ON MINIMAL FINITE MODELS

DAPING WENG

ABSTRACT. A minimal finite model of a topological space is the smallest finite
topological space that is weakly homotopic to that particular space. So far, we
have only found literatures on the minimal finite models for spheres and finite
graphs, and they are concluded in Barmak and Minian’s paper [1]. In this
paper, we will take a look at these minimal finite models and push our scope
a bit further to more complicated spaces, giving a computational method to
find such minimal finite models for these spaces.
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1. PRELIMINARIES

Before we plunge into the exploration of minimal finite models, we want to first
reveal the connection between finite partially ordered sets and finite topological
spaces, which will provide us some tools to investigate our problem.

The reason that we restricted to finite topological spaces here is because we
are going to make use of the Alexandroff property, which states that open sets
are closed under arbitrary intersection. (In fact, this connection between partially
ordered sets and topological spaces remains valid for infinite Alexandroff spaces.)
Since any intersection in a finite space is finite, it follows that all finite topological
spaces have the Alexandroff property, which allows us to define the following:

Definition 1.1. In a finite topological space (X, %), the open hull U, of a point
x is the intersection of all open subsets containing .

In other words, U, is the “smallest” open set in X that contains z. Now we
want to define a relation < by letting x < y if x € U,. We claim that this gives rise
to a preorder structure on the same underlying set:

Proposition 1.2. The relation < is a preorder defined on X. In particular, if X
is Ty, then < is in fact a partial order.
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Proof. The relation < is obviously reflexive. For transitivity, suppose z < y and
y < z, then by definition, € U, and y € U,. But then since U, is an open subset
that contains y, U, C U,, which implies that x € U,. Thus = < 2.

Now suppose X is Tp. If there is x <y and y < z, then x € Uy and y € U,, i.e.
any open set containing x also contains y and vice versa. Therefore, z and y cannot
be distinguished by an open neighborhood and hence they are the same point in a
Ty space. ([

This proposition asserts that any finite topological space corresponds to a finite
preordered set with the same underlying subset. In the reverse direction, if we start
with a finite preordered set (X, <), we only need to define U, to be the set of all
y such that y < z, and it is not hard to verify that this collection of {U,}sex is
a basis for a topology on X. Particularly, the resulting topology will be Tj if we
start with a partially ordered set.

In fact, these two correspondences are inverses of each other. As we shall con-
clude after the following proposition, the category of finite topological spaces and
the category finite preordered sets are actually isomorphic via this bijective corre-
spondence.

Proposition 1.3. Let X and Y be finite topological spaces with the corresponding
preorder defined on the same underlying sets. A map f: X — Y is continuous if
and only if it is order preserving: x <y in X implies f(x) < f(y) in Y.

Proof. First suppose f is continuous. If z; < x9in X, thenz; € U,, C f_l(Uf(m)),
which implies f(x1) € Uf(s,), i.e. f(21) < f(x2).

Now suppose f is order preserving. Let V' be an open set in Y containing f(x1),
then by construction we know that Uy(,,) C V. For any x € Uy, , we have x < z1,
and hence f(z) < f(x1). But this implies that f(z) € Uf,) C V, and thus
Uy, € f71(V), i.e. f~1(V) is open. Therefore, f is a continuous map. O

As May [2] points out, when we are studying problems in finite topological
spaces up to homotopy type, there is no loss of generality to just consider the Tj
spaces and their corresponding partially ordered sets, since we can always identify a
point with its open hull together, and the quotient map is a homotopy equivalence.
Furthermore, if X and Y are finite topological space and we let Xy and Yy be
the quotient Ty spaces with quotient maps gx and gy, respectively, then for any
continuous map f : X — Y, it naturally induces a unique continuous map fj :
Xo — Y such that the following diagram commutes:

X$Y

Xy ——= Yo

Unless otherwise specified, for the rest of this paper, finite spaces are assumed
to be Tj.

The reason that we want this correspondence between finite posets (partially
ordered sets) and finite Ty spaces is because the poset structure can often give a
more direct picture and provide some useful tools such as the following:
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Definition 1.4. The Hasse diagram of a finite poset (X, <) is the directed graph
H(X) = (V(H(X)),E(H(X)) whose vertices are points in X. In the diagream,
(z,y) is an edge if < y and there is no z in X such that © < z < y.

Normally when we draw the Hasse diagram, we want to put y above z to indicate
y > z. The following is one example of a Hasse diagram:

Example 1.5.
xI1e

SN

XTo® ors3

Zry®

If we define the opposite ordering <°P on a poset (X, <) to be the new relation
that x <°P y if and only if y < x, then this new ordering is a valid partial order.
The Hasse diagram for this opposite ordering is exactly the upside down of the
original Hasse diagram.

The next thing that we are going to investigate is the notion of a “beat point”
proposed by Stong [3].

Definition 1.6. Let X be a finite space. A point = € X is upbeat if there is a
y > x such that z > z implies z > y. A point z € X if downbeat if there is a y < x
such that z < z implies z < y. A finite poset with no upbeat or downbeat points is
called a minimal finite space. For any finite poset X, a core of X is a subspace Y
that is a minimal finite space and a deformation retract of X. That is, there exists
amap r: X — Y together with the inclusion map ¢ : Y — X such that r o7 = id
and ¢ o r is homotopic to the identity map.

