INNER PRODUCTS AND THE CANONICAL BASIS OF QUANTUM
AFFINE sl,,

KEVIN MCGERTY

ABSTRACT. We give a geometric interpretation of the inner product on the mod-
ified quantum group for affine sl,,. We give some applications, including a posi-
tivity result for the inner product.

1. INTRODUCTION

Let U be a quantum group. The positive part UT of U is well known to pos-
sess a canonical basis [K] [L91]. In contrast, there is no particularly natural basis
for the U itself. Seeking to rectify this, Lusztig [L92] defined a variant of the quan-
tized enveloping algebra known as the modified quantum group. This algebra has
essentially the same representation theory, and can be given a canonical basis B
which packages together natural bases of the tensor product of a highest and low-
est weight U-module, in the same way that the canonical basis B of U packages
together natural bases of highest weight representations. Just as for B, (c.f. [GL],
[K]) it is possible to characterize this basis, up to sign, in terms of an involution
and an inner product.

In [BLM] the quantized enveloping algebra of gl, was constructed geometri-
cally as a limit of certain convolution algebras. Subsequently Lusztig [L99], and
independently Ginzburg and Vasserot [GV], observed that this construction could
be extended to the case of quantum affine sl,,. More precisely, it can be shown
that one can define a sequence of algebra 2p, and maps ¢p: Ap — Ap_p, and
compatible maps ¢p from the quantum group. In this paper we show that the
inner product on the modified quantum group U of affine sl,, may be obtained ge-
ometrically in this context, and establish a positivity property for this case which
is conjectured to hold in general. We also give a sheaf-theoretic description of the
transfer maps of [L99a].

2. BACKGROUND

We begin by recalling the setup of [L99]. Fix a positive integer n. Let D be a
positive integer, € an indeterminate, k a finite field with ¢ elements and v a square
root of . Given V a free k[e, e~ !]-module of rank D, a lattice in V is a free k[¢]-
submodule of V, of rank D. Let 7" denote the set of n-step periodic lattices in V,
that is, " consists of sequences of lattices L = (L;);cz where L;,_y C L;, and
L;—,, = €L; for all i € Z. We will also write 7}, when we wish to emphasize the
rank of V.

The group G of automorphisms of V acts on 7" in the natural way. We shall be
interested in functions supported on F” and its square which are invariant with
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respect to the action of G (where G acts diagonally on F" x F"). Thus we first
describe the orbits of G on these spaces. Let G p ,, be the finite set of all a = (a;)icz
such that

e a; €N;

e a; =a;y, foralli e Z;

e foralli e Z,ai—i—aiﬂ + -+ Qigpn—1 = D.
For L € 7, let |L| € &p , be given by |L|; = dim(L;/L;_1). The G-orbits on F™
are indexed by this graded dimension: fora € &p ,, set F, = {L € F": |L| = a};
then the 7, are precisely the G-orbits on 7. The GG orbits on 7" x F" are indexed,
slightly more elaborately, by the set of matrices &p ,, », Where A = (a; ;)i jez, isin
Spnn if

® a;; < N;

® Q= Qitnjin foralli,j e Z;

o forany i € Z, a;« + i1« + + Gijn—1+ = D;

e for any j € Z, Qxj+ Qujr1+ -+ Qujpn—1 = D.
Here

g = E :ai,ﬁ Ox,j = E :ai,j'

JEZ i€Z
For A € Gp . set

7(A) = (aix)icz € Gpn  c(A) = (axj)jez € Gpn.
For A € &p , » the corresponding G-orbit O 4 consists of pairs (L, L’) such that

d LinL;
4,5 = dln (L,;lﬂL;-)'F(LiﬂL;‘_l) )

soL € ]:'r(A) and L' € ]:c(A)-

Let 2 p,, be the space of integer-valued G-invariant functions on 7" x F" sup-
ported on a finite number of orbits. If e4 denotes the characteristic function of an
orbit Oy, theset {es: A € &p .} is a basis of Ap.,. The space Ap,, has a natural
convolution product which gives it the structure of an associative algebra. With
respect to the basis of characteristic functions the structure constants are given as
follows. For A, B,C € Gp . n, let va p ¢ be the coefficient of ec in the product
eaep. Then vy g ¢ is zero unless ¢(A) = r(B), r(A) = r(C) and ¢(B) = ¢(C'). Now
suppose these conditions are satisfied and fix (L,L"”) € O¢. Then v4 g ¢ is the
number of points in the set

{Ll S fc(A))i (L,Ll) € OA, (L/,L//) S OB}

Clearly this is independent of the choice of (L,L”), and moreover it can be
shown that these structure constants are polynomial in ¢, allowing us to construct
an algebra 2p over Q(v) (we will, by deliberate misuse, treat v as both an inde-
terminate and a square root of ¢, depending on the context). This algebra is some-
times known as the affine q-Schur algebra. It is more convenient to use a rescaled
version of the basis {e4} of 2p, with elements [A] = v~%4e4 where

dA = E a;jak]-
i>k,j<l,1<i<n

Note that if we define ¥ ([A]) = [A'] then itis easy to check that ¥ is an algebra anti-
automorphism, which we will sometimes call the transpose anti-automorphism.
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Next we introduce quantum groups. In order to do this we recall the notion of
a root datum from [L93].

Definition 2.1. A Cartan datum is a pair (I,-) consisting of a finite set I and a Z-
valued symmetric bilinear pairing on the free Abelian group Z[I], such that

o i i€{2,4,6,. ..}

o 200 € {0,-1,-2,...},fori # j.
A root datum of type (I,-) is a pair Y, X of finitely-generated free Abelian groups
and a perfect pairing (,): Y x X — Z, together with imbeddings I C X, (i ~ i)
and I C Y, (i — 4') such that (i, j') = 2%2.

Given a root datum, we may define an associated quantum group U. Since it
is the only case we need, we will assume that our datum is symmetric and simply
laced so thati-i = 2 foreachi € I,and i-j € {0,—1} if i # j. In this case, U is
generated as an algebra over Q(v) by symbols E;, F;, K,,, i € I, u € Y, subject to
the following relations.

