ON THE CENTER OF THE CYLCOTOMIC HECKE ALGEBRAS OF
G(m,1,2)

KEVIN MCGERTY

ABSTRACT. We compute the center of the cyclotomic Hecke algebra attached to
G(m,1,2) and show that if g # 1 it is equal to the image of the center of the affine
Hecke algebra.

1. ON THE CENTER OF XY

1.1. The affine Hecke Algebra. We consider quotients of the affine Hecke algebra
H3 of type Ay: this is the algebra over A = Z[q] generated by 7', Xi*!, X3, such
that

e there is an injective algebra map A[X{!, X3! — H3".

o (T—q)(T+1)=0;

o TX 1 T = qX 2.
Let S be the image of the ring of Laurent polynomials in H3%, and let W be the two
element group, with s the nontrivial element, acting on S by interchanging X; and
X5. We write the action as f — °f. For convenience of notation we set Q = ¢ — 1.
The last relation is equivalent to
f=-f

(1.1) Tf:SfT‘FQm’

fes.

It is easy to check from this that the center of H3 is SV the algebra of symmetric
functions in the X;*!.

1.2. The cyclotomic Hecke algebra. Now let A = Z[¢g=!, vf!, v ... v be a
Laurent polynomial ring, and extend the scalars of H3 to A ® 4 H3.

Definition 1.1. The cylotomic Hecke algebra K, of type G(m, 1,2) is a quotients
of H3f: let

fo=(@—mn)(z—v2)...(x —vm)

= Z(fl)m*jem,jxj.
3=0

where the e; are the elementary symmetric functions in the v;’s. Let J, be the
two-sided ideal generated by fi = f,(X1). Then Ky = H3%/J,. (Note that our
definition coincides with that in [A] up to rescaling, after ¢,vi,vs,..., vy, have
been inverted except that his “¢” is a square root of ours).

(1.2)

We say that a polynomial p in S is m-restricted (or simply restricted, when the
integer m is understood) if the monomials X} X3 occuring with nonzero coefficient
in p all satisfy 0 < ¢,7 < m — 1. Let R = R,, be the image of S in KY. It is
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known that this image is isomorphic as an A-module to the space of restricted
polynomials, and moreover K§ = R @ RT as an A-module i.e. every element of
KY can be written uniquely in the form f + g7 where f and g are restricted.
We start with a technical lemma. Let D be the difference operator on A[ X, X ']
given by
D(f)=(f=*f)/(1- X1 X5 "),
and let *D be the composition of —D with s, that is,

*D(f)=(f =°H/1 - X7 Xa).

Lemma 1.2. Let R be the space of m-restricted polynomials in S. Then D and ° D preserve
R, and moreover

D(f) =*D(f)
ifandonly if f =°f.

Proof. The proof that D and °D preserve R is a direct calculation: observe that if

f = XiX3J, then we have
by ={ Mxka Xl e
—X] 3 XFXSTR, ifj <
Thus as the highest powers of X; and X, occuring in these expressions is max{i, j},
it is clear that if p is any m-restricted polynomial, so is D(p). Since °D is the com-
position of —D with s, it clearly also preserves restricted polynomials.
Moreover, note that in D(f) where f is the monomial above, X; never occurs
to the power max{i, j}, thus for any restricted polynomial p, if D(p) # 0, it has a
higher power of X5 occuring than occurs as a power of X;. Thus similarly *D(p),
if nonzero, has a higher power of X; occuring than occurs as a power of X,. It
follows that D(p) = *D(p) if and only if D(p) = 0, and this occurs only if p = *p as
claimed. O

Lemma 1.3. Let z € Ko and suppose that z = f + g1 where f, g € R. Then z commutes
with T if and only if f,g € RW.

Proof. The sufficiency of the condition is clear. To see the necessity, we have

S

f=-f 2 9-"9
T(f+9T)="fT+ +5gT? +Q
(freT)="F Ql—Xng_l g 1- X1 X5!
9-"9 f=-f
=Cf+Q9+Q—"——F)T+Q———=— +¢
Cr+Q% l—Xngl) - xx; 1Y

On the other hand, we have
(f+9D)T = (f + Q9T + qy.

Now it is easy to check that all the polynomials involved are reduced, and so it
follows from the basis theorem for cyclotomic Hecke algebras that we must have:
9—°9
1-X X!

