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ABSTRACT. We give a geometric interpretation of the inner product on the mod-
ified quantum group for affine sln. We give some applications, including a posi-
tivity result for the inner product.

1. INTRODUCTION

Let U be a quantum group. The positive part U+ of U is well known to pos-
sess a canonical basis [K] [L91]. In contrast, there is no particularly natural basis
for the U itself. Seeking to rectify this, Lusztig [L92] defined a variant of the quan-
tized enveloping algebra known as the modified quantum group. This algebra has
essentially the same representation theory, and can be given a canonical basis Ḃ
which packages together natural bases of the tensor product of a highest and low-
est weight U-module, in the same way that the canonical basis B of U+ packages
together natural bases of highest weight representations. Just as for B, (c.f. [GL],
[K]) it is possible to characterize this basis, up to sign, in terms of an involution
and an inner product.

In [BLM] the quantized enveloping algebra of gln was constructed geometri-
cally as a limit of certain convolution algebras. Subsequently Lusztig [L99], and
independently Ginzburg and Vasserot [GV], observed that this construction could
be extended to the case of quantum affine sln. More precisely, it can be shown
that one can define a sequence of algebra AD, and maps φD : AD → AD−n, and
compatible maps ψD from the quantum group. In this paper we show that the
inner product on the modified quantum group U̇ of affine sln may be obtained ge-
ometrically in this context, and establish a positivity property for this case which
is conjectured to hold in general. We also give a sheaf-theoretic description of the
transfer maps of [L99a].

2. BACKGROUND

We begin by recalling the setup of [L99]. Fix a positive integer n. Let D be a
positive integer, ε an indeterminate, k a finite field with q elements and v a square
root of q. Given V a free k[ε, ε−1]-module of rank D, a lattice in V is a free k[ε]-
submodule of V , of rank D. Let Fn denote the set of n-step periodic lattices in V ,
that is, Fn consists of sequences of lattices L = (Li)i∈Z where Li−1 ⊂ Li, and
Li−n = εLi for all i ∈ Z. We will also write Fn

D when we wish to emphasize the
rank of V .

The group G of automorphisms of V acts on Fn in the natural way. We shall be
interested in functions supported on Fn and its square which are invariant with
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respect to the action of G (where G acts diagonally on Fn × Fn). Thus we first
describe the orbits of G on these spaces. Let SD,n be the finite set of all a = (ai)i∈Z
such that

• ai ∈ N;
• ai = ai+n for all i ∈ Z;
• for all i ∈ Z, ai + ai+1 + · · ·+ ai+n−1 = D.

For L ∈ Fn, let |L| ∈ SD,n be given by |L|i = dim(Li/Li−1). The G-orbits on Fn

are indexed by this graded dimension: for a ∈ SD,n set Fa = {L ∈ Fn : |L| = a};
then the Fa are precisely theG-orbits on Fn. TheG orbits on Fn×Fn are indexed,
slightly more elaborately, by the set of matrices SD,n,n, where A = (ai,j)i,j∈Z, is in
SD,n,n if

• ai,j ∈ N;
• ai,j = ai+n,j+n for all i, j ∈ Z;
• for any i ∈ Z, ai,∗ + ai+1,∗ + · · ·+ ai+n−1,∗ = D;
• for any j ∈ Z, a∗,j + a∗,j+1 + · · ·+ a∗,j+n−1 = D.

Here
ai,∗ =

∑
j∈Z

ai,j ; a∗,j =
∑
i∈Z

ai,j .

For A ∈ SD,n,n set

r(A) = (ai,∗)i∈Z ∈ SD,n c(A) = (a∗,j)j∈Z ∈ SD,n.

For A ∈ SD,n,n the corresponding G-orbit OA consists of pairs (L,L′) such that

ai,j = dim
(

Li ∩ L′j
(Li−1 ∩ L′j) + (Li ∩ L′j−1)

)
,

so L ∈ Fr(A) and L′ ∈ Fc(A).
Let AD;q be the space of integer-valued G-invariant functions on Fn ×Fn sup-

ported on a finite number of orbits. If eA denotes the characteristic function of an
orbit OA, the set {eA : A ∈ SD,n,n} is a basis of AD;q. The space AD;q has a natural
convolution product which gives it the structure of an associative algebra. With
respect to the basis of characteristic functions the structure constants are given as
follows. For A,B,C ∈ SD,n,n, let νA,B,C be the coefficient of eC in the product
eAeB . Then νA,B,C is zero unless c(A) = r(B), r(A) = r(C) and c(B) = c(C). Now
suppose these conditions are satisfied and fix (L,L′′) ∈ OC . Then νA,B,C is the
number of points in the set

{L′ ∈ Fc(A)) : (L,L′) ∈ OA, (L′,L′′) ∈ OB}.

Clearly this is independent of the choice of (L,L′′), and moreover it can be
shown that these structure constants are polynomial in q, allowing us to construct
an algebra AD over Q(v) (we will, by deliberate misuse, treat v as both an inde-
terminate and a square root of q, depending on the context). This algebra is some-
times known as the affine q-Schur algebra. It is more convenient to use a rescaled
version of the basis {eA} of AD, with elements [A] = v−dAeA where

dA =
∑

i≥k,j<l,1≤i≤n

aijakl.

Note that if we define Ψ([A]) = [At] then it is easy to check that Ψ is an algebra anti-
automorphism, which we will sometimes call the transpose anti-automorphism.
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Next we introduce quantum groups. In order to do this we recall the notion of
a root datum from [L93].

Definition 2.1. A Cartan datum is a pair (I, ·) consisting of a finite set I and a Z-
valued symmetric bilinear pairing on the free Abelian group Z[I], such that

• i · i ∈ {2, 4, 6, . . .}
• 2 i·j

i·i ∈ {0,−1,−2, . . .}, for i 6= j.

A root datum of type (I, ·) is a pair Y,X of finitely-generated free Abelian groups
and a perfect pairing 〈, 〉 : Y × X → Z, together with imbeddings I ⊂ X , (i 7→ i)
and I ⊂ Y , (i 7→ i′) such that 〈i, j′〉 = 2 i·j

i·i .

Given a root datum, we may define an associated quantum group U. Since it
is the only case we need, we will assume that our datum is symmetric and simply
laced so that i · i = 2 for each i ∈ I , and i · j ∈ {0,−1} if i 6= j. In this case, U is
generated as an algebra over Q(v) by symbols Ei, Fi,Kµ, i ∈ I , µ ∈ Y , subject to
the following relations.

• K0 = 1, Kµ1Kµ2 = Kµ1+µ2 for µ1, µ2 ∈ Y ;
• KµEiK

−1
µ = v〈µ,i′〉Ei, KµFiK

−1
µ = v−〈µ,i′〉Fi for all i ∈ I , µ ∈ Y ;

• EiFj − FjEi = δi,j
Ki−K−1

i

v−v−1 ;
• EiEj = EjEi, FiFj = FjFi, for i, j ∈ I with i · j = 0;
• E2

i Ej + (v + v−1)EiEjEi + EjE
2
i = 0 for i, j ∈ I with i · j = −1;

• F 2
i Fj + (v + v−1)FiFjFi + FjF

2
i = 0 for i, j ∈ I with i · j = −1.