The following is a part of a Hasse diagram that contains an upbeat point x, and
a diagram for a downbeat point will be similar to this one but upside down.

z1e 2@ o Zn®

N

ye

xre

On one hand, May [2] shows that the map that removes an upbeat point (or
equivalently, a downbeat point) is a deformation retract. Therefore, one can always
reach the core of a finite poset by removing upbeat and downbeat points one by
one. This shows that any finite poset always has a core. In particular, if a poset
has a maximum or a minimum, then we can always remove the rest of the points
one by one until there is only the maximum or the minimum left, and this shows
the following;:

Corollary 1.7. A poset with a maximum or a minimum is contractible.

On the other hand, he also shows that for any minimal finite space X, the only
map that is homotopic to the identity map is the identity map itself. Therefore, we
have the following;:
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Theorem 1.8. Two finite spaces are homotopic to each other if and only if their
cores are homeomorphic to each other.

Proof. Tt is easy to see that if two finite spaces have homeomorphic cores then they
are homotopic. Now suppose that the two finite spaces are homotopic, then by
the definition of core, their cores are also homotopic. Let X and Y be the cores
and f : X — Y be a homotopy equivalence with inverse g : ¥ — X, then go f
is homotopic to the identity map on X and f o g is homotopic to the identity
map on Y. But this implies go f = idx and f o g = idy. Thus their cores are
homeomorphic. [

However, when we are studying minimal finite models, what we actually care
about is weak homotopy equivalence rather than homotopy equivalence. The defi-
nition of weak homotopy equivalence is the following:

Definition 1.9. Let (X, z() and (Y, ) be two based topological spaces. A map
f: X — Y is said to be a weak homotopy equivalence if the induced map

fi:mi(X,z0) = mi(Y,%0)

is an isomorphism for all ¢ € N. Two topological spaces X and Y are said to be
weak homotopy equivalent if there is a finite sequence of spaces

X =Xo, X1,Xo0,...,. Xn=Y

such that there exist weak homotopy equivalences X;_; — X; or X; — X;_; for
each 1 < j <n.

This gives rise to our notion of minimal finite model:

Definition 1.10. A finite topological sapce Y is a finite model of a topological
space X if Y is weak homotopy equivalent to X. Y is a minimal finite model if
The space Y is a finite model with the minimum cardinality.

Example 1.11. Consider the following example of finite models of circle. Let X
and Y be finite spaces whose Hasse diagrams are given as below:

X ao><oc Y : a’o>(.¢;< oc’
be od be od of’

Take the unit circle in the complex plane. Let f: S* — X and g : S' — Y be
given by

a ifzx=1

a ifz=1 Vo ifr=e?0<6<2r/3
b ifz=e? 0<0<nm ¢ if ¢ = 2 /3

F@=93 ¢ ifz=-1 9@ =9 @ it g — i 20/3 < 0 < 4n/3
d fe=e% 1<60<2r ¢ if x=etm/3

foifr=e"? 47/3 < 0 < 27.

One can verify that both of these are weak homotopy equivalences. Therefore,
both X and Y are finite models of the circle. In fact, as we shall show later, X
is the unique minimal finite model of the circle. Notice that even though X and
Y are weak homotopy equivalent to each other, they have different homotopy type
since they are both minimal spaces and not homeomorphic.
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Next we want to introduce two very useful functors first defined by McCord [4].

Definition 1.12. Let &0 be the category of finite partially ordered sets and %
be the category of finite simplicial complices. McCord defined the following:

The K functor: The K functor goes from L& to €. For a poset (X, <),
K(X) is a simplicial complex with an n-subsimplex {zg, z1,. .., 2, } for each totally
ordered subset zp < 1 < --- < x, of X, i.e. the vertices of K(X) are in fact the
elements in the poset X. It is not hard to see that K also takes an order preserving
map f between posets X and Y to a map K(f) of simplicial complices, simply by
taking the vertices of IC(X) to the vertices of K(Y') under f, and since f is order
preserving, K(f) takes subsimplex to subsimplex and is well defined.

The X functor: The X functor goes from .#% to 0. For a simplicial complex
K, what X does is to assign an element for each subsimplex of K, and to define
a partial ordering on the set of these elements by setting ¢ < 7 if ¢ C 7 as a
subsimplex. One can easily verify that this partial ordering is well defined, and X
takes a map ¢ of simplical complices to a order preserving map X (g) of posets.

McCord also showed the following theorem, which we are going to take for
granted and omit the proof here:

Theorem 1.13. For any finite poset X, there exists a weak homotopy equivalence
P |K(X)| = X, and for any finite simplicial complex K, there exists a weak
homotopy equivalence ¢ : |[K| — X(K).

Also, Whitehead’s theorem tells us that if X is a minimal finite model of a
compact polyhedron Y, then ¥ must be homotopy equivalent to |[K(X)|. Therefore,
to find a minimal finite model is essentially to find the poset X with the least
elements such that |[[C(X)| is homotopic to the object that we are interested in.

The following example will demonstrate how these two functors work:

Example 1.14. Take the space X from Example 1.11. K(X) will be a simplicial
complex with four vertices a, b, ¢ and d with four edges {a,b}, {b,c}, {c,d} and
{a, d} representing the four totally ordered subsets. As we can see, the resulting
simplicial complex K(X) has a geometric realization that is homotopic to a circle.

od

ae

be

Now if we take this “4-point circle” as a simplicial complex and apply X to it,
then we need four new elements for the four edges, say they are ab, be, cd, ad, then
the resulting poset, represented by its Hasse diagram, would be the following:

oC

I M X
ae he oC od

Remark 1.15. Notice that if a topological space can be realized as a finite simplicial
complex, then a finite model of this space always exists by an application of the X’
functor, and this finite model will give an upper bound on the size of a minimal
finite model.
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2. MINIMAL FINITE MODELS OF SPHERES

In this section, we are going to show that the unique minimal finite model of an
n-sphere is a poset with 2n + 2 points. First we want to define the non-Hausdorff
suspension:

Definition 2.1. The non-Hausdorff suspension of a finite space X, denoted by SX,
is the finite space X U {+, —}, whose open sets are those of X originally together
with X U {+}, X U{-} and X U {+,—}. The nth non-Hausdorff suspension is
S"X = § (S*1X).

