INTERPOLATION, MAXIMAL OPERATORS, AND THE
HILBERT TRANSFORM

MICHAEL WONG

ABSTRACT. Real-variable methods are used to prove the Marcinkiewicz Inter-
polation Theorem, boundedness of the dyadic and Hardy-Littlewood maximal
operators, and the Calderén-Zygmund Covering Lemma. The Hilbert trans-
form is defined, and its boundedness is investigated. All results lead to a final
theorem on the pointwise convergence of the truncated Hilbert transform
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1. INTRODUCTION
The Hilbert transform H on R is formally defined by
(1.1) Hf(z)= hI(I)lJr H(x)

where H, is the truncated Hilbert transform at ¢ > 0,

) = | . f(xy‘y)dy

and dz is the Lebesgue measure. While H. is well-defined for a large class of
functions, the principal value integral implicit in Equation (1.1) is finite for only
well-behaving functions. However, H has boundedness properties by which it can
be extended to larger function spaces.

In the following exposition, we build the real-variable tools needed to extend the
Hilbert transform to LP(R, i) for all p € [1,00), where p is the Lebesgue measure.
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These instruments include the Marcinkiewicz Interpolation Theorem, Calderén-
Zygmund decomposition, Schwartz functions, and tempered distributions. In the
end, we prove that Equation (1.1) is valid for f € LP, p € [1,00), up to a p-null set.

2. PRELIMINARIES

We begin by defining different types of boundedness. The basic domain consid-
ered in this paper is LP(X, 1), where p € (0,00], X is an arbitrary set, and p is
a nonnegative, extended real-valued measure. Intuitively, the image of LP under a
given operator 1" determines the strength of its boundedness: does T" map L? to ¢-
integrable functions, 0 < ¢ < oo, or to functions satisfying only a weaker condition?
One such weaker condition is that which defines the weak-LP space.

Definition 2.1. Let (X, u) be a measure space, and let f : X — C be a measurable
function. For measurable A C X, we denote u(A) by |A|. The distributional
Junction of f is the function dy : R — R given by

dp(A) = [{z € X : [f(z)] > A}
If X =R", we set u to be the Lebesgue measure.
Note that dy is a measurable function.

Definition 2.2. For p € (0,00), weak-LP(X, ), denoted by LP*°(X, u), is the
space of all measurable functions f : X — C such that

17

We set weak-L>° (X, ) to be L*°(X, ) and || - |]oo,00 t0 be || - ||oo-

cr .
= 1 N < —!l =35 P
poo i= IE{C > 0:dp(A) < 7} i‘iﬁé{/\df()\) } <o

The map || ||p,c0 i @ quasinorm on the linear space LP*>° (X, u)/C. Chebyshev’s
inequality shows that LP C LP*°. If X = R", a counterexample demonstrating
that this containment is strict is f(x) = |z|~"/P. So LP and LP> determine two
types of boundedness.

Definition 2.3. An operator 7' from LP(X,u) to the space of complex-valued,
measurable functions on a measure space (Y, v) is sublinear if

(1) Vf,g € LP(X, ), |T(f+9) )| <ITf(y)l+1Tg(y)l
(2) VaeC, |T(af)(y)| = lal|Tf(y)l

Definition 2.4. A sublinear operator T is weakly bounded from p to ¢, 0 < p,q <
00, if there exists C' > 0 such that

T fllge0 < ClIfllp Vf € LP(X, 1)

We say that such an operator T' is weak (p, q) for short. T' is strongly bounded from
p to q if there exists a C' > 0 such that

T Fllq < Cllfll, VS e LP(X,p)
We say that T is strong (p, q).

Remark 2.5. Note that by our definitions, weak (p, 00) boundedness is identical to
strong (p, 00) boundedness. We will say that an operator satisfying Definition 2.4
for ¢ = oo is bounded (p, o).
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In other words, T is strong (p,q) if T maps LP into L?; T is weak (p,q) if T
maps LP only into L%>°. By the fact that L9 C L, T is strong (p, q) implies T
is weak (p, q). Note that T is weak (p,q) if and only if for all f € LP and A > 0,

) < (Sl

The following theorem about the pointwise convergence of linear operators, based
only on the above definitions, will be of use later.

Theorem 2.6. Let {1} be a family of linear operators mapping LP(X, ) into
the space of complex-valued, measurable functions over (X, u). Define the mazimal
operator T by

T* () = sup{IT: )}
If T* is weak (p,q), then the set

A={felL”: tlintl T, f(x) exists a.e.}
is closed in LP.

