Limit Computable Sets and Degrees

William Chan

Abstract. This paper will study sets and degrees containing sets that are determined as limits of computable
approximations. By the Shoenfield Limit Lemma, the limit computable sets are precisely the degrees below
(). In particular, the paper will study limit computable sets by classifying them according to bounds to the
number of changes to elements in various approximations of the sets. This leads to the n-c.e., w-c.e., and
AY classifications. The paper will show these characterizations of sets and degrees are proper at various
levels. Properties of n-c.e. sets particularly concerning the non-existence of n-c.e. minimal degrees will
be developed in this paper. These classifications will also provide some insights into the structures of the
Truth-Table Turing Degrees.
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1. Basics

All sets are subset of w = {0,1,...,}, the natural numbers. A set A is identified with its character-
istic function y 4 defined by
1 ifzeA
xa(z) =

0 ifagA

Also, one writes A(x) =4 xa(z).

P, denotes the et" Turing program. @, denotes e Turing functionals which is associated to P.. ®2
denotes the e A-partial computable function which has oracle A. <I>g is the et partial computable functions.
The total A computable functions are the total partial A computable functions. ®2(x) | denotes the function
converges; ®4(z) 1 denotes the function diverges. If ®(x) |, then o2 (z) is defined to be the largest number



used in the oracle for the computation of ®2(z). If ®2(z) 1, then p2(z) 1. If e, 2,y < s and P. computes
@/ () = y in less than or equal s steps, then @2, () =qm P (2); otherwise ®Z,(z) 1. More generally, if the
set A is also given in stages (such as some enumeration) {A;}sew, one writes concisely, @2 (x)[s] =am ®s ().
Similarly for 2 (z). The domain of ®4 is denote WA. W;}S is the domain of fDéS.
A relation relation R is £33, IIJ, and A if and only if R is computable. A relation R(z) is X0 if

R(z) = (Fy1) Vy2)...(Qyn)C(x, y1, ..., yn) for some computable relation C(x,y1, ..., Yn, ) where @ =V if n is
even and Q = Jif nis odd. R(x) is IV if R(z) = =S(z) for S € £2. A relation R(z)is A2 if R € 20NIY. A
relation R(x) if arithmetical if R € X0 for some n. A set A is ©2, 1Y, A% or arithmetical if A = {z : R(z)},
where R has that property, respectively.

Proposition 1.1 The function (-,-) : w X w — w defined by (z,y) = w

is a bijection.

Proof : Note the numerator is always even so the function is well-defined. Say that (z,y) is in level n if
x +y = n. Within a level n, define the ordering (z1,y1) <, (22,y2) if and only if #; <, x2. Define an
ordering on w X w having (z1,y1) < (x2,y2) if and only if x1 + y1 < x2 + y2 (i.e. (x1,y1) is at a lower level
than (z2,y2)) or (x1,y1) <n (z2,y2) where n = 1 + y1 = 22 + yo.

To show (-, ) is bijective, it suffice to show that (0,0) = 0 (value on the least element), and the function
monotonically increases by 1. First, (0,0) = w = 0. Next, within every level, the function
monotonically increases by 1. This holds for level 0. Inductively assume that it holds for n — 1 for n > 0.
In the defined ordering, (i,n —I) < (i + 1,n — ¢ — 1), and there are no ordered pairs in between, where
0 <4 <n. Thus, (i,n—1i) = "2+22i+" < "2+§i+" +1= ”ZJFZ’%H’Q = (i+ 1,n — i —1). Thus this holds for
all levels.

Next, the value of function on any element of higher level is greater than the value of the function on
any element of a lower level and increase of the value of the function between levels is by 1. It is clear this
holds for level 0 and level 1. Suppose this holds for all level less than n. By the previous paragraph, the
value of the function occurs on (n,0). The smallest value of the function on level n 4 1 occurs at (0,n + 1).
(n,0) = ”253” < "2+§"+1 +1= "2+g”+2 = ("+1);+"+1 = (0,n + 1). Note, that between levels, the function
increases by 1. Thus the function increases monotonically by 1. The function is bijective. |

A bijective function from w X w — w is called a pairing function. Proposition 1.1 proves there exists a
pairing function. Furthermore, there exists a bijection from w™ — w for all n. It is given by (z1, 22, ..., zp) =
((..{{x1,22), T3)...), T

Define the function 7}*(z) = z; for i < n where z; is the number such that (z1,...,z;,...,z,) = z. Call
this function the projection onto the i*" coordinate of the n-tuple representation of x.

Definition 1.2 Let F' = {zq,...,x;} be a finite set (x; # z; for all 0 < i < j < k). The strong index
for F'is the number n =qg, 2%° + ... + 2%, and one says that F' = Dy,). A computable approximation
for A is a computable function f such that for all s, D) C [0,s) and for all z, A(z) = lim, Dy (z). A
is limit computable if there is a computable approximation for A. Also, one says {A;}se, is a computable
approximation for A if and only if there is a computable approximation f such that Dy = A for all s.

In practice, one may have D) # () (in particular be the set {0}) and allow s € D).



Definition 1.3 Define the Turing functional J as follows:

X _ 0 @f(e)T
! <e>_{1 2(e) |

X" = dom(JX)

Definition 1.4 A set A is w-c.e. if and only if there is a computable approximation {As}sec, of A and a
computable function f such that [{s: As(x) # Asi1}| < g(x). For some n € w, a set A is n-c.e. if and only
if A is w-c.e. via a computable function g such that g(z) <n for all x.

Definition 1.5 A set A is c.e. in a set X if and only if there exists a e such that A = WX for some e € w.
Ais ce. if X =0.