In the language of posets, the non-Hausdorff suspension simply adds two elements
on top of the Hasse diagram and draws edges between the new elements and the
original maximal points.

When looking for a minimal finite model, we always care about the size of the
posets. Since a minimal finite model cannot have any upbeat or downbeat points,
any point in the Hasse diagram of a minimal finite model should have at least two
points that are greater than it (unless it is a maximal point) and two points that are
less than it (unless it is a minimal point). Therefore, it seems that the maximum
size of a totally ordered subset would give rise to a good approximation for the
lower bound of the size of a minimal finite model. Let us call the maximum size of
a totally ordered subset the height of the poset X, denoted by h(X), then we have
the following theorem:

Theorem 2.2. If X is a minimal finite space with more than one point, then X
has at least 2h(X) points. In particular, if X has exactly 2h(X) points, then it is
homeomorphic to S"(X)=180 where S° = {+, =}, the zero dimensional sphere.

Proof. Let h(X) =n and let 1 < 29 < -+ < x,, be a totally ordered subset with
n elements. Since none of these elements is an upbeat point, there must be a y; 1
for each z; (1 <14 <n — 1) such that y;41 > x; but Y41 # Tiq1.

We claim that all the y;’s are distinct from the z;’s and distinct from each other.
Note that y; # x; for j < ¢ by construction. If y; = x; for j > 7, then y; = z; > x,
a contradiction. Now suppose y; = y; (¢ < j), then y; = y; > x;_1 > 25, a
contradiction. Therefore, the y; and xz; are distinct.

Also, since X is a minimal finite space, X cannot have a minimum. Thus we
need one more point y; and y; ;_‘ x1. Note that all the x;’s and y;’s that we put
in before are greater or equal to =1, hence y; should be distinct from all of them.
Therefore, now we have the lower bound of 2n points.

Now suppose we have a minimal finite space X with 2n points, we want to show
that it is homeomorphic to the (n — 1)th non-Hausdorff suspension.

Since 7 < zy < --- < x, is already the biggest totally ordered subset of X,
y; and x; should be incomparable for all 7, otherwise we could extend the totally
ordered subset. We are going to show that y; < z; and y; < y; for all 7 < j by
induction on j.

For the base case j = 1, and since there is no ¢ smaller than 1, the claim is true.
Suppose now the claim is true for j < k < n. Then when j = k + 1, since x4
is not a downbeat point, there must be a point z < x;4; but 2 f zr. Now we
need to choose an element from X to be such a z. We can choose this element by
eliminating the impossible ones:

By our inductive hypothesis, y; < xj for all i < k.
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(1) z; < for i <k, and x; > x4 for i > k+ 1.
(2) Yi > Ti—1 > Tkl fori >k + 2.
(3) yr+1 is incomparable with zj1.
Therefore, the only possible candidate is yi, and this forces yr < x11. By the
inductive hypothesis, y; < yr < xp41 for all ¢ < k.
Also, since yx41 is not a downbeat point, there must be a point w < yx41 but
w £ z. We again choose w by elimination.

(1) By our inductive hypothesis, y; < zj for all i < k.
(2) z; <y for ¢ < k.
(3) ygt1 is not greater than x; for ¢ > k 4+ 1, otherwise there will be yg11 >
x; > k41, contradicting the fact that yx41 and x4 are incomparable.
(4) yr+1 is not greater than y; for i > k + 2, otherwise there will be yrr1 >
Y; > x;—1 > Tk+1, the same contradiction.
Therefore, the only possible candidate is yi, and this forces yr < yg41. By the
inductive hypothesis, y; < yr < yg41 for all i < k.
Now we have all the information about the ordering on X, namely: for 1 < i <
Jj < n, there are x; < x;, x; < y;, yi <5, ¥i <Yj, and z; is incomparable with y;.
This ordering is exactly the ordering on S*~15° and hence X is homeomorphic to
Sn—180, O

Now we are ready to show our goal of this section, i.e. the unique minimal finite
model of S™.

Theorem 2.3. The n-sphere S™ has a unique minimal finite model with 2n + 2
POINts.

Proof. Since S is itself a finite space and is not contractible, it is its own unique
minimal finite model. For n > 1, suppose X is a minimal finite model of S™,
then by the definition of minimal finite model, we know that the homotopy group
i (X, o) = m;(S™, sp) for all ¢ € N. In particular, m, (X, zg) & m,(S™, zg) 2 0.
Now by the Hurewicz Theorem, H,, (|}C(X)|) = 7, (|KK(X)|, o) = mn (X, zo) 2 0.
Therefore, the dimension of K(X) must be at least n and the height of X must be
at least n+ 1. Also notice that S™ is not contractible and hence X must have more
than one point. By the previous theorem, X has at least 2n + 2 points. But notice
that |KC(S™S?)| is in fact homotopy equivalent to S™, thus we have a minimal finite
model with 2n 4 2 points. Furthermore, since any minimal finite space with 2n + 2
points is homeomorphic to S*S°, this proves the uniqueness of this minimal finite
model. (]

3. HASSE DIAGRAM AND FUNDAMENTAL GROUP

One good use of the Hasse diagram and the associated finite poset is, as we shall
show, to compute the fundamental group of a finite space. The so-called H-loop
group J€(X,xo) in the Hasse diagram of a given based poset (X, xz¢), as we are
about to define, turns out to be isomorphic to the fundamental group 71 (X, ).
In this section, we are going to fully present all these materials, originated from
Barmak and Minian [1].