Ko=1 K, K, = Ky, for p1,pu2 €Y;
KB K ' =0 E, K,FRK;'=v WF forallie I, pcy;
-1

EF; — FiE; =6, Kv__ﬁl ;
EiEj ZEJ‘E,', FZF] :F]Fz,fOI'Z,]EIWIch]:O,
EZ»QE]' + @+ Uﬁl)EiEjEi + E]‘EE =0fori,j e Iwithi-j=-1,;
F?Fj + (v+v Y )FF;F, 4+ F;F? =0fori,j € I withi-j=—1.
Thus U is naturally X-graded, U = EBVE < Uy .

We also need to consider the modified quantum group U. This is defined by

U=Pul; UL=U/> UK,—v"Y)
AeX pey

Here the multiplicative structure is given in the natural way:
lyr=xly_,, €U, 1)\1,\/:(5,\,)\/1,\.

To see the connection between our convolution algebra and quantum groups,
we will need the following notation. Fora € &p , letiy € &p , ,, be the diagonal
matrix with (ia);; = J; ja;. Let E* € &y, be the matrix with (E*7),, = 1 if
k=1i+sn,l =75+ sn,some s € Z, and 0 otherwise. Let &" be the set of all
b = (b;)icz such that b; = b;,, for all i € Z. Let ™" denote the set of all matrices
A= (ai;), 1,j € Z, with entries in Z such that

a;; > 0forall i # j;

@i j = Qitn,j+n, foralli, j € Z;

Forany i € Z the set {j € Z: a; ; # 0} is finite;

For any j € Z the set {i € Z: a; ; # 0} is finite.

Thus we have &p ., C & " forall D. Fori € Z/nZleti € &™ be givenby i, =1
ifk=imodn,i, = —-1if k =i+ 1 mod n, and i, = 0 otherwise. We write a U; a’
ifa =a’ + i Forsuch a,a’ set ye, € 8" tobe i, — Eb' + E%*1 and 4 f, € ™"
to be iy — EiTLiHL 4 Bitli Note if a,a’ € &p,, then sea 0 fa € &p . For
i € Z/nZ set

Eiy(D) = Z[aezﬂ}, Fiy(D) = Z[a’fa]a
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where the sum is taken over all a,a’ in Sp ,, such thataU; a’. For a € &" set
Ka(D)= Y v*"[ip]
beGp,n

where, forany a,b € 6", a-b =>"" a;b; € Z. Ifwelet X =Y =G",and I =
Z/nZ, with the embedding of I C X =Y and pairing as given above, we obtain
a symmetric simply-laced root datum. We call the quantum group associated to

it U(gl,,). It can be shown [L99] that the elements E;(D), F;(D), Ka(D), generate
a subalgebra Up which is a quotient of the quantum group U(gl,,), via map the
notation suggests. Note that this gives the algebra 2Ap the structure of a U(gl,,)-

module.
3. INNER PRODUCT ON Up
Definition 3.1. We define a bilinear form
(:\)p: Apyg X Apyg — Q
by
(f. Hp =Y o= -2y, L) f(L, L),

L,L/

for f and f in Ap ,, where L runs over " and L/ runs over a set of representatives
for the G-orbits on F™.

Let O 4 be a G-orbit on F" x F", and let
X,% ={L' € F*: (L,L') € O4}.
It is easy to check that

(3.1) 2dy —2dge =Y al, - al;.
i=1 j=1
Thus if A, A’ are in S, ,, we find that

’
(ea,ea)p = 5A,A’qu_d“‘t #l1x% |,

where L' is any lattice in (). Note that this makes it clear that the bilinear form
is symmetric, which is not immediate from the initial definition. If {ng.’ p.q) are the
structure constants of Ap., with respect to the basis {[A]: A € &p .}, then we
have

(3.2) ([A] [AD)p = da.ava ™ty .
We therefore obtain an inner product on 2p taking values in Q(v) by defining
(3.3) (A1 A D = 64,400 45,0 € Zlo, o]

We now give some basic properties of this inner product:

Proposition 3.2. Let A € &p ,,, and let f, f € Ap. Then we have
([AVf, f)p = vta=%ar (£, [A"] )
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Proof. Clearly it suffices to establish this equation in the algebra Ap,,. Since the
characteristic functions of G-orbits form a basis of % p,,, we may assume that f =
ep and f = ec, moreover we may assume that

3.4) r(A) =r(C), ¢(A)=r(B), c(B)=c(C).
as both sides are zero otherwise. It follows immediately that
[A] - ep =v e, -ep, via=dat[AY] . eq = viaTare 4 - eg.
Hence if (I~,7 L) € O¢ is fixed,
(3.5)
([A] - ep,ec)p = o der 4| XL, | - o= #{L": (L,L") € O, (L",L') € Op}
=v*#{L,L": (L,L") € 04, (L", L") € Op, (L,L") € Oc},
where o = 2d¢ — 2d¢e — d 4. Similarly, if (L, L) € O 4 is fixed
(3.6)
vt (o, [AY] - co)p = g~ s X |- 0 Mt 4 {L: (D7, L) € Op, (L, L) € Op)
= v #{L,L": (L",L) € O4, (L",L’) € Op, (L,L’ € O¢)},
where 8 = 2dg — 2dgt + da — 2d z:.

L—>1" L~
b o
(& C

1% L

As the diagram clearly shows, the last line of equation (3.5) is the same as the
last line of equation (3.6) if « = 3, that is, if

(3.7) 2dc — 2dct —da = 2dg — 2dpt +dy — 2d 4+
But this follows directly from equation (3.1) and equation (3.4). |

We have the following easy consequence:

Corollary 3.3. Leti € Z, and let f, f eUp and c € &". Then we have

M) (Ei(f): /o = (f,vEK:iFi(f))p

@) (Fi(f), f)p = (f,vK_Ei(f))p
3) (Kc(f)ﬂf)D = (f7 Kc(f))D

Proof. We may assume that f = e4 and f = ep. The third equation can then be
checked immediately from the formulas above. The second equation follows from
the other two, so it only remains to prove the first. We may assume that 7(A) =
r(B) —iand ¢(A) = ¢(B), as both sides are zero otherwise. Set a = r(A), b = r(B)
(see section 2).