Theorem 1.6 The following are equivalent :
(1) Ais ce.
(2) A=0or A= f(w), i.e. is the range of a computable function f.
(3) Ais X%

Proof : Suppose A=W, () is a c.e. set. Suppose A # ), then let b € (). Define

b et@n
=2 ]

then A = f(w).
If A=, then Ais X{. Suppose A = f(w) for some computable function f, then A = {z : (Jy)f(y) = z}.
Suppose A = {z : (Jy)R(z,y)} where R is computable. Define the computable function © as follows:

o(x) = {o (W) R(zv)

T otherwise

then A = dom(O). O

Proposition 1.7 A set A is computable if and only if A and A are c.e.

Proof : Suppose A = <I>g. Define O as follows:

if ®0(x
6(1'){0 £ 90(z)

1
1 if®%x) =0

© is computable and A=0. Thus 4 is computable. All computable sets are c.e.
Suppose A and A are c.e. That is, A = We@ and A = W? Define ¥ as follows:

1 it el |
‘I’(“’)_{o if ®9(x) |

U is well defined since AN A = (), and it is total computable because A U A = w. Thus A is computable



since A =W, O

Proposition 1.8 A set A is 1-c.e. if and only if A is c.e.

Proof : Suppose A is 1-c.e. via the computable approximation {A;}se,. Then A = {x : (3s)(As(x) = 1)}.
The defining property is a 3} relation.
Suppose A is c.e., then A = W?. Then {Wgs}seu, is the required computable approximation. O

If aset Aisc.e. and A= Wg, then define Ay =4 wo

e s 1As}sew is the standard computable enumera-
tion of A.

Definition 1.9 A set D is d-c.e. if and only if D = A — B for some c.e. sets A and B.

Proposition 1.10 A set D is 2-c.e. if and only if D is d-c.e.

Proof : Suppose D is 2-c.e. by the computable approximation {D,}sc,. Define A = {z : (3s)(z € D,)}.
Define B = {z : (35)(3t)((t > s)A(z € Ds)A(z ¢ D;))}. A and B are c.e. because they are Y. D = A— B.

Suppose D = A— B for c.e. set A and B. Then Dy = A; — By is the required computable approximation
of D. ]

Theorem 1.11 For all k € w. C is 2k-c.e. if and only C'is the union of k£ d-c.e. sets. C is 2k + 1-c.e. if and
only if C' is the union of k d-c.e. sets and a c.e. set. Moreover, if C' is 2k-c.e. if and only if C' is of the form
C = (A1 — B1)U...U (A — By) where A;, B; are c.e. and A} D By D A2 D ... D Ay D By. Cis 2k + 1-c.e.
if and only if C' = (A; — B1)U...U (A — B) U A1 where A;, B; are c.e. and A1 D By D As D ... D Agys.

Proof: Suppose C'is 2k-c.e. with computable approximation {Cs}sec.. Define 4; = {z : (3s1)...(Is2i-1)((s1 <
e < 82i-1) AN (Csy (1) = 1) A (Csy () = 0) A ... A(Csy,_, () = 1)) }. Define B; = {z : (Is1)...(3s2:)((s51 < ... <
52)) A (Cs, (1) = 1) A (Cyy(x) = 0) A ... A(Cs,, () = 0))}. For each i, A; and B; are c.e. because they are Y.
C = (A — By)U...U (A — Bg). Similarly for the odd case.

Suppose C' is union of k d-c.e. sets, say C = (A1 — B1)U...U (A — By). Let Cs =qpm (A1,s —B1,s)U...U
(Ak,s — Bi,s). {Cs}sew is the required computable approximation. Similarly for the odd cases. |

The following is a well-known result by Joseph R. Shoenfield. AY refers to the arithmetic hierarchy.

Theorem 1.12 The following are equivalent:
(1) A is limit computable.
(2) Ae AS.
(3) A<y 0.

Proof : Suppose A is limit computable via a computable approximation {As}se,,. Then A = {z : (Im)(Vn)(m <
n= A,(s)=1)}and A= {z: (3m)(Vn)(m <n= A,(s) =0)}. A€ AJsince A € Xy and A € II3.

Suppose A € AY. That is, A = {x : (3m)(Vn)R(m,n,2)} and A = {z : (3m)(¥n)S(m,n,z)}. To com-
pute whether z € A, use (' to find the first m such that (Vn)R(m,n,z) or (¥n)(S(m,n,z) holds. If the first
holds, then = € A; if the latter, then ¢ A. One of the case must hold since z € A or x € A.



Suppose A <r @'. Since @ is c.e., there exists a computable enumeration {{)/,}sc,, of A . Let A5 = {z :
@/
Dezs(z) =1} O

A set that satisfies any of the three equivalent condition in Theorem 1.4 is called AY.

Definition 1.13 2<% is the set of finite binary string. Let 0,7 € 2<%, o < 7 denotes that ¢ is a prefix or
initial segment of 7. o7 denotes the concatenation of the two strings. There is a bijection w — 2<% given
by (o) = n such that 1o is the binary digit representation of n + 1. |o| is the length of o.

2¢ is the set of infinite binary strings or functions w — {0,1}. If ¢ € 2<% and f € 2%, then ¢ < f
denotes that o is a prefix or initial segment of o. For all n, f | n is the finite string o of length n such that
o(z) = f(z) for all 0 < & < n. f [[ n is the finite string o of length n + 1 such tha o(x) = f(x) for all
0<z<n Let AC2<¢%. [A]l={f: (f€2)AN(En)(f Ine€ A)}. If 0 € 2<¥, then [o] = [{c}]. If T C 2<¥
such that if 0 € T and 7 < o then 7 € T, then T is called a tree. [T] = {f : (Vn)(f [ n € T}. The elements
of [T] are called paths through T. Let T = {[A] : A € 2<¥}. Then (2¥,7) is a topological space called
Cantor Space. Equivalently, T is the topology generated by [o] for all ¢ € 2<“. The closed sets are the [T
for T' a tree.

Theorem 1.14 (1) (Weak Konig’s Lemma) If T is an infinite tree, then [T] # ().
(2) (Compactness and Effective Compactness) 2¢ is compact. If A is computable and [A] = 2¢, then
there exists F' C 2% and F finite such that [F] = 2% and F' can be found uniformly from A.