Proof. Assume that T} f is real-valued. If T} f is complex-valued, apply the following
argument to the real and imaginary parts of T; f separately. First, observe that for
all f e LP,

(2.7) limsup T3 f (z) — litniinfﬂf(x) <27 f(x)

t—to
Now suppose {f,} C A converges in L? norm to f. Each f, satisfies
H{z € X : limsup T3 fr(z) — litmitnthfn(x) >0} =0
t—to —to
and it suffices to show f satisfies the same equation. For all A > 0,
{z € X : limsup T} f(z) — litmitnthf(x) > A}
t—to —to
<Kz e X :limsupTy(f — fn)(x) — lignitnth(f — fu)(x) > A}
t—to —to
<Hz e X :2T*(f — fn)(z) > A} (Equation (2.7))
A 2C .
= g3 < G = Bllp)? (T s weak (p,)
The limit of the last term as n — oo is 0. Hence,

H{z € X : limsup T, f(z) — litm%nthf(x) > 0}
t—to —to

> 1
< g {z € X : limsup T} f(z) — liminf T, f(z) > =}/ =0
— t—to k

t—to

Remark 2.8. By a similar proof, one could show that the set
A'={felLPl: tlirrt1 T.f(x) = f(z) a.e.}
—to

is closed in LP. One would disregard Equation (2.7) and thereafter replace lim inf 7T} f,, (x)
with f,(z) and liminf T} f (z) with f(z).
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3. MARCINKIEWICZ INTERPOLATION THEOREM

The next step is to determine the p € (0,00] for which a given sublinear op-
erator is bounded (p,p). The Marcinkiewicz interpolation theorem asserts strong
boundedness for all values of p between two values for which weak boundedness is
established. In our proof of the theorem, the following two lemmas will be used.
We set du(x) = dx.

Lemma 3.1. Let LPo(X, p) + LP1(X, 1), 1 < po < p1 < o0, be the direct sum of
179(X, 1) and L7 (X,1). Ifpo < p < p1 and f € LP(X, ), then f = fo + f1 for
some fo € LP° and f; € LP1.

Proof. Fix A > 0. Given f € LP, define fy and f1 by
Jo = [X{a:|f(x)|>en} J1 = IX{ai1 £ (@)1 <en}

where the value of the constant ¢ will be chosen in Theorem 3.3. To see that
fo € LPe, observe that

A
[ n@pra = @ (2P dy
X {1f(@)[>ex} 2
S |f(x)‘PO(M)p*po dl’
{1f (@) >ex} 2
1
< _—_\P—Po p
< (PRI
The fact that f; € LP' is shown similarly. |

Lemma 3.2. If f € LP(X, ), 1 < p < oo, then ||f|[p = [;° pAP~ dg () d.
Proof.

1711z /X (@) da

()]
/ / pAP~ L d\dx
X JO

/ / pAP~ dzd) (Fubini’s theorem)
0 @l f(@)|>A}

/ PP (\) dA
0
O

Theorem 3.3 (Marcinkiewicz Interpolation Theorem). Suppose T is a sublinear
operator from LPO(X,u) + LP* (X, p), 1 < po < p1 < 00, to the space of complex-
valued, measurable functions on (Y,v). If T is weak (po,po) and weak (p1,p1), then
T is strong (p,p) for all p € (po,p1)-

Proof. Fix A > 0. Given f € LP, define f; and f; as in Lemma 3.1. Because T is
sublinear,

(3.4) () < drgy () + g, (3)

We choose ¢ by cases for the value of p;.
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First, suppose p1 < oo, and let ¢ = 1. T is weak (po,po) and weak (p1,p1), so
Inequality (3.4) becomes

20 2C
dry(N) < (52 Folln )™ + (S il )™

from which we derive the following estimate:

Iz = [ ot iy (Lemma 3.2)
0

oo

< / (2C0)PopAP— 71| fol[22 dA + / (2007 pAP P L |22 A
0 0
- / (2C)Popar—ro! / F)lP dydA
0 {y:1f (W)=}
+ [ ecymper | £ ()P dydx
0 {y:|f(y)|<A}

[f(y)l
— (2™ / F)P / PP ) dy
X 0

+(201)p1p/ |f(y) P! / NPPi=L g dy (Fubini’s theorem)
X [f ()l
LG ey

P —DPo p1—p
Now, suppose p; = 0o. Then ||Tf||oo < C1||f]|eo for all f € L. If ¢ = 1/(2C}),

then fi = fX{a:|f(@)|<r/(200)}> iPlying [|T f1]|ee < % So del(%) = 0 in Inequality
(3.4), and with just one term, the result follows as above. (]

IR

4. THE DyADIC MAXIMAL OPERATOR AND CALDERON-ZYGMUND
DECOMPOSITION

The Calderén-Zygmund decomposition of a function f € L!(R™) will be essential
to our study of the Hilbert transform. This decomposition is a corollary to the
Calderéon-Zygmund Covering Lemma, which we prove using the dyadic mazimal
operator. The construction of this operator involves the partition of R™ into dyadic
cubes.

Consider the cube [0,1)™ generated by half-open intervals. The collection %y =
[0,1)™ + Z"™ of translates of the cube is a pairwise disjoint cover of R™, and every
point in Z" is a vertex of 2" cubes in %,. For k € Z, let %), = [0,27F) +27*Z". In
words, Z_1 is formed from 2, by partitioning each cube in & into 2™ disjoint,
equal cubes. The following observations are clear:

(1) for all k, Py is pairwise disjoint.