First let us start with the definition of the H-loop group.

Definitions 3.1. For any poset X with a base point z, let H(X) be the associated
Hasse diagram. We call an ordered pair e = (z,y) an H-edge if (z,y) € E(H(X))
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or (y,x) € E(H(X)). The point z is called the origin of e, denoted by o(e) and the
point y is called the end of e, denoted by e(e). The inverse of an H-edge e = (z,y)
is the H-edge e~ = (y, z).

If we have a sequence of H-edges ej, e, ..., e, withe(e;) = o(e;y1) forall 1 <i <
n — 1, we can connect them together to get an H-path £ = ejes...e,. Typically
we say the origin of this H-path is 0o(§) = o(e1) and the end of this H-path is
e(€) = e(e,). The inverse of an H-path £ = ejes...e, is the H-path 71 =
egle;il - el_l.

An H-path £ = ejez. .. e, is said to be monotonic if either e; € E(H (X)) for all
1<i<nore; '€ BH(X))foral1l<i<n.

For two H-paths & = ejea...e, and & = fifo... fr, with e(§1) = o(&2), it
makes sense to define a composition of & and &o:

SGi&o=eiea...enfifo. .. fn-

An H-loop at xg is an H-path £ such that o(£) = e(&) = xp.

Two H-loops & and & at xg are said to be close if there exist four H-paths &;,
&9, &3 and &4 with & and &3 being monotonic, such that € = &€, and £ = £1£263€4.
Denote this close relation by & ~ &'

Two H-loops £ and £’ at g are said to be H-equivalent if there exists a sequence
of loops at g, £ = &y,&1,&2,...&, =& such that §_1 ~ & foreach 1 < < n.

It is not hard to verify that H-equivalence is actually an equivalence relation.
Therefore, we obtain the equivalence classes for H-loops at xg. Let us denote the
equivalence class of the H-loop £ by (£) and collect all the equivalence classes into
the set S (X, zp). Similar to the way we handle the idea of fundamental group, we
can define a product on these equivalence classes by taking (£1)(&2) = (£1&2). Tt is
not hard to show that this product is well defined. This gives a group structure on
the set 2 (X, zp), which is called the H-loop group.

When we apply the functor K to the finite poset X, we obtain a simplicial
complex K(X), and there is another special kind of group called the edge-path
group. Next we are going to define the edge-path group of K(X) and show that it
is actually isomorphic to the H-loop group of the space (X, zg).

Definition 3.2. For a simplicial complex K, an edge-path & is a finite sequence
of vertices vpv1vs ... v, such that either {v;_1,v;} is an edge (1-dimensional sub-
simplex) of K or v;—1 = v;. If we write the ordered pair (v;_1,v;) = €;, then an
edge-path can be written as £ = €1€62...¢,. An edge-loop £ at a vertex v is an
edge-path such that vy = v, = v. In particular, we set the zero edge-loop to be v.

The reason that we use € instead of e to represent an edge here is because
an edge in K(X) may not correspond to an H-edge in X. In fact, for an edge
€ = (z,y) in K(X), z is comparable to y, and we can always find z1,zs,...,z,
such that (z,z1)(x1,22)...(zn,,y) is a monotonic H-path. Conversely, an H-edge
in X always corresponds to an edge in IC(X).

Definition 3.3. Two edge-loops at v are said to be equivalent if one can be obtained
from the other by a series of the following move: for any {z,y, z} that is a subset of
a triangle (2-dimensional simplex), it is allowed to switch the edge (z,y) with two
consecutive edges (z,2)(z,y) (note that x, y and z need not be distinct). Denote
this equivalence relation by .
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Notice that for any edge-loop at v, the start and end point v should never be
changed under the move discribed above, and thus the move does not change the
nature of being an edge-loop at v.

In fact, one can verify that the definition above gives an equivalence relation. If
we denote the equivalence class of £ = €1€3...€, to be [e1€...€,] and put in the
composition operation, this gives a group with the identity being the zero edge-loop.
This group is called the edge-path group, and it is denoted by E(K,v).

Remark 3.4. One basic fact from algebraic topology is that the edge-path group
E(K,v) of a simplicial complex K is isomorphic to the fundamental group 71 (| K|, v)
of the geometric realization of K. A proof of this can be found in Spanier [5].

Now we are ready to prove the following:

Theorem 3.5. If (X, xzq) is a finite poset, then the edge-path group E(K(X),zo)
of K(X) is isomorphic to the H-loop group (X, x).

Proof. Define the map
QI) : %(X, SL‘()) — E(IC(X),.’L’O)
(e1€2...€n) — [e162...€y).
We first want to show this map is well defined. Suppose £1&2€38y ~ £1&4 as
H-loops at zg, where & = ejes...e, and {3 = fi1fo... fi, are monotonic. Then

without loss of generality, we can assume that £ is monotonically increasing, and
thus

o(e1) < e(er) = o(ea) < elez) =o(e3) < --- < eley),
which means that any three consecutive vertices are within one triangle. Therefore,
by induction on the subscript i of e;,

[€182€5€a] = [€1(0(en); e(e1))(0(e2), ee2)) - - - (o(en), e(en))Eséa]
= [€1(o(er), e(e2)) - - (oen), e(en))Eséa]
[€1(0(e1), (en))£3£4]