Proof : Since T is infinite, there exists infinitely many o € T such that 0 < ¢ or there exists infinitely many
o € T such that 1 < o. Define f(0) = 0 if 0 have infinitely many extension on T or f(x) = 1 if 1 has
infinitely many extensions on 7. By induction, suppose that f [ n has been defined and for all k < n — 1,
f I k has infinitely many extension on 7. Thus (f | n)0 or (f | n)l has infinitely many extensions on T
Define f(n) = 0 if the first holds and f(n) = 1 if the latter holds. Thus f € [T7].

Assume that there are no finite subset F' C A such that [F] = 2. Define for all n, F,, = {0 : (0 €
A) A (lo| < n)}. This set is computable since A is computable. Since [F] # 2¥, there exists a string o
of length n such that no initial segment of ¢ is in A. Let o, be the first string (in lexicographic order) of
length n with the above property. Define T,, = {7 : 7 < 0,,}, and note that T,, N A = 0. Let T = Upc\Ty.
TNA=4{. T is an infinite tree; thus, by part 1, there exists f € [T]. f ¢ [A]. Thus [A] # 2. Therefore,
such a finite set F' exists. To find T, find the least n such that for all o such that |o| = n, there exists a
7 € A such that 7 < 0. Then [F,] = 2¥. This process is uniform since everything could be computably
determined. |

Definition 1.15 A <,, B (“many to one” reduction) if and only if there is a computable function f such
that z € A if and only if f(z) € B.

Definition 1.16 A <,;; B (“weak truth table” or “bounded Turing” reduction) if and only if there exists
e and a computable function f such that A <7 B via A = ®5 and ¢Z(z) < f(x) for all z.

Definition 1.17 A <;; B (“truth table” reduction) if and only if there exists a e such that A <r B via



A = ®B where ®, is a total Turing functional, .i.e. for all Z € 2%, ®Z is a total function.
Proposition 1.18 If A <,,, B, then A <pr B, A <, B, and A <y B.
Proposition 1.19 A is c.e. in X if and only if A <,,, X'.

Theorem 1.20 (1) A <4 B if and only if there exists a computable function f such that,

(Vo) |[re A= \/ (0 < B)
0€D(a)

D, is the finite set introduced in Definition 1.2.
(2) A Stt B if and only A Swtt B.

Proof : Suppose A <; B by the total Turing function ®,. Then let B, = {0 : (I)gylﬂl(x) 1}. Since, @, is a
total functional, [B,] = 2¥. By Theorem 1.14 (2), there is a finite F,, C B, such that [F,] = 2. Further,
since B, is computable, this F; is known uniformly. Thus, the finite set F}, = {0 : (0 € Fo)A(®7 |, (x) I=1)}
is also known uniformly. That is, there is a computable function f such that Dy = F.
Conversely, suppose given f, then define the total Turing functional © as follows

0¥ (2) = {1 if (30)((0 € Dya) A (0 < X))
0 if otherwise

A Stt B via @B.
By (1), let f be function as above. Define g(z) = max{|o| : ¢ € Dy(;)}. Then A <,y B via ©F defined
above and the function g(x) bounds the use. O

Theorem 1.21 The following are equivalent
(1) A is w-c.e.
(2) A<y 0
(3) A<uu 0

The reduction and sets are effectively obtained.

Proof : Suppose A is w-c.e. via {As}scw and the computable function g. Define the c.e. set C in stages.
Co = 0. Suppose C;s_1 has been defined, for each = < s, if A,_1(z) # Ay(x), then enumerate (z,i) where i
is the least number such that (z,i) ¢ Cs_1. Let C = Use,,Cs. (Note C is c.e. since {Cs}scw makes C' 1-c.e.
and using Proposition 1.9). Define the total Turing functional © as follows

N I
& (@) {1 (i) (i

where (ui)R(7) means the least 7 satisfying R. A <y C and C <, @' since C is c.e. Thus C <y @' by
Proposition 1.18. A < @’ by transitivity of <.

A<y 0, then A <,y 0" by Theorem 1.20.

Suppose A <, O via <I>g/ and a computable function h(z) that bounds the use. (' is c.e. since
0/ <, 0" and Proposition 1.19. Let {{.}sc, be l-c.e. approximation of /. Let As(z) =gm {z : (z <

s)A (@Z)%,rh(m)ﬂ(x) J=1}. The computation only changes if a number less or equal to h(x) enters (/. A;(z)

g(x)) A ((z,3) € X) is odd or no i < g(z) exists.
g(x)) A ((z,3) € X) is even.

IAIA



can change at most h(z) times. A is w-c.e. via {A;}sew and bound h(x). O

2. Properly n-c.e., Properly w-c.e., and AJ-not-w-c.e. Sets

Suppose n = 2k for k € w. For each z, suppose z = (xf,y7,...,x%,y}). Let E} = Wye — Wy U
. UWyz — Wy-. By the bijection in Proposition 1.1 and Theorem 1.12, all 2k-c.e. sets occur as E, for
some z. Similarly for the odd n = 2k + 1. In this way, all n-c.e. sets occur as E7 for some z. Define
EZ g =Wazs =Wy s U UWyz s — Wz .

z
1

Definition 2.1 A n-c.e. set which is not n — 1 c.e. is called a properly n c.e. set. A w-c.e. set which is not
n-c.e. for all n € w is called a properly w-c.e. set.

Theorem 2.2 For all n, there exists there exists a properly n + 1-c.e. set.

Proof : This theorem shall be proved by creating a set C = Ay — By U ... U Ay, — By, U Ag41, where A;
(1<i<k+1)and B, (1 <j<k)are ce. sets, and C satisfies the following requirements for all z:

R.:C#E?
P:Cisn+ 1l-c.e.