(2) each cube in 9 contains exactly 2™ cubes in Zj_1

(3) for every x € R", there exists a unique sequence of dyadic cubes {Qy}rez
such that x € Qp and Q € P, for all k.

Given f € L}, (R"), we define an operator E) whose value Ej f(x) is the average

of f over Q € 9 where x € (). Then the dyadic maximal operator is given by the
supremum over k of these averages:
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Definition 4.1. The operator Ej on L} (R”) is defined by

loc
Ef@) = 3 (i [ £)xete
2 (@
The dyadic maximal operator E is then defined by

Ef(@) = sup{| B f(z)[}

Clearly, F is sublinear. The Calderén-Zygmund Covering Lemma will be a small
step from the following theorem.

Theorem 4.2.
(1) E is weak (1,1)
(2) If f € L}, .(R™), then limy_.oc Exf(z) = f(z) a.e.

Proof. .
(1) Suppose f € L', and fix A > 0. Let
(4.3) Qp ={xzeR": |Epf(z)] > Aand |E; f(z)| < AVj < k}
To see that this definition makes sense, observe that for all z;, limg_, — o Exf(z) =
0. So if there exists k' such that |Ej f(x)| > A, then there exists a k as in
the definition of ;: namely, the smallest k’. It follows from the definition
of E}, that there exists a subcollection S, C 2. such that
(4.4) o= @
QESk
Clearly, {Q }rez is pairwise disjoint. Then writing
(4.5) {z: Ef(z) > A} =%
k
we see that
1
der(\) = ; 1% < 3 Z/ |Ex f| (Chebyshev’s inequality)
= 3 Z Z ||Q| / f] (Equation (4.4))
k QESk
1
4.6 < Z
(16) < LIl
(2) Assume f € L! is continuous. For a fixed z € R",
1
Epf(@) =5 !
1Qkl Jaq,

where {Qy} is the unique sequence in observation (3) above. By the conti-
nuity of f, for all € > 0, there exists K € Z such that for all k£ > K,

(B f(x) () ) = flayde| < o

1 1
\:)7 x)|dx < e
Qx| Jo, Qx| Qk

Therefore, limy o Frf(z) = f(x) everywhere. The set of continuous, in-
tegrable functions is dense in L'. Hence, by Theorem 2.6, the equation

(4.7 kll)ngo Eif(x) = f(z) ae.
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holds for all f € L.
Now, if f € L} ., then for all compact cubes R, = [-m,m]", m € N,

fXR,, is integrable. Thus, Equation (4.7) is satisfied for a.e. x € R,,. So
Ej f(x) converges to f(z) for a.e. xz € J,, Rm = R™.

O

Lemma 4.8 (Calderén-Zygmund Covering Lemma). Suppose f € L'(R") is real-
valued and nonnegative, and fix A > 0. There exists a pairwise disjoint sequence of
dyadic cubes {Q;} such that

(1) f(x) <A ae z¢lJ;Q;
(2) 1U; Q51 < 3lIf1k
(3) )\<ﬁfij§2">\

Proof. Define Q) and Sy as in Theorem 4.2, and let |, S = {Q;}. Then

(1) by Equation (4.3), Exf(z) < A for all z ¢ {J; Q;. Hence, by Theorem 4.2,
Part 2, the result follows.

(2) Observe that [{J; Q;] = >_j [Q[. Therefore, by Inequality (4.6), the result
follows.

(3) The first inequality is a consequence of the definition of Q. Let Qj be the
unique cube in %;_; containing Q;. Note that the average of f over Q; is
at most A. Then

R TR
Q5 Jo, 1Q;11Q;1 Ja,
O

Given A > 0 and any function f satisfying the hypotheses of Lemma 4.8, we can
write R™ as the union of two disjoint sets, 2 := Uj Q; and R™ \ Q. In turn, this
cover gives a way to decompose f into a sum of two functions g and b, defined by

an  ew={ o MR - Ehe

where

bie) = (50~ 1 | F)xe,@

The function g is called the bounded or “good” part of f, for
(4.10) g(x) <2"\ VzeR"

whereas b is the oscillatory or “bad” part of f, for each b; has zero average. Note
also that b; vanishes outside );. This way of writing f is called the Calderdn-
Zygmund (C-Z) decomposition of f at height \.

5. THE HARDY-LITTLEWOOD MAXIMAL OPERATOR

Later on, we will need to bound convolution-type operators of functions with ra-
dial symmetry. It will be convenient to use the Hardy-Littlewood mazximal operator
instead of the dyadic maximal operator for this task. Like the dyadic operator F,
the Hardy-Littlewood operator M is defined by the supremum over averages of f.
However, the averages in the definition of M are over balls of arbitrary radius, not
dyadic cubes.
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Definition 5.1. The Hardy-Littlewood mazimal operator M is defined by

M(x) = sup{glr| /B (@ — )| dy)

r>0
where B, is the ball of radius r centered at 0 and f is any function on R™ for which
this quantity is finite.

