A C R", the set of all z € R
for which ¢(x) € A is denoted ¢~'(A). (Notice that this does not require ¢ to
be a bijection). Given a subset A C R” and any function f: A — R”, we can
define a function ¢*(f): = *(4) — R by setting ¢*(f)(z) = f(p(z)). Clearly
this gives a linear map between the spaces of bounded functions on the two sets,
& B(A) — Blp~L(A)).

Example 7.1. Let P: [0,00) x [0, 27r] — R —{(0, 0)} be the transformation given by
(r,s) — (rcos(s), rsin(s)).

Then the pair (r, s) gives the polar coordinates of the point P(r, s), and if f: R? —
{0} — R is a bounded function, the function P*(f) is simply the function f
thought of as a function of the polar variables, rather than the Cartesian variables.
Informally, the question we wish to address is how to integrate f in terms of the
polar coordinates rather than the Cartesian coordinates. The transformation P
clearly distorts area, so we should not expect the integral of [, f to be simply the
integral |’ P1(A) P*(f). It turns out, however, that we can precisely express the
way in which area is distorted by P, and obtain nevertheless an expression for
[ [ in terms of P*(f) and P~1(A).



INTEGRATION IN R™ 23

We want to understand the relation between integrating f over a set A and
integrating the function ¢*(f) over ¢ '(A). Before we can do this however, we
need to ensure that it makes sense to integrate these objects. For this we use our
characterization of integrable functions: in order to know that ¢*(f) is integrable
when f is, it is enough to check that ¢ sends sets of measure zero to sets of measure
zero. For this we use the following definition: if R = [a1, b1] X [az, b2] X ... X [ay, by]
is a rectangle, then set d(R) = max{|b; —a;| : 1 <1i < n},so that, v(R) < d(R)". We
say that R is an n-cube is all the sides have the same length, thatisif b; —a; = b;—aq;
for all 4, j. For an n-cube R we have d(R) = v(A)#.

Exercise 7.2. Show that in the definition of measure zero, we may assume that the
rectangles are in fact n-cubes.

Lemma 7.3. (1) Let ¢: R™ — R™ be a Lipschitz transformation, that is, there is a
K > 0such that ||o(z) — ¢(y)|| < K||x —y|| forall z,y € R™. Thenif A C R",
has content zero so does p(A).
(2) If f € R(R™) is Riemann integrable, and o is invertible with ¢ =1 Lipschitz, then
©*(f) is Riemann integrable.

Proof. Let A be a set of measure zero. Then given ¢ > 0 we may find n-cubes
Ri,Rs,... such that A C ;o R;, and > oo, v(R;) < e. It follows from the
definitions that we may find an n-cube S, containing ¢(R;) such that d(S5;) <
2Kn'/2d(R;) (to see this, note that for all z,y € R we have ||z — y|| < d(R)n'/2.

But then we have
oo

o0
p(4) c JeRr) c s,
i=1 i=1
and >2°° w(S;) = 3200, d(S;)" < 2neK"n™/2. Since ¢ was arbitrary, ¢(S) has
measure zero as required.

For the second part of the lemma, recall that a function is in R(R™) if it is zero
outside of a bounded set, and is continuous everywhere except on a set of mea-
sure zero. Clearly if ¢! is Lipschitz, then ¢*(f) is zero outside of a bounded set.
Moreover, since a Lipschitz function is continuous, the discontinuities of ¢*(f) are
contained in the set ¢ ~!(B) where B is the set on which f is discontinuous. If ¢~*
is Lipschitz, then the first part of the lemma now ensures that this set has measure
zero as required. O

Remark 7.4. The previous lemma also implies that the image of a set of content zero
under a Lipschitz map ¢ has content zero, indeed this follows once we observe that
since ¢ is continuous, it takes compact sets to compact sets.

We now want to establish the relation between the integrals of the functions f
and ¢*(f). Our goal is the formula:

@ [ 1= 1aene)io o).

for any f € R(R") and any diffeomorphism ¢: R — R”. Note that hidden in
this equation is the assertion that the function | det(D¢)|¢*(f) is integrable. But
if f € R(R™), then f is zero outside of some compact set, K say. Since ¢ is a dif-
feomorphism, | D¢~!|| is bounded on K, and hence by the Mean Value Inequality,
¢~ is Lipschitz on K. Since the points where f is discontinuous will be in K, the
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previous lemma shows that ¢*(f) is integrable. Since | det(D¢)| is continuous, it
is integrable, and so the product | det(D¢)|¢*(f) is integrable as claimed.

We will establish this formula by first demonstrating special cases of it. Our
first reduction is to observe that if establish Equation (4) for simple functions, then
it must also hold for any integrable function.

Lemma 7.5. Let ¢: R™ — R", and suppose that Equation (4) holds for ¢ and any simple
function. Then Equation (4) holds for all f € R(R™).

Proof. Suppose that f € R(R"),Then we have
f=suwp{ | ¢:¢peSR"):¢<f}

J_Rn R”

—sup{ | |det(De)o"(0): 0 € SR s < )

But now if ¢ < f it follows immediately that | det(D¢)|¢*(¢) < |det(Dg)|o*(f),
and hence since the lower Riemann integral respects inequalities,

/ | det( D) |6 (1) < / | det(D6)|6* (f),

Y_Rn J_Rn

and so we obtain
[ 1< 1ol
J_Rn J_Rn

Exactly the same argument with the upper integral shows that we also have

[ iz [ laeoois o

and hence in the case that f is integrable, we obtain the desired result.
O

Since continuously differentiable function are locally closely approximated by
their derivative, we next consider the case when ¢ = T, a linear map. Since T'
is Lipschitz, the previous lemma shows that T* takes integrable functions to inte-
grable functions. Moreover the derivative of T is just T itself. Thus in this case,
the previous equation becomes:

®) [ e = [ s
R™ R™
Our strategy is to use the fact that the determinant is compatible with composition
to reduce to the case of a few simple linear maps.
Definition 7.6. For 1 <i <nand A € Rlet E;()\) € End(R"), be the map given by
BN (i pizs ooy i s pin) = (pns fzs ooy My - s fin)-

For1l <i# j < nlet E;j(\) € End(R") be the map given by

EU(A)(/.Ll, Y TR Hu’ja"",un) = (/U’la"'a,ui7' s Ky +AH’7A '7/”'”)'
We call the linear maps E;;(\), E; () elementary transformations. Notice that

BNt = Ey(=N); BT =Ei(AT),

so that the inverse of an elementary transformation is again an elementary trans-
formation. Note also that det(E;;(\)) = 1 and det(E; (X)) = A
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Lemma 7.7. Any linear map o: R™ — R"™ can be expressed as a composition of elemen-
tary transformations.