Then from the definitions we have

Ei(es) = [bea) €4,  vKiF(ep) = v 26 ep.

Since pea = aoff,, and d,e, — d g, = 1 + i - a the result now follows immediately
from the previous proposition. O
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Remark 3.4. There is a unique algebra anti-automorphism p: U (gA[n) N §) (gA[n)
such that

With this we may state the result of the previous corollary in the form
(). F)p = (fip@) o, weU (g, ), f.feAp.

Lemma 3.5. (1) For A€ Gppnn ([4],[A)p € 1+ v 1 Z[v71
(2) For A,A' € Gppnand A# A, ([A],[A])p =0

Proof. The second part of the statement is obvious. For the first, note that X%, is
an irreducible variety of dimension d 4¢, (see [L99, 4.3]). Since we have

([A], [A])p = S.4.a:q %4t #| X%,

the Lang-Weil estimates [LW] then show that ([A],[4])p € 1 + v~ Z[v™!], as re-
quired. O

Remark 3.6. The results of this section are almost identical to the results of [L.99,
section 7]; however, as our inner product is not quite the same as that of [L99, 7.1],
the proofs seem somewhat simpler.

4. INNER PRODUCT ON U

Notice that if a € & then the sum a;, + - - - + a;,+n—1 is independent of iy € Z;
denote it by Va. Let Y = {a € &": V, = 0}. Let X be the quotient of &™ by
the subgroup generated by by, the element with all entries equal to 1. Clearly the
pairing on 6" given in section 1 induces a non-singular pairing ¥’ x X — Z.

Let I = Z/nZ, and define maps I — X, I — Y sending i to i € & (see the end
of section 2), taking the appropriate coset in X. This is the root datum of sl,. Let
U be the quantized enveloping algebra associated to this datum, and let U be the
modified algebra corresponding to U. We wish to obtain an inner product on U
using those on Up.

We begin with some technical lemmas. Given A € &™" let a;>s = ;5 aij,
and a; >, a; <, etc. similarly. a

Lemma4.1. a) Let A € Sp . and a' = r(A). If thereisan a € Sp , such that aU; a’
(ie. if aj , > 0) then we have
1— v72(ai’5+1)

1—v2

@) LeaJ4= Y Uai,>§ai+1,>s<

SEL,ai41,52>1

> [A+ Ei,s o Ei+1,s],

where A = (a; ;).
b)Let A’ € Spppand a =r(A’). Ifthereisan a’ € Sp , such that aU; a’ (i.e. if
a; > 0) then we have

’ ’ 1-— _2(afi+1,s+1) . .

(4.2) [a/fa] [A/} = Z p%i+1,<s % <s <v1_v_2 [Al _ Ebs JrEerl,s]7
s€Z,a;,s>1

where A’ = (a;}j).

Proof. This follows by rescaling the statement of Proposition 3.5 in [L99]. O



INNER PRODUCTS AND THE CANONICAL BASIS OF QUANTUM AFFINE sl,, 7

Let R be the subring of Q(v)[u] generated by {v?: j € Z}, and

t
1_[(11_2(“_1%2 —1)/(v™% = 1); a€Z,t>1.
i=1
For A € ™" let , A be the matrix with (,A); ; = a; j +pd; ;. We have the following
partial analogue of [BLM, 4.2].

Lemma 4.2. Let Ay, As, ..., Ay, be matrices of the form aeq or ofar, for a,a’ € 6™, and
A any element of &™™. Then there exist matrices Zy,Zz, ..., Zy € ™" and py € Z
such that

@3 LAlLAL AL = Y Gile e ML GiER

forall p > p.

Proof. Use induction on k. When k = 1 the result follows from the previous
lemma, once we note that both a; >5 — a;41 >s and a;4+1,<s — a;, <, are unchanged
when A is replaced with A + pI. O

There is a surjective homomorphism ¢p : U - Up [L99, Lemma 2.8] which, for
A € X, sends E;1) — E;(D)[ia] and F;1) — F;(D)lia] if there is an a in Sp ,, such
that a = XA mod Zbg, otherwise both E;1,, F;1, are sent to zero.

Let f be the algebra attached to the root datum described above (see [L92, chap-
ter 3]). Pick a monomial basis of f, {(;: i € J} say. Then the triangular decompo-
sition for U [L92, 23.2.1] shows that B = {(j{; 1x: 4,5 € J,A € X} is a basis of
U, where +: f — U*,and —: f — U~ are the standard maps given in [L92, 3.1.1].
Define a bilinear pairing (,)p on U via ¢ as follows:

{z,y)p = (¢p(z),¢p(y))D
Proposition 4.3. Let k € {0,1,...,n— 1}, thenifz,y € U
(@, Y)k+pn
converges in Q((v™1)), as p — oo, to an element of Q(v).
Proof. We may assume that z, y are elements of 8. Then we need to show that
(GG GG L) kpn i1,12,J1,J2 € ; \ p € X

converges as p — oo. Let v: f — f is the Q(v)-algebra anti-automorphism fixing
the generators 6;,1 < i < n. Using Proposition 3.3, it is easy to see that this inner
product differs from

(4.4) (In, e(G) T e(Gin) ™ Gh GG, 1) betpm

by a power of v which is independent of p. But then the definition of the inner
product and the previous proposition show that (4.4) may be written as G(v,v™?)
for some G € R. The result then follows immediately from the definition of . O

Definition 4.4. We define
(,): UxU—Q(u),
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a symmetric bilinear form on U given by
n—1
(-T7 y) = kz_opli{gc<xv y>k+10n-

Remark 4.5. Note that the proof of the last proposition actually allows us to con-
clude that

(@0(G" ¢ 1n), [pAD krpn

converges to an element of Q(v), as p — oo, for any A € &™". We will need this in
the next section.