Evidently, M is sublinear. Replacing balls with cubes of side length r centered
at 0 defines a new operator M’ given by

M f() :sup{@%| /Q e = wldy)

r>0

By considering balls nested in cubes and vice versa, one may verify that there exist
constants ¢, and C),, depending only on the dimension n, such that

(5.2) euM' f(x) < Mf(x) < CuM' f(x)

Concerning the boundedness of M, it follows immediately from the definition
that ||M f|leo < ||fl|oo, 80 M is bounded (00, 00). By the Marcinkiewicz Interpola-
tion Theorem, if M is also weak (1,1), then M is strong (p,p) for all p € (1, 00).

Theorem 4.2 implies that dgys(A\) < 1/M]|f||; where f € L'(R™). So bounding
dary by dpgjy) pointwise suffices to show M is weak (1,1). (The absolute value is
needed because we will use C-Z decomposition, which demands that f is real-valued
and nonnegative). To avoid the issue of comparing arbitrary balls to dyadic cubes,

however, we prove that dys s is dominated by dgy| and apply Equation (5.2).
Proposition 5.3. If f € L'(R"), then dppp(4"X) < 2"dg 5 (N)

Proof. Note that M'f = M’|f|, so without loss of generality, assume f is real-
valued and nonnegative. Let {Q;} be the sequence of dyadic cubes in the C-Z
decomposition of f at height A, and let Qj be the cube with the same center as @;
but twice the side length. By Equation (4.5),

U@ < 21U @il = 2"des (V)
i i

So it suffices to show {z € R" : M'f(z) > 4"A} C |, Q.

Suppose z ¢ Uj Qj, and let () be any cube centered at xz. Choose k € Z such
that 28— < [(Q) < 2%, where I(Q) is the side length of ). A simple geometric
argument shows that @ is covered by m cubes in Z_y, where m < 2. Let {R;}7,
be this cover. Note that no R; is contained in any @, for if there were such an R;,
then we would have x € Uj Qj. Hence, by Equation (4.3), the average of f over R;

is at most A. So
m

1 1
bl = X o
<L (meay
21017
< 2"mA (21 < 1(Q))
< 4"\

This inequality holds for all @, implying = ¢ {x € R™ : M’ f(z) > 4" \}. O
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The following proposition shows how M is a pointwise bound to convolution-type
operators on L}, (R™), defined by a particular class of functions. For a function ¢,
we define ¢, by ¢.(z) = e "p(e1x).

Proposition 5.4. Suppose f € L} (R"). If ¢ : R* — R is nonnegative, radial,

loc
decreasing [as a function on (0,00)], and integrable, then

b;lilg{laﬁe # f(2)[} < ol M f(x)

Proof. First, assume ¢ is the simple function
m
Ba) =3 aox,(2)
i=1

where each a; > 0 and B; is the ball of radius r; centered at 0. This simple function
satisfies the hypothesis. Then

6+ 1@ =[S alBilg [ fw—) | <lloldrs)
i=1 tl JB;

For general ¢ satisfying the hypothesis, let {¢x} be a monotonic sequence of simple
functions converging to ¢ pointwise. Then by the monotone convergence theorem,

¢ * f(z)] ¢ * |f|(x)
= lim ¢y x |f|(z)
< klij&“%\th(fﬁ)
= gl M f(x)

Any dilation ¢, is also nonnegative, radial, decreasing [as a function on (0, c0)],
and integrable, with ||@¢||1 = ||¢||1 by change of variables. So for all € > 0,

|pe * f(@)] < |91 M f(z)

and the desired result follows. O

IN

6. SCHWARTZ FUNCTIONS AND TEMPERED DISTRIBUTIONS

As stated in the introduction, the Hilbert transform defined by Equation (1.1)
must be restricted to well-behaving functions. But we would like to extend H to
LP(R) via its boundedness. So the domain of H must be a function space satisfying
a few conditions:

(1) the functions overcome the kernel at the singularity x = 0.

(2) the functions decay sufficiently quickly.

(3) the function space is dense in LP(R), 1 < p < 0.
A candidate for this function space is the Schwartz space, the collection of smooth
functions which decrease rapidly in the following sense:

Definition 6.1. The Schwartz space over R™, denoted by . (R™), is the set of all
infinitely differentiable functions f : R™ — C such that

1 llas = sup |2*D? f(z)| < o0

for all multi-indices «, G.
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One may show that {|| - ||o,s} is a countable collection of seminorms which
separates points, so (< (R"),{|| - |la,5})/C is a locally convex space. Under the
natural topology induced by these seminorms, the Schwartz space is complete and
metrizable. In addition, .7 (R"™) is dense in L?, 1 < p < 0.

Recall that the Fourier transform of a Schwartz function f, denoted by .7 (f) = f,
is defined by

flay=| flye > vdy
Rn
and the inverse Fourier transform of f, denoted by .Z~'(f) = f, is defined by

fl@)=[ fly)e™¥dy
R

One can prove that .# and .# ~! are continuous linear transformations on . and,
moreover, that 1.7 (f) = Z.Z71(f) = f.