(

Similarly, we can replace &3 with (o(f1),e(fm)) to get

[€1(o(e1), e(en))€s8a] = [51(0(61)7e(en))(o(fl)ae(fm))&}-

But by the definition of close H-loops, we know that o(e;) = e(f,,) and e(e,) =
o(f1). Therefore, we can replace the middle part by the zero edge-path and get

[€162€584] = [€1€4].
Note that the map ¢ is a homomorphism by construction.
In the reverse direction, we can define another map

Y BE(K(X),z0) = (X, x0)
[er€2 ... €n] > (G162 .. &n),

where each §; is a monotonic H-path sharing the same origin point and end point
with the edge ¢;. This in fact does not depend on the choice of the monotonic
H-paths, because if ¢ and & are two possible choices, then

€&y & &6 GETNEL L6,
~ 686
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To show this map ¢ is well defined, it is enough to show the move in Definition
3.3 for equivalent edge-loops does not change the image. Suppose
€1€2...(2,2)(2,Yy) ... €n T e1€a...(2,Y) ... €n.

Let a, 3, v be the three monotonic paths corresponding to (z, 2), (z,y) and (z,y),
respectively and let & correspond to €; for the other ¢ as usual. Since x, y and z
are the three vertices of a triangle, without loss of generality, we can assume either
r<z<yorr<y<z.

If z < z < gy, then af is also monotonic, and

Gba...af. & =6 affT ey 6,

If r < y < z, then 37! is also monotonic, and

6152--~aﬁ~--§n:§1£2---a05_176_1ﬁ---§n

Thus ¢ is well defined and it is a homomorphism by construction. Now we claim
that ¢ and 1) are inverses of each other.
Pick any H-loop class (§) = (e1ea...e,) in J(X, z) and apply ¢ o ¢, we get
Yo d({€)) =w([erea...en]) = (e1ea...€4).

Now pick any edge-loop class [] = [e1€2...€,] in E(K(X), zo) and apply ¢ o 1,
we get
po([¢]) = o((&1&2-- - &n)),

where each & = ¢;1€; 2. .. ¢, is a monotonic H-path that corresponds to the edge
€;. But as we showed above,

((61&e .. & &) = [G& .. & &)

= [5162 e (0(61"1)7 e(ei’ni)) e gn}
[
[

= §1£2€z€n]
= [e1€2. .. €p).
Since ¥ o ¢ is the identity on 52 (X, xo) and ¢ o) is the identity on E(K(X), zo),
we conclude that (X, zg) is isomorphic to E(K(X), o). O

As we mentioned before, the edge-path group of a simplicial complex (K,v) is
isomorphic to the fundamental group of its geometric realization. Therefore, we
have the following:

Corollary 3.6. For a finite poset (X, xg), the following groups are isomorphic:
(1) (X, xo);
(2) E(K(X),z0);
(3) m(|K(X)],z0);
(4) 7T1(Xa IO)'

Remark 3.7. The H-loop group in the Hasse diagram provides a way to compute
the fundamental group of a topological space by just looking at its minimal finite
model. As we know, a minimal finite model is weak homotopy equivalent to the
original space, and hence all the information of every homotopy group is carried by
its minimal finite model. However, it is not known yet whether there is an efficient
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way to extract the information of higher homotopy groups just from a minimal
finite model.

4. MINIMAL FINITE MODELS OF FINITE GRAPHS

Finite graphs are another class of geometric objects whose minimal finite models
have been completely understood. One important fact about finite graphs that
makes it easier to find their minimal models is that a finite graph is a 1-dimensional
CW complex, i.e. a wedge sum of circles. Therefore, the weak homotopy type of
a finite graph is determined by its Euler characteristic, and from this we can work
out a way to compute minimal finite models of finite graphs.

Before we go into the actual argument, we would like to study the Hasse diagram
a little further. As we know from the previous section, the edge-path group of
(K(X),xq) is isomorphic to the fundamental group of (X, z(). But what is more
about the Hasse diagram is that it can provide another way of looking at the
fundamental group in terms of generators and relations. Here we first want to show
how to get the generators.

Proposition 4.1. Let (X, zg) be a poset. If x € X is neither mazimal nor minimal
and x # g, then the inclusion i : X — {x} — X induces an epimorphism

Ty : E(]C(X — {(E}), (E(]) — E(IC(X), (E()).

Proof. Since every edge-loop at o in X — {z} has a natural image as an edge-loop
in X under inclusion, 7, is natually a homomorphism. Therefore, to show i, is
an epimorphism, it is sufficient to check that every edge-loop in K(X) that goes
through x is equivalent to an edge-loop that does not go through z.

Suppose €r€a ... (y,x)(x, 2) . .. €, is an edge-loop. Then without loss of generality,
we can assume either y <z < zory <z and z < x.

If y <z < z, then {z,y, 2z} is within a triangle and therefore we can apply the
move from Definition 3.3 and deduce that

e1€a... (v, 2)(2,2) ... 6 R er€a... (Y, 2) ... €n.

If y <z and z < z, then since z is not maximal, we can find w € X — {z} such
that w > z. Then

€16z ... (v, 2)(2,2) ... €n R er€a. .. (y,w)(w,z)(z,w)(w, 2) ... €,

~erey. .. (y,w)(w,z)...en.

O

We know that for a path connected space, the fundamental group does not
depend on the choice of the base point. Thus without loss of generality, we can
always choose the base point z to be one of the minimal points. Now imagine that
if we eliminate all the points that are neither maximal nor minimal in X, then we
will be left only with all the maximals and minimals. Call this subspace with only
maximals and minimals Y. Then we have the following corollary:

Corollary 4.2. For any finite poset (X, xo), let (Y, zo) be the subspace that consists
of only mazimals and minimals in (X, xo). Then the inclusion induces an epimor-
phism i, : E(K(Y),z9) = E(K(X),x0), or equivalently, i. : m1 (Y, xz0) = m1 (X, zo).
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Remark 4.3. Note that since there are only maximals and minimals in Y, h(Y") < 2.
Typically, for a non-contratible space X, h(Y) = 2. Also, if X is connected, then
removing middle points will not disconnect the space, i.e. Y remains connected.

