MARCINKIEWICZ INTERPOLATION

GUO CHEN

ABSTRACT. In this paper I present some interpolation theorems used in real
analysis. Such results allow one to bound the norms of linear or non-linear
operators acting on LP spaces. One such estimate, the Marcinkiewicz inter-
polation theorem, is effective in establishing bounds for non-linear operators
such as the important Hardy-Littlewood maximal operator. Marcinkiewicz’s
theorem can also be applied to the Hilbert transform, a widely used linear
operator in Fourier analysis. Such operators are important, for instance, in
proving Carleson’s theorem on the almost everywhere convergence of Fourier
series of LP functions.
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1. INTRODUCTION

The use of interpolation theorems is the first step in proving Carleson’s theorem.
Carleson’s theorem states that if f is an L? periodic function for some p € (1,00)
with Fourier coefficients f(n), then

Jim n% fn)e™ = f(x)

for almost every x. Understanding the estimates involved in various interpolation
theorems is crucial in establishing the properties of several important operators
used in the proof the Carleson’s theorem.

2. BASIC SETTING

We take f to be a real-valued function defined on the closed interval [—A, A] and
suppose that f € L'([—A, A]). The Lebesgue measure on R is denoted by m.
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Definition 2.1. Suppose y € R;. The function Ay : Ry — [0,2A] defined by
Ar(y) =m({z € [-A Al[|f(2)] > y})
is called the distribution function of f.
It is immediate that 0 < A;(y) < 24 for any y € Ry and Af(y) — 0 as y — 0.
Since {z € [-A4,A]||f(z)| > a} C {x € [-A,A]||f(x)] >b}ifa>b>0,Arisa
decreasing function. Moreover Ay is continuous from the right because
. 1
Unci{z € =4 AN f(2)] >y + ) = {z € [-4, 4] [f(2)] > y}
for y € R. Therefore )\; is a measurable function.

We consider an operator T from L*([—A, A]) into the set of all measurable functions
on [—A, A]. The operator T will not necessarily be defined on all of L!([—A, A]). At
the very least, we assume that 7 is defined on all simple functions and all continuous
functions. This ensures that the domain of T is dense in L'([—A4, A]).

In the following, T' will either be a linear operator or a sublinear operator.
Definition 2.2. An operator T is sublinear if it satisfies
|T(af)| = |a||Tf| for any o € R
T(f +9)l <ITf[+1Tg].
Here f and g are any functions in the domain of T'.
We now classify operators by the type of bounds they satisfy.

Definition 2.3. The operator T is of (strong) type p, where p € [1,00] if there
exists a constant A, € Ry such that

T fllp < Apllflp
for all f in the domain of T
Note that if the operator T is of type p with p € [1,00], then T can be extended to

all of LP([—A, A]) by continuity because the domain of T is dense in LP([—A, A)]).
Thus T is a bounded operator defined on all of LP([—A, A]).

Definition 2.4. The operator T is of weak type p , where p € [1,00) if there exists
a constant A, € Ry such that

Ars () < (";) 1711

for all f in the domain of 7" and y € Ry.

If the operator T is of type p then T is of weak type p. To see this, suppose T is of
type p for p € [1,00), and note that for y € Ry we have

il = [ TP = s )

by the definition of the distribution function of T'f. Upon rearranging the last
inequality and using the type p bound, we have

1 D AP : D
ATf(y)Sy—p|le||p§ m 111

so T is of weak type p, as required. We also introduce the following related concepts:
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Definition 2.5. The operator T is of restricted type p , where p € [1,00), if there
exists a constant A, € Ry such that

1
ITxEllp < Apllxell, = Ap[m(E)]?
for all measurable sets E C [—A, A].
Definition 2.6. The operator T is of restricted weak type p , where p € [1,00), if

there exists a constant A, € Ry such that

AP A\
) < 2 el = (22) i)
Y Y
for all measurable sets E C [—A, A].

Of course an operator of type p is also of restricted type p, and the same is true
for an operator of weak type p. In the same way that we showed why an operator
being of weak type p is weaker than an operator being of strong type p, we can
show that an operator of restricted type p is also of restricted weak type p.