The construction is as follows: At stage 0, define Ay = {0} and A; =@ forall1 <i<k+1and B; =0
for all 1 < j < k. At stage s, do the following for each z < s:
(Case 1) If s — z = 0, then enumerate z into A ;.
(Case2) If s—z>0and z € E?,_, — E? then find the largest j such that z € A; ,_1 and enumerate

z,8—z z,5—2z—11
z into Bj ,.
(Case 3) If s—z>0and 2z € E7, . | — E],__, then find the largest j such that z € B; 1 and put z into
Aji1 s
Jj+1,s

After this has been done for all z < s, define A; ; and B, (1 <i<k+1,1 <j <k) to be the set formed
by putting in all the elements specified by the construction.

Let C =4 A1 — B1U...UA, — By UAg,1. Note all A; and By are c.e. by Proposition 1.9. C satisfies P
by Theorem 1.12. R, is satisfied for all z since by construction, Cs(z) # E7,_,(z), C(x) = lim, Cs(x), and

Z,5—2

this limit exists since C,(2) # Csy1(2) if and only if ET, (2) # EZ,_,,1(2). Since (E? ,(2))sec. reaches a
limit, so does (Cs(z))sew. The odd case is handled similarly. O

In the above proof, the constructed set was given by an explicit construction of the union of difference
of c.e. sets (and one c.e. set). Later constructions will merely give the computably approximation of the
set to be constructed. The terms “put into” or “remove” will frequently be used to indicate the action to
define Agy1(x) = 1 (with implicit assumption A,(z) = 0) and the action to define Agy1(x) = 0 (with implicit
assumption Ag(z) = 1), respectively.

Theorem 2.3 There exists a properly w-c.e. set.

Proof : This theorem is proved by constructing a set C' which satisfies the following requirements for all z,

R.:C + E"®)

73 (2)



P:C is w-c.e.

The construction is as follows: At stage 0, let Cy = {0}.
At stage s > 0, do the following for all z < s:
(Case 1) If s — z = 0, then put z into C.

Case2) If s—z>0and z € Eﬂi(z) — Eﬂg(z) , then remove z from Cs.
w2(z),z—s 735 (z),z—s—1
2 ’ 2 )
2 2
(Case 3) If s—z>0and z € E;T%l((j))7z—s—1 - E;Tgl((j))’z_s, then put z into Cs.

After doing this for all z < s, define Cy to be the set formed by enumerating or removing the specified
elements of stage s of the construction.
Let C(z) = limse,, Cs(z). The limit exists, since each Ey is a n-c.e. set. For each z, R, is satisfied since

Cs(z) # E® (z) for all s. C is w-c.e. by the computable approximation {Cs} and the computable

73 (2),2—s
function 72. O

Theorem 2.4 There exists a A9 set that is not a w-c.e. set.

Proof : The construction will produce a set C. By the Shoenfield Theorem 1.4, one must have C <t (/. By
Theorem 1.21, a set E is w-c.e. if and only if it is F <y (/. By Theorem 1.20 (1), all truth table reduction
are associated with the “truth table” given the computable function f. Hence, the theorem shall be proved
by constructing a set C' <r @/ which satisfies the following requirements for all z.

R.: (8%2) ) = (z€C)A /\ (c£0) |V ](z¢O)A \/ (=<0

O'Echg(z) oeD

29 (2)

Satisfying all the requirement R, will suffice. If ®,(z) 1, then @2 is not total and does not correspond
to any truth table reduction. If ®,(z) |, then if ®,(z) is a total function (which it may not be), then z will
witness that A £, (' via the truth table associated with ®?(z).

Define the set C' as follows:

0 ifz¢ 0 orif (zed)AV,cp y (0 <0)

20’ (2)
C(z) =
1 if (Z S (Z)/) A /\GEDI)(A’( )(0‘ 74 (Z)/)
Note that z € ¢ if and only if @2(z) 4. Tt is clear that C <¢ @’ and satisfies R, for all 2. O

Corollary 2.5 There exists a set A <p 0/, A Ly O, and A £y, O,

3. Properly n-c.e. Degrees

Definition 3.1 A n-c.e. degree is a degree which contains a n-c.e. set. A properly n 4 1-c.e. degree is a
n + 1-c.e. degree which is not a n-c.e. degree.

Let © and ¥ be Turing Functionals, X and Y be sets, and z € w. % || z = ¥Y || z if and only



if for all b < z, ©X(b) = VY (b) |.

Let A be a set. Al<?l = {(z,y) :y = 2}.

The following theorem is known as the n-c.e. Hierarchy Theorem proved by S. Barry Cooper in his Ph.D
Thesis, Degrees of Unsolvability (1971).

Theorem 3.2 For all n, there exists a properly n 4 1-c.e. degree.

Proof : The construction will produce a set C' that satisfies the following requirements:
Rigesy : C #0575 v E? £ 8¢

P:Cisn+ 1l-c.e.

This construction shall use the following functions which shall be defined in the construction. (¢, s) is
the restraint on C. [(&,s) is the desired agreement on E7. w(§,s) is the witness function. c¢(z,s) is the
change counting function.

At stage 0, for all &, define 7(£,0) = 1(£,0) = w(£,0) = —1 and ¢(£,0) = 0.
At stage s + 1, if it exists, find the least (d, e, z) < s+ 1 such that

C1s ”w(<d767‘2> ) (I)dz.ril Hw((d,e,z>,s)

El oy I11((d, e,2),8) = 55, [T1((d, e, 2),5)

Define Cs11(w({d, e, 2),5)) =1 — Cs(w({d,e, z),s)), and for all z # w({d, e, 2),s), Cs41(x) = Cs(x). Define
c(w({d, e, z),8)) = c(w({d, e, z),s))+1, and for all y # w({d, e, 2}, s), c(y,s+1) = c(y, s). For all £ < (d, e, 2},
define r(&,s + 1) = r(§,s), I(§,s + 1) = (&, s), and w(&,s + 1) = w(,s). For all £ > (d,e,z), define
r(§,s+1)=10&s+1)=w( s+ 1) =—1. Go to stage s+ 2.