5. COMPARISON OF INNER PRODUCTS

There is a natural definition of an inner product on U in the algebraic setting.

Theorem 5.1. There exists a unique Q(v) bilinear pairing (,): U x U — Q(v) such that
(1) (1azly,,1,,yl,,) =0 Vx,y'e U unless Ay = p1, o = pua;
2) (uz,y) = (2, p(u)y)  Vo,y € U,u e U;and
(3) <I71)\,y71)\>:(13,y), vxayefaAeX
Here (x,y) is the standard inner product on f, (see [L93, 1.2.5]). The resulting inner
product is automatically symmetric.

Proof. See [L93, 26.1.2]. O

Theorem 5.2. The inner products (, ) of section 4 and (,) of Theorem 5.1 coincide.

The remainder of this section is devoted to the proof of this theorem. The first
property listed in Theorem 5.1 clearly holds for (, ), as the representatives for ele-
ments of X in &p ,, are distinct when they exist. The second follows from Propo-
sition 3.3; thus it only remains to verify the third. Fix A € X.

The algebra f is naturally graded: f = @, .y, f,.. Forv € Z[I], withv =, v;i
let tr(v) = > ,c;vi- If 2z is homogeneous we set |z| = v, where z € f,. Thus for
the third property we may assume that z,y € f are homogeneous, i.e. z,y € f, for
some v, and proceed by induction on N = tr(v). If N = 0 then we are reduced to
the equation

(I, 1n) =1,
which is trivial. Now suppose that N > 0 and the result is known for z,y € f,
when tr(rv) < N. If z,y are in f,, tr(v) = N, then we may assume that they are
monomials, and y = 6,z for some z € f,_;. Then we have
(1'_1)\, y_]->\) = (x_l)\v Fiz_])\)
= (’UK,iEin_l)\, Z_l)\).
Using standard commutation formulas (see [L93, 3.1.6]) this becomes

1
1—v2

(vK_ijz~ E;ily, 27 1)) + ((r(z)” —vK_jri(z) " K_j)1x,27 1))

and tidying this up we get

1 . . —i-A
(ir(z)"1x, 27 1\) + (Ul'lmll"\l <IE1 — _17’1(93)) L\,ZlA)

1—v2 v—0
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The properties of (,) on f show that —1—
by induction if we can show that

_ v7iA _
(LE Ei — v — ’U_l 1“7,(17) > 1A

annihilates U~1,. To see this we need an explicit result about multiplication in
Ap.

s (;r(x), 2) = (x, 6;2), thus we are done

Lemma 5.3. Let A € ™" be such that a, s = 0 for r < sunlessr =s—landr =1
mod n, when a, 41 € {0, 1}; then the following hold for p sufficiently large.

(1) For j # i we have

= 9k ()[pZ]
k=1

where gi.(v) € Zv,v1] are independent of {a, s: r < s}, and Z € &™" have
(Zk)rs = s forr < s.

)
A=Y gk(0)p 2]
k=1

—2(ait1,i+1+1
4 T4 (1 —v 1(a i ; ) ) [p(A+ FitLitl _ E'i,i—i-l)]
— v

where gy (v) € Zv,v™!] are independent of {a, s: r < s}, and Z), € &™™ have
(Zi)r.s = ars for r < s, and the final term occurs only if a; ;41 = 1.

Proof. Both of these formulas are consequences of the following, which is valid for
any A (see Lemma 4.1).

1 _ 72(a]‘+1,k+175]’+1,k+1) . .
FilAl= Y Uaj+1,<kaj,<k( ° T )[pA+E]+1’k — B,
ki (pA)j k21

O

Let> ", \j = kmodn, wherek € {0,1,...,n—1},and suppose that D = k-+pn
for some p. Let A, = span{[A]: a, s = 0,Vr < s}, and note that Lemma 5.3 shows
that ¢p(x~1,) € A}, for any « € f. In fact, it is also clear that

my

op(z~Eily) = Zak pBel + > gk(0)[,H
k=1

where (By)ii+1 = 1 and (Hy);i+1 = 0, and ag, g are independent of A and p.
Moreover from the formula in the proof of the Lemma 5.3 it is easy to see that

l' 1)\ Zak Bk’ +Ei+1,i+1 o Ei’i+1].

We are now ready to set up the key step in the proof of Theorem 5.2: Let
mp: Ap — AL, be the orthogonal projection. Define sp: f — 2, by setting

T — WD(QSD(xiEil)\))
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and define rp: f — 2}, by setting

p—iA
s op(ri(x)” 1))

Proposition 5.4. Let z € f.

sp(z) —rp(z) = v (i ck(v)[,,Zk]>

k=1
for some Zy, € &™", independent of p.

Proof. We may assume that z is a monomial, and proceed by induction on tr(|z|).
It is easy to check that sp(1) = rp(1) = 0, so we may assume thatz € f,, tr(v) > 0,
and that v = 6z where z € f,_;. Now as above we have

mi mo

¢p(z~ Eily) Zak [»Bx] + ng pHr]  (Br)ii+1 =1, (Hg)iit1 =0,

and so sp(z) = Zk:l gk (v)[, k]. Let £ = Eithitl — piitl ¢ gnn. Using the
lemma we see that since
¢p(z™ Eil\) = Fiop (2™ Eily),
we have
—2((Bk)it1,i+1+p+1)

. 1—o )
sp(z) = 08; ar(v vl"T(Bk)< > B+ F

sy P Z k(v) = [b(Br + E)
+ FjSD(Z).

Now r(Bg) =A+i—|z|,hence 1l —i-r(By) =i- (|| — ) —1,s0

Ul—i-r(Bk) 1- 0_2((Bk)i+l’i+l+p+1) — Ui'(lw‘_k) (1 _ v—2pv—2((3k)i+l,i+1+1)).