3. MARCINKIEWICZ INTERPOLATION

Our aim is to prove a result, the Marcinkiewicz Interpolation Theorem, that allows
one to bound the norms of operators acting on LP spaces. We first need to relate
the distrbution function Ay to the p-norm ||f||, of f via the following lemma.

Lemma 3.1. If f € L'([—A, A]) then for p € [1,0)

A1 = / F(@)P di = / Py A () dy,

— 00

and in particular
17l = [ As)dy

Proof. We may rewrite || f|[ as

/_Z |f(@)|P do = /_O:O (/Olf(x)lpy”‘ldy> dx.

Applying Fubini’s theorem to the expression on the right, we obtain

o [ plf(@)l o
/ (/ pypldy) dz :/ " A (y) dy,
— 0 0 0

as required. (I
We now prove the first interpolation result.

Theorem 3.2. Suppose that T is of restricted weak type p and q, where 1 < p <
q < 00. Then T is of restricted type r for all v € (p,q).

Proof. Fix a measurable E C [—A, A]; let A(y) denote the distribution function of
T'xg. By hypothesis there exist constants C,, and C, such that

A < (L) i) and 26 < (S2) i)
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for all measurable sets F and all y € R,.. By the previous lemma, we have

o) 1 )
HTXEHI:T/ y My dy = r/ yr‘lA(y)dy+r/ y" ' A(y) dy
0

0 1
1 0
r-m(E) {/ yT_p_ng dy + / yr‘q—lcg dy}
0 1

1 1
= rm(E){CgT—p+ng—T},

where the inequality follows from the hypotheses and the last line follows by eval-
uating the integrals in the second line (note that r — g — 1 < —1). Put

1 1
Cr:ﬁ.{cg. +Cl- }
rT—p q—rT

IN

for r € (p,q). Then
1Txel, < Crlm(E)]*,

so T is of restricted type r, as desired. a

Note that C, is bounded as long as r € (p, q). Informally, this result tells us that
having weak boundedness at the extremes p and ¢ is enough to obtain strong
boundedness inside the interval. The Marcinkiewicz result, which we prove now, is
of similar flavor. Note that Theorem 2.2 is not a consequence of Marcinkiewicz’s
theorem. An operator being of restricted weak type p and g does not imply it is of
weak type p and ¢, so if an operator T is of restricted weak type p and ¢ but not
of weak type p and ¢, Theorem 2.2 applies but Marcinkiewicz does not.

Theorem 3.3. (Marcinkiewicz) Suppose that T is a sublinear operator of weak type
p and q, where 1 < p < g < oco. Then T is of type r for allr € (p,q).

Proof. By hypothesis there exist constants C}, and C, such that

q

C \? C
Mﬂw<<;)lm£wdhﬂw<<;)lﬂé

P =9
Put C' = Cy 7 C¢™". We introduce the functions f¥ and f, for a fixed y € Ry by
z) if|f(x)| <C 0 if |f(z)| <C
= [f@ HlE@I<Cy i 1f(@)] < Cy
0 if | f(z)] > Cy flx) it [f(z)| > Cy
Clearly f(z) = fy(x)+ fY(z) and the sublinearity of T gives
Ar(2y) < Arg, (y) + Arga (y).-

The right-hand side of the above is, by assumption, smaller than

cwﬂ/ mww%m%ﬂ/\ﬂme

Then by Lemma 2.1,

oo

T £l =/O p(2y)" " Ars (2y) d(2y) =p-2”/0 Y s (2y) dy.
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By the inequality just established, the last quantity is smaller than

p2P {/ Chy PyP~t (/ If(m)lpdaf) dy+/ Clyayp=t (/ f(w)lqdfC) dy}
0 1f(2)]>Cy 0 If(2)|<Cy

Using Fubini’s theorem to interchange the order of integration, this expression is
equal to
£ @)1