S

Cfr+Qg+0Q )= f+Qg,

and
f - s

+ © =
X;l q 9 =49

Q1—X1
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Thus after rearranging the second of these equations becomes:

f=°7

Q1 - X, X5

=q(9—"9)

Now note that the right-hand side is an eigenvector for the action of s with eigen-
value —1, thus so is the left-hand side, whence we get

f=:7 f=:7

Q1—X1Xg1 1- XXt

-Q

or equivalently D(f) = °D(f). By the previous Lemma, this is possible only if
f =7f,since f € R. But then we must also have ¢ — °g = 0, and so f and g are
symmetric as required. O

Let Z denote the center of Ky. From the previous lemma, we see that if z =
f+gT € Z,then f,g € RV. Since f € R is already central, we see that Z =
ZNR® ZNRT, and we are reduced to calculating when ¢T is central. For this we
introduce the following operator:

Definition 1.4. Let d: R — R be the linear map given on monomials by
o Xixj o ifi <
d(X1X3) = —-X{X§ ifi>j
0 if i = j.
Thus ker(d) = R", and since d®> = d, R = R"Y @ d(R).
Lemma 1.5. Z N RT is a free A-module of rank m.

Proof. Suppose that ¢I" € Z N RT. We must have X,¢T = ¢TX; and T¢I =
gT?. Since T is invertible (indeed T-! = ¢~ (T — ¢ + 1)), the second equation is
equivalent to T'g = g7 By the Lemma 1.3 this implies that g € R", and hence the
first equation becomes X;¢g7" = T X;g. But then again using the Lemma 1.3, we
see that X1g € R". Let M be the space of such restricted symmetric polynomials:

M ={ge RY:X,gec R"}.

Thus we have shown that Z N RT = MT. It is now a linear algebra exercise to
show that M is a free A-modules of rank m.

Now R = R" & d(R) as an A-module, where d is the operator defined before
the statement of the lemma. Thus if we let ¢: R" — d(R) be the map g — d(X1g),
we see that M = ker(¢). Let m;; = X1 X} + X X} fori < j and m;; = Xi X} be the
monomial symmetric functions, and let R})_, be the span of {m;; : 0 < i < j <
m — 1}. Then we claim that ¢: R}Y_; — d(R) is an isomorphism of A-modules.
Indeed for j < m — 1 we have:

b(my;) = ~Xpxgt, ifj—i<1;
K —XixJT XX, ifi<j— 1
If we use reverse lexicographical ordering on the bases {m;; : 0 <i < j <m — 1}

and {XiXJ : 0 <i < j < m — 1}, then the above equations show that the matrix
of ¢ gpw_ with respect to these ordered bases is lower triangular with diagonal

entries equal to —1, thus ¢ zpw_is an isomorphism as claimed.
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This immediately implies that M is a free A-module of rank m. We can be
more precise, however, and specify a basis of M by considering the images of
¢(Mi(m—1)), (0 < i < m — 1): simply set

Di = Mi(m—1) — (¢R371)71(¢(mi(m71))a

then {pg,p1,...Pm—1} is a basis of ZN RT
O
Example 1.6. Let m = 3. In this case we find that the space Z N R"T is spanned
by {p07p17p2} where
po = (e3 —e1(X1 + Xo) + X1 X0 + X7 + X3),
(1.3) p1 = (e3 —e1 X1 Xo + X1 Xo (X1 + X2)),
D2 = (63(X1 + XQ) — 62X1X2 + X12X22)
Thus we have shown that the center Z of £Y (with m = 3) is a 9-dimensional

free submodule spanned by RY and {poT,p1T,p2T'} (this is exactly as stated in
[A, Section 2]).

Remark 1.7. It is easy to check directly that the corollary implies that the rank of
the center is the number of m-multipartitions of 2. This also follows by passing
to the field of fractions of A, and using the result of [AK] which shows that in
the semisimple case (for any n), the center has rank equal to the number of m-
multipartition of n.

2. ON THE IMAGE OF Z(H3f)

Next we do some simple computations. Let hj, = Zj:o X! X5~ be the com-
plete symmetric function in X; and X5 of degree k, and let Z denote the image of
the center of H3 in K.

Definition 2.1. Let fo = T'f1T. Thus f> € J,.

Lemma 2.2. a) In HY, for any k > 2
TXFT = qX¥ — Q(X1Xo)hy_oT
b) We have
afo(X2) = fo+ Q2T,

where z = (—1)"Tte,, + (X1X2)(Z;Z)z(—l)jejhm,g,j) € RW.