1—v2 v—ovL

The definition of r; shows that

rp(z) =7rp(6;z)

p(le1=3)
=6, <_> (2" 1x) + Fjrp(w)

Si(al=)
=iy <_A> > ax()[p(Br + E)] + Fjrp(x),
k

so we see that
sp(x) —rp(z) = Fj(sp(z) —rp(2))

pir(zl=2)
- 5ijv Zak v < )1;2((31«)1'+1,i+1+1)[p(3k +E)|

v—ov1
and so using induction and the lemma again, we are done. O

Corollary 5.5. Let z € £, then

_ L _

is orthogonal to U™ 1.
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Proof. Lety € f be a monomial. Then we have
(u7 y_ 1)\) = pli)ﬂ(’)lo<u, y_ 1)\>k+p’ﬂ>
and by definition

(5.2) <u7 y71>\>k+pn = (5k+;zm(x) - Tk+;zm(x)a ¢k+pn(y71>\))k+pn-

By the previous proposition,
Sk+pn (l’) — Tk+pn (.’L‘) — 2P <Z ¢ (U)[ij]) , Zj cGmn,
j=1

and by the remark at the end of section 2, we know that ([,Z;], ®k+pn (¥~ 11))k+pn
converges in Q((v™')) as p — oo. Thus the right-hand side of Equation 5.2 tends
to zero as required. O

This completes the proof of Theorem 5.2.

6. GEOMETRIC INTERPRETATION

Recall from [L99, section 4] that 2p possesses a canonical basis B p consisting
of elements {A}, A € Gp.n. To define these elements we must assume k is
algebraically closed (either the algebraic closure of F,, in which case we must use
sheaves in the étale topology, or C in which case we use the analytic topology).
Fix A € 6p,n, and L € F,(4). The space Fp can be given the structure of an ind-
scheme such that the set X (see section 3) lies naturally in a projective algebraic
variety. Thus it makes sense to consider its closure X%5. Let Ay, be the simple
perverse sheaf on X% whose restriction to X% is C[d4]. Let H*(AL) to be the s-th
cohomology sheaf of Ar. For A; € Sp ., such that X% C X% we write A; < A,
and set

M= dim(Hy " (AL))v® € Z[v™ ],

SEZ

where H;_dAl (Ap) is the stalk of H*~%41(AL) at a point y € X% (since A" is
constructible with respect to the stratification of X% given by {X% : A; < A}, this
is independent of the choice of y). We have

{A} = ) Ta,aldl.
AA <A

Note that the following is an immediate consequence of the definitions and
Lemma 3.5.

Lemma 6.1. Let A, A’ € Sp , p, then,
({A} {AY)p € daa +0 271
O

The algebra 2p may be viewed as a convolution algebra of (equivariant) com-
plexes on F". We wish to give an interpretation of the inner product of section 3
in this context. Suppose that A, B € Gp ,, . We want to describe ({A}, {B}). We
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may assume that 7(A) = r(B) = aand ¢(4) = ¢(B) = b. Let L’ € F,. Let A}, and
Bt, denote the simple perverse sheaves on X%, and XL, respectively. Then define
6.1) {A} (B} = dim(H}(Fa, AL, @ B,))v'.
i€l
(,)P extends to an inner product on the whole of 2 (viewed as an algebra of
equivariant complexes on 7). We want to show that it is the same as the inner

product (, ) p of section 3, at least on the subalgebra Up. We start by showing that
(,) satisfies the properties of Proposition 3.3.

Lemma 6.2. Let A, B,C € Gp p n, and suppose that O 4 is a closed orbit. Then
{AHB},{CHP = va~dar({B}, {A"H{CHP.

Proof. Both sides are obviously zero unless r(A4) = r(C) = a, ¢(4) = r(B) = band
¢(B) = ¢(C) = c, thus we assume these equalities from now on. Pick Ly € Fe.
We need to recall the definition of the convolution product. Pick a subset Y of 7,
such that Y is a smooth projective variety containing X 7. Let

ZA = {(L,L/) €04y4: L' e Y},

where r(A) = a, ¢(A) = b. We have maps p1: Z — F, and py: Z — Y, the first
and second projections respectively. The map p; is clearly proper (as the fibre is
X% NY)and the map p» is smooth with fibre dimension d 4.

(A +B)" = (p1)p3(BY)[dar],
Now
(A*B)' ®C" = (p1)1p3(B)[dae] ® C*
= (p1)i(p5(B*) @ pi(C")[dar)),
where we use the projection formula in the second equality.
On the other hand, to compute the product {A*}{C} we pick a smooth projec-
tive variety W C F, which contains X é?, and consider the variety

Za={(L, L)€ O4: Le W}
As above there are projection maps p;,p2, and the product is given by

({AHCH = (p2)w}(CH)[d ar].

(6.2)

and
{B'} @ {A'HCY' = {B} @ (p2)pi (C")[da’]
= (p2h(p3({B'}) @ pi(C"))[da]-
Now as tensor product is a local functor, we may restrict to Z4 N Z 4, and then
it is clear that the compactly supported cohomologies will be equal up to shifts,

with the difference in shifts being d4 — d 4¢ as required.
]

Lemma 6.3. Let A, B € Gp ,, n, and c € &™. Then
(1) (BE{A}{B})” = ({A},vKiF{B})".
2) (F{A}, {B})? = ({A},vK_E{B})”
3) (Ke{A}, {B})P = ({A}, Ke{B})”
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Proof. This follows from the previous lemma exactly as in the proof of corollary
3.3, since the varieties X are closed. [l

a+ti€a

The algebra Up, is spanned by elements of the form 71T . .. Ty [ia] where T is
either E; or F; for some i. Thus the previous lemma shows we need only check
that

(TVTy ... Txlia), [ia))? = (1 Ty ... Tnia), [ia)) 0

But this will follow if we can show that

({4} ia))” = ({4} [ia))p
forall A € Gp ., as {{A}: A € Gp ) is a basis of 2Ap. But as the simple
perverse sheaf corresponding to {i,} = [ia] is just the skyscraper sheaf at the point
L/, this last equality follow from directly from the definitions. We have therefore
shown the following result.