Proof. This is simply another way of expressing the fact that we can solve linear
systems of equations using elementary row operations: the operation of adding a
multiple of one row to another corresponds to composing with an E;; (), the oper-
ation of scaling a row is just composing with E;(\). We show this explicitly in the
case n = 2 in the next example. (Normally when defining row operations we also
have an operation which interchanges two rows, however this can be achieved us-
ing a succession of the above operations: if we wish to intechange rows i and j, we
can add row i to row j, and then subtract the resulting row j from row i, change
the sign of this row i, and finally subtract this new row i from row j(!!).) O

Example 7.8. We consider the n = 2 case. If we start with an invertible matrix
a b

A= ¢ d ), where we assume for convenience that a # 0 then we may apply

elementary transformations as follows:

Fi(a A = béa ) ;
d —b/bi/a > ?

S
I

Es(a/(ad — bc))Eya(—c)Ey(a™h)

b{a>;

S
I

Egl (—b/a)Eg(a/(ad — bC))Elg(—C)E1(a_l)

O O OFk O =

Taking inverses we see that
A = Ei(a)E12(c)Ez((ad — be) /a)E21 (b/a).

Thus in order to prove that Equation (5) holds, we need only check it for 7" an
elementary transformation.

Lemma 7.9. Let T be an elementary transformation, and f € R(R™) a Riemann inte-
grable function. Then

| 1aemr i = [ g

Proof. As for Fubini’s theorem, we first establish the result for simple functions.
Suppose that A is a rectangle, say A = [a1,b1] X ... X [ap,b,]. Then T%(14) =
1r-1(a). T = E;()\), we see immediately that

T HA) = [ay,by] x ... [N ay, A7) x .o X [an, b,

and so the result follows. Thus it remains to check the case where T' = E;;(\) for
some A € Rand 1 < i # j < n. Itis clear that this reduces to a calculation in R?,
so we assume thatn = 2and ¢ = 1,j = 2, and A = [a1, b1] X [ag, bs]. Then write
r € R%?as (y,2). Set f = 1p-104) so that f,: R — R given by f,(t) = f(y,t) is such
that

if Yy e [al, bl]

_J Las—ayba—ay]
fy(t) = { 0 otherwise
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Thus g(y) = [ fy = [(ba — Ay) — (a2 — AY)]L[a, by) = (b2 — a2)1}4, p,]- Hence by
Fubini’s theorem we have

T ) = [ f= o= =) [ Lo = ().

Since det(T") = 1 this establishes the result for 14. As both sides of Equation (5)
are linear in f, this immediately implies that Equation (5) holds for any simple
function. Applying Lemma 7.5 we see that the lemma follows. O

Corollary 7.10. Let T be an arbitrary invertible linear transformation. Then
[ ez = [ g
n Rn

Proof. Any linear map 7' can be written as a product of elementary transforma-
tions, say T' = EjE;...E,. Then the result follows by induction, using the
fact that for any linear maps T4,T> we have (Th o T2)*(f) = Ty ((IT7)(f)), and
det(Tng) = det(Tl) det(Tg) O

The inverse function theorem tells us that, at least locally, a diffeomorphism
behaves like its derivative at a point, thus it is plausible that Equation (7) should
hold. Moreover, by Lemma 7.5 and linearity, it is enough to show that Equation (7)
holds for ¢ a diffeomorphism when f is the characteristic function of a rectangle.
We begin with a lemma which ensures that, at least locally, the derivative controls
the action of ¢ on rectangles. Let C,.(z) = {y € R" : |y; — ;| < 7,1 <1i < n} be
the n-cube centered at x with side lengths 2r. Thus v(C,(z)) = (2r)". Let ||.|«
denotes the maximum norm, ||z|/c = max{|z;| : 1 <i < n}. Then C,(z) = {y €
R™ : ||y —z||s <}, thatis, C,(z) is the “open ball” of radius r for this norm. Note
that o < [l and [l2]] < v/l

Definition 7.11. Let ¢: U — R" be a continuous homeomorphism, where U is an
open subset of R”. We say that ¢ has measure derivative at x € R™ if the limit
li C C
Jim A(6(C)/(C)
exists, where C runs over cubes containing « with d(C') — 0. Denote this limit by

Ag(x).

Notice that our results so far show that, for a map ¢ of the form z — z + T'(z)
where T is linear, we have A¢(x) = det(T) for all .

Lemma 7.12. Let ¢: U — R" be a diffeomorphism. Then for each x¢ € U we have
Ad(wo) = [ det(Do(wo))]

Proof. Let g € U, and fix € > 0. Since we have established the change of variables
formula for a linear map, and the determinant is multiplicative, we may replace ¢
with the function
y = Do(x0) "y — w0) — d(20)),

and hence assume that 0 = zg = ¢(x¢) and D¢(0) = Id. Thus we must show that
A¢(0) = 1. Since D¢ is continuous on U, given ¢ > 0 we may find a 6 > 0 such
that ||D¢(z) — Id|| < € for all z € B(0,0). Then by the mean value inequality for
the function ¢ — Id we have,

[p(2) — x| = [[(d(x) — z) = (¢(0) = O)[| < ellzll, vz € B(0,9).
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Using the inequalities relating ||.||.c and ||.|| we see that this moreover implies
that [|¢(z) — z]|ec < ev/n]|z|e for all 2 € B(0,6). Now suppose that C,(x) is
cube containing 0 such that C,.(z) C B(0,¢) (this holds for example when r <
d/+/n). Then for any y € C,(z), since ||.||« is a norm, and so satisfies the triangle
inequality, we find that
16(y) = zlloo < N16(Y) = Ylloo + Il — ]l
< eVlylle + lly — 2
< 2v/ner +r

and hence ¢(y) € C(149, /e, (z). Thus we see that

(ZS(CT(I.)) C C(1+2\/ﬁa)r(x)v
Now taking v of these sets we find that

P(O(Co @) [o(Cr(2)) € UCr oy (2)) [o(Co() = (1 + 2v/me)"
Since ¢ is arbitrary, it follows that

limsup »(6(C; (2)))/v(C1 () < 1,

as C;.(x) runs through cubes containing 0 with side-lengths tending to zero.