Thus U is naturally X–graded, U =
⊕

ν∈X Uν .
We also need to consider the modified quantum group U̇. This is defined by

U̇ =
⊕
λ∈X

U1λ; U1λ = U/
∑
µ∈Y

U(Kµ − v〈µ,λ〉).

Here the multiplicative structure is given in the natural way:

1λx = x1λ−ν , x ∈ Uν ; 1λ1λ′ = δλ,λ′1λ.

To see the connection between our convolution algebra and quantum groups,
we will need the following notation. For a ∈ SD,n let ia ∈ SD,n,n be the diagonal
matrix with (ia)i,j = δi,jai. Let Ei,j ∈ S1,n,n be the matrix with (Ei,j)k,l = 1 if
k = i + sn, l = j + sn, some s ∈ Z, and 0 otherwise. Let Sn be the set of all
b = (bi)i∈Z such that bi = bi+n for all i ∈ Z. Let Sn,n denote the set of all matrices
A = (ai,j), i, j ∈ Z, with entries in Z such that

• ai,j ≥ 0 for all i 6= j;
• ai,j = ai+n,j+n, for all i, j ∈ Z;
• For any i ∈ Z the set {j ∈ Z : ai,j 6= 0} is finite;
• For any j ∈ Z the set {i ∈ Z : ai,j 6= 0} is finite.

Thus we have SD,n,n ⊂ Sn,n for all D. For i ∈ Z/nZ let i ∈ Sn be given by ik = 1
if k = i mod n, ik = −1 if k = i+ 1 mod n, and ik = 0 otherwise. We write a ∪i a′

if a = a′ + i. For such a,a′ set aea′ ∈ Sn,n to be ia −Ei,i +Ei,i+1, and a′fa ∈ Sn,n

to be ia′ − Ei+1,i+1 + Ei+1,i. Note if a,a′ ∈ SD,n then aea′ ,a′ fa ∈ SD,n,n. For
i ∈ Z/nZ set

Ei(D) =
∑

[aea′ ], Fi(D) =
∑

[a′fa],
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where the sum is taken over all a,a′ in SD,n such that a ∪i a′. For a ∈ Sn set

Ka(D) =
∑

b∈SD,n

va·b[ib]

where, for any a,b ∈ Sn, a · b =
∑n

i=1 aibi ∈ Z. If we let X = Y = Sn, and I =
Z/nZ, with the embedding of I ⊂ X = Y and pairing as given above, we obtain
a symmetric simply-laced root datum. We call the quantum group associated to
it U(ĝln). It can be shown [L99] that the elements Ei(D), Fi(D),Ka(D), generate
a subalgebra UD which is a quotient of the quantum group U(ĝln), via map the
notation suggests. Note that this gives the algebra AD the structure of a U(ĝln)-
module.

3. INNER PRODUCT ON UD

Definition 3.1. We define a bilinear form

(, )D : AD;q × AD;q → Q̄l

by

(f, f̃)D =
∑
L,L′

v
P
|L|2i−

P
|L′|2i f(L,L′)f̃(L,L′),

for f and f̃ in AD,q, where L runs over Fn and L′ runs over a set of representatives
for the G-orbits on Fn.

Let OA be a G-orbit on Fn ×Fn, and let

XL
A = {L′ ∈ Fn : (L,L′) ∈ OA}.

It is easy to check that

(3.1) 2dA − 2dAt =
n∑

i=1

a2
i,∗ −

n∑
j=1

a2
∗,j .

Thus if A,A′ are in SD,n,n we find that

(eA, eA′)D = δA,A′q
dA−dAt #|XL′

At |,

where L′ is any lattice in Fc(A). Note that this makes it clear that the bilinear form
is symmetric, which is not immediate from the initial definition. If {ηC

A,B;q} are the
structure constants of AD;q with respect to the basis {[A] : A ∈ SD,n,n}, then we
have

(3.2) ([A], [A′])D = δA,A′v
dA−dAt η

ic(A)

At,A;q.

We therefore obtain an inner product on AD taking values in Q(v) by defining

(3.3) ([A], [A′])D = δA,A′v
dA−dA′ ηAt,A,ic(A) ∈ Z[v, v−1]

We now give some basic properties of this inner product:

Proposition 3.2. Let A ∈ SD,n, and let f, f̃ ∈ AD. Then we have

([A]f, f̃)D = vdA−dAt (f, [At]f̃)
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Proof. Clearly it suffices to establish this equation in the algebra AD;q. Since the
characteristic functions of G-orbits form a basis of AD;q, we may assume that f =
eB and f̃ = eC , moreover we may assume that

(3.4) r(A) = r(C), c(A) = r(B), c(B) = c(C).

as both sides are zero otherwise. It follows immediately that

[A] · eB = v−dAeA · eB , vdA−dAt [At] · eC = vdA−2dAt eAt · eC .

Hence if (L̃,L′) ∈ OC is fixed,

([A] · eB , eC)D = qdC−dCt #|XL′

Ct | · v−dA#{L′′ : (L̃,L′′) ∈ OA, (L′′,L′) ∈ OB}
= vα#{L,L′′ : (L,L′′) ∈ OA, (L′′,L′) ∈ OB , (L,L′) ∈ OC},

(3.5)

where α = 2dC − 2dCt − dA. Similarly, if (L̃′′,L′) ∈ OA is fixed

vdA−dAt (eB , [At] · eC)D = qdB−dBt #|XL′

Bt | · vdA−2dAt #{L : (L̃′′,L) ∈ OF , (L,L′) ∈ OB}

= vβ#{L,L′′ : (L′′,L) ∈ OAt , (L′′,L′) ∈ OB , (L,L′ ∈ OC)},

(3.6)

where β = 2dB − 2dBt + dA − 2dAt .

L
A //

C   A
AA

AA
AA

A L′′

B

��

L

C   A
AA

AA
AA

A L′′
At
oo

B

��
L′ L′

As the diagram clearly shows, the last line of equation (3.5) is the same as the
last line of equation (3.6) if α = β, that is, if

(3.7) 2dC − 2dCt − dA = 2dB − 2dBt + dA − 2dAt

But this follows directly from equation (3.1) and equation (3.4). �

We have the following easy consequence:

Corollary 3.3. Let i ∈ Z, and let f, f̃ ∈ AD and c ∈ Sn. Then we have

(1) (Ei(f), f̃)D = (f, vKiFi(f̃))D

(2) (Fi(f), f̃)D = (f, vK−iEi(f̃))D

(3) (Kc(f), f̃)D = (f,Kc(f̃))D

Proof. We may assume that f = eA and f̃ = eB . The third equation can then be
checked immediately from the formulas above. The second equation follows from
the other two, so it only remains to prove the first. We may assume that r(A) =
r(B)− i and c(A) = c(B), as both sides are zero otherwise. Set a = r(A),b = r(B)
(see section 2).