If no such (d, e, z) < s+ 1 exists, then find the least (d, e, z) such that there exists < s+ 1 such that
r € wldeA 2 > max{r(¢,s): & < (d,e, 2)}, c(z,s) = 0 and

Cs Iz = ‘I’dell I
Elsw I @di.sﬁl( ) =54 11 s%ifll(x)
Define Csy1(x) =1 and for all y # x, define Csy1(y) = Cs(y). Define c(x,s +1) =1, w({(d, e, 2),s+ 1) =
I({d,e,2z),s +1) = <pf;:{1(x), r({d,e,z),s + 1) = max{a:,max{<p22+1(y) sy < I({d,e,z),s +1)}}. For
Al y # 7, clys + 1) = ely.s). Forall € < {de2), w(E,s + 1) = w(&,s), 1es + 1) = I(€.5), and

r(€,s+1)=r(&z). Forall £ > (d,e,z), w(&s+1)=1(§s+1)=r(s+1)=-1.
If no such (d, e, z) exists, then go to stage s + 2. This ends the construction.

Each R4 .y is satisfied. Suppose not. Let (d, e, z) be the least that is not satisfied. Then C' = @fg and
E? = &Y. Choose a stage s’ such that for all £ < (d, e, z), Re has been satisfied. At stage s’, at most a
finite number (at most s many) of elements from wl{®¢#) have ever entered C. Furthermore, elements from
wl(de2)] can enter C only in an attempt to satisfy Rig,e,z), i.e. there is a stage t such that w((d,e, 2),t) = z.

Thus there must exists an x and a stage t > s’ such that z € wl{4&2) ¢(s'.t) = 0, and @fj't(x) =0. Itis

d.e.2)] hag ever enter C.

clear that there is a - such that ¢(s',t) = 0 since only finitely many element from wl
Furthermore, if there is never a stage <I> 7" (x) = 0, then one must have that o ( ) =1 for all z € wl{de2)]
such that (at least for) > s’. Hence from the construction, any 2 € wl{®2)] will never satisfy the condition

to become a witness for (d, e, z). Thus C(z) = 0 for all 2 € wl{#*2)] such that = > s, yet ol* (z) = 1. Thus
Rge,. is satisfied. Contradiction.



Thus there must exists an z and a stage t > s such that = € w2 ¢(s,t) = 0, and @Z;"(m) = 0.

Furthermore, since the assumption is C' = @fg and E? = ®¢, there must exists a stage s > s’ such that
EZ
CylTw=0yi o

B2 Cs B2
E;L,s+1 M @d,s+?(37) = (be,s+1 M @d,s+?(37)
holds. This x becomes the witness for (d, e, z) at this stage. x is placed into Csy; and the various functions
are defined as specified by the construction.

. . . E7
By enumerating = into Cyy1, Csqy differs from @, 751" Now there are two cases.

(1) <I>g‘t 1 1((d, e, z),t) = @gi T i({d,e,z),s +1). Let t > s+ 1 be the least stage such that @g@ is
defined on all y < I({d,e, z),t) =1({d, e, 2),s + 1) (since this value can only change if a requirement R, acts
for £ < (d,e,z)). Furthermore, by the construction, Cs = C; since C can not change unless all the sets

and Turing functions become equal once again on the specified portion. Since I((d, e, z),s + 1) is defined

gn
to be ;711" and r((d,e, z),t) is at least as great as the maximum of the use on ®%s, one has that C; will

not change up to r({d,e, z),s + 1), hence @g’:‘t will up to I({d,e, z),s + 1). Thus if @g@ M 1({d,e, z),t) =
®C; [T1({d,e,2), s+ 1), then for any stage such that E?, [T I((d,e,t) = ®% ] I((d,e, 2),t), one must have
since @i{"(aj) = fbjzzt(a:) = 0 since £, is the same up to the [((d,e,2),t) as it was as stage s. However,
Cy(w) = Cy(z) = 1. Hence, it is impossible for E, = ®¢ and C = CIJZJ:.

(2) Qgtt Mi((d, e, z),t) # @g; T 1((d,e, z),s+1). Hence, for all stages u > t such that

Cu 1T w({d e,2),u) = Bt 1T w((dse,2), )

E;L,u—&-l ” l(<d7€72>au) = (I)ec:z—&-l ” l((d,e,z),u)

one must have that some A < I((d, e, z)) such that E? (z) # E (z) so that it matches with ®%s = @gft.
This shows first time the sets and functional matches up to the desired part, the some A changes once. By the
construction, the witness w({d, e, z),u) is then extracted from C,,. Since all £ < (d, e, z) has been satisfied,
r({d,e, z),u) keeps C from changes under the restraint except for the witness. From the definition of the
restraint, the ®¢» matches up with E; # E, since they differ at least at A. Similarly, for all later stages that

U

E, ., matches up with cI)S“;L', (which has not change since the action of the last time the sets and function
matched), at least the element A must change again. This proves that every time the sets and functions are
equal up to the desired portion, some element of E7;, say A, must change.

As specified in the construction, every time the sets and function matches up, Cs changes on the witness
element w((d, e, z, s). However, every match causes A to change. Since F. is n-c.e., A can change at most n
times. Thus, the sets and functions can match up at most n times (not counting the first match). Thus Cj
needs to change the witness at most n + 1 times to obtain a permanent difference. Thus R4 . is satisfied.
Contradiction.

Thus R is met for all {. P is satisfied since by the above, lim, ¢(z,s) =n + 1 for all . O

4. Properly w-c.e. Degrees

Definition 4.1 A w-c.e. degree is a degree which contains a w-c.e. set. A properly w-c.e. degree is a w-c.e.
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degree which is not a n-c.e. degree for any n.

Theorem 4.2 There exists a properly w-c.e. degree.

Proof : The construction will produce a set C' which satisfies the following requirements:
En
Rigensy : C# 4" NEL # 0
P:C is w-c.e.