The dual of .(R™) will also be important in defining the Hilbert transform and
demonstrating its boundedness.

Definition 6.2. The space of tempered distributions, denoted by .#/(R™), is the
space of continuous linear functionals W : . (R"™) — C.

Remark 6.3. From the theory of locally convex spaces, we know that a linear func-
tional W on .(R™) is continuous if and only if W is bounded by a linear combi-
nation of seminorms:

WHI< Y Nfllas VfeSRY

lael,1 8] <m

The classic example of a tempered distribution is integration against a fixed
function g € ., defined by

(6.4) W, (f) =< g, f >= / o) f@)dz  Vfes

n

This functional clearly is linear. To see that it is continuous, observe that

| <g, f>]< /Rn l9(z) f ()| dz < lgl[1]]f]]o,0

In fact, Equation (6.4) defines a tempered distribution if ¢ is any function satisfying
(6.5) lg(x)] < C(1+ |z)*

for constants C' > 0 and k € R.
Not every tempered distribution has this concrete form. Nevertheless, Equation
(6.4) motivates the use of inner-product notation:

W(f)=<W,f>

With this notation, adjoint identities suggest a way to extend certain operations
on Z(R™) to /'(R™). A simple application of Fubini’s theorem shows that for
9. f€,

(6.6) <g.f>= / §() f () d = / o(2)f(x) dz =< g, f >



INTERPOLATION, MAXIMAL OPERATORS, AND THE HILBERT TRANSFORM 11
Taking this equation as a template, we define the Fourier transform W of a tempered
distribution W by
(6.7) <W,f>=<W,f>

One can show that W is itself a tempered distribution. Additionally, the inverse
Fourier transform of a tempered distribution can be defined in the same way.

In a similar manner, we define multiplication and convolution of a Schwartz
function and a tempered distribution. The Schwartz space is closed under both
operations. Observe that for g, f,h € .7,

<f~g,h>:<g7f~h>
Defining f by f(z) = f(—z), we see that

<gxf,h> = // Yh(z) dydx

/ / fly — z)h(z) dxdy (Fubini’s theorem)

= <g,fxh>
So we define the product of f € . and W € .¥’ by
(6.8) <f - Wh>=<W.fh>=<W,f-h>
and the convolution by
(6.9) < fxW,h>=<Wxf,h >=<W, fxh>

Note that convolution (as well as multiplication) is associative, in the sense that
< (fi*xfo) * Woh >=< f1* (fax W), h >

The Convolution-Multiplication Theorem states that the Fourier transform of the
convolution of two Schwartz functions is the product of the two functions trans-
formed:

F(f+g9) =19
An identical equality holds with .#~! in place of .#. Furthermore, there is an
analogous equation for the convolution defined above.

Proposition 6.10. If f € .Z(R") and W € ./ (R"™), then
F(f+W)=Ff-W
Proof. Observe that for all h € .,
< F(f*xW),h> = <fs«W,h>
= <W,fxh>
<W,F Yfxh)>
= <W,ZYf) -h>

But .Z~1(f) = f. Therefore,
f(f*W),h>=<W\,f~h>=<f-ﬁ7,h>
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An alternative way to define convolution of f € ¥ and W € %’ uses the
translation operator 7., given by 7. f(y) = f(z + y):

(6.11) (f * W)(z) = W(r—sf)

Here, the convolution is a function. But one may verify that the tempered distri-
bution defined by this function is the same as that defined by Equation (6.9).

For later reference, it is worth noting that Plancherel’s Theorem is an immediate
corollary of Equation (6.6). The theorem states that the (inverse) Fourier transform
is an isometry from L?(R") onto itself:

1£1l2 = 11f1]2

To prove this equation for f € ., simply set f = § in Equation (6.6), where the
bar indicates complex conjugation. Then use the density of .# to extend .# to L?,
and the result follows.

For a more thorough treatment of the material in this section, see Reed and
Simon [4] and Strichartz [6].

7. THE HILBERT TRANSFORM

The convolution which defines the Hilbert transform is a principal value integral.
The principal value of integration against the kernel 1/x may be generally defined

as
p.v.( )f = lim de

1

; 6_’0+ |$‘>€ €
where f is any function on R for which this limit is finite. As suggested before, the
limit is finite if f € #(R). In fact, more is true:

Proposition 7.1. The functional W = p.v.(%) is a tempered distribution.