Proposition 6.4. On the algebra U p the inner products (, )P and (,)p coincide. O

Remark 6.5. It can be shown that the algebra 2 is generated by the elements { A}
for which X% is closed, and so the above argument adapts to show that the inner
products in fact agree on the whole of 2p. Henceforth we will use the notation
(,) p when referring to the inner product on p in either of its incarnations.

7. TRANSFER MAPS

In this section we give a sheaf-theoretic description of the “transfer maps” [L99a],
using the “hyperbolic localization” of [Br]. In [L99a] Lusztig defines homomor-
phisms

Yp:Ap — Ap_n,
which are characterized , at least on Up, by the following,
e p(Ei(D)) = E{(D —n);
* Yp(Fy(D)) = F;(D — n);
o Yp(Ka(D)) = vaPo K, (D —n).

The definition of [L99a], which works with functions on the varieties defined
over Fy, has two parts: the first a kind of coproduct, and second a combination
of a diagonal operator with an extension of the sign representation. We first give
a sheaf theoretic construction of the “coproduct”. Grojnowski has informed the
author that this was already done in the unpublished preprint [G92]. Indeed the
idea that coproducts should be viewed as localizations was also first pointed out
to the author by Grojnowski, see for example [G95]. Fix integers D, and D, with
Dy + Dy = D. Fix a decomposition V = V; @ V3, into a direct sum of two free
modules of rank D; and D, respectively. Consider the C* action on V where z €
C* acts on V; by z and on V3 by 2~ 1. The induced action on F™ has a fixed point
set £ isomorphic to Fp, X Fp,- Indeed, somewhat more precisely, if we restrict
the action to a component F,, then the fixed point set £ is isomorphic to

U Fa, X Fa,,
ajtaz=a
where a; € 6p, »,and az € Sp, .
Fix A € Gppnn and pick L € j—'r( 4)- Consider the intersection cohomology
sheaf A associated to the G,—orbit X }“. Let h: F™ — F™ be the obvious inclusion.
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Since the inclusion f is the fixed point set of a C*—action, we have a natural map
in the opposite direction, 7: F"* — F" which sends L +— lim,_ oz - L. Given a
connected component of the fixed point set F,, its preimage under the map 7 is
a locally closed subvariety of F,. Let Y, be the disjoint union of these pieces, let
g be the obvious map from Y, to F,, and let f be the inclusion of the fixed point
set fa into Y. Then, following [Br], we define the hyperbolic localization of A to
be Ac- = f'g*(A). By the main result of that paper, this complex is semisimple.
The simple perverse sheaves which occur must be invariant under the action of
the group Aut(V;) x Aut(12), and hence must be the tensor product of intersection
cohomology complexes on 75 and Fp,. It follows that by associating to each
simple perverse sheaf its corresponding canonical basis element we obtain a map
A:Ap — Ap, ® Up,. We first show that A is an algebra map, for which we
require the following lemmas, the first of which is well-known, see for example
[KSc, 3.7.5].

Lemma 7.1. Let E be a vector bundle over B, and let m: E — B be the bundle map,
i: B — E be the inclusion of B as the zero section of E. Then for a conic sheaf F' we have

isomorphisms
!

Tx(F) > i*(F); m(F) =~ (F).
It follows immediately from this lemma that if A be a semisimple complex on
a proper variety X, and suppose X is equipped with an action of C*. Let Xt be
the disjoint union of the pieces in the Bialynicki-Birula decomposition of X, and
let f: X¢c- — X" and g: X+ — X be the obvious maps, Let 7 : X — X¢-« be the
map given by x — lim, .oz - . Then we have:

(7.1) Ac- = flg*(A) ~ mg*(A).

In other words, hyperbolic localization may be replaced by projection to the fixed
point sets.

Proposition 7.2. Hyperbolic localization is an algebra homomorphism with respect to
convolution of sheaves.

Proof. This is just the sheaf-theoretic version of the corresponding result in [L99a],
we simply have to be slight more careful about the geometry. We use a similar
setup to Lemma 6.2. Let A, E € &p ,, ,, such that ¢(4) = r(E). Set r(E) = a, and
¢(E) =b. PickLy € ]'-';’(A). Assume Op is a closed orbit, and let X be a subset of F,
which is a smooth projective variety containing X %° as a locally closed subvariety
(see [L99, section 4] for more details). Let

Z={(L,L)eOp:LeX}

Pick a smooth projective variety Y C Fy, such that Z is a subset of X x Y. The
maps p: Z — X and q: Z — Y are the first and second projections. The map p is
smooth and proper with fibre dimensions dg, and the map ¢ is proper. Let A and
E be the intersection cohomology complexes on X;° and X% respectively. Then
we have

(A = E) = qp"(A)ldg].

Consider the diagrams:
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pt at
Xt<=—Z7t——Y*+t

Lk

p q

X Z Y
and
X<t g

Pc* dc*
X(C* S Z(C* —_— Y(C*

where the maps pc- and gc- are the restrictions of p and ¢ respectively, and the
maps wx, m, and my are all obtained from the C*-action in the manner described
above. By Equation 7.1, and the commutativity of the diagram we see that

(A xE)c- ~ (my )i(gy) qip"(A)[dE]

(my )1(a)i(92) " (A)[dE]

(g )rm(p™)* (9x)" (A)[dE].

where the second equality holds because the map ¢ is compatible with the C*
action and is smooth, so that the components of the fixed point sets Z¢- and Y-

correspond and thus the right square in the first diagram is Cartesian.
We now want to consider the convolution A¢- * Ec«. For this we use the dia-

(7.2)