On the other hand, considering ¢~! in the same manner, we find that given
any € > 0 there is a § > 0 such that for all n-cubes C,(z) centered at x contain-
ing 0, with diameter less than § we have ¢~'(C,(2)) C C(1 42 /me) (), and so
Cr(z) C ¢(C1s2ymeyr(x)). Thus setting s = (1 + 2y/ne)r, we have ¢(Cs(z)) D
Cs(142me)-1 (), whenever s is sufficiently small. Thus as above we get that

V(¢(Cs(2)))/v(Cs(2) = v(Cyiaymey-1 (2))/v(Cs(2) = (14 2v/ne) ™"
Thus we find
lim inf 1((C () /1(Ca()) > 1.
and so we must have lim, o v(¢(C,(z)))/v(C;(x)) = 1 as required. O

Lemma 7.13. Suppose that ¢: U — R is a diffeomorphism from an open set U C R™
and A is an n-cube such that for all x € A we have A¢(x) < M. Then

v(o(C)/v(C) < M
for all cubes C contained in A.

Proof. Suppose that we have a cube C' C A for which v(¢(C))/v(C) > K + ¢ some
e > 0. Then partitioning C into 2™ cubes of side-lengths half the side-length of
C, there must be at least one of the subcubes, C say, for which v(¢(C1))/v(Cy) >
M + e. Subdividing repeatedly, we obtain a nested sequence of cubes (Cj)ren
whose diameter tends 0. Let = € C be their intersection. Then clearly

A(x) = Jim v($(Ch))/v(Ch) > M+,
which is a contradiction. O

Lemma 7.14. Let ¢: U — R™ be a diffeomorphism defined on an open set U C R™. Then
if A is rectangle, and A C ¢(U), we have

wm=44wA¢
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Proof. Clearly we may assume that A is closed, and hence compact. Since ¢~ is
continuous, ¢! (A) is also compact. and hence we may find a compact set K such
that
o NA)CKCKcCU.

Let ¢ > 0 be given. By the definition of A¢, for each x € K there is an , > 0 such
that [v(¢(Cy(z))/v(Cr(x)) — Ag(z)| < e for all r < r,. Since A¢ is continuous, and
K is compact there is an ~ > 0 which works for all x € K simultaneously (consider
the sets U, = {# € K : Ir, > r} for r > 0). Similarly, A¢ is uniformly continuous
on K, and so there is a § > 0 such that |[A¢(z) — A¢(y)| < € for all z,y € K with
|z —y|| < . Suppose also that |A¢(z)| < M forallz € K.

Cover ¢~ 1(A) with cubes C1,Cs, ..., Cy, such that C; = C,.,(x;) C K, withr; €
R, r; < min{r, 8}, x; € $~1(A) (here we do not assume that the cubes are closed,
just that they are disjoint and cover ¢~ (A)). Since ¢! (A) is Jordan measurable,
its boundary has content zero, so we may assume that the total content of the cubes

intersecting d¢ ! (A) is less that /M, and so since Uz 1 6(C;) D A, it follows from
Lemma 7.13 that 0 < Zi:l v(p(Cy)) —v(4) <e.

Set i
Z )/v(Cr(@i))Le,, (z)-

Then clearly [ x¢c = v(¢ (Ui:1 Cy,(x;))). Moreover we have for z € Ule C, (),
say v € Cy,(2p),

[Ap(z) = xe ()] < [Ad(x) — Ad(wy)| + [Ad(xp) — Xe ()] < 2.

and therefore

| [xe= [861=1 [txe-20) < [Ixe - a0l < 2e(64) +2)
and so finally
- [0l < ma) /xC\+|/xC—/A¢|

<e+2(v(A)+e)
=e(2v(A)+1+¢).
Since € was arbitrary, we are done. O
The general change of variables formula is now an easy consequence:

Theorem 7.15. Let ¢: U — R™ a diffeomorphism from an open set U C R™, and let V
be a Jordan measurable set such that V.C ¢=*(U). Then

Li=] ., @000

Proof. We first establish that if f € R(R™) is zero outside of ¢(U), then

© [ 1= oo

(where the integrand on the right-hand side is defined to be zero outside U). For
f = 14 where A is a rectangle the previous lemma establishes the result. By lin-
earity, we immediately obtain the result for simple function, and applying Lemma
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7.5 we obtain the result for all f € R(R™). Next note that by definition we have

s / v,

and moreover ¢*(f.1y) = ¢*(f).¢*( = ¢*(f).14-1(v). The equation in the
statement of the theorem now follows by applymg Equation 6 to the function f.1y.
|

7.1. Examples and applications of the Change of Variables Formula. We give
some examples of the uses of the Change of Variables formula and Fubini’s theo-
rem.