Then from the definitions we have

Ei(eA) = [bea] · eA, vKiFi(eB) = v1+i·a[afb] · eB .

Since bea = af t
b, and d

bea − dafb = 1 + i · a the result now follows immediately
from the previous proposition. �
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Remark 3.4. There is a unique algebra anti-automorphism ρ : U
(
ĝln

)
→ U

(
ĝln

)
such that

ρ(Ei) = vKiFi, ρ(Fi) = vK−iEi ρ(Ki) = Ki

With this we may state the result of the previous corollary in the form

(u(f), f̃)D = (f, ρ(u)f̃)D, u ∈ U
(
ĝln

)
, f, f̃ ∈ AD.

Lemma 3.5. (1) For A ∈ SD,n,n, ([A], [A])D ∈ 1 + v−1Z[v−1]
(2) For A,A′ ∈ SD,n,n and A 6= A′, ([A], [A′])D = 0

Proof. The second part of the statement is obvious. For the first, note that XL′

At is
an irreducible variety of dimension dAt , (see [L99, 4.3]). Since we have

([A], [A′])D = δA,A′q
−dAt #|XL′

At |,

the Lang-Weil estimates [LW] then show that ([A], [A])D ∈ 1 + v−1Z[v−1], as re-
quired. �

Remark 3.6. The results of this section are almost identical to the results of [L99,
section 7]; however, as our inner product is not quite the same as that of [L99, 7.1],
the proofs seem somewhat simpler.

4. INNER PRODUCT ON U̇

Notice that if a ∈ Sn then the sum ai0 + · · ·+ ai0+n−1 is independent of i0 ∈ Z;
denote it by ∇a. Let Y = {a ∈ Sn : ∇a = 0}. Let X be the quotient of Sn by
the subgroup generated by b0, the element with all entries equal to 1. Clearly the
pairing on Sn given in section 1 induces a non-singular pairing Y ×X → Z.

Let I = Z/nZ, and define maps I → X , I → Y sending i to i ∈ Sn (see the end
of section 2), taking the appropriate coset in X . This is the root datum of ŝln. Let
U be the quantized enveloping algebra associated to this datum, and let U̇ be the
modified algebra corresponding to U. We wish to obtain an inner product on U̇
using those on UD.

We begin with some technical lemmas. Given A ∈ Sn,n let ai,≥s =
∑

j≥s ai,j ,
and ai,>s, ai,≤s, etc. similarly.

Lemma 4.1. a) Let A ∈ SD,n,n and a′ = r(A). If there is an a ∈ SD,n such that a∪i a′

(i.e. if a′i+1 > 0) then we have

(4.1) [aea′ ][A] =
∑

s∈Z,ai+1,s≥1

vai,≥s−ai+1,>s

(
1− v−2(ai,s+1)

1− v−2

)
[A+ Ei,s − Ei+1,s],

where A = (ai,j).
b) Let A′ ∈ SD,n,n and a = r(A′). If there is an a′ ∈ SD,n such that a ∪i a′ (i.e. if

ai > 0) then we have

(4.2) [a′fa][A′] =
∑

s∈Z,ai,s≥1

va′i+1,≤s−a′i,<s

(
1− v−2(a′i+1,s+1)

1− v−2

)
[A′ − Ei,s + Ei+1,s],

where A′ = (a′i,j).

Proof. This follows by rescaling the statement of Proposition 3.5 in [L99]. �
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LetR be the subring of Q(v)[u] generated by {vj : j ∈ Z}, and

t∏
i=1

(v−2(a−i)u2 − 1)/(v−2i − 1); a ∈ Z, t ≥ 1.

ForA ∈ Sn,n let pA be the matrix with (pA)i,j = ai,j +pδi,j . We have the following
partial analogue of [BLM, 4.2].

Lemma 4.2. Let A1, A2, . . . , Ak be matrices of the form aea′ or afa′ , for a,a′ ∈ Sn, and
A any element of Sn,n. Then there exist matrices Z1, Z2, . . . , Zm ∈ Sn,n and p0 ∈ Z
such that

(4.3) [pA1][pA2] . . . [pAk][pA] =
m∑

i=1

Gi(v, v−p)[pZi], Gi ∈ R

for all p ≥ p0.

Proof. Use induction on k. When k = 1 the result follows from the previous
lemma, once we note that both ai,≥s − ai+1,>s and ai+1,≤s − ai,<s are unchanged
when A is replaced with A+ pI . �

There is a surjective homomorphism φD : U̇→ UD [L99, Lemma 2.8] which, for
λ ∈ X , sends Ei1λ 7→ Ei(D)[ia] and Fi1λ 7→ Fi(D)[ia] if there is an a in SD,n such
that a = λ mod Zb0, otherwise both Ei1λ, Fi1λ are sent to zero.

Let f be the algebra attached to the root datum described above (see [L92, chap-
ter 3]). Pick a monomial basis of f , {ζi : i ∈ J} say. Then the triangular decompo-
sition for U̇ [L92, 23.2.1] shows that B = {ζ+

i ζ
−
j 1λ : i, j ∈ J, λ ∈ X} is a basis of

U̇, where +: f → U+, and − : f → U− are the standard maps given in [L92, 3.1.1].
Define a bilinear pairing 〈, 〉D on U̇ via φD as follows:

〈x, y〉D = (φD(x), φD(y))D

Proposition 4.3. Let k ∈ {0, 1, . . . , n− 1}, then if x, y ∈ U̇

〈x, y〉k+pn

converges in Q((v−1)), as p→∞, to an element of Q(v).

Proof. We may assume that x, y are elements of B. Then we need to show that

〈ζ+
i1
ζ−j11λ, ζ

+
i2
ζ−j21µ〉k+pn i1, i2, j1, j2 ∈ J ;λ, µ ∈ X

converges as p → ∞. Let ι : f → f is the Q(v)-algebra anti-automorphism fixing
the generators θi, 1 ≤ i ≤ n. Using Proposition 3.3, it is easy to see that this inner
product differs from

(4.4) 〈1λ, ι(ζj1)
+ι(ζi1)

−ζ+
i2
ζ−j21µ〉k+pn

by a power of v which is independent of p. But then the definition of the inner
product and the previous proposition show that (4.4) may be written as G(v, v−p)
for someG ∈ R. The result then follows immediately from the definition ofR. �

Definition 4.4. We define
(, ) : U̇× U̇→ Q(v),
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a symmetric bilinear form on U̇ given by

(x, y) =
n−1∑
k=0

lim
p→∞

〈x, y〉k+pn.

