AN INTRODUCTION TO THE REGULARITY LEMMA

CASSIE DESKUS

ABSTRACT. The purpose of this paper is to introduce basic concepts relating to
random graphs and to provide an introduction to and proof of the Regularity

Lemma.
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1. INTRODUCTION

Szemeredi’s Regularity Lemma shows that any large enough graph can be broken
into a restricted number of equally sized subsets that behave for the most part fairly
randomly: that is, a large enough graph partitions, for a suitably nice partition, in
the same way as a random graph. This result is important in graph theory because
it is often simpler to state and prove results for random graphs with probabilistic
methods than for general graphs. Before making this more explicit we will give
some basic vocabulary.

Definition 1.1. A simple graph is a pair G = (V, E), where V is a finite set, called
the vertices of G, and FE is a subset of the set of two-element subsets of V', called
the edges of V.

For example, one might let V be the set of U.S. telephone numbers, and let
FE be the set of all pairs of distinct telephone numbers where one has called the
other at least once. One might think of a graph pictorially as a finite set of points
(the vertices) connected by lines (the edges). If we do, the definition of simple
graph excludes pictures with loops — lines connecting a vertex to itself — and
multiple edges — more than one line connecting two vertices. In particular, the
pair ({U.S. cities}, {U.S. roads}), where we identify a road with the two cities it
connects, is not a simple graph: there are cities connected to each other by more
than one road, and roads that connect a city to itself. However, if C' C {U.S. cities}
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FIGURE 1. This diagram shows the three vertices (Louisville,
Chicago, St. Louis) and the three edges (I-55, I-64, I-65) as in
the graph (C, R) previously described

and R C {U.S. roads}, it is possible for (C, R) to be a simple graph. One such
example is given by

Cy = {Louisville, Chicago, St. Louis}; R, = {I-55, 1-64, I-65}.

The admittedly very small graph (C,, R,,) is topologically a triangle, which we can
see from the graph below.

We will use vertical bars to denote the cardinality of a set, so that if X C V,
| X| is the number of vertices in the set X. In the example above, |C,| = |R,| = 3.

Definition 1.2. Let G = (V, E) be a simple graph, and let X, Y C V. The number
of edges between X and Y, denoted e(X,Y), is

e(X,Y) =|{(e1,e2) € E : eithere; € X andes €Y or es € X and e; € Y}|.
In the example above, if X = {Chicago} and Y = {Louisville}, then
e(X,Y) = |{I-65}] = 1.

In a simple graph, if | X| = |Y| = 1, then e(X,Y) € {0,1} (either the vertices are
connected by an edge or they are not).

We did not require in the above definition that the sets X and Y be disjoint,
but suppose now that this is the case. There are potentially | X||Y| edges between
X and Y, ie.

0<e(X,Y) < |X]|Y].

We would like some measure of how connected the sets X and Y are to each other,
and the simplest way to measure this is to compare the actual number of edges
with the potential (greatest) number of edges. Our next definition clarifies this:
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4
FIGURE 2. This graph shows an example of a graph having density 9

FIGURE 3. This graph contains all possible edges between the two
sets, therefore it has a density 1.

Definition 1.3. Let G = (V, E) be a simple graph, and let X, Y C V be disjoint
and nonempty. The density between X and Y, denoted d(X,Y), is

e(X,Y)
d(X,Y) X
Of course, we have 0 < d(X,Y) < 1. Returning again to our example (C,, R,),
the density between any two disjoint nonempty subsets of C,, is 1; that is to say,
every city is connected to every other city by a road. On the other hand, in the
picture below, there are four edges connecting the subsets X and Y (drawn in
black) with a possible total of 9; hence d(X,Y’) = 4/9 for this picture.

Definition 1.4. Let G = (V, E) be a simple graph, and let X, Y C V be disjoint
and nonempty. We call the pair (X,Y") e-regular if for any A C X and B C Y such
that |A| > €| X| and |B| > €]Y], it is the case that |d(4, B) — d(X,Y)| < e. We call
a pair e-irreqular if it is not e-regular.

Roughly, an e-regular pair (X,Y") is a pair whose density is close to the density
of any two subsets A and B that are not too small. Let us explain some of the
intuition behind these definitions - why should we care whether subsets of X and
Y resemble the pair itself?

Definition 1.5. Intuitively, a random variable is a function that obtains its values
through some kind of random process. In this paper we will be looking specifically
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FIGURE 4. An example of a bipartite graph between two sets—one
with 3 vertices, the other with 5

at random variables that take on a finite number of discrete values. That is, a
random variable X may be seen as a finite set of values x; and a set of probabilities
P{X = z;} where the probabilities sum to 1.