7.1.1. Compute the area of the set A = {(z,y) € R? : 1 < zy < 2,22 <y < 222}

In this example we are integrating an easy function (the constant function 1)
over a complicated domain (the set 4). Using the change of variables formula,
we can transform this into the integral of a (manageable) function over an easy
domain (a rectangle). Examining the conditions, we can try for new coordinates
u = xy, and v = y/2?, that is, consider the function ¢: R? — {(0,%) : y € R} — R?,
where ¢(x,y) = (xy,y/x?), so that ¢(A) = [1,2] x [1,2]. If we can show that ¢ is
a diffeomorphism onto its image, then the change of variables formula shows that
if ¢ is its inverse, we have (since 1y} (A4) = ¢(A) = [1,2] x [1,2)])

/1A—/w 1.4)] det(D)|

— [l det(Du)| = /w(A) |det(Dy)|

= [ ldet(Do)
[1,2]%[1,2]

But we can solve the equations u = xy, v = y/x? to express z,y as functions of
u, v as follows:
z=(u/v)'?  y= ()",
so that ¢ is a diffeomorphism away from where u and v are zero. We could calcu-
late det(Dv)) directly from the above formulas, but we can also calculate det(D¢),
as they are inverses. We have

_ Yy z
D¢ = ( —2y/x®  1/z? >’

and hence det(D¢(z,y)) = 3y/x*. Thus det(Dy(u,v)) = 22 /3y = Lo~
It follows that

v = [ M= 5 = gles)
[12]><12 (1,2] Jvel1,2]

7.1.2. Let®: (0,00)x(0,27) — R?be the map givenby ®(s,t) = (s cos(t), ssin(t)).
Show thatif B, = {x € R : ||z|| < r}, and f € R(R™) then

éfﬂmmﬁ@m@”

If C. = [-r,r] x [-r, 7] show that

/ e_mz_yz _ (/ e_m2)2-
C, [—7,7]
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Prove that lim,_, fB e~ Y = lim, oo fc e~*"=%’ and hence deduce that

/ e~ = lim e = /7.
R "0 J =]
(here the first equality is the definition of the left hand side).
We have
[ cos(t) —ssin(¢)
D(s,t) = ( sin(t) scos(t) )’
and so det(D¢(z,y)) = s. If B, is the disc centered at the origin, then clearly

®~1(B,) = [0,r] x [0,27]. Moreover ®*(f)(s,t) = e=*", and so by the change of
variables formula, we have

2.2 a2
/ e v Y :/ se *
B, [0,7]x[0,27]

But then using Fubini’s theorem, we can integrate over ¢ and then s to find that

/ se™* :/ (/ se
[0,7]x[0,27] te[0,27] s€[0,r]
1 _ 2

_ [ ZeS }r

/ [0 27r] 2 0

2

—(1—e™)

/ [0,27] 2

m(l—e” TZ).

On the other hand, using Fubini’s theorem we have

/ 6_7”2_92:/ (/ e_xz_yz)
C, zE€[—r,r] ye[—r,7]
:/ e*IQ(/ efy2)
zE€[—r,7] y€E[—r,r]

42
—(f et
te[—r,r]
as required.

Finally, if C, is the cube of side length 2r centered at the origin, clearly we have
B.cC,.CB N and so since e=*" " is positive we have

w(l— 67T2) :/ e~ Y’ §/ eV < / P - m(l — e*2T2).
B, C. B.s,

4

Thus it is clear taking the limit as r — oo we have
lim e = lim ( e
r—oo o 700" fie[_rr]

Since ft €lr—r] et is clearly positive, it follows that

lim e " = /.

T—00 [—T,T]
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Remark 7.16. The observant may complain that ® is not a diffeomorphism at (s,t) =
(0,t). However, the set {(0,¢) : 0 < ¢t < 2]} is a set of content zero, so that nei-
ther it (nor it’s image under ®, the origin) contribute to the value of the integrals
in the change of variables, thus our slight carelessness does not result in a false
calculation.

7.1.3. Calculate the 4-volume of the 4-ball B, = {z € R* : ||z| < r}.
We need to find coordinates to make the set B, simple to describe. One possibility
is the function ¥: R* — R* given by setting ¥ (s, t1, {2, t3) to be

ta(cos(ty) cos(ts), sin(t1) cos(ts), cos(te) sin(ts), sin(t2) sin(t3)).
You can check that ® gives a diffeomorphism from
(0,27) x (0,27) x (0,7/2) x (0,7) — B,\S

where S is a set of content zero. Thus we need to compute the derivative of
this transformation, and then integrate the determinant of this over the rectangle
(0,27) x (0,27) x (0,7/2) x (0,7).

The derivative of D® is given by the matrix

—t4sin(ty) cos(ts) 0 —tgcos(ty)sin(ts) cos(ty) cos(ts)
t4 cos(ty) cos(ts) 0 —tysin(ty)sin(ts) sin(t1) cos(ts)
0 —tasin(te)sin(ts)  tacos(te)cos(ts)  cos(tz)sin(ts)
0 tycos(ta)sin(ts)  tasin(ta)cos(ts)  sin(te)sin(ts)

Now the determinant of this matrix is “D” of the column vectors, where D was
the basis vector of A”(R"™) we constructed. Since D is multilinear, we can take out
scalars: for example in the first row we can take out ¢4 cos(t3). Doing the same
thing for the second and third row, we find that det(D®) is

— Si?(tﬁ) 0 — cos((tl)) sin((tg)) cos((tl)) COSEtS))

. cos(t 0 —sin(t1) sin(t sin(tq1) cos(t
tj cos(ts) sin(ts) det 0 1 —sin(tg) COS(tQ; COS(t;S cos(tlg) sin(tz)
0 cos(tz2) sin(tg) cos(tz)  sin(tq) sin(ts)

Now using the formula for D this expands to:

t4 cos(ts) sin(t3) ( — sin(t1){— sin(t1) cos® (t2) sin®(t3) — sin(t1) sin®(t2) cos(t3)?