Remark 4.5. Note that the proof of the last proposition actually allows us to con-
clude that

(φD(ζ+
i ζ

−
j 1λ), [pA])k+pn

converges to an element of Q(v), as p→∞, for any A ∈ Sn,n. We will need this in
the next section.

5. COMPARISON OF INNER PRODUCTS

There is a natural definition of an inner product on U̇ in the algebraic setting.

Theorem 5.1. There exists a unique Q(v) bilinear pairing 〈, 〉 : U̇×U̇→ Q(v) such that

(1) 〈1λ1x1λ2 , 1µ1y1µ2〉 = 0 ∀x, y ∈ U̇ unless λ1 = µ1, λ2 = µ2;
(2) 〈ux, y〉 = 〈x, ρ(u)y〉 ∀x, y ∈ U̇, u ∈ U; and
(3) 〈x−1λ, y

−1λ〉 = (x, y), ∀x, y ∈ f , λ ∈ X .
Here (x, y) is the standard inner product on f , (see [L93, 1.2.5]). The resulting inner
product is automatically symmetric.

Proof. See [L93, 26.1.2]. �

Theorem 5.2. The inner products (, ) of section 4 and 〈, 〉 of Theorem 5.1 coincide.

The remainder of this section is devoted to the proof of this theorem. The first
property listed in Theorem 5.1 clearly holds for (, ), as the representatives for ele-
ments of X in SD,n are distinct when they exist. The second follows from Propo-
sition 3.3; thus it only remains to verify the third. Fix λ ∈ X .

The algebra f is naturally graded: f =
⊕

ν∈NI fν . For ν ∈ Z[I], with ν =
∑

i∈I νii
let tr(ν) =

∑
i∈I νi. If z is homogeneous we set |z| = ν, where z ∈ fν . Thus for

the third property we may assume that x, y ∈ f are homogeneous, i.e. x, y ∈ fν for
some ν, and proceed by induction on N = tr(ν). If N = 0 then we are reduced to
the equation

(1λ, 1λ) = 1,

which is trivial. Now suppose that N > 0 and the result is known for x, y ∈ fν
when tr(ν) < N . If x, y are in fν , tr(ν) = N , then we may assume that they are
monomials, and y = θiz for some z ∈ fν−i. Then we have

(x−1λ, y
−1λ) = (x−1λ, Fiz

−1λ)

= (vK−iEix
−1λ, z

−1λ).

Using standard commutation formulas (see [L93, 3.1.6]) this becomes

(vK−ix
−Ei1λ, z

−1λ) +
1

1− v−2

(
(ir(x)− − vK−iri(x)−K−i)1λ, z

−1λ

)
and tidying this up we get

1
1− v−2

(ir(x)−1λ, z
−1λ) +

(
vi·|x|−i·λ−1

(
x−Ei −

v−i·λ

v − v−1
ri(x)−

)
1λ, z

−1λ

)
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The properties of (, ) on f show that 1
1−v−2 (ir(x), z) = (x, θiz), thus we are done

by induction if we can show that(
x−Ei −

v−i·λ

v − v−1
ri(x)−

)
1λ

annihilates U−1λ. To see this we need an explicit result about multiplication in
AD.

Lemma 5.3. Let A ∈ Sn,n be such that ar,s = 0 for r < s unless r = s − 1 and r = i
mod n, when ar,r+1 ∈ {0, 1}; then the following hold for p sufficiently large.

(1) For j 6= i we have

Fj [pA] =
m∑

k=1

gk(v)[pZk]

where gk(v) ∈ Z[v, v−1] are independent of {ar,s : r ≤ s}, and Zk ∈ Sn,n have
(Zk)r,s = ar,s for r < s.

(2)

Fi[pA] =
∑
k=1

gk(v)[pZk]

+ v1−i·r(A)

(
1− v−2(ai+1,i+1+1+p)

1− v−2

)
[p(A+ Ei+1,i+1 − Ei,i+1)]

where gk(v) ∈ Z[v, v−1] are independent of {ar,s : r ≤ s}, and Zk ∈ Sn,n have
(Zk)r,s = ar,s for r < s, and the final term occurs only if ai,i+1 = 1.

Proof. Both of these formulas are consequences of the following, which is valid for
any A (see Lemma 4.1).

Fj [pA] =
∑

k : (pA)j,k≥1

vaj+1,≤k−aj,<k

(
1− v−2(aj+1,k+pδj+1,k+1)

1− v−2

)
[pA+Ej+1,k−Ej,k].

�

Let
∑n

j=1 λj = k mod n, where k ∈ {0, 1, . . . , n−1}, and suppose thatD = k+pn
for some p. Let A−D = span{[A] : ar,s = 0,∀r < s}, and note that Lemma 5.3 shows
that φD(x−1λ) ∈ A−D for any x ∈ f . In fact, it is also clear that

φD(x−Ei1λ) =
m1∑
k=1

ak(v)[pBk] +
m2∑
k=1

gk(v)[pHk]

where (Bk)i,i+1 = 1 and (Hk)i,i+1 = 0, and ak, gk are independent of λ and p.
Moreover from the formula in the proof of the Lemma 5.3 it is easy to see that

φD(x−1λ) =
m1∑
k=1

ak(v)[pBk + Ei+1,i+1 − Ei,i+1].

We are now ready to set up the key step in the proof of Theorem 5.2: Let
πD : AD → A−D be the orthogonal projection. Define sD : f → A−D by setting

x 7→ πD(φD(x−Ei1λ))
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and define rD : f → A−D by setting

x 7→ v−i·λ

v − v−1
φD(ri(x)−1λ)

Proposition 5.4. Let x ∈ f .

sD(x)− rD(x) = v−2p

( m∑
k=1

ck(v)[pZk]
)

for some Zk ∈ Sn,n, independent of p.

Proof. We may assume that x is a monomial, and proceed by induction on tr(|x|).
It is easy to check that sD(1) = rD(1) = 0, so we may assume that x ∈ fν , tr(ν) > 0,
and that x = θjz where z ∈ fν−j. Now as above we have

φD(z−Ei1λ) =
m1∑
k=1

ak(v)[pBk] +
m2∑
k=1

gk(v)[pHk] (Bk)i,i+1 = 1, (Hk)i,i+1 = 0,

and so sD(z) =
∑m2

k=1 gk(v)[pHk]. Let E = Ei+1,i+1 − Ei,i+1 ∈ Sn,n. Using the
lemma we see that since

φD(x−Ei1λ) = FjφD(z−Ei1λ),

we have

sD(x) = δi,j
∑

k

ak(v)v1−i·r(Bk)

(
1− v−2((Bk)i+1,i+1+p+1)

1− v−2

)
[p(Bk + E)]

+ FjsD(z).