For example, we might consider flipping a fair coin. The random variable
1 if heads
X = { 0 if tails }
is given by the information

P{X =1} = P{X =0} = 1/2.

The process of obtaining a value for X in practice is random and depends on the
experiment of flipping a coin, but the information is deterministic.

We see here that the probability of outcomes 0 and 1 are 0.5 and the probability
of any other outcome is 0. All discrete random variables with finitely many possible
values have a well-defined expected value, written E(X) and given by

E(X) =) a;P(X = ;)
iel
where I indexes the set of possible values of X. In the example above, X has
expected value 1-0.540-0.5 =0.5.

Definition 1.6. A random graph, G(n,p) is a graph on n vertices, where two
vertices are joined by an edge with probability p € [0, 1]. In a random graph, edges
between vertices are constructed randomly, so the probablility of any two vertices
being connected is always the same. Constructing a random graph can be very
similar to assigning a value to a random variable. For instance, the above variable
could instead be

e(X,Y) = {

This method would allow us to construct edges randomly by flipping a (possibly)
biased coin that comes up heads with probability p and tails with probability 1 — p,
producing a random graph.

exists if heads
does not exist if tails

Definition 1.7. A complete bipartite graph G(V; + V5, E) is a graph for which
the set of vertices V it divided into two subsets Vi and V5 and for which every
v, € Vi shares an edge with every wy € V. An example of a bipartite graph would
be the one pictured in the previous section. The picture below depicts a complete
bipartite graph in which there are 3 vertices in V7 and 5 vertices in V5.
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Since all possible edges between Vi, V5 exist in a complete bipartite graph, it is
not difficult to see that the density of a complete bipartite graph is 1. Also, for
a bipartite graph, G(X,Y) where X C V; and Y C V5 it is easy to see that the
density of G is merely the ratio of the number of edges in G to the number of edges
in the complete bipartite graph.

If we take the e-regular pair (X,Y’) as previously defined to be a pair with
density close to the density of any large enough subsets A C X and B C Y, we
see that because d(X,Y) is close to d(A, B), the probability of any edge existing
between X,Y is close to d(A, B). This shows that the edges in the e-regular pair

act like edges constructed through a random process, and therefore, the graph is
very similar to a random graph: e-regularity is a substitute for randomness.

2. SOME INEQUALITIES

The proof of the Regularity Lemma requires that we first prove a “defect” form
of the Cauchy-Schwarz inequality, which we recall here:

Lemma 2.1. (Cauchy-Schwarz) Let {u;}1<i<n, {vi}1<i<n be real numbers. Then

(54 (B)= (E)-

We will need a more refined version of this inequality, which we will prove and
then explain.

Lemma 2.2. Let {a;}1<i<n, {bi}1<i<n be nonnegative, and let p > 0, with

i=1

=1

Suppose there exists j < n such that

J J
i=1 i=1

Then

> aib > b+ ——,
P a(l —a)

J
where a := E a;.
i=1
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Proof. We have

zn:azbf — b2 = i:ai(bi — b)2
i=1 i=1

_ Zai(bi—b)Q—&- > ai(bi - b)?

i=j+1

2
1< 1 -
> = (b — (b, —
> a(Zaz(bl b)) + Z a;(bi — b)
=1 i=7+1
2 2
S
- a l1—a
2
>
~ a(l—a)

where the first and last lines both use the fact that Z a; = 1.

i=1
The third line (i.e. the first inequality) follows from an application of Cauchy-
Schwarz to the numbers u; = \/a; and v; = \/a;(b; — b), and the fourth line follows
from the hypothesis and the fact that

zn:al(bl — b) =0.
i=1
(|

There is a probabilistic interpretation of this lemma that we will keep in mind
for the rest of the paper. Suppose that we have a random variable X satisfying, for
1<1<n,

]P{X = ai} = bl
Then the quantity b above is precisely E[X], the expectation of the random variable,
and the inequality is a statement about the variance Var[X] := E[X?] — E[X]?. If
we want to examine how “random” a graph is, we can use this inequality to bound
the variance of, say, the number of edges in the graph.