Remark 4.4. When h(Y) = 2, we know that /C(Y") is a finite 1-dimensional simplicial
complex, i.e. a finite graph. Since a finite graph is always homotopy equivalent to a
wedge sum of circles, we can assume that K(Y') is homotopy equivalent to \/[", S*.
Therefore, we have

m(Y,20) = E(K(Y), 20) = m (\/ Slﬁo) =7

i=1

Now we can go into the search for minimal finite models of finite graphs:
Theorem 4.5. If X is a minimal finite model of \/;_, S*, then h(X) = 2.

Proof. Take the subspace of maximals and minimals Y. Since X is a minimal
finite model of a noncontractible space, we know that h(Y) = 2. By Remark 4.4,
71'1()/, Io) = Z*m.

By Proposition 4.1, there is an epimorphism i, : 71 (Y, z9) — m1(X,x0). Note
that since 71 (X, z¢) = Z*", thus we must have m > n.

Now consider K(Y'). Since it is a finite graph, in other words, a wedge sum of m
circles, there are m edges that are not contained in any maximal tree of the graph.
If we remove m — n of these edges by forgetting the relations between the vertices,
we obtain a new finite space Z and K(Z) is homotopy equivalent to \/;_, S*.

Note that #Z = #Y < #X. But since X is a minimal finite model of \/_, S*,
we also have #X < #Z. Therefore, #7 = #Y = #X, which implies X =Y. O

The following theorem will conclude our search:

Theorem 4.6. Let j be the number of mazimal points in X and k be the number
of minimal points in X. Then X is a minimal finite model of \/7_, S* if and only
fh(X)=2, #X =min{j+ k| (j — 1)(k — 1) > n} and the number of edges in
K(X) is #X +n — 1.

Proof. We have shown that if X is a minimal finite model of \/]_, S*, then h(X) =
2. Since j is the number of maximal points and & is th number of minimal points
in X, we know that there can be at most jk many edges in K(X). Let E be
the number of edges in IC(X) and V be the number of vertices, then the Euler
characteristic formula tells us that

l-n=V—-E>j+k—jk.

Therefore, we must have (j — 1)(k — 1) = jk—j — k+ 1 > n, and hence #X =
j+k>min{j+k|(G—-1)(k-1)>n}.

Now suppose we have j and & such that (j — 1)(k — 1) > n. Then consider the
finite poset W = {z1,x2,...,2;,91,Y2, ...,y with x5 >y, for any 1 < s < j and
1 <t <k As wecan see, W is a finite model of \/53;11)(1@71) S, But then we
can remove (j — 1)(k — 1) — n edges from K(W) by forgetting the corresponding
relations, and the resulting finite poset would be a finite model of \/}_, S L

Now since for any j and &k with (j — 1)(k — 1) > n we can find a finite model
with 7+ k points, we conclude that #X = min{j+ k| (j —1)(k— 1) > n}, and the
number of edges just follows from the Euler characteristic formula.
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Conversely, suppose we have a finite poset X with A(X) = 2, #X = min{j +
kE|(7 —1)(k — 1) > n} and the number of edges in K£(X) being #X + n — 1. Note
that if X is connected, then we are done, for the reason that K(X) will also be
connected, and the three conditions will determine that K(X) is a finite graph with
the Euler characteristic 1 — n. Therefore, the only thing we need to show here is
connectedness.

Suppose X is disconnected. Let X;, Xs,...,X; be distinct connected compo-
nents in X. Let M, be the set of maximal points in X; and m; be the set
of minimal points in X;. Then j = 22:1 #M; and k = 22:1 #m;. Since
#X =min{j+ k| (j —1)(k —1) > n}, we must have (j —2)(k — 1) < n. But at
the same time, n = F — j — k + 1 by the Euler characteristic formula. Therefore,

G-2)k-1)<E—-j—k+1
jk < E+ (k—1).
Note that jk is in fact the number of edges in the complete bipartite graph
(Ui:1 ™mg, Ui:l Mi). The inequality above shows that IC(X) differs from the com-

plete bipartite graph in less than & — 1 edges.
Since there are no edges between M; and m,. for ¢ # r, we have

l l
k=1 #Mi(k—#mi) > (k= #m;) = (1 - k.

i=1 i=1
This forces | = 1 and hence X is connected. O

This theorem gives a method to compute minimal finite models of all finite
graphs. Unlike the n-spheres, some finite graphs have more than one minimal finite
model, with the same number of points but different arrangements. For example,
the following three are minimal finite models of \/f:1 St

Example 4.7.
[ ] [ ] [ ] [ ] [} [ ] [ ] [ ] L)
Up to this point are the minimal finite models that have been completely under-

stood. But we want to push the frontier a little bit further to some slightly more
complicated spaces and investigate the possible size of their minimal finite models.

5. TOWARDS REALIZING GROUPS WITH FINITE PRESENTATIONS

One fact from algebraic topology is that any group can be realized as the funda-
mental group of a geometric CW complex of dimension less than or equal to two.
The way to do this is by taking a presentation of that group, and gluing a 1-cell
to the base point for each generator of that group and a 2-cell along the 1-cells for
each relation. (Note that if the starting group is free, then we only need the 1-cells,
and the resulting CW complex would just be a graph.)