(5.1)

Now r(Bk) = λ+ i− |x|, hence 1− i · r(Bk) = i · (|x| − λ)− 1, so

v1−i·r(Bk)

(
1− v−2((Bk)i+1,i+1+p+1)

1− v−2

)
=
(
vi·(|x|−λ)

v − v−1

)
(1− v−2pv−2((Bk)i+1,i+1+1)).

The definition of ri shows that
rD(x) = rD(θjz)

= δi,j

(
vi·(|x|−λ)

v − v−1

)
φD(z−1λ) + FjrD(x)

= δi,j

(
vi·(|x|−λ)

v − v−1

)∑
k

ak(v)[p(Bk + E)] + FjrD(x),

so we see that
sD(x)− rD(x) = Fj(sD(z)− rD(z))

− δi,jv−2p
∑

k

ak(v)
(
vi·(|x|−λ)

v − v−1

)
v−2((Bk)i+1,i+1+1)[p(Bk + E)]

and so using induction and the lemma again, we are done. �

Corollary 5.5. Let x ∈ f , then

u =
(
x−Ei −

v−i·λ

v − v−1
ri(x)−

)
1λ

is orthogonal to U−1λ.
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Proof. Let y ∈ f be a monomial. Then we have

(u, y−1λ) = lim
p→∞

〈u, y−1λ〉k+pn,

and by definition

(5.2) 〈u, y−1λ〉k+pn = (sk+pn(x)− rk+pn(x), φk+pn(y−1λ))k+pn.

By the previous proposition,

sk+pn(x)− rk+pn(x) = v−2p

( m∑
j=1

cj(v)[pZj ]
)
, Zj ∈ Sn,n,

and by the remark at the end of section 2, we know that ([pZj ], φk+pn(y−1λ))k+pn

converges in Q((v−1)) as p → ∞. Thus the right-hand side of Equation 5.2 tends
to zero as required. �

This completes the proof of Theorem 5.2.

6. GEOMETRIC INTERPRETATION

Recall from [L99, section 4] that AD possesses a canonical basis BD consisting
of elements {A}, A ∈ SD,n,n. To define these elements we must assume k is
algebraically closed (either the algebraic closure of Fq, in which case we must use
sheaves in the étale topology, or C in which case we use the analytic topology).
Fix A ∈ SD,n, and L ∈ Fr(A). The space FD can be given the structure of an ind-
scheme such that the set XL

A (see section 3) lies naturally in a projective algebraic
variety. Thus it makes sense to consider its closure X̄L

A. Let AL be the simple
perverse sheaf on X̄L

A whose restriction to XL
A is C[dA]. Let Hs(AL) to be the s-th

cohomology sheaf of AL. For A1 ∈ SD,n,n such that XL
A1
⊂ X̄L

A we write A1 ≤ A,
and set

ΠA1,A =
∑
s∈Z

dim(Hs−dA1
y (AL))vs ∈ Z[v−1],

where Hs−dA1
y (AL) is the stalk of Hs−dA1 (AL) at a point y ∈ XL

A1
(since AL is

constructible with respect to the stratification of X̄L
A given by {XL

A1
: A1 < A}, this

is independent of the choice of y). We have

{A} =
∑

A1;A1≤A

ΠA1,A[A1].

Note that the following is an immediate consequence of the definitions and
Lemma 3.5.

Lemma 6.1. Let A,A′ ∈ SD,n,n, then,

({A}, {A′})D ∈ δA,A′ + v−1Z[v−1].

�

The algebra AD may be viewed as a convolution algebra of (equivariant) com-
plexes on Fn. We wish to give an interpretation of the inner product of section 3
in this context. Suppose that A,B ∈ SD,n,n. We want to describe ({A}, {B}). We
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may assume that r(A) = r(B) = a and c(A) = c(B) = b. Let L′ ∈ Fb. Let At
L′ and

Bt
L′ denote the simple perverse sheaves on X̄L′

At and X̄L′

Bt respectively. Then define

(6.1) 〈{A}, {B}〉D =
∑
i∈Z

dim(Hi
c(Fa,At

L′ ⊗ Bt
L′))v

i.

〈, 〉D extends to an inner product on the whole of AD (viewed as an algebra of
equivariant complexes on Fn). We want to show that it is the same as the inner
product (, )D of section 3 , at least on the subalgebra UD. We start by showing that
〈, 〉 satisfies the properties of Proposition 3.3.

Lemma 6.2. Let A,B,C ∈ SD,n,n, and suppose that OA is a closed orbit. Then

〈{A}{B}, {C}〉D = vdA−dAt 〈{B}, {At}{C}〉D.

Proof. Both sides are obviously zero unless r(A) = r(C) = a, c(A) = r(B) = b and
c(B) = c(C) = c, thus we assume these equalities from now on. Pick L0 ∈ Fc.
We need to recall the definition of the convolution product. Pick a subset Y of Fb

such that Y is a smooth projective variety containing XL0
Bt . Let

ZA = {(L,L′) ∈ OA : L′ ∈ Y },
where r(A) = a, c(A) = b. We have maps p1 : Z → Fa and p2 : Z → Y , the first
and second projections respectively. The map p1 is clearly proper (as the fibre is
XL

A ∩ Y ) and the map p2 is smooth with fibre dimension dAt .

(A ∗B)t = (p1)!p∗2(B
t)[dAt ],

Now
(A ∗B)t ⊗Ct = (p1)!p∗2(B

t)[dAt ]⊗Ct

= (p1)!(p∗2(B
t)⊗ p∗1(Ct)[dAt ]),

(6.2)

where we use the projection formula in the second equality.
On the other hand, to compute the product {At}{C} we pick a smooth projec-

tive variety W ⊂ Fa which contains XL0
Ct , and consider the variety

ZAt = {(L,L′) ∈ OA : L ∈W}.
As above there are projection maps p1,p2, and the product is given by

({At}{C})t = (p2)!p∗1(Ct)[dAt ].

and
{Bt} ⊗ ({At}{C})t = {Bt} ⊗ (p2)!p∗1(Ct)[dAt ]

= (p2)!(p∗2({Bt})⊗ p∗1(Ct))[dAt ].

Now as tensor product is a local functor, we may restrict to ZA ∩ ZAt , and then
it is clear that the compactly supported cohomologies will be equal up to shifts,
with the difference in shifts being dA − dAt as required.

�

Lemma 6.3. Let A,B ∈ SD,n,n, and c ∈ Sn. Then
(1) 〈Ei{A}, {B}〉D = 〈{A}, vKiFi{B}〉D.
(2) 〈Fi{A}, {B}〉D = 〈{A}, vK−iEi{B}〉D
(3) 〈Kc{A}, {B}〉D = 〈{A},Kc{B}〉D
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Proof. This follows from the previous lemma exactly as in the proof of corollary
3.3, since the varieties XL

a+iea
are closed. �

The algebra UD is spanned by elements of the form T1T2 . . . TN [ia] where Ts is
either Ei or Fi for some i. Thus the previous lemma shows we need only check
that

〈T1T2 . . . TN [ia], [ia]〉D = (T1T2 . . . TN [ia], [ia])D

But this will follow if we can show that

〈{A}, [ia]〉D = ({A}, [ia])D

for all A ∈ SD,n,n, as {{A} : A ∈ SD,n,n} is a basis of AD. But as the simple
perverse sheaf corresponding to {ia} = [ia] is just the skyscraper sheaf at the point
L′, this last equality follow from directly from the definitions. We have therefore
shown the following result.