Theorem 2.3 (Defect C-S). Suppose m < n are such that

Then

1
Proof. Apply the previous lemma with a; = — and by, = Xj. With the previous
: L 1
notation, this implies that g = d§/m, b= — E X;, and a = m/n.
n
i=1
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This gives us

2
"1 1 (£)2m
“x2> |2 X m/ n
En k—<n§ k>+1,::7

k=1 k=1
which becomes )
- 1 — o“n
X2>Z X5)?
; k_n(; k) Jrm(m—n)

3. PARTITIONS OF GRAPHS

Our goal is to develop a result about subsets of large graphs. To do this we need
one more definition:

Definition 3.1. Let G = (V, E) be a simple graph, and let X C V. A partition
P ={Cy,C,...,Cx} of X is a finite set of pairwise disjoint subsets of X, called
classes, whose union is X. A partition is called equitable if |Cy| = |C;| for 1 <1 < k.
The class Cy, which may have a different cardinality, is called the exceptional class.

We measure a partition’s size not by the number of elements in the smallest class
but by the number of classes in the partition; hence |P| =k + 1.

Definition 3.2. Let G = (V, E) be a simple graph, let X C V, and let P be an
equitable partition of X into classes Cy, Cy, ..., Ck. P is called e-reqular if |Cy| < ek
and if at most ek? of the pairs of classes (Cj, C;) with 1 <4, j < k are e-irregular.

Note that the condition of e-regularity places constraints not just on the classes
C4,...,C but also on the exceptional class. Because of this, it is not clear a priori
that, for a given € and a given GG, any e-regular equitable partition should even
exist. We will for the moment take the existence of such objects on faith. When
we proceed with the proof of the regularity lemma, it will be necessary to use not
only e-regular partitions but refinements of them, so we will need some measure of
the ’size’ of a partition other than its cardinality.

Definition 3.3. Let G = (V, E) be a simple graph, and let P be an equitable
partition of V into classes Cy,C1,...,Cx. The index of P, written Ind P, is the
number .
d P = -5 > d(C, Ch)*
1<i<j<k

(There is a more general definition of index that applies to non-equitable par-
titions, but it reduces to the expression above). Note that for any equitable par-
tition P, we have 0 < Ind P < 1. Furthermore, if @ is a refinement of P, then
Ind@ > Ind P.

Here is the central lemma in the proof of the regularity theorem:

Lemma 3.4. Let G = (V, E) be a graph on n vertices (i.e. |V| =mn), and let P be an
equitable partition of V into classes Cy, C1, ...,Cl. Choose € such that 4% > 600e°.
Then, if there are more than ek? pairs (C;,C;) such that 0 < i < j < k are e-
irreqular, there is another equitable partition Q of V, with 1 + k4% classes, such

that the cardinality of the exceptional class of Q is at most |Co|+ 4%, and such that

5

€
Ind@Q >Ind P+ —.
nd @ > In —|—20
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Proof. Suppose (C;,C;), @ # j, is an e-irregular pair. Then by definition there exist
subsets X = X (4,7) C C; and Y =Y (4,5) C C; such that | X| > €|C;|, |Y] > €|C}],
and

|[d(X,Y) —d(C;,Cj)| > e
Note that, for a fixed 4, there are at most k — 1 sets X (4, j), so the set of subsets of
{X(i,7)}iz; has cardinality 2=, Order this power set, writing, say,

Q{X(i7j)}i¢j — {@ = 1417 .. .,Agk—l}.

For a vertex v € C;, we say v € A,, if and only if v € X (4, j) for every X (i, ) € Am.
It is clear that this gives an equivalence relation on the vertices of C; with at most
2F=1 classes (note that some vertices, of course, may not belong to any of the sets
X(i,7), i.e. they are associated to A;). The resulting partition

C; = V,;71 L ‘/i,Q - ‘/i,gk—l
is called atomic, each piece being called an atom, and we have

k
j=1

27 -1

ijJ :V\Co.

_r

l

1

Choose a set @ of pairwise-disjoint subsets of V' ~\ C such that:
e For each subset B; of Q, |B;| =m;
A

e Each atom A of the partition {V},;} has exactly {mJ members of Q;

1

Now for all 1 < <k set

C,
e Every class C; has exactly VTFZ'J members of Q.

By the definition of m, |C;| = m4F for all i > 1; thus by the third item above
we may assume every class C; contains 4 members of Q. Since there are k nonex-
ceptional classes of P, there must then be a total of k4* members of Q. @Q together
with Cy is almost an equitable partition of V. The issue is that ) does not neces-
sarily partition V' \ Cy. Each time we examine an atom A of {V;,;}, there may be
|A| — ||A]/m| members not included in Q. If we simply add those left-over vertices
to Cy, though, we will obtain an equitable partition of V; what is the size of this
new exceptional class C{)? Certainly the excess vertices in each atom number at
most m, and there are k classes C;, so that

n
|Col” < |Col + km < |Co| + T
as claimed. It remains to show the bound on the index of Q.