Proof. Clearly, the operator is linear. Given f € #(R), observe that
(7.2) W(f)= lim Mdm—&—/ Mdsc
=0t Jeglzl<1 T lo|>1 T

We want to show that this quantity is bounded by a linear combination of semi-
norms. Because 1/x is odd and the range of integration is symmetric about the
origin, the first term equals

e—0* e<|z|<1 €

X

But f is smooth, so by the mean value theorem, there exists 2* € (0, x) such that

f(z) = f(0)

!/ *
JO_ pa
Hence, the first term in Equation (7.2) is dominated by 2||f||o,1. For the second
term,
2
/ de:/ @%dxéﬂlflh,o
lz|>1 & lz|>1 T T
Thus, by Remark 6.3, W is continuous. (I

Now the Hilbert transform can be defined as a convolution with W in the sense
of Equation (6.11).
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Definition 7.3. The Hilbert transform is the operator H on . (R) defined by

Hf(x)*lf*W(x):llim Mdy

s T e=0F Jiy|>e Yy

The fact that W is a tempered distribution ensures that H is well-defined on the
Schwartz space. We use the tools developed in Section 6 to prove that H satisfies
the strong (2,2) inequality on .# and thereby extend H to all of L2.

Theorem 7.4. H is strong (2,2).
Proof. Suppose [ € Z(R). By Equation (6.7),
<W,f> = <W,f>

1 .
= hm/ f/f y)e 2™ dydax
e—0+ |z|>e T JR (

—isin(2
= lim /f(y)/ dedy (Fubini’s Theorem)
R |z|>e

e—0t x

sin(x)

= lim [ —isgnu) ) / dudy

e—07F |z|>27|yle T

The inner integral is uniformly bounded above by

/ sin(z) _
R X

Hence, by the dominated convergence theorem,

W fom /R —insgn(y) f(y) dy

So in this case, W is a function satisfying Equation (6.5): namely, W(y) = —imwsgn(y).
Then by Proposition 6.10,

— 1 _ )

Hf(z) = —F(f x W)(x) = —isgn(z)f(z)
Therefore, ||ff7|\2 = ||]|2, and by Plancherel’s Theorem,
(7.5) [[H fll2 = [|f]l2

Now, take f € L?(R). Because .7 is dense in L?, there exists a sequence {f,} C
Z(R) converging to f in L? norm. Equation (7.5) implies that {H f,} is Cauchy
and thus converges to an L? function. Defining H f, the Hilbert transform of f, as
this limit, we see that Equation (7.5) is satisfied on all of L2. O

Equation (7.5) is used along with C-Z decomposition to prove that H satisfies
the weak (1, 1) inequality on .7 (R).

Theorem 7.6. If f € (R), then ||H f|l1,00 < C||fl]1 -

Proof. Fix A > 0, and assume f € .#(R) is real-valued and nonnegative. Let {I;}
be the sequence of dyadic intervals in the C-Z decomposition of f at height . Let
Q= Uj I;, and write f = g + b in accordance with Equations (4.9). H is linear, so
if Hg and Hb are well-defined by Equation (1.1), then

A

(77) dirp(N) < digg() + din(5)
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Consider the first term on the right side:
A 4
ng(§) < 2 / Hg(z)? dx (Chebyshev’s inequality)
R

- %/Rg(q;)Q dx (Equation (7.5))

< §/ g(x)dx (Equation (4.10))

- ([ a+ / D7l (Bquations (4.9))

So Hg is well-defined.

Now, consider the second term on the right side of Inequality (7.7). Let Q* =
Uj I;, where I; is the the interval with the same center c; as I; but is twice as long.
Then

A

dm(3)

IN

07+ o ¢ Q" [H)| > )]

(7.8)

IN

2 2
X”le + X /R\Q* |Hb(x)| dx (Lemma 4.8 and Chebyshev)

We want to show that the last integral is bounded above by ||f||1. To this end, we
make two remarks.

(1) For z ¢ Q*,

Hbj(x):l lim %) dy:l/ Mdy<oo
I

T e—0t ly>e T — Y TJ T Y

because b; vanishes outside I;. Hence, the Hilbert transform of b; in the
sense of Equation (1.1) is well-defined.

(2) We claim that [Hb(x)| < >_; |Hb;(z)| a.e. This inequality follows immedi-
ately if the sum has a finite number of terms; otherwise, one may prove it
using the fact that Hb; converges to Hb in L? norm.

So we reduce the problem to showing

(7.9 L 2 @) < Al

Note that

L b
(7.10) ;/R\QJH@()M W;/R\m!/lxydyyd

J

First, consider the inner integral. Because b; has zero average and x §é Q*

b, b,
[l = P < [ | ay
LTy LTy T—cj (z (z c)

But |y — ¢;| < |I;]/2 and |z — y| > |z — ¢;|/2, so the last term is at most

(7.11) / 1b;(y _ Ml dy

x*CJ)
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Now, observe that

R\Q* (x —¢j) R\I; (x —¢j)

So substituting Expression (7.11) into Equation (7.10) and applying Fubini’s The-

orem gives
Hb,(x)| dx — / / dydx

;/]R\Q*| (@) Z R\Q* ])
WZ/ ;)] dy

8
Il

Therefore, Inequality (7.7) can be rewritten as
16 2
B+ 2+ DIl

If f is complex, apply this argument to the posmve and negative parts of the real
and imaginary parts of f. (]

IN

IN

IN

(7.13) ds (V) <

For f € LY(R), let {f,} C .#(R) be a sequence converging to f in L' norm. Then
by Equation (7.13), {H f,,} is Cauchy in measure and thus converges to a measurable
function. Defining H f, the Hilbert transform of f, to be this measurable function,
we see that H satisfies Equation (7.13) on all L. So H is weak (1,1).