Proposition 6.4. On the algebra UD the inner products 〈, 〉D and (, )D coincide. �

Remark 6.5. It can be shown that the algebra AD is generated by the elements {A}
for which XL

A is closed, and so the above argument adapts to show that the inner
products in fact agree on the whole of AD. Henceforth we will use the notation
(, )D when referring to the inner product on AD in either of its incarnations.

7. TRANSFER MAPS

In this section we give a sheaf-theoretic description of the “transfer maps” [L99a],
using the “hyperbolic localization” of [Br]. In [L99a] Lusztig defines homomor-
phisms

ψD : AD → AD−n,

which are characterized , at least on UD, by the following,
• ψD(Ei(D)) = Ei(D − n);
• ψD(Fi(D)) = Fi(D − n);
• ψD(Ka(D)) = va·b0Ka(D − n).

The definition of [L99a], which works with functions on the varieties defined
over Fq, has two parts: the first a kind of coproduct, and second a combination
of a diagonal operator with an extension of the sign representation. We first give
a sheaf theoretic construction of the “coproduct”. Grojnowski has informed the
author that this was already done in the unpublished preprint [G92]. Indeed the
idea that coproducts should be viewed as localizations was also first pointed out
to the author by Grojnowski, see for example [G95]. Fix integers D1 and D2 with
D1 + D2 = D. Fix a decomposition V = V1 ⊕ V2, into a direct sum of two free
modules of rank D1 and D2 respectively. Consider the C∗ action on V where z ∈
C∗ acts on V1 by z and on V2 by z−1. The induced action on Fn has a fixed point
set Ḟn isomorphic to Fn

D1
× Fn

D2
. Indeed, somewhat more precisely, if we restrict

the action to a component Fa, then the fixed point set Ḟn
a is isomorphic to⋃

a1+a2=a

Fa1 ×Fa2 ,

where a1 ∈ SD1,n, and a2 ∈ SD2,n.
Fix A ∈ SD,n,n and pick L ∈ Ḟr(A). Consider the intersection cohomology

sheaf A associated to the GL–orbit XL
A. Let h : Ḟn → Fn be the obvious inclusion.
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Since the inclusion f is the fixed point set of a C∗–action, we have a natural map
in the opposite direction, π : Fn → Ḟn which sends L 7→ limz→0z · L. Given a
connected component of the fixed point set Ḟa, its preimage under the map π is
a locally closed subvariety of Fa. Let Ya be the disjoint union of these pieces, let
g be the obvious map from Ya to Fa, and let f be the inclusion of the fixed point
set Ḟa into Ya. Then, following [Br], we define the hyperbolic localization of A to
be AC∗ = f !g∗(A). By the main result of that paper, this complex is semisimple.
The simple perverse sheaves which occur must be invariant under the action of
the group Aut(V1)×Aut(V2), and hence must be the tensor product of intersection
cohomology complexes on Fn

D1
and Fn

D2
. It follows that by associating to each

simple perverse sheaf its corresponding canonical basis element we obtain a map
∆: AD → AD1 ⊗ AD2 . We first show that ∆ is an algebra map, for which we
require the following lemmas, the first of which is well-known, see for example
[KSc, 3.7.5].

Lemma 7.1. Let E be a vector bundle over B, and let π : E → B be the bundle map,
i : B → E be the inclusion of B as the zero section of E. Then for a conic sheaf F we have
isomorphisms

π∗(F ) ' i∗(F ); π!(F ) ' i!(F ).

It follows immediately from this lemma that if A be a semisimple complex on
a proper variety X , and suppose X is equipped with an action of C∗. Let X+ be
the disjoint union of the pieces in the Bialynicki-Birula decomposition of X , and
let f : XC∗ → X+ and g : X+ → X be the obvious maps, Let π : X+ → XC∗ be the
map given by x 7→ limz→0z · x. Then we have:

(7.1) AC∗ = f !g∗(A) ' π!g
∗(A).

In other words, hyperbolic localization may be replaced by projection to the fixed
point sets.

Proposition 7.2. Hyperbolic localization is an algebra homomorphism with respect to
convolution of sheaves.

Proof. This is just the sheaf-theoretic version of the corresponding result in [L99a],
we simply have to be slight more careful about the geometry. We use a similar
setup to Lemma 6.2. Let A,E ∈ SD,n,n such that c(A) = r(E). Set r(E) = a, and
c(E) = b. Pick L0 ∈ Ḟn

r(A). AssumeOE is a closed orbit, and letX be a subset ofFa

which is a smooth projective variety containing XL0
A as a locally closed subvariety

(see [L99, section 4] for more details). Let

Z = {(L,L′) ∈ OE : L ∈ X}.

Pick a smooth projective variety Y ⊂ Fb such that Z is a subset of X × Y . The
maps p : Z → X and q : Z → Y are the first and second projections. The map p is
smooth and proper with fibre dimensions dE , and the map q is proper. Let A and
E be the intersection cohomology complexes on X̄L0

A and XL
E respectively. Then

we have
(A ∗E) = q!p

∗(A)[dE ].

Consider the diagrams:
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X+

gX

��

Z+
p+
oo

gZ

��

q+
// Y +

gY

��
X Z

poo q // Y
and

X+

πX

��

Z+
p+
oo

π

��

q+
// Y +

πY

��
XC∗ ZC∗

pC∗oo qC∗ // YC∗

where the maps pC∗ and qC∗ are the restrictions of p and q respectively, and the
maps πX , π, and πY are all obtained from the C∗-action in the manner described
above. By Equation 7.1, and the commutativity of the diagram we see that

(A ∗E)C∗ ' (πY )!(gY )∗q!p∗(A)[dE ]

' (πY )!(q+)!(gZ)∗p∗(A)[dE ]

' (qC∗)!π!(p+)∗(gX)∗(A)[dE ].