Proof. The proof of a) is a direct calculation using Equation (1.1). For b) we have
using a) we have

X% =TXFT + Q(X1X2)hj_oT, (k>2).
Moreover, ¢ X = TX,T,and g = T? — QT, so that

m

0fo(X2) = fo+ Q((=1)™Mem + (X1X2) Y _(—1)™ epm—jh;2))T,

=2
as claimed. 0

Proposition 2.3. The elements QX ¥z lie in T for all k € 7, and moreover the elements
{XF12:=0 < k <m — 1} are linearly independent.
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Proof. From the previous lemma we have
QXT2T = X7 fuo(X2) = X7 fa
= X7 fo(X2) + ¢X5 £,(X1) — (¢X5 1 + X7 f)
€ X7 fo(X2) +gX3fo(X1) + o,
hence we see that QX§2T € Ky = H&/J, is in the image of the center of H3" as
required.
It remains to show that the elements {Xz : 0 < k < m — 1} are linearly

independent. Since A is an integral domain, we see that X k2T € Z, and hence
X¥z € R" by Lemma 1.3. We have

[ V)

m—
Xi e = (1) len Xi = (XFX2) (D (-1 ejhmoaj).
=0
Now consider the expression for X}~ 'z as a linear combination of the restriced
monomial symmetric functions: by considering the terms involving X5~ ! we see
that the coefficient of m,,_1) is zero unless j = k in which case it is 1. It follows
immediately that the X/ 2 are linearly independent. O

Theorem 2.4. Let B denote the localization A where Q = q — 1 is inverted. Then, over
B, the center of H. gff sutjects onto the center of K.

Proof. It is clearly sufficient to show that p,T" lies in Z, where p;, € RW is as in
Lemma 1.5. Since we have inverted @, Proposition 2.3 shows that we have X¥2T €
T for all k € Z. Now, again by the previous proposition, the coefficient of m(,,,_1)
in XF712 (0 < k < m — 1) in the basis {m;;} of restricted monomial symmetric
functions is d;z, and the same is true, by definition, for the p;. Since 7 C Z,
X f 2T can be written as a linear combination of the elements p; T, hence it follows
immediately that p, T = X f 12T, and we are done. O

Example 2.5. We consider again the case m = 3, keeping the notation of the pre-
vious example. Then z = p;, and it is easy to check that Xp; = ps, and similarly

X 'p = e X - er Xo 4+ Xo (X1 + X2)
= (e —e1 X1+ X?) —e1 Xo + Xo (X + X3)
= ey —e1(X1 + Xo) + (XT + X1X5 + X7)
= Po
so that Xfflz =pifor0 <k <2

3. A CONJECTURE

We propose the following conjecture (which has probably been made by many
people, but I have not been able to find an explicit statement elsewhere, moreover
some of the existing literature is somewhat unclear on the status of this conjecture).

Conjecture 3.1. Let H2f be the affine Hecke algebra with coefficients extended to
B, the ring A = Z[g™',v!, ... vE!] with Q = ¢ — 1 inverted. Let ¢,,,: H3 — K,
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be the quotient map. Then

Y Z(H) = Z(Kam).

In fact, it may be easier (and as useful) to show this in the case where H2f is
defined over a field ', and the parameter ¢ is not equal to 1.

Remark 3.2. As pointed out in [A], if we specialize to ¢ = 1, i.e. @ = 0, then the
image of the center of the affine Hecke algebra does not necessarily surject onto
the center of the specialized Ariki-Koike algebra (for Y, if we say require X; to
satisfy X7 — 1 = 0, then at ¢ = 1 this is just the group algebra of the complex
reflection group G(3,1,2) which has a 9 dimensional center — the specialization
of the center of XY — whereas the images of X; + X», X;X> only generate a 6-
dimensional subalgebra).

We list the following evidence for the conjecture:

[A]
[AK]
[Br]
[D]]
[D]
[FG]

[L]

o [AK] shows that the conjecture holds in the semisimple case (they also

show explicitly the conditions on the parameters under which the Ariki-
Koike algebras is semisimple).

e This note establishes the case n = 2.
e In an orthogonal direction, Francis and Graham [FG] have recently es-

tablished the conjecture for the (much more substantial) case of the finite
Hecke algebra of type A, i.e. the case m = 1.

e Brundan [Br] has recently established the analogous result for the degen-

erate cyclotomic Hecke algebras [D] — it is probable one can combine this
with the work of Lusztig [L] to establish the conjecture in the case where
g is not a root of unity (note that this would include cases not covered
by the results of [AK]): roughly one must use the fact that if x is an ele-
ment of Spec(Z), then the completion of H2f at the ideal y is isomorphic
to the corresponding completion of the degenerate affine Hecke algebra
H at y. Now any finite dimensional module for H2 in the block cor-
responding to x then corresponds to a module for #2, and in particular
the cyclotomic Hecke algebras and their degenerate versions should have
isomorphic block summands, yielding the result.
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