Since H is weak (1, 1) and strong (2, 2), the Marcinkiewicz Interpolation Theorem
indicates that H is strong (p,p) for all p € (1,2). Consequently, the following
duality argument, which uses the adjoint of H, shows that H satisfies the strong
(p,p) inequality on ., where p € (2, 00).

The adjoint of H is the operator H' defined by

(7.14) /RHf-a:/RHT'g Viges

From this equation, one can determine that H'f () = isgn(zx)
H' = —H. Then a density argument shows that Equation (7.14
€ (1,2).

Theorem 7.15. If f € S (R), then ||Hf||, < ||fllp for all p € (2,00).

), implying that

e
) holds with g € L9,

Proof. Suppose f € ., and let g be the Holder conjugate of p. The map

g—>/RHf§

is a linear functional on LY with norm equal to ||H f]|,. So

S]], sup | / HYg

llgllg=1
sup | / %:r
llgllg=1

sup ||f1lpl1Hgllq (Holder’s inequality)
llgllg=1

ClIfllp (strong (g, q) boundedness)

IN

IN
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d

As before, we extend H to LP by considering sequences of Schwartz functions
converging in LP norm.

8. THE TRUNCATED HILBERT TRANSFORM
Dropping the limit in Definition 7.3 gives a new operator which is defined on LP:

Definition 8.1. The truncated Hilbert transform at height € > 0 is the operator
H. on LP(R), 1 < p < oo, given by

Hef(w) = 1(;X{y>e})*f(:r)—1/> e =y) g,

b 7r y

To see that H, is well-defined, observe that
1 w11 .
|He f(z)| < C||f|‘p||§X{|y|>e}Hq <oo  (Hdlder’s inequality)

if and only if ¢ > 1. Hence, any p € [1,00) is permitted.

Similar calculation as that in Proposition 7.4 shows that H. is strong (2, 2) with
a uniform bound for all €; that is, the constant C' in the definition of boundedness is
independent of e. Then the proof that H, is weak (1, 1) and strong (p,p), p € (1,0),
with uniform bounds follows as in Theorems 7.6 and 7.15. By these inequalities, if
{fn} converges to f in LP norm or in measure for p = 1, then {H,f,} converges
to H.f in norm or in measure, respectively. But we want to know if and how H.
converges to H.

Proposition 8.2. Suppose f € LP. Then H.f converges to Hf in norm for
p € (1,00) and in measure for p = 1.

Proof. Suppose {f,} converges to f in LP norm, 1 < p < co. Then the following
chain of equalities holds.

[1H f||, = nh—{go [1H fullp = nll)n;o 61_1)%1+ [He fullp = J_{%L nh—>H<§o [[He fullp = EE%L [[Hef|lp

The second and third equalities result from the strong (uniform) (p, p) boundedness
of H and H. If p = 1, replace convergence in norm with convergence in measure.

O

Proposition 8.2 implies that, for a given f € LP, there exists a subsequence of
{H.f} converging to H f pointwise a.e. We want to show that the sequence itself
converges to H f pointwise:

Theorem 8.3. If f € LP(R), 1 < p < oo, then
(8.4) lim+ H.f(x) = Hf(z) a.e.
e—0
The burden is only to show that the limit exists. By Definition 7.3, Equation

(8.4) holds for f € .. The Schwartz space is dense in LP, so by Theorem 2.6, it
suffices to prove that the maximal operator H* given by

H*f(x) = igg{\Hsf(z)l}

is weak (p,p) for all p € [1,00). In fact, H* is strongly bounded if p > 1, as implied
by the next theorem.
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Theorem 8.5 (Cotlar’s Inequality). If f € #(R), then
H* f(z) < MH f(x) + CMf(x)
where C' is independent of f.
Proof. Tt suffices to show
[Hef(x)| < MHf(z) + CM f(x)

for all e > 0. Fix ¢ € .#(R) that is nonnegative, even, decreasing, and integrable
with [|¢[]1 = 1, and that has support {zx € R : [z| < 1}. Recall that ¢.(z) =
e '¢(e7'z). Letting W = p.v.(1), we have

1 1
;X{\y|>e} = ¢5 * W(y) + (;X{\y|>e} - ¢e * W(y)>

which implies that
1 11
Hf ()] < [ (6 W) s F@) 4 | Xl = 6+ W)
By Proposition 5.4, the first term on the right side satisfies

2 (6 W) 5 f(2)] = | s (W = f)(@)] < MHf(2)

Now consider the second term. Assume € = 1. We find a pointwise estimate for
the kernel by examining two cases for the value of y.