(7.2)

where the second equality holds because the map q is compatible with the C∗

action and is smooth, so that the components of the fixed point sets ZC∗ and YC∗

correspond and thus the right square in the first diagram is Cartesian.
We now want to consider the convolution AC∗ ∗ EC∗ . For this we use the dia-

gram:

X

πX

��

Z̃
p̃oo

π′′

}}{{
{{

{{
{{

π̃

��

Z ′

p′

}}zz
zz

zz
zz π′

!!C
CC

CC
CC

C

XC∗ ZC∗
pC∗oo

where

Z ′ = {(L,L′) ∈ Z+ : L ∈ XC∗},

and

Z̃ = {(L,L′) ∈ X+ × Y + : (πX(L),L′) ∈ Z+},

and the maps are the obvious ones. Note that X,XC∗ , Z̃, Z
′ form a Cartesian

square. Since π′ is an affine bundle, (π′)∗(π′)! is simply a shift by twice the di-
mension of the fibre. As this dimension is exactly the difference between the fibre
dimensions for the convolutions on Z and on the fixed points ZC∗ , we see that

AC∗ ∗EC∗ = (qC∗)!(π′)!(π′)∗p∗C∗(πX)!(gX)∗(A)[dE ],

and so we have by functoriality and the projection formula that

AC∗ ∗EC∗ = (qC∗)!(π′)!(p′)∗(πX)!(g∗X)(A)[dE ]

= (qC∗)!(π′)!(π′′)!(p̃)∗(gX)∗(A)[dE ]

= (qC∗)!(π̃)!(p̃)∗(gX)∗(A)[dE ].

(7.3)
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Thus in order to show that (A ∗ E)C∗ = AC∗ ∗ EC∗ , by Equations 7.2 and 7.3 it
is enough to show that

π!(p+)∗(B) = (π̃!)(p̃)∗(B),

where B = g∗X(A)[dE ]. We use Equation 7.1 again — replacing projection to the
fixed points of the C∗ action in each case with hyperbolic localization. As the two
smooth varietiesZ and Z̃ have the same fixed-point setZC∗ , the components of the
Bialynicki-Birula decomposition correspond. Let {Zi : 1 ≤ i ≤ k} be the pieces of
the decomposition of Z, and let {Z̃i : 1 ≤ i ≤ k} be pieces of Z̃, ordered so that Zi

corresponds to Z̃i, that is, Zi and Z̃i are affine bundles over the same component
Fi of ZC∗ , their common fixed-point set.

Next note that if X =
⋃

j∈[1,r] is the Bialynicki-Birula decomposition of X , then
Zi and Z̃i map surjectively onto a single piece, Xj(i) say, as the maps p and p̃ are
C∗-equivariant. We claim that p+

|Zi
and p̃|Z̃i

are smooth maps over Xj(i) of the
same fibre dimension. It is clear from the definitions that p̃|Z̃i

is smooth. To see
that the same is true for p+

|Zi
we first let U be the subgroup of G whose elements

act trivially on V1 and V/V1. The group U acts transitively on the fibres of the
projection to the fixed points of the C∗-action on Fn (see for example [L99a, 1.4]).
Fix L ∈ Xj(i). Pick u ∈ U so that limz→0z ·L = u ·L. Then the fibre of p|Zi

over L is

{(L,L′) ∈ Z : limz→0z · (L,L′) ∈ Fi}

but since Z is U-invariant (as it is even G-invariant) we see that this is

{(L,L′) : (limz→0z · L, u · L′) ∈ Z, limz→0z · (L,L′) ∈ Fi},

which in turn is just

{(L,L′) : (L, u · L′) ∈ (p̃|Z̃i
)−1(L)}.

Thus we see immediately that p|Zi
is smooth, with fibres (noncanonically) isomor-

phic to the fibres of p̃|Z̃i
. Moreover it is clear that the complex B is conic with

respect to these bundles structures. Let di be there common fibre dimension, and
let f : Fi → Zi and f̃Fi → Z̃i be the obvious inclusion maps.

By Equation 7.1 we then see that

π!(p+)∗(B) = f !(p+)∗(B)

= f !(p+)!(B)[2di]

= f̃ !(p̃)!(B)[2di]

= π̃!p̃
∗(B)

as required.
Hence we see that π!p

∗(A) = (π̃)!(p̃)∗(A), and so (A ∗ E)C∗ = AC∗ ∗ EC∗ .
Since AD is generated by elements corresponding to closed orbits, the proposition
follows. �

We now need the other components of our transfer map. One of these is a
“diagonal” operator ξ : AD → AD which acts as v(a:b) on [ia]AD[ib], where

(a : b) =
∑

i∈[1,n]

i(ai − bi); a,b ∈ SD,n.
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It is clear that ξ is an algebra homomorphism, and in the context of sheaf theory,
it is just a shift operator, shifting by different amounts on different components of
Fn ×Fn.

The last component of the transfer map is a character of the algebra An, which
is an extension of the “sign character” of the Hecke algebra for affine GLn. If
b0 = (. . . , 1, 1, . . .) ∈ Sn,n, then this Hecke algebra is isomorphic to the subalgebra
[ib0 ]An[ib0 ], as we shall explain below. The map χ : An → Z[v, v−1] is just the
sign character on this subalgebra, and zero everywhere else. It is shown to be an
algebra map in [L99a]. The Weyl group W of affine GLn is an extension by Ω, an
infinite cyclic group, of a Coxeter group W ′. This Coxeter part of W is generated
by the involutions I = {si : i ∈ Z/nZ} subject the braid relation:

sisjsi = sjsisj , |i− j| = 1;

sisj = sjsi |i− j| > 1.

and Ω acts on W ′ by ωsiω
−1 = si+1 where ω is a specified generator of Ω. We

can write elements of W uniquely as a product γw where w ∈ W ′ and γ ∈ Ω.
The standard length function extends to W by setting l(γ) = 0 for γ ∈ Z, and
the Bruhat order extends by setting γ1w < γ2w

′ when γ1 = γ2 and w < w′. The
Hecke algebra H is a Z[v, v−1] algebra with a Z[v, v−1]-basis Tw (w ∈ W ), and
multiplication given by TwTw′ = Tww′ if l(w) + l(w′) = l(ww′), and the quadratic
relation

(Tsi − v)(Tsi + v−1) = 0, si ∈ I.
There is an involution − : H → H which sends v 7→ v−1 and Tw 7→ T−1

w , as can
easily be checked from the defining relations. The Kazhdan-Lusztig basis of H is
a subset {Cw : w ∈W ′}where Cw is characterized by the properties that

Cw = Tw +
∑
y<w

py,wTy; py,w ∈ v−1Z[v−1],

and Cw = C̄w. For convenience we set pw,w = 1. The group W has a realization as
a permutation group acting on Z. Indeed it is precisely the set of all permutations
of the integersw such thatw(i+n) = w(i)+n (i ∈ Z), with ω being the permutation
i 7→ i + 1. It is then clear that w ∈ W corresponds to an infinite matrix Aw with
(Aw)ij = δi,w−1(j). This identification allows us to describe the isomorphism from
H to the subalgebra [ib0 ]An[ib0 ]: the Kazhdan-Lusztig basis element Cw maps to
{Aw}, or equivalently Tw maps to [Aw].

The following lemma is presumably well-known.

Lemma 7.3. If Cw is an element of the Kazhdan-Lusztig basis of the Hecke algebra, and
χ is the sign character, then χ(Cw) = δ0,l(w). Hence χ({A}) = 0 for A ∈ Sn,n,n unless
A = Aγ for some γ ∈ Ω.