This makes us wonder whether we can do the same thing with finite spaces, i.e.
realizing certatin groups just by finitely many points, and have a restriction on the
height of the finite posets. Of course, we should point out that we can never realize
a group that requires infinitely many generators, for the reason from Corollary 4.2
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and Remark 4.4 that the fundamental group of any finite space is an epimorphic
image from a finitely generated free group. Nevertheless, for a group with a finite
presentation, we assert that we can always realize it with a finite poset, simply by
subdividing the corresponding CW complex into a simplicial complex and applying
the X functor. The resulting finite poset automactically has height no more than
3. However, we can even assure more with the following theorem:

Theorem 5.1. For any finite poset (X, xo), there exists a finite poset (X', x() with
no more than #X many points, whose fundamental group is isomorphic to that of
X and h(X') < 3. In other words, among all the realizations of a certain group, we
can find such a poset with the least number of elements that has height of no more
than 3.

Proof. Without loss of generality, let us assume that x( is a minimal. We are going
to construct X’ explicitly as the follows.

First copy the subspace Y of all the maximals and minimals in X, call it X’.
Then for any point z that is neither maximal nor minimal in X, put a point ' in
X' with relations:

(1) For any maximal o € Y, let o be the copy of o in X’. Then 2’ < o' if
r<oin X.

(2) For any minimal 8 € Y, let 8’ be the copy of 5 in X’. Then 2’ > 3’ if
x> fin X.

(3) If 1 and x2 are both neither maximal nor minimal, then z{ and z4 are
incomparable in X’.

This construction gives a finite poset X’ with no more than #X many points,
and the third condition restricts the height of the poset to be no bigger than 3.
Now we claim that E(K(X), zg) is isomorphic to E(K(X’), z).

To show this, let us define a map

¢ B(K(X'),x0) = E(K(X), z0)
[(1’6,.7;/1)($/1, m/2) s (x;fla mé))] = [($07 m1)('7317332) s (mn*th)] .

This map is well defined for the following reason: if

erey .. (@ Y)Y, ). e, meey. . (2,2 €,
in (K(X'),xp), then 2, y' and 2’ are within a triangle, which implies that z, y and
z are also within a triagle since the relation on X’ corresponds to a subset of the
relation on X. Thus in (K(X),zg), we also have

e1€2...(,9)(y,2) .. .€n N erea. .. (x,2) ... €p.
Note that this map is a homomorphism by construction.

To show that the two groups are actually isomorphic, we want to define another
map in the reverse direction:

Y BE(K(X),z0) = E(K(X"), zg),

Let ¢ work as follows: for any edge-loop class [0] € E(K(X),z), first use
the equivalence move from Definition 3.3 to shrink the edge-loop ¢ to the stage
(xo,21)(z1,22) ... (Xpn—1,x0) Where x; is bigger than both z;_; and ;4 for all odd
¢’s and smaller tahn both z;_; and ;41 for all even i. Now for each z; with odd ¢,
pick a maximal point y; > z;, and similarly pick a minimal point y; < z; for all the
even i. Collect all the y; in order into an edge-loop £ at xg. It is not hard to see
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that £ is equivalent to o in (K(X), zo). Then since & is an edge-loop that consists
of edges only with maximal and minimal vertices, it has a copy of it in (K(X'), z(),
say ¢’. Now we simply set ¥([o]) = [¢'].

We need to show this map is well defined, i.e., the image does not depend on the
maximal and minimal that are chosen nor the representative of the edge-loop class
in E(K(X),zo).

Without loss of generality, we are going to just look at the case when ¢ is
odd. Suppose we choose the a different maximal z; instead of y;. Then within

(K(X"), 20):

(20, y1) W1 ¥8) - Wi 1, ) (Wi, Yir) - - - (Yr_ 15 20)
(20, y1) W1 y2) - Wi, ) (@5 Yiga) -+ - Wn_1, T0)
(20, y) W1 ys) - Wio1, 20) (z0 Yi1) - - - (Yn—15 20)-

Q

Q

e \ /
PN

! !
Yi—1® ®Yit1

Therefore, the image does not depend on the maximal and minmal points that
are chosen.

Now to show that 1 does not depend on the choice of representative, we can just
check that the image does not change after the equivalence move from Definition
3.3. Notice that ¢ is already assumed to be shrunk to the least, and therefore it is
impossible to use one move to combine two edges into one. On the other hand, if we
replace the edge (z;—1,x;) by two other edges within a triangle, say (z;_1, 2)(z, ;),
and assume without loss of generality that x;_; < z;, then one the following three
is going to be true: z < x; 1, x;_1 <z <x; or z; < z.

If it is the case where z; 1 < z < x;, then it does not change the image at all,
since after shrinking we would get back o.

The other two cases are analogous, and we are just going to consider the case
where x; < z. (Note that even in this situation, we have not mess up the al-
ternating order of maximal points and minimal points, since z will be the new
maximal element instead of x;, and the representative, after shrinking, will be
0 = Tox1...Ti—12%iq1...20.) Now if the y; that we chose before is also greater
than or equal to z, then we are set, because we can use y; again for the maximal
that extends z. The only “bad” situation is the left hand side of the following
diagram, when z is incomparable with y;:
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.yz

.
o

~. .7
PN W

Ti-1® ®Tit1 ylfl. .szrl

Yi—19 *Yit+1
But this is actually not bad at all, since as we can see in (K(X'), z(),

(20, ) W1 ya) - Wi ) Wi Yigr) - - - (Yr— 1, 0)
~ (0, ) W ys) - Wi, @) (@ Yy - (W1, )
~(20, 1) (W1 Y2) - - Wi, w' ) (W' yig) - (Y1, %)

Therefore, the image does not depend on the representative of the edge-loop class
in E(K(X), zo) either, and we conclude that the map v is well defined.