— sin(t1) cos?(tz) cos?(t3) — sin(ty) sin®(t) sin®(¢3)}

— cos(ty) sin(t3){— cos(t;) sin®(t) sin(t3) — cos(t1) cos?(t2) sin(t3)}

— cos(t1) cos(t3){— cos(t1) sin®(t2) cos(ts) — cos(t1) cos®(t2) cos(t3)})
(we split up the sum over o € S, into groups according to o(1) = 1,2, 3 or 4). This

is just

t§ cos(t3) sin(t) ( sin®(t1) cos®(t2) sin®(t3) + sin® (1) sin®(t2) cos®(¢3)
+sin?(¢;) cos?(t2) cos?(t3) + sin?(t;) sin? (t2) sin?(¢3)
+ cos?(t1) sin?(to) sin®(t3) + cos?(t1) COSQ(t2> sin (td)
4 cos?(t1) sin®(t5) cos®(t3) + cos?(t1) ¢ )
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which (using the fact that cos?() + sin®(6) = 1) is
t§ cos(t3) sin(ts) (sin®(t1) cos®(t2) + sin®(t1) sin®(¢2)
+ cos?(t1) sin®(t2) + cos®(t1) cos®(t2))
which in turn simpifies to ¢} cos(t3) sin(t3) = 3t3sin(2t3). It follows that the vol-
ume of the 4-ball is just
1. 1
/ —t3sin(2t3) = 4% (=r?) / sin(2t3).
(0,27)x (0,27) x (0,7 /2) x (0,) 8 t5€(0,7/2)
1 1 -
= dm* (gr") [ cos(21a)]] /2

1
— 24

2

7.1.4. Finally we calculate volume of the n-dimensional ball.

The n-ball of radius r is the set

B,(r) ={z e R" : |jz|| < r}.

You can check that the boundary of B,,(r) has content zero, so that B,,(r) is Jordan
measureable. Let V,,(r) be its volume. Considering the diffeomorphism p,.: R —
R™ given by = +— rz, we see easily that V,,(r) = r"V,,(1), so we are reduced to
computing V,,(1).

Suppose that we know V,,_1(r). We calculate V,,(1) using Fubini’s theorem:
Write € R"™ as (2/,x,) where 2/ € R"~!. Then if z € R", and we fix x,,, then
x € By(1) exactly when 2’ € B,,_1(y/1 — 22). Therefore we have

/18(1)/6[11/ Buo1(y/1-2%)

— [ veawisa
z,€[—1,1]

= zvn_1(1)/ (1—a2)"/2,
z, €[0,1]

To compute this last integral, we use the one-dimensional change of variables for-

mula: let sin(t) = /1 — 22.
cos(t)dt = —x, (1 — 22)~1/2dx, = cos(t)/sin(t)dz,,
Then the last integral becomes:

zvn,l(l)/ (1—a22)"/? = zvn,1(1)/ sin™ L (t).
z,€[0,1] te(0,7/2]

Finally, we can compute this last integral by induction on n, using integration by
parts with the functions sin(¢) and sin™(t): Let the integral be I,, = f[o /2] sin" 1 (t).
Then

/ sin"*1 () = [~ cos(t) sin™ (t)]g/2 + / nsin™ ! (t) cos?(t)
€[0,7/2] [0,7/2]

= n/ sin™ 1 (t) — n/ sin T (t)
[0,7/2] [0,7/2]

(n+ 1)1, =nl,_o.

and hence we find that
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Since it is easy to see that Iy = 1 and I; = 7 /4, we see that

2k 2k—2 2 : _ .
I = h+l2k—1 """ 3’ 1f’l’l—2k,
n —

2
s An/4, ifn=2k+1.
we conclude that
k,.2n .
_ et [kl if n = 2k;
Vn(r) - { 2”]{)!7Tk7"2k+1/’n,!7 ifn = 2%k +1.

8. DIFFERENTIAL FORMS

8.1. The exterior product and pullback. We want to put a product on the space
of alternating multilinear functions. To do this, we use the basis {D} for A¥(R")
which we defined previously. We start by recall what this basis is, in slightly dif-
ferent fashion from our original definition. First recall that A”(R™) is one dimen-
sional, spanned by the function D, where

12
D(Ul, V2,..., Un) = Z E(O’)aa(l)aa(2) e ag(n)
oESK
where the scalars a} are given by v; = > i a%ej, i.e. the coordinates of the v; with
respect to the standard basis of R™.
Given a k-tuple of distinct integers (j1, j2, - -.,Jx) Where 1 < ji,jo,....Jk < n,

we can define an element D ; of A*(R"™) as follows: we set for vectors wy, ws, . . ., wy, €
R'I’L

Dj(wy,wa, ..., wg) = D(vy,ve,...,05),
where

Wy ifi = j;
v; = !
v e; otherwise

It then follows that for J an increasing k-tuple (that is, j; < j2 < ... < ji) the
function D coincides with the basis function denoted D ; in Section 6 (to see this,
you can use Equation (3) of that section). Clearly if we reorder the elements of the
k-tuple J, since D is alternating the function D ; will change only by a sign.

Example 8.1. Suppose that n = 3 and we have J = (1,3). Then D; = D;3 has
D13(Ua w) = D(Ua €2, w)
Moreover we have, D3 (v, w) = D(w, e3,v) = —D(v, e2,w) = — D31 (v, w)

We can now define the product on alternating multilinear forms, which is called
the exterior or wedge product. This is a bilinear map

A: AF(R™) x AHR™) — AFTH(R™)
Definition 8.2. Let I = (i,12,...4;) and J = (j1, j2, . .. ji) be tuples. Define
K = (i17i27 s ;ik7j17j27 s 7jl)

and set
| Dg, ifallthei, and j, are distinct;
DinDy = { 0, otherwise.
In other words, the wedge product is zero unless the tuples I and .J are disjoint (i.e.
have no term in common) and in that case the product is the alternating function

corresponding to the concatenation K of the two tuples.
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Notice that it follows immediately from the definition that if I = (41,42, .. .,x)
is a k-tuple of distinct integers between 1 and n, then

Diy ADi, A...AD;, =Dy.

Since we know that the functions D; form a basis of A*(R") we can define A on
all of A*(R") by extending linearly, so that A distributes over addition, i.e. so that

(Za[DI) AN (ZbJDJ) = Za]bJD[ ANDj.
I J

1,J

where the a; and b are scalars.

We next define pullback by a linear map for alternating multilinear functions.
We have already seen this for A”(R") in our definition of the determinant. Sup-
pose that a: R™ — R™. Then if A € A*(R"), we define a*(A) by setting, for
V1,02, ...,V € R™,

a*(A)(v1,v9,...,v5) = Ala(vr), a(ve), ..., alvg)).