The construction shall use the functions (¢, s), (£, s), w(&, s) and ¢(z, s) as in Theorem 3.2.

At stage 0, for all &, define 7(£,0) =1(£,0) = w(£,0) = —1 and ¢(£,0) = 0.
At stage s + 1, if it exists, find the least (d, e, n, z) < s+ 1 such that

Cs Hw((d,e,n,z) ) (I)dzg_?il Hw((d,e,n,z),s)

EZ gy IT1({dye,m, 2),8) = ©C 1y [T1({ds €1, 2), 5)
Define Cs1q(w({d,e,n,z2),s)) =1 — Cs(w({(d,e,n, z),s)), and for all x # w({d,e,n,z),s), Cs11(x) = Cs(x).
Define c(w({d,e,n,z),s)) = c(w({d,e,n,z), )) + 1, and for all y # w({(d,e, n,z),s), c(y,s + 1) = c(y,s).
For all £ < (d,e,n,z), define r(&,s + 1) = r(§,s), I(&,s+ 1) = (&, s), and w(f,s + 1) = w(&,s). For all
&> (d,e, z), define r(§,s+ 1) =1(,s+1) =w(€, s+ 1) = —1. Go to stage s + 2.
If no such (d,e,n, z) < s+ 1 exists, then find the least (d,e,n, z) such that there exists x < s+ 1 such
that € wldem2 2 > max{r(¢,s) : € < (d,e,n,2)}, ¢(x,s) =0 and

Csllz= %ijf [T

B2 i 1 gt (@) = 055 1 gyt (@)
Define Cs41(z) = 1 and for all y # z, define Cy11(y) = Cs(y). Define ¢(z,s+1) =1, w({d,e,n,z),s+1) =
I({d,e,n,2z),s +1) = cpfijf{l(xﬁ r({d,e,n,z),s + 1) = max{x,max{cpgssﬂ(y) sy < Il({d,e,n,z), s+ 1)}}.
For all y # x, c¢(y,s + 1) = ¢(y,s). For all £ < (d,e,n,z), w(&s+1) =w(¢,s), I(s+1) =1,s), and
r(&,s+1)=r(&x). Forall £ > (d,e,n,z), w(&,s+1)=1(&s+1)=r(s+1)=-1.
If no such (d, e, n, z) exists, then go to stage s + 2. This ends the construction.

The verification that Rg ) is satisfied is similar to Theorem 3.2. P is satisfied since lim, c(z,s) <

73(x) + 1. This because = = (y,d, e, n,z) for some d,e,n,z. Hence 2 € wl{®¢™2)] Thus x can only be a
witness to Rg e n,z). Therefore, c(z, s) =c({y,d,e,n,z)) =<n+1=n3({y,d,e,n,2)) + 1 =n3(z) +1. O

5. Properties of n-c.e. Sets
Definition 5.1 A set A is immune if and only if A is infinite and does not contain any c.e. subset. That
is, A is immune if and only if A is infinite and for all e, Wg Z A.
A set A is simple if and only if A is immune.

Proposition 5.2 An immune set A is not c.e. A simple set is not computable.

Proof : Let A be immune. If A is c.e., then A C A. So A would not be immune.
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If A is simple, then A is immune and by the above A is not c.e. However, a set A is computable if and
if A and A are c.e. (by Proposition 1.8) O

The following theorem is the Standard Permitting Theorem.

Theorem 5.3 Let f(z) be a computable function. Let A and B be c.e. sets with computable approximation
{As}SEw and {Bs}sza respectively. If Agyq [[ 2 # As [[ 2= (Hy < f(l‘))(Bs+1(y) # Bs(y)), then A <r B.

Proof : For each z, using a B oracle, find the least stage s, such that By [[ f(z) = B [ f(z). Define
O(z) = A5, (z). Then A =06. Thus A <r B. O

The next theorem shall be proved using the permitting method and the method of the Sack’s Avoiding
Cone theorem.

Theorem 5.4 If b > 0 is a c.e. degree, then there exists a c.e. degreea >0such 0 <a<b. If bisa
properly 1-c.e. degree, then there exists a properly 1-c.e. degree a such that a < b.

Proof : Let B € b and {B;s}sc., be a computable enumeration of B. This theorem will be proved by
constructing a c.e. set A which satisfies the following requirements.

P:ASTB

R.: B # o4
N, :|We|=00=W.¢Z A

The construction shall use the following functions:
I(e,s) = max{z : (Vy < 2)(Ps(y) 1= Bs(y))}

r(e,s) = max{pfs(y) 1y < (e, )}

At stage 0, let Ag = 0.

At stage s + 1, for all e < s, define I(e, s) and r(e, s). Then find the least e < s such that W, s N As =0
and there exists x € W, s such that z > 2e, x > max{r(i,s) : i < e}, and there exists y < z such that
B;s_1(y) # Bs(y). Enumerate this = into Ag1.

Let A =limg A,.

Say that R, is injured if z < r(e,s) and € Az4q1. Note that R., for all e, R, is injured at most e times,
in order to satisfy requirement R; for i < e.

Next, the claim is that R, is satisfied for all e. Let e be the least such that R, is not satisfied. That is,
B = ®2. Let s be a stage in which R, is never injured afterward. Because B = ®Z, lim (e, s) = co. To
determine whether « € B or « ¢ B, find a stage ¢t > s such that (e, s) > x. Because R, is never injured after
s, ®(x) = @2;(:1:). Thus B(z) = By(z) = @é;(x). Thus B is computable. Contradiction. Furthermore,
lim, (e, s) < o00.