P2 {o;; | i@ ( s dy> darcy [ If@r ( L, ydy> dz}

C

1 (e.¢] 1 oo
— .92 lororr. r qca-T . ] T
=p-2 {CpC T_p/_oo|f(ac)| dz + ClC q_r/_oo|f(;v)| dx}.

a5 .
777 the above expression is equal to

Since CHCP~" = CICI™" = C,I,)Z’; Nex

pi=r  qi=Z 1 1
A A P e 1AL

Thus we have shown ||Tf||" < K.||f]|, where
g-r —p 1 1
KT:p.2p.ngp.ngp'{ + }a
r—p q-—r
so T is of strong type r for all r € (p, q), as desired. ([

In a similar way we obtain a result that will be useful in further applications.

Theorem 3.4. Suppose that T is a sublinear operator of weak type p and of strong
type 0o, where p € [1,00] Then T is of type r for all r € (p, 00).

Proof. We use the same notation as in the proof of the last theorem. By hypothesis
we have

Cp p »
Ars(y) < (y) 171

and ||Tf||lsc < Cusl|f|lso- Choose the constant C' = &—. Then || f¥||oc < 7y and

I|ITf¥||sc <y, and consequently Arsv(y) = 0. Then

Ar(2y) < Ary (y) < CPy / 1y (@)P de,

and exactly as in the proof of the last theorem,

<2 ()
r>p p Coo r—p re
Thus T is of type r for all r € (p, 00), as desired. O

4. HARDY-LITTLEWOOD MAXIMAL FUNCTION

We now consider the Hardy-Littlewood maximal function and derive estimates for
this function via Theorem 2.4.

Let f € L'(R). We define the mazimal function 0 by

x4+t

1
0f(x) = s ] |f(y)|dy, = e€R.
+ T—
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The function 6f is measurable for each f € L'(R). To see this, first note that f is
lower semicontinuous because it is the supremum of continuous functions. Moreover
the operator 6 is a sublinear operator defined on L!(R).

Theorem 4.1. The operator 0 is of type oo and of weak type 1.

Proof. Tt is clear that 6 is of type oo since the average of a function is no larger
than its essential supremum. For the weak type 1 bound, we may assume that f
is of compact support. We can do this because functions of compact support are
dense in LP and so we may approximate any function in the domain of T" with a
function of compact support. We may also assume f is nonnegative. Let y € R,.
Take x € {t|0f(t) > y}. By the definition of the least upper bound, there exists

r € R, such that
1 xT+T

o | lwld >y

Thus to each x € {¢t|0f(t) > y} we can find an interval I, centered at x such that

/I £t dt > y-m(L).

As f has compact support, the set {6f > y} is bounded, and we may suppose that
all the intervals I, are contained in the interval [—B, B]. By the Vitali covering
lemma, there exists a sequence {I,,} of pairwise disjoint intervals such that

1
m (U;.zozlln) Z Zm (Ulll)
Then

Nog(y) <m{z|0f () > y}) <m(Uply) < 4m(UpLi1,) <4 m(I,)

1 4 4
< 2 [ twa= [ swas i

n IW,

so f is of weak type 1. O

Note that 6 is not of type 1. If we let f(x) = X(0,1)(2), then 6 is not even integrable.
Thus an operator of weak type p is not necessarily of type p as well.

Corollary 4.2. The operator 0 is of type p for all p € (1,00).

Proof. Since 6 is of type oo and of weak type 1, a direct application of Theorem
2.4 gives the desired result. (]

5. CONCLUSION

As demonstrated by the application in the previous section, Marcinkiewicz’s the-
orem allows one to derive rather strong estimates from a basic hypothesis. Often
times it takes some work to establish the basic hypothesis, but once this is done,
Marcinkiewicz is used to reveal an entire range of estimates for the operator under
consideration. The advantage of using Marcinkiewicz is that it can be applied to
non-linear operators such as the maximal operator in the previous section as well
as linear operators. Consequently, Marcinkiewicz’s theorem can tell us something
about any of the important operators used throughout Fourier analyis. This makes
it an invaluable tool.
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