Since « is linear, it is easy to see that a*(A) lies in A*(R™) if A lies in A¥(R"™), and
moreover o is evidently linear, so we obtain a linear map

o AF(R™) — AFR™).

Notice that o* goes “the other way” to «, as a result it is called the pullback associ-
ated to a.

Example 8.3. Recall that A*(RF) is one-dimensional, and using the standard basis
of R¥, we have defined a basis vector denoted D in the Section 6, which here for
clarity we will denote by Dgr. Given a k-tuple J of integers between 1 and n, we
may define 7;: R* — R¥ by setting for x = (z1,z2,...,Zy)

7T-J('r) = (ajjmszv""xjk)'

Then it follows from the definitions that D; = 7% (Dgx). Thus we can recover our
basis of A*(R") from the one alternating multilinear function Dy« and the family
of maps ;.

The following lemma shows that pullbacks are easy to compute with, because
they are compatible with the wedge product.

Lemma 8.4. Let a: R™ — R" be a linear map, and A € A¥(R™), B € AY(R"). Then we
have

o*(ANB)=a"(A) Aa*(B).

Proof. We need only check this for A = Dy and B = D; where [ is a k-tuple and
J is an [-tuple. We omit the details of the proof (which would require some more
detailed discussion of AF(R™)). O

We will write A*(R™) for the space consisting of linear combinations of alter-
nating multilinear functions of any degree (this is simply a convenient shorthand,
allowing us to write the wedge product say as a map A*(R™) x A*(R™) — A*(R™)).
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8.2. Smooth differential forms. We now define differential forms, which will be
the objects we can sensibly integrate over surfaces in R™.

Definition 8.5. A differential k-form on an open subset U of R" assigns to each
point z € U an alternating k-multilinear function in smoothly varying way, that is,
a differential k-form is a smooth function w: U — A*(R"). Thus w may be written
in the form

w(z) = fo(x)DI,

where I runs over all subsets of {1,2,...,n} of size k, and the condition that w be
smooth is simply that each f;: R™ — R is a smooth function. We write Q*(U) for
the set (in fact vector space) of differential k-forms on U.

Since A*(R™) is an algebra under the A product, the corresponding space of all
linear combinations of differential forms Q*(U) is also: given « and 5 in Q*(R™)
we set

(anB)(z) = alz) A B(x).

Note that since A°(R") = R, the space of zero forms Q°(U) is just the space
of smooth functions on U. Since the derivative of a smooth function f: U — R
is a smooth map which assigns to each point + € U a linear map R" — R, (and
any such linear map is alternating), we see that the derivative can be thought of
as amap d: Q°(U) — QY(U). Let z;: R® — R be the function giving the i-th
coordinate of a point € R". Then we have dz;(y) = D, for all y € R", that is, dz;
is the constant 1-form taking the value D;. Moreover, if f € Q°(R") then

_ 9 dry + ﬁdm +. 4+ ﬁdazn € Q(U).

df = Oy 0xo oz,

We want to extend d to a map which sends k-forms to (k + 1)-forms.

Definition 8.6. Let d*: QF(U) — Q*+1(U) be the linear map defined by
d*(frdzr) = dfy A dx;.

for each k-subset I C {1,2,...,n}.

(When there is no possibility for confusion, we usually drop the superscript k.
We denote the derivative by d when dealing with real-valued functions, where
it coincides with d°, while we will write D for the derivative of functions taking
values in R".) The map d is known as the exterior derivative. Its basic properties of
the map d are as follows:

Lemma 8.7. If o € Q¥(U) and 8 € QY(U) then
(1)
d(aAB) =daA B+ (—1)FandB.
@) dod(a)=0.
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Proof. For the first statement, it suffices to check the case where o = f;dz; and
ﬂ = ng:z:J. Then

d(a A B) =d(frgsdz A dz )
= (frdgs + gsdfr) Adx; Adxy
= (d(fr)dzr) A (gsdxy) + fr(dgs) Ndxr Adxy
= (d(f1)dz) A (gsday + (—1)F frdzr A (dgs) A day
=da A (B) + (=1)*a ndp.
For the second part, we again need only check on the forms f;dxz;. But then
dod(frdxr) = d(dfr Adxy)
= (d*(f1) A dar) — (dfr) A d(dzg)
= (d*(f1)) A dar,

since d(dx) = 0 by definition. Thus we are reduced to checking that d(df;) = 0
But now

d(dfy) = Z

n n a
Z Za— oz, Ydxz;) A da;

=1 j=1

*f Of
axi(’)xj 83:]8351

= (

1<i,5<n

A

But this last expression vanishes by the symmetry of mixed partial derivatives
(thus we needed the f; to be at least C(?)). O

Remark 8.8. The operator d: QF(U) — Q¥*1(U) is determined by the conditions:

(1) dislinear, thatis d(« + 3) = da + dj,

(2) dis an antiderivation: d(a A 3) = d(a) A B+ (—=1)*a A dB for a € QF(U).
(3) dod: QF(U) — QF+2(U) is zero.

(4) On Q°(U), the space of smooth functions, d is the derivative.

One of our goals in this section is to try and understand what it means to in-
tegrate over a surface — for example a sphere inside R3. Indeed notice that we
don’t yet have a way to define the area of a curved surface like the sphere. It will
turn out that finding the area of a sphere in R* will require will need to integrate
a smooth 2-form over the sphere. To do this we need to understand how forms
behave under smooth maps.

Lett : R¥ — R" be a smooth map. Recall that Q°(U) is simply the set of smooth
functions on U an open subset of R”. Now given f € Q°(U) the map 1 allows us
to define an element of Q°(¢y~1(U)) by setting ¥*(f)(z) = f(¢(z)). We want to
generalize this to obtain a map

vt QPU) — QP (HU).