1

R

gram:
X d / ;
where
7 ={(L, L) e Z": L e Xcu },
and

Z={(L,LYe Xt xY*: (nx(L),L') € Z*},

and the maps are the obvious ones. Note that X, Xc-,Z, 7" form a Cartesian
square. Since 7’ is an affine bundle, (7’)*(7’), is simply a shift by twice the di-
mension of the fibre. As this dimension is exactly the difference between the fibre
dimensions for the convolutions on Z and on the fixed points Z¢-, we see that

Ace # Ber = (goe ) ()i (7) "pe- (mx )1 (9)" (A) ],
and so we have by functoriality and the projection formula that
Ac- + Ber = (gee ()i ()" (mx)1(9%)

(
(7.3) = (g W (7 (7" ) ()" (9x) (A)[ ]
= (gc- 1(7)i(P)" (9x)" (A)[dg]-
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Thus in order to show that (A * E)¢c+ = Ac+ * Ec-, by Equations 7.2 and 7.3 it

is enough to show that
m(p")"(B) = (7)(0)"(B),

where B = g% (A)[dr]. We use Equation 7.1 again — replacing projection to the
fixed points of the C* action in each case with hyperbolic localization. As the two
smooth varieties Z and Z have the same fixed-point set Zc-, the components of the
Bialynicki-Birula decomposition correspond. Let {Z;: 1 < i < k} be the pieces of
the decomposition of Z, and let {Z 1 < i < k} be pieces of Z, ordered so that Z;
corresponds to Z;, that is, Z; and Z; are affine bundles over the same component
F; of Z¢+, their common fixed-point set.

Next note that if X = (J;¢; , is the Bialynicki-Birula decomposition of X, then
Z; and Z; map surjectively onto a single piece, X/ ;) say, as the maps p and j are
C*-equivariant. We claim that p|+z and p, are smooth maps over X of the
same fibre dimension. It is clear from the definitions that Pz, is smooth. To see
that the same is true for p|+Zi we first let i/ be the subgroup of G whose elements
act trivially on Vi and V/V;. The group U acts transitively on the fibres of the
projection to the fixed points of the C*-action on F™ (see for example [L99a, 1.4]).
Fix L € Xj;). Picku € U so thatlim, .oz - L = u- L. Then the fibre of pz, over L is

{(L,L) € Z :lim, o2 - (L, L") € F;}
but since Z is U-invariant (as it is even G-invariant) we see that this is
{(L,L"): (lim,_oz-L,u-L') € Z,lim,_z- (L, L") € F;},
which in turn is just
[(LL): (Lyu L) € ()" (L)}

Thus we see immediately that p|,, is smooth, with fibres (noncanonically) isomor-
phic to the fibres of p ;. Moreover it is clear that the complex B is conic with
respect to these bundles structures. Let d; be there common fibre dimension, and
let f: F; — Z; and f F, — Z, be the obvious inclusion maps.

By Equation 7.1 we then see that

as required.

Hence we see that mp*(A) = (7)i(p)*(A), and so (A * E)c» = Acs * Ec-.
Since 2 p is generated by elements corresponding to closed orbits, the proposition
follows. O

We now need the other components of our transfer map. One of these is a
“diagonal” operator ¢ : 2p — Ap which acts as v(®P) on [i,]Ap [i,], where

(a:b): Z i(ai—bi); a,be(‘SD,n.

i€[1,n]
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It is clear that £ is an algebra homomorphism, and in the context of sheaf theory,
it is just a shift operator, shifting by different amounts on different components of
Frx Fn.

The last component of the transfer map is a character of the algebra 2,,, which
is an extension of the “sign character” of the Hecke algebra for affine GL,,. If
bo=(...,1,1,...) € &,,, then this Hecke algebra is isomorphic to the subalgebra
[iby2n [in, ], as we shall explain below. The map x: A, — Z[v,v!] is just the
sign character on this subalgebra, and zero everywhere else. It is shown to be an
algebra map in [L99a]. The Weyl group W of affine GL,, is an extension by {2, an
infinite cyclic group, of a Coxeter group W’'. This Coxeter part of W is generated
by the involutions I = {s; : i € Z/nZ} subject the braid relation:

SiSjSi = SjSiSj, |Z 7j| = ].,
5i8j = 5;S; li —j| > 1.

and Q acts on W’ by ws;w™! = s;41 where w is a specified generator of Q. We
can write elements of W uniquely as a product yw where w € W’ and v € Q.
The standard length function extends to W by setting I(y) = 0 for v € Z, and
the Bruhat order extends by setting 1w < y2w’ when 73 = 72 and w < w’. The
Hecke algebra H is a Z[v,v~!] algebra with a Z[v,v~!]-basis T, (w € W), and
multiplication given by T, T,y = Ty if I(w) + I(w’) = [(ww’), and the quadratic
relation
(Ts, —v)(Ts, + v~ 1) =0, s; €1

There is an involution — : H — H which sends v — v~! and T, — T, !, as can
easily be checked from the defining relations. The Kazhdan-Lusztig basis of 7/ is
a subset {C\,: w € W’} where C,, is characterized by the properties that

Cw =Ty, + Z Dy wly; Pyw €V 12T,
y<w

and C,, = C,,. For convenience we set Dw,w = 1. The group W has a realization as
a permutation group acting on Z. Indeed it is precisely the set of all permutations
of the integers w such that w(i+n) = w(i)+n (i € Z), with w being the permutation
i — 4+ 1. It is then clear that w € W corresponds to an infinite matrix A,, with
(Aw)ij = 0;w1(;)- This identification allows us to describe the isomorphism from
H to the subalgebra [in, |2, [ib,|: the Kazhdan-Lusztig basis element C,, maps to
{A,}, or equivalently T, maps to [4,,].
The following lemma is presumably well-known.

Lemma 7.3. If C,, is an element of the Kazhdan-Lusztig basis of the Hecke algebra, and
X is the sign character, then x(Cy) = 0o,1(w). Hence x({A}) = 0 for A € &, ., unless
A = A, for some y € 2.