(1) |y| > 1. Then
v _ 1 9@ .
oWl = | / daf

Yy al<1/2Y— T

*|f](x)

y y—zx
[ s,
|z|<1/2 lylly — x|

bl Wl
ly—a| = ly+1/2]
where (4) is chosen if y is negative and (—) is chosen if y is positive. So
the last integral above is at most

1 1
. /|m.<1/2¢(“’)( ydo|  (lélh =1)

IN

Observe that

/ o), 1
2 2
lz|<1/2 Y Y
(2) |yl < 1. Then by the argument in Proposition 7.1,
. Py —x
—orw) = fim [ 20 gy
6—0 |z|>8 X
~ |im Py —z) — d(y) |
6=0 J5<|x|<2 x
< 4follo ="

To combine these two bounds, note that
(1) if |y| > 1, then (1 +y?)/y? <2, and
(2) if |y| < 1, then C’(1 +y?) < 2C".
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Hence,

11 c’
|§X{|y\>1} —¢xW(y)| < T4

m
So by Proposition 5.4,
11
(8.6) 1y Xt ¢ x W(y)|*|fl(z) < T
The following dilation argument proves that this inequality holds when we re-
place 1 by e. For any f € ., let f© be the dilation of f by €, given by f¢(z) = f(ex).

Let g(y) = 215 X{y1>1) — @ * W (y)|. One may show that ge(y) = 7|, X{jy|>e} — de *
W (y)|. Then we have the following equations:

gxf(etr) = /Rf(ey)g(e_lx —y)dy

1"

| f|(x) < CM f(x)

= /f(y)e’lg(e’lx—e’ly) dy
R

= ge*f(x)
Myiz) = supﬁ / |flex — ey)| dy
1
= SUPm ‘€IT‘|f(€33—l/)|d3/
- Mf(e)

Therefore, by Inequality (8.6),
\ge % f(@)| = |g * (e a)| < CMfe(e a) = OM f(x)

By the theorem, if p € (1,00) and f € ., then
H" fllp < [IMH fllp + [[CM fllp < C'|| £l

where the last inequality holds because both M and H are strong (p,p). The fact
that H* is strong (p, p) thus follows. It remains to show

Theorem 8.7. H* is weak (1,1).

Proof. The argument proceeds initially as in Theorem 7.6. Fix A > 0, and assume
f € L' is real-valued and nonnegative. Let {I;} be the sequence of dyadic intervals
in the C-Z decomposition of f at height A\, and write f = g + b in accordance with
Equations (4.9). We have

A A

iy () < dir(5) + dio(3)
Because H* is strong (2,2), bounding dg-, follows in precisely the same way as
bounding dg, in Theorem 7.6. Recalling Inequality (7.8) and noting that ||b]|; <

2||f]l1, we reduce the problem to showing
. c
o & O - H7b(x) > A} < [[blls

where we have made the change A\/2 — A for convenience.
Fix z ¢ Q* and € > 0, and consider b;, which has zero average and vanishes
outside I;. Only one of the following holds:
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(1) (z—e€,x+€)(I; =I;. Then

1 bl —
Hebj(a?)zf/ Mdyzo
Q ly|>e Y
because x —y ¢ I; if |y| > €.
(2) (x—e,x+€)(VI; =0. Then

Hobj(z) = 1 /1 bl = y) dy = Hb;(z)

T Ji, y
because I; C {z —y : |y| > €}. So by Equation (7.11),
|15
H.b; < ———||b;
| J(x)‘— (1‘—Cj)2||j”1

(3) either z — e or z+ € is in I;. Then (x — 3¢,z + 3¢) D I;, and for all y € I;,
|z —y| > £. Thus,

16;(y)] 3 [
Hbj(x g/ﬂidygf bjy
| ]( )l I, |$_y| € Jo_se |J( )l
Hence, summing |Hb;(x)| over all j, we see

. T+3e
) < N[l 2 [ )]

T—o€

‘Ijl 3/z+3e
= > bl + = by
zj:(xfcj)ﬂ']”l ), b(y)

€T—o€

I,
= Z (—]|‘)2||bj||1 + C'Mb(x) (Definition 5.1)
—~ (¢

The last estimate is independent of € and so holds if we replace |H.b(x)| with
H*b(x). Therefore,

o ¢ QF s H*b(z) > \}|

<Hzg O Z(x|_jjc|j)2||bj|1 > g}| +{r eR: Mb(x) > 22,,}|

2 / |1;] 2C"
< — ——|b; 1 dx + b 1
A ]R\Q*;(x_cj)QHJH by H ||
c" 420"

< (———)||b
< (S5 ol
where the second inequality follows from Chebyshev and the weak (1,1) bound-
edness of M and the last inequality from Equation (7.12). If f is complex, apply
this argument to the positive and negative parts of the real and imaginary parts of
I O

9. CONCLUSION

Using real-variable methods, we proved that Equation (1.1) holds for f € LP(R, u),
p € [1,00), up to a p-null set. But the techniques we used and the tools we con-
structed go beyond the special focus of this paper. The Hilbert transform is an
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important operator to investigate on its own, but it naturally segues into broader
studies in harmonic analysis.
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