Note that v is also a homomorphism by construction. Moreover, if we take any
edge-loop class [0] € E(K(X),xo), we can choose the representative o to contain
only maximal and minimal points, say o = (2o, y1)(Y1,¥2) - - - (Yn—1,%0). Then we
have

po(lo]) =¢ ([(%a ?/1)(3/1,2/5) e (y;_l,xf))]) = [(w0,y1)(y1,¥2) - - - (Yn—1,20)]-

Conversely, if we take any edge-loop class [¢'] € E(K(X'),x(), we can also
choose the representative £ to contain only maximal and minimal points, say

& = (@b, v)(Yh,vb) - .. (Yl_1,24). Then we have
Yo ¢([€']) = o ([(wo,y1) (W1, ¥2) - - (Un—1,20)]) = [(20, 1) (W15 ¥5) - - - (Y15 20)]-

From these evaluations, we see that ¢ and v are actually inverses of each other,
and hence F(K(X), zg) is isomorphic to E(K(X'), zj). By Corollary 3.6, we deduce
immediately that (X, z0) and (X', 2{,) have isomorphic fundamental group. O

Since we have fully explored the case of finitely generated free groups in the
previous section, in this section we will only focus on non-free groups with finite
presentations. Note that the fundamental group of a poset with height no more
than 2 is free, thus we are only focusing on finite realizations with a height of
exactly 3.

One good thing about a finite poset with a height of 3 is that all the middle
points now are unrelated to each other. Recall from Proposition 4.1 that, for a
finite based poset (X,xzg) (z¢ is assumed to be a minimal) with the subspace of
extremals Y, there is an epimorphism from (Y, z0) onto 71(X,xg), and since
h(Y) < 2, m (Y, zp) is free. Hence the subspace Y gives us the generators of the
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fundamental group, and the middle points induce relations on 71 (Y, o) to make it
into 1 (X, x0), or equivalently, making E(IC(Y), zo) into E(K(X),zo).

If we recall the notion of upbeat and downbeat points from Definition 1.6, we
see that if a middle point is an upbeat or downbeat point, it can be removed with-
out changing the weak homotopy type, and in particular the fundamental group.
Therefore, when we try to realize certain group with as few points as possible, all
middle points in the realization should be connected to at least minimal points and
two maximal points. But then this implies that in (X)), any edge that contains a
middle point must belong to a triangle, and adding a middle point is the same as
gluing triangles onto K(Y).

Now suppose that there are two equivalent edge-loops £ and ¢ in K(X) at zg
that consist of edges between extremals only (i.e. edge-loops that are originally
in K(Y)). By definition of edge-loop equivalence, there exists a finite sequence of
edge-loops {&; | 0 < i < n} at g such that £ = & and &' = &,, and ;11 is obtained
by applying the equivalence move we defined in Definition 3.3 to &;. Since we know
that each move must take place within one triangle, thus each move, which can be
viewed as a relation, is induced by only one triangle. But since each triangle only
has vertices of one maximal, one minimal and one middle point x only, it also exists
in Y U {z}. Therefore, we have the following proposition:

Proposition 5.2. Let (X, xo) be a finite poset with h(X) < 3 and let (Y, xzg) be the
subspace of extremals (assuming xqg is a minimal). Suppose x1,x2,...,2, are the
middle points in X. Then we can look at the subspace Y U{x;} for each 1 <i<mn
and consider the relations that x; induces on 7 (Y, x0). Let ri,rs. r}n be these
relations. Then
Fl(X,l'o)gﬂl(K(ﬂo)/ U {7’;}
1<i<n
1<j<m;
So what relations does one individual middle point induce on 7 (Y, z¢), or equiv-
alently, E(K(Y),z0)? Note that we are only interested in middle points that are
connected to at least two maximals, which looks like the following Hasse diagram:

Yyi® Yoo *Yn

o
T

Z1® 290 Zm

Tre

If we consider the corresponding part in the subspace Y, the Hasse diagram is
the following:

yl. y2. e .yn
z1® z220 e OZm

As we can see, if we apply the K functor to this part of the subspace Y, we
obtain a complete bipartite graph ({y;}, {z;}), and any two maximals with any two
minimals form a loop. After we include the middle point x, all these loops become
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trivial. Therefore, the relations that the middle point 2 induces on E(K(Y),xo)
are just
YisZj1 Yin ZjaYin = €, 1 <ipig <nand 1< jp,j2 <m

This provides another way to compute the fundamental group of a finite space X
with h(X) = 3 (one way that we mentioned was by computing the H-loop group).
Theoretically, one can write a program according to this method to compute the
smallest size of a height 3 poset that we need to realize certain group with finite
presentation. The reason why this is important is the following final remark:

Remark 5.3. For any group G with a finite group presentation, if X is one of the
smallest finite posets of height 3 that has G as a fundamental group, then X is
a minimal finite model of [KC(X)|. This is because if Z is another minimal finite
model of [I(X)]|, then we can first reduce Z to Z’ according to the previous theorem.
Note that Z’ also has G as its fundamental group, and by assumption we know that
#X < #7' < #Z. Therefore, X is a minimal finite model of |IC(X)].

At the end, we propose the following conjecture about minimal finite models of
RP2, which can be proven with some computation and the remark above:

Conjecture 5.4. The smallest finite posets of height 3 that realize Zo have cardi-
nality 18, and the following one is a minimal finite model of RP2.
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