Next, the claim is that each N, is satisfied. Suppose not. Let e, be the smallest such that N, is not
satisfied. By the above, suppose that r = lim, (e, s) and ¢ is a stage such that for all s > ¢, r(e, s) = r. Since
N, fails, one has that |W,| = co and W, C A. Let z € w, since W, is infinite, there exists a v >t and y >
such that y € W, ,,. Now B(z) = By (). If not, then there is a stage v > w such that B,(z) # B,_1(z). Then
y would be enumerated into A, 1, and N, would have been satisfied. Thus B is computable. Contradiction.
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A is immune. By construction, elements used to satisfy N. must be greater than 2e. Furthermore,
elements are enumerated into A only to satisfy N.. Thus, for any e, |A | 2¢| < e. Thus A is infinite. Since
each N, is satisfied, A is immune. A is simple.

A <7 B by Theorem 5.3 (Standard Permitting Theorem) via the identity function.

Let a be the degree of A. a > 0 by Proposition 5.2. a < b by the above paragraph. b £ a by requirement
R.. Thus 0 < a < b.

The second assertion follows from the fact that a a c.e. degree is properly 1-c.e. if and only if a > 0. [

Theorem 5.5 For n > 2, if b is a properly n-c.e. degree, then there exists a c.e. degree a such that
0<a<h.

Proof : Let B € b be a n-c.e. set. By Theorem 1.12, B = (C; — D;) U ... U (Cy, — D), if n = 2k, or
B =(C; —D1)U..U(Cy — Dg)UCiy1, if n =2k + 1, where the C; and D; are c.e. In the former case,
let a be the degree of Dy; in the latter, let a be the degree of Cxi1. As in Theorem 1.12; one has that
C1 D D1 D ... D Cy D Dy, (similarly the 2k 4+ 1 case). In the n = 2k case, suppose Dy, is computable. Then
define Cj, = {z:x € Cy Az ¢ Dy}. C) is c.e;; thus, B = (C; — D1)U...UC). Hence B is n— 1-c.e. However
b is a properly n-c.e. degree. Contradiction. Similar argument for the n = 2k + 1 case. Dy, (or Ci4q in
other case) is computable from B and an computable approximation of B (refer to proof of Theorem 1.12).
Dy, <p B since b is properly n-c.e. for n > 1. O

Definition 5.6 A degree b is minimal if and only if b > 0 and there is no degree a such that 0 < a < b.

Corollary 5.7 For all n, no n-c.e. degree is minimal.

Proof : Let a be a properly n-c.e. degree. If a contains a 0-c.e. degree (i.e. contains (}), then a = 0. a is
not minimal. If a is properly 1-c.e., then by Theorem 5.4, it is not minimal. If a is neither computable or
properly 1-c.e., then it is properly n-c.e. for some n. By Theorem 5.5, a is not minimal. ([l

Theorem 5.8 Let b be a properly 1-c.e. degree, then for all n > 1, there exists a properly n+ 1-c.e. degree
a such that a < b.

Proof : Let B € b and {B;}sc, a 1-c.e. computable approximation. The construction will produce a set A
that satisfies the following requirements:

R(d,e,z) DA 7é (I)5: N E? 7é CI)S

P:Aisn+ 1-ce.
Q:A<r B
The construction will use the following functions which shall be defined in the construction. However, for
each £, there may be several witness. The witness function takes the form, w(&, s) = (n, (wf, o ws)), where

n indicate the current number of witnesses and wi < ... < w§ are the n witnesses. r(z,s) is the restrain on
C. l(z,s) is the desired agreement on E”. c¢(z, s) is the change counting function.

At stage 0, for all £, define r(£,0) =1(£,0) = w(£,0) = —1 and ¢(£,0) = 0.
At stage s+ 1, find the least (d, e, z) < s+ 1 where w({d, e, 2), s) = (n, (w§d’e’z>,w§d’e’z>, e wﬁld’e’ﬂ)) such
(dye,z) (1 <4 < n) such that there exists y < wi(d’e’z> such that By(y) # Bs+1(y)

%

that there exists a witness w

13



and

C. T it = a5y [l

EZS‘H ”l( e ,8) = ‘I)Ssﬂ ”l(wi(d’e’Z),S)

Define Cypq (w!"**) = 1— Cy(w!™**)), and for all z # w!™* | Cyi1(z) = Cy(x). Define c(w** s+ 1) =
c(w;, s) + 1. For all y # w;, define ¢(y,s + 1) = ¢(y, s). Define w({d, e, 2),s + 1) = (3, <w<d e <d e2) ).
For & > (d,e,z), w(§,s+1) = —1. For £ < (d,e,z), w(&,s+ 1) =w(,s). For all z, r(z, s+1) ( s) and

l(z,s +1)=1(x,s). Go to stage s+ 2.

If no such (d e, z) exists, then find the least (d, e, z) such that there exists x < s+1 such that z € wl{@e2)]
x> max{r(w®) : &€ < (d,e,2) Aw(&,s) = (n(wh, ..., ws, ..., wi)}, ¢(z,s) = 0, and there exists y < x such
that B,(y) # Bs+1( ), and

Cs Mz %Zfﬁ [T

z s+1 z s+1

EZ i1 Il easin (z) = ‘I)e a1 [T (x)

Define Cs11(z) = 1 and for all y # =, define Cs11(y) = Cs(y). Define ¢(x,s +1) = 1 and for all y # «,
define c(y, s + 1) = ey, + 1). 1F w({dye, 2),5) = (n, ({7, wi™)), then define w((d, e, 2),5 + 1) =
(n+1, <w§d’e’z>, e wﬁld’e’Z),x)}. Define I(z,s+1) = cpdEij_?( ). Define r(z,s + 1) = max{z, max{¢g§+1(y) :
y <l(xz,s+1)}}. Forall £ < (d,e, z),let w,s+1)= w(g,s). For all € > (d,e, z), let w(¢,s+1) = —1. For
all y # x, let r(x,s + 1) = r(z,s) and I(x,s + 1) = I(x, s). This ends the construction.

The proof that R, . is satisfied is the similar to that of Theorem 3.2. The difference is the proof that
{Bs}scw permits the removal or addition of a witness as specified in the construction. Suppose (d, e, z) is the
least such that Rg. .y is not satisfied. Let s be a stage by which R, has been satisfied for all £ < (d, e, z).
By a similar argument to Theorem 3.2, one can show that n+1 changes is sufficient to satisfy R4 ). Thus,
it must be proved that {Bs}sc. permits these changes.