Label the k4% members of () that are contained in some C; (i.e. the non-exceptional
classes) as C;(j) where 1 <i <k, 1 <j <4* and C;(j) C C; for all i, j. For each
1, set

4k
cr=Ja0).
j=1
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As in the argument giving the size of C{j above,

65
crl > |0y — il (1-—),

since by hypothesis 4 > 600e~°. Thus

5
* * €
A(CF, C5)? = d(Ci, €] < £
for all ¢ < j. In particular, by Cauchy-Schwarz
4k 4k 4k 4k . .

1 ‘ , 1 e(Cin(i), Cn(4))?
— d(Cm(i),Cn(1))? = 5 - _
@ 2 2 WO DG0F = ) 2 G GRG0

42k a4t
m " i=1 j=i+1
42]{: 4k 4k
m nloi=1 j=i+1
> d(C;,,Cr)?
A(Cos )2 — &
> - —.
= ( ms n) 50

This is almost what we need to give the bound on the index of @, but we will
strengthen it using Theorem 2.3. Fix ¢ # j, and suppose the pair (C;,C;) is e-
irregular. Recall that we obtained two sets X (7, j) and Y (7, j) by a process described
earlier. Let Xg = X (4, j)o, resp. Yo = Y (4, j)o be the largest subset of X (i, j), resp.
Y (i,7) that is a union of members of ). Then

[Xo| > |X (i, )] = 25m > X (i, j)|(1 — €/100);
here we have used the hypothesis that | X| > €|C;| and again that 4% > 600¢°.

X
Let v be the smallest integer greater than or equal to —' | (1 - —180). We may
m

assume without loss of generality that
X = Cm), v ={]Cn)
n=1
are subsets of X, respectively Y, where the C;(n),C;(n) are as defined earlier.
Having assumed this,
€ €
> > - — > Y| > - — .
2] > X > X (1= 155) and Y] > Y| = [¥] (1 - o)

Hence the sets X \ X* and Y\ Y* contain at most €| X|/100, respectively €Y |/100
elements, and we have

e(X)Y) = e(XNY)+e(XYVNY ) +e(Y", XN X")+e(X XY NYY)

€ 62
< XY — 4+ —= | | X||Y
< ey (554 o ) IV
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so that

e(X,Y) £ L €2 < e(X*,Y*) < e(X*,Y™)
(XY \50 1002/ = [X[[Y] T [XFYr
For sufficiently small €, we deduce

d(X*,Y*) — d(X,Y)| < i

(In fact, this is a specific instance of a more general idea that the density be-
haves continuously, examined in Szemeredi’s original paper). Now, we recall that
|d(X,Y) —d(Cy, Cy)| > € (as well as the definition of C} and C7) to deduce

* * * * €
A(X7,Y7) —d(C;.C)| > 5.

Finally, we apply 2.3 with n = 428 m =12 and § = v2(d(X*,Y*) — d(C}, C5))
to find

G 62 V2 2 65 64
> * * N . e -
42k nzl'm,zld )) d(C C ) 4 4k2 . 1/2 > d<Cl7Cj) 50 + 16’

where we have used the Cauchy-Schwarz argument given earlier in the proof. Then

ak 4k

4%2261 ()

1=1 j=1

5 4
2_ ¢ &

HMN

1 k
mdQ = ?Z

Y
| =
HM

> IndP +

which finishes the proof. O

4. REGULARITY LEMMA

Having done the brunt of the work in the previous section, we conclude by
proving the Regularity Lemma in the same brief way that Szemeredi did in his
original paper.

Theorem 4.1. For every e > 0 and m € N, there exist positive integers N (e, m)
and M(e,m) such that for every graph G(E,V) with at least N wvertices, there is
an e-reqular partition of G into k + 1 classes such that m < k < M.

Proof. We follow the notation of the previous section. Let s be the smallest integer
satisfying 4° > 600¢~°, s > m, and s > 2/e. Construct an iterative sequence f(k)
by setting f(0) = s and f(k+ 1) = f(k)47®*) for all positive integers k; we think of
f(k) as giving the number of classes in the refinement of a partition produced by
Lemma 3.4. Let ¢ be the largest integer such that there exists an equitable partition
P of V into 1 4 f(t) classes such that

5

Ind P > ti
20
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1
|Col < en (1— 2t+1).

(Such an integer is well-defined, as this partition exists tautologically for ¢t = 0 and
since the index of P is bounded above by 1). By the maximality of ¢, Lemma 3.4
implies this partition is e-regular. Setting M = f(L106_5J ), we have produced the
partition we wanted. O

and
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