Thus we need to smoothly assign to a point z € ~!(U) an alternating p-
multilinear function on R™. Now w(¢(x)) is an alternating p-multilinear function



INTEGRATION IN R™ 37

on R", which unfortunately is not the vector space on which we need an alternat-
ing multilinear function. However, Dy)(x) gives us a linear map R™ — R" and
so we can obtain an alternating multilinear function on the correct vector space by
using D (z) to pullback the function w(¢(z)) to R™:

Definition 8.9. Given ¢): R¥ — R"and a € QP(U) let* () be givenatt € ¢~ (U)
by setting, ¥*(a)(t) = (Dy(t))* (a(¥(¢))), that is,

W(Of)(t)(vh U2y 77}17) = Oé(iﬁ(t))(Dlﬁ(t)(W% Dl/)(t)(vz), s aDw(t)(v;D))v
v1,v2, ... v, € RF. Notice that we need 1) to be at least differentiable in order to be
able to pull back at all. Since 1 is infinitely differentiable, it is straightforward to

check (though elaborate to write out explicitly) that *(«) is a smooth form if « is
(see the example below).

We now show that ¢* is has all the compatibilities we could want.

Lemma 8.10. Let o, 3 € Q*(U), and v : R* — R™ be a smooth map. Then we have

(1) *(a A B) = ¢ (a) Ap™(f)

(2) d(¥*(e)) = ¢*(da).
Proof. For the first part notice that the wedge product is defined pointwise, and so
the result follows immediately from the corresponding statement for pullback of
alternating multilinear functions by liner maps.

For the second part, we first prove it for functions, i.e. for f € Q°(U). In this

case for z € ¢~ }(U) and v € R¥, we have

A () (@) (v) = d(f o ¥)(x)(v) = df ((x)) o dip(z)(v) = ¢ (df ) (z) (v).

by the chain rule. Now given a form a = fdx; where I = (i; < i < ... < i), we
see that if ¢ = (1,49, ..., 1,) we have

dy* (fdwr) = d(*(f)¢" (daiy) A A ™ (dwy,))
= d(T/)*(f)d%l ARTRVA dwik)’

using the result for 0-forms, since ¢*(x;) = ;. But then using Lemma 8.7 and the
result for the O0-form f we see that

A (f)dipi, Ao Adipy,) = A7 (f)) Adips, A A di,
=" (df) Ndpi, Ao ANdiy,
=*(df Ndxi, A... ANdxg,),

where in the last equality we once again used the result for 0-forms. O

Example 8.11. Consider the special case where 3): R — R". Then if U is an open
subset of R and a € Q"(U), we want to compute what ¢*(«) is. We may write
a = fdxy ANdxo A ... dx, where f is a smooth function on U. But then

v (o) (z) = f((x))Y"(dey Adxa A ... ANdxy)
= f(¢(x))det(Dy(x))dxy Adxg A ... Adxy,.
where the second equality follows from our definition of det and the definition of

pullback. The close relation of this expression to the change of variables formula
is what will allow us to define the integral of a k-form on an orientable k-surface.
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Example 8.12. Suppose that ¢: R? — R? so that

Y(tr,ta) = (P1(tr, t2), Ya(ts, t2), ¥3(ti, t2)),

and « be the 2-form dz; A dzs. Then using the above properties of the pullback *
we see that

w*(d.’ﬂl A d(Eg) = ’lll*(dxl) A 1/)*(dx3)

=d(* (1)) N (Y™ (z3)

= di ANdips

L, 0Yy 0y O3 O3

= (Thdtl + %dt2) A\ (Thdtl + %dtg)
IR Y

Oty Oty Oty Oty
Example 8.13. We define a 2-form v on R? as follows: given z € R? let
rpy Vi1 W1
v(z)(v,w)=det | x2 vy wo
r3 Vs W3

Expanding this by the first column we see that with respect to the forms {dz; Adz; :
1 <4,j < 3} the form is

v(z) = x1dry A drg — xodzy A dxs + x3dry A dos,

then the same kind of calculation as the previous example shows that *(w) is

(L2000 _ Doy D) w10y Dy D
ot oty Oty oty 20t Oty Oty Oty

OYn Oa O OYn
G o ot )ty 1 dts.

Hence if, say, 1(t1,t2) = (cos(t2) sin(t1), sin(t2) sin(t1), cos(t1)) then we find
" (v) = sin(ty)dt; A dts.

9. INTEGRATION OF FORMS

If U is an Jordan measurable subset of R™ and « is a differential n-form on U
which is zero outside a rectangle, then there is a smooth function f: R™ — R such
that o = fdxy A ... Adx,. We define

[a=[r

i.e. the integral of f over U. Suppose that: V' — U is a diffeomorphism between
open subsets of R” then

/ P (a) = / f(@(x)) det(Dy(z))dxy A ... Adxy,
\% 1%
=/ﬂwmmmnwm=i/f
\%

U
::t/a,
U
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using the change of variables formula in the second line. Thus we see that

@) /Vz/J*(a)::I:/Ua

with the sign + according as 1) preserves or reserves the orientation of R".

Definition 9.1. Let I* be the unit cube [0, 1]* C R¥. A parametrized surface (S, ) is a
smooth map 1: I* — R", such that ¢(I*) = S. We say that ¢ is a parametrization
of S. We make a similar definition for a surface parametrized by the open cube
Ik = (0,1)".

The way the integral of a k-form on R* behaves under change of coordinates
suggests that we should be able to define a consistent notion of the integral of a
differential k-form over a parametrized k-surface (once we are careful about signs).

Definition 9.2. Let (5,) be a parametrized surface, and let w € QF(R") be a
smooth k-form. Then we define
/ w= P (w).
s I*

One can then show, using Equation (7), that the definition of the integral is inde-
pendent of the parametrization ) provided the derivative of ¢ has full rank at each
point of C* (again up to sign). Thus once we make a choice of signs, (this choice
is known as an orientation for the surface) the exclusion of the parametrization v
from the notation [ w is justified.

Remark 9.3. This Ist definition is one of the main reasons for considering differen-
tial forms. Notice that if we had a function rather than differential form, we would
not be able to integrate it over a surface in a sensible way: given a parametrized
surface (5, 1) we could define

/Sw r= v,

but then by changing the parametrization we will obtain a completely different
answer — the difference in the case of differential forms is that pullback of forms
and the change of variables formula for integration match up perfectly (once we
are careful about signs).