Proof. The character χ : H → Z[v, v−1] is defined by χ(Tw) = (−v−1)l(w). Hence
we see immediately that if − is the involution of Z[v, v−1] sending v 7→ v−1, the
character χ intertwines the two bar involutions. Thus we have

χ(Cw) =
∑
y≤w

(−1)l(w)v−l(w)py,w,

and the right-hand side is in v−1Z[v−1] unless l(w) = 0, when it is clearly equal
to 1. However, by our earlier remark, the right-hand side is also fixed by the bar
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involution, and if l(w) > 0 this can only happen if it vanishes. This proves the
lemma. �

Remark 7.4. In order to interpret this map in terms of sheaves, we need to use
the functor of vanishing cycles, (see for example [KSc] for its definition and basic
properties). Pick L ∈ Fb0 , and consider the set

Ξ = {Lk : Lk
i = Li+k}.

Thus Ξ is a countable set of discrete points in Fb0 . Given A ∈ Sn,n,n, let A be
the intersection cohomology sheaf on X̄L

A. For each point p of Ξ we pick a suit-
ably generic function germ fp, and consider the Poincare polynomial χp(A) =∑

i∈Z dim(Hi
p(φfp

(A)))vi, where φf is the vanishing cycles functor with respect to
fp. Since the support of A intersects Ξ in at most finitely many points, it makes
sense to define χ(A) =

∑
p∈Ξ χp(A). It can then be shown that χ(A) = χ({A}).

The transfer map ψD : AD → AD−n is then defined to be the composite

AD

∆D−n,n// AD−n ⊗ An
ξ⊗χ // AD−n

We claim that on the subalgebra UD the map ψD is compatible with the canoni-
cal bases. More precisely, recall that Lusztig [L99] showed that the subalgebra UD

of AD is spanned by the elements {A} of BD which are aperiodic, i.e. the matrix A
has for any p 6= 0 some i such that ai,i+p = 0.

8. APPLICATIONS

In this section we give some applications of the results of the previous sections.
Let Û = lim←−DAD where the limit is taken over the projective system given by
the maps (ψD)D∈N of the last section. Since the maps φD are compatible with this
system, that is, ψD+nφD+n = φD, there is a unique map φ : U̇→ Û, which factors
each of the maps φD through the canonical map Û → AD. Theorem 5.2 allows us
to give an alternative proof of an injectivity result due to Lusztig [L99a].

Proposition 8.1. The homomorphism φ is injective.

Proof. Let u be in the kernel of φ. Then for every D we have φD(u) = 0, and hence
by Theorem 5.2 we see that u is in the radical of the inner product on U̇. Since this
inner product is nondegenerate it follows that u = 0. �

The modified quantum group U̇ is equipped with a canonical basis Ḃ which
generalizes the canonical basis of U−. We can use the compatibility of the inner
products to show a kind of “asymptotic” compatibility of the canonical bases of U̇
and AD.

Proposition 8.2. Let b ∈ Ḃ. Then there exists λ such that b ∈ U̇1λ. Set k to be the
residue of

∑n
i=1 λi mod n. Then there is a p0 > 0 such that for all p > p0 we have

φk+pn(b) ∈ BD.

Proof. The canonical basis of U̇ is characterized (up to sign) by the properties of be-
ing invariant under the bar involution, lying in the integral form U̇A, and having
self inner product 1 modulo v−1Z[[v−1]] (for a precise statement see [L93, Theorem
26.3.1]). Each of these ingredients has a counterpart for AD, and using Lemma 6.1
it is easy to see that BD is also characterized in this way. Since the inner product
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U̇ is obtained as a limit from the inner products on AD, it follows that for large p
we have

(b, b)k+pn = 1 mod v−1Z[v−1].

The bar involutions on U̇ and AD are compatible, as can be easily checked on
generators, and the maps φD are compatible with the integral forms. Therefore at
least for large pwe have φD(b) is, up to sign, an element of BD, the canonical basis
of AD. The issue of sign can be resolved by using induction, and the fact that for
an element of U±1λ the compatibility can be obtained directly from geometry (see
[L99a, section 3]), so that in fact φD(b) is an element of BD. �

It is a theorem of Schiffmann and Vasserot [SV] (conjectured by Lusztig [L99a])
that the maps φD are all compatible with the canonical basis, i.e. if b ∈ Ḃ then
φD(b) ∈ BD ∪ {0}. The previous result shows that this theorem would also follow
if we could show that the maps φD are compatible with the bases BD and BD−n.
The previous section shows that this can be made into a purely geometric question
concerning perverse sheaves. Note that it is not true that the maps ψD send BD

to BD−n ∪ {0}, as was pointed out already in [L99a, 1.12]. Unfortunately, at the
moment this compatibility does not seem evident to the author, but we hope to
return to this question in the future.

We can also combine Theorem 5.2 and Proposition 6.4 to prove a positivity re-
sult for the inner product of two elements of Ḃ. This result was conjectured by
Lusztig,

Theorem 8.3. Let b1, b2 ∈ Ḃ.

(b1, b2) ∈ N[[v−1]] ∩Q(v).

Proof. We may assume that there is a λ ∈ X such that b11λ = b1, and b21λ = b2.
Let k ∈ {0, 1, . . . , n− 1} be such that

∑n
j=1 λj = k mod n. Then

(b1, b2) = lim
p→∞

(φk+pn(b1), φk+pn(b2))k+pn

By Proposition 8.2 we know that for all large enough p, φD(b1), φD(b2) are in BD,
hence it is clear from Equation (6.1) that

(φk+pn(b1), φk+pn(b2))k+pn ∈ N[v, v−1].

However, it follows also from Lemma 6.1 that the left-hand side is in fact in N[v−1]
(this can also be seen directly, using the definition of intersection cohomology
sheaves). Hence (b1, b2) is the limit of elements of N[v−1], and the statement fol-
lows. �

Remark 8.4. All the results of this paper have analogues for the nonaffine case,
which can be proved in exactly the same way. The module V is replaced by a
D-dimensional vector space over k, and the space Fn of n-step periodic lattices
should be replaced by the space of n-step flags in that vector space. In this case it
is the algebra corresponding to UD is actually equal to the algebra analogous to
AD, hence the results are in sometimes easier in this case.
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[L99] G. Lusztig, Aperiodicity in quantum affine gln, Asian J. Math, 3(1999), 147–177.
[L99a] G. Lusztig Transfer maps for quantum affine sln, Representations and quantizations (Shanghai,

1998), 341–356, China High. Educ. Press, Beijing, 2000.
[SV] O. Schiffmann, E. Vasserot, Geomteric construction of the global base of the modified quantum algebra

of bglN , Transformation Groups 5(2000), no. 4, 351–60.

DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY.