Proof. The character x: H — Z[v,v™!] is defined by x(T;,) = (—v~!)"*). Hence
we see immediately that if — is the involution of Z[v,v~!] sending v — v, the
character y intertwines the two bar involutions. Thus we have

X(Cw) = Z (*l)l(w)vil(w)py,wv
y<w

and the right-hand side is in v~ 'Z[v™!] unless I(w) = 0, when it is clearly equal
to 1. However, by our earlier remark, the right-hand side is also fixed by the bar
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involution, and if I(w) > 0 this can only happen if it vanishes. This proves the
lemma. O

Remark 7.4. In order to interpret this map in terms of sheaves, we need to use
the functor of vanishing cycles, (see for example [KSc] for its definition and basic
properties). Pick L € F3,,, and consider the set

E={LF: LF =L}
Thus E is a countable set of discrete points in Fy,,. Given A € &,, ,, », let A be
the intersection cohomology sheaf on X%. For each point p of = we pick a suit-
ably generic function germ f;,, and consider the Poincare polynomial x,(A) =
> ez dim(H} (¢5, (A)))v", where ¢ is the vanishing cycles functor with respect to

fp- Since the support of A intersects Z in at most finitely many points, it makes
sense to define x(A) =3 = x;,(A). It can then be shown that x(A) = x({A}).

The transfer map ¢p: Ap — Ap_,, is then defined to be the composite

A —n,n ®
Ap —2""UAp @ Uy X UAp_,

We claim that on the subalgebra Up the map ' p is compatible with the canoni-
cal bases. More precisely, recall that Lusztig [L99] showed that the subalgebra Up
of Ap is spanned by the elements { A} of B p which are aperiodic, i.e. the matrix A
has for any p # 0 some ¢ such that a; ;1, = 0.

8. APPLICATIONS

In this section we give some applications of the results of the previous sections.
Let U = limp2Ap where the limit is taken over the projective system given by
the maps (¢p) pen of the last section. Since the maps ¢p are compatible with this
system, that is, ¥ pyn¢p+n = ¢p, there is a unique map ¢: U — U, which factors
each of the maps ¢p through the canonical map U—9A p. Theorem 5.2 allows us
to give an alternative proof of an injectivity result due to Lusztig [L99a].

Proposition 8.1. The homomorphism ¢ is injective.

Proof. Let u be in the kernel of ¢. Then for every D we have ¢p(u) = 0, and hence
by Theorem 5.2 we see that u is in the radical of the inner product on U. Since this
inner product is nondegenerate it follows that u = 0. O

The modified quantum group U is equipped with a canonical basis B which
generalizes the canonical basis of U~. We can use the compatibility of the inner
products to show a kind of “asymptotic” compatibility of the canonical bases of U
and A p.

Proposition 8.2. Let b € B. Then there exists \ such that b € Uly. Set k to be the
residue of Y., A; mod n. Then there is a py > 0 such that for all p > p, we have

Pripn(b) € Bp.

Proof. The canonical basis of U is characterized (up to sign) by the properties of be-
ing invariant under the bar involution, lying in the integral form U 4, and having
self inner product 1 modulo v~'Z[[v~!]] (for a precise statement see [L93, Theorem
26.3.1]). Each of these ingredients has a counterpart for A p, and using Lemma 6.1
it is easy to see that B is also characterized in this way. Since the inner product
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U is obtained as a limit from the inner products on A p, it follows that for large p
we have
(b,0)k4pn = 1 mod v 'Z[v™!].

The bar involutions on U and 2p are compatible, as can be easily checked on
generators, and the maps ¢p are compatible with the integral forms. Therefore at
least for large p we have ¢ (b) is, up to sign, an element of B p, the canonical basis
of Ap. The issue of sign can be resolved by using induction, and the fact that for
an element of U*1, the compatibility can be obtained directly from geometry (see
[L99a, section 3]), so that in fact ¢p(b) is an element of B p. |

It is a theorem of Schiffmann and Vasserot [SV] (conjectured by Lusztig [L99a])
that the maps ¢p are all compatible with the canonical basis, i.e. if b € B then
¢p(b) € Bp U{0}. The previous result shows that this theorem would also follow
if we could show that the maps ¢p are compatible with the bases Bp and Bp_,,.
The previous section shows that this can be made into a purely geometric question
concerning perverse sheaves. Note that it is not true that the maps ¢p send Bp
to Bp_,, U {0}, as was pointed out already in [L99a, 1.12]. Unfortunately, at the
moment this compatibility does not seem evident to the author, but we hope to
return to this question in the future.

We can also combine Theorem 5.2 and Proposition 6.4 to prove a positivity re-
sult for the inner product of two elements of B. This result was conjectured by
Lusztig,

Theorem 8.3. Let by, by € B.
(b1,b2) € N[[v™']] N Q(v).

Proof. We may assume that there is a A € X such that b;1) = by, and ba1y = bo.
Letk € {0,1,...,n — 1} besuch that 3°7_; \; = k mod n. Then

(b1,b2) = plg{.lo(¢k+pn(b1), Prtpn (02)) ktpn

By Proposition 8.2 we know that for all large enough p, ¢p(b1), ¢p(b2) are in Bp,
hence it is clear from Equation (6.1) that

(Gktpn(D1), Prtpn (b2)) kgpn € N[v, vl

However, it follows also from Lemma 6.1 that the left-hand side is in fact in N[v~!]
(this can also be seen directly, using the definition of intersection cohomology
sheaves). Hence (by,bs) is the limit of elements of N[v~!], and the statement fol-
lows. O

Remark 8.4. All the results of this paper have analogues for the nonaffine case,
which can be proved in exactly the same way. The module V' is replaced by a
D-dimensional vector space over k, and the space F" of n-step periodic lattices
should be replaced by the space of n-step flags in that vector space. In this case it
is the algebra corresponding to Up is actually equal to the algebra analogous to
A p, hence the results are in sometimes easier in this case.
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