We end with a brief discussion of the calculation of area for surfaces. A surface
which happened to lie inside a plane in R? could easily be assigned an area, sim-
ply by identifying the plane with R? and using our notion of area in R?. Clearly
however, many surfaces in R? do not lie in any such plane. Consider for example
the sphere S = {(z,y,2) € R? : 22 + y? + 22 = 1}, which clearly does not lie in
any plane. Suppose nevertheless we took a very small patch P of the sphere, and
picked a point « € P. Then there is a well-defined tangent space H, to the sphere
at the point (indeed it is just the plane perpendicular to the vector z), so that we
can project the patch P to this plane H, and take the area of the resulting subset
of H, (by identifying H, with R? as proposed above). If the patch P was small
enough, then the area we compute should be close to the area of the patch itself.
Thus by cutting S up into many small pieces, computing the area of the projection
of each piece to a tangent plane, and adding the result, we obtain what should be
an approximation to the area of the sphere S. Thus letting the patches we use get



40 INTEGRATION IN RY

smaller and smaller we can hope that there is a well defined limit we approach,
and then take this limit as the rigorous defintion of the area of the sphere.

But what would that limit be? Given x € S, the operation of projecting to the
tangent plane and taking (signed) area defines for us an element of A%(R?), and
so this defines a 2-form on S. In fact it is not too hard to see that the form v in
question is just the one considered in Example (8.13). Then one can show that the
limit of the procedure described tends to the integral

v

The form v described above is called the area form (or in general volume form).

Let’s make this all explicit for a surface S in R3 of the form {z € R? : f(z) = 0},
where f: R? — R is a smooth function, and we assume that df # 0 for all z with
f(z) = 0. In this situation the tangent space at a point z € S is just the plane
given by df (z)(v) = 0 (recall that df (x) € A'(R?) is a nonzero linear map from R3
to R, so its kernel is a plane in R®). There is a slight ambiguity here, in that we
normally picture the tangent plane sitting on the surface at the point = € S, while
the equation df (z)(v) = 0 defines a plane through the origin, in fact one can either
think of the tangent space as passing through the origin in which case it is given
by the equation df (x)(v) = 0, or as the plane passing through the point z, in which
case it is given by the equation df (z)(v) = df (x)(x).

The linear map df (z) can be thought of as a vector in R? (with associated linear
map R® — R given by taking the dot product v — df(z) - v). Thus the 2-form
v given by projecting to the tangent space, and then taking signed area can be
expressed, just as for the sphere in Example 8.13, as

9z; V1 W1
v(z)(v,w) = ||df (x)||~* det anz vy Wa
3%3 vz w3

Now suppose that we have a parametrization v : I 2 - S, and write t = (t1,t2)
for a point in 2. From the definition of pullback we see that

of  0v1  OYs
ox 6t1 atg

* — 0 O
W) () = |ldf ()| det | L G2 G2 1 dty Adty
of  ouvs  Ous
Oxs oty Oto

Now consider the matrix in the above formula. This can be written as

B=B(t)=( df(¢(t)) Dv(t) ),

that s, it is the matrix whose first column is df and whose second and third column
together give the matrix of D (t). Since by defintion f(i(¢1,t2)) = 0, it follows by
the chain rule that

for i = 1, 2. Using this, we find that

(@) 0
B'B< 0 Dzﬁ(t)Dw(t))’
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and thus det(B'B) = ||df (v(t))|* det(Dv!(t)Dv(t)). On the other hand, we also
have
det(B'(t).B(t)) = det(B'(t)) deg(B(t)) = det(B(t))?
and so we find that, if we can ensure det(B) > 0, then
V*(V)(t) = \/det(Dip(t)tDip(t)dt, A dts.

Hence the area of the surface S is given by
w0 = [ VDieDi.

Example 9.4. The parametrization of the sphere ¢: I? — R? given by
(t1,t2) — (cos(2mty) sin(rte), sin(27ty ) sin(wts), cos(mta))

has
Dy(t) = 27 cos(2mty) sin(nty)  wsin(27wty) cos(miz)
0 —msin(miz)

( —27sin(27ty) sin(wty) 7 cos(2mty) cos(mts) )

Thus we can compute D) ()" Di(t) to be
< 4m?sin®(rty) 0 >

0 72

The square root of the determinant of this matrix is 272 sin(7t,), and integrating
this over the square [0, 1]*> we get

area(S) = / 21 sin(mty) = 47
[0,1]2

10. SUMMARY OF DIFFERENTIAL FORMS

We summarize here the results on differential forms that we use in the study of
integration on surfaces.

(1) The wedge product: Given A € AF(R") and B € A/(R") we define an
alternating multilinear function AAB € A*™(R™) using the basis functions
D;.

(2) Definition of differential forms: For an open set U C R"™ we define Q¥ (U) to
be the space of smooth (infinitely differentiable) functions w: U — A*(R™).

(3) The pullback: Given a linear map T": R”™ — R™ there is an associated linear
map 7*: A¥(R") — A¥(R™) called the pullback by T. When n = m = k this
gives the determinant of T'. For ¢): U — V a smooth map between subsets
U C R™and V C R", we can define a pullback ¢*: Q*(V) — QF(U),
using the derivative Dy (z) to pullback the alternating multilinear function
w(t(x)) foreach z € U.

(4) The exterior derivative: Given a k-form w € QF(U) we define a (k+1)-form
dw by setting, for w = frdxy,

dw = df; Ndxy,
and extending linearly. Then d has the following properties:
@) dlanB)=daAp+(—1)FaAdB.
(b) dod(a) =0.
(©) ¥v*(aAB)=v*(a) NY*(B)
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(d) d(y* (@) = ¢*(da).

(5) The integral of a n-form over a cube: If w € Q"(A) is a smooth n-form
defined on a rectangle A C R", we may write w = fdx; Adxa A ... Adx,
where f is a smooth function. We define

o

(6) The integral of a k-form over a k-surface: If S C R" is a parametrizable
k-surface, and ¢: I¥ — R™ is a parametrization (where I* is a cube in R¥),
then for w € QF(R") we define

/s“’ - [ v

where the form 1*(w) € QF(I*), and so the right-hand side has already
been defined.