If Rige,) is not satisfied, one claims that there are infinitely many witnesses such that lim, c(z,s) >
1. Suppose there are only finitely many such that lim, ¢(x,s) > 1. Let 2’ be the greatest witness with
limg ¢(2’,s) > 1 To compute whether y € B, let *+ = max{z’ + 1,y} and let s’ be a stage such that
c(k,u) = limg c(k, s) for all k <z’ and u > ¢, and find a stage ¢ > s and ¢ > s’ such that

E’ILt
Colla=®y" [l

B2, 11 eay (@) = 0% 11 ¢y (@)
This ¢ can be found since it is assumed that R ) is not satisfied. Then y € B if and only if y € B;.
Since if y € B, for u > t, then at this stage some existing witness would make a further change or a new
witness greater than z’ would appear. Contradicting ¢ > s’. However, this proves that B is computable.
Contradiction.

Now the claim is for all K <n+1, if R4 .y is not satisfied, then there exists infinitely many witnesses x
such that limg ¢(z, s) > k. Suppose there were only finitely many. Let 2’ be largest such that limg ¢(z, s) > k.
To compute whether y € B, let & = max{z’ + 1,3}, let s’ be a stage such that c¢(k,u) = limg c(k, u) for all
k <2’ and u > s, and find a stage t > s and t > s’ such that

B

Cille=2,;" [l

B C, 2
EZ Mgyt (@) =0 [T @qy" ()
Then y € B and only if y € B;. This is because if at a later stage u > t, y enters B, then either a wit-

ness will change or a new witness will appear which contradicts ¢ > s’. Thus B is computable. Contradiction.
It has been proved that if R4 . .y is not satisfied, then there are infinitely many witnesses that lim, c¢(x, s) >
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n + 1. However, like in Theorem 3.2, n + 1 changes is enough to satisfy R, ). Thus Ry, . is satisfied.
Contradiction.

P is satisfied because limg ¢(x,s) = n + 1 for all . This is proved in the same manner as in Theorem
3.2. @ is satisfied by a permitting argument like Theorem 5.3, with the appropriate changes for n + 1-c.e.
sets. O

Corollary 5.9 For all n > 1, if b is a properly n-c.e. degree, then there exists a properly n-c.e. degree a
such that 0 < a < b.

Proof : This is true for n = 1 by Theorem 5.4. For n > 1, by Theorem 5.5, there exists a properly 1-c.e. de-
gree b’ such that 0 < b’ < b. By Theorem 5.8, there is a properly n-c.e. degree a such that 0 < a < b’ < b.
|

6. Hyperimmune Sets and Degrees

Definition 6.1 Let R be a relations. (V°x)R(x) if and only if (3In)(Vz)(x > n = R(x)). (3®z)R(z) if and
only if (Vn)(3z)(x > n A R(z)).

Definition 6.2 Let g and f be functions. g dominates f if and only if (V*°x)(f(z) < g(z)). f escapes g if
and only if (3%°z)(f(x) > g(x)).

A function g majorizes f if and only if (Vz)(f(z) < g(x).

A function g computably dominates f if and only if g is dominates g and g is computable (analogously
for computably majorize).

A function f is computably dominated (or computably majorized) if there is a computable function g
such that g dominates (or majorizes) f.

Proposition 6.3 A function f is computable majorized if and only if f is computably dominated.
Proof : If is f is computably majorized by a computable function g, then f is computable dominated by g.

Suppose f is computable dominated by a computable function g. That is there exists a n such that for all
x >mn, g(x) > f(z). Let m = max{f(z) : « <n}. Define a new computable function h as follows:

h(x):{g(x) ifz>n

m fe<n

h is computable and majorizes f. O

Definition 6.4 Let A be a set. Let A = {aj,as,...} be an enumeration of A such that a; < az < ... The
principal function of A is defined as pa(z) = a,.

Definition 6.5 An infinite set A is hyperimmune (h-immune) if and only if A is infinite and p4 is not
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computably dominated. A set A is hypersimple (h-simple) if and only if A is hyperimmune.

Definition 6.6 A strong array is a sequence of finite sets {D () }new Where f is a computable function. A
strong array is disjoint if and only if for all m,n such that n # m, D¢,y N Dy = 0.

Theorem 6.7 A is hyperimmune if and only if A is infinite and for all disjoint strong arrow {D ) }new
there exists n such that D) N A = 0.

Proof : Suppose there exists a disjoint strong arrow {D ) }new such that for all n, Dy,y N A # (). Define
g(n) = max{Dy,}. Since the strong arrow is disjoint, g(n) is injective. Define h(n) = max{g(k) : k < n}.
Then h(z) is computable and dominates p4. A is not hyperimmune; contradiction.

Suppose A is not hyperimmune. If A is not infinite, then A does not satisfy the condition on the
right. Suppose p4 is computably dominated. Using Proposition 6.3, suppose pa is computably ma-
jorized by a computable function g. Define a function h as follows. Let h(0) = ¢(0). For n > 0, let
h(n) = g(h(n) 4+ 1). Define I(n) to be the strong index for the set [h(n) 4+ 1,h(n 4+ 1)]. {Dyn)}new is the
disjoint strong array such that for all n, Dy;,) N A # (). By definition it is a disjoint strong array. For all
n, Dyy NA # 0. Let A = {ap < a1 < ....}. For 0, Dy,y = [0,g(0)]. Since g(0) > pa(0), ao € [0,g(0)].
For n + 1, | Ug<ns1 Dyl = |[0,h(n)]| = h(n) + 1. By definition, Dy, 41) = [h(n) + 1,h(n 4 1)]. Since
h(n+1) = g(h(n) + 1) > pa(h(n) + 1), ag, ..., apm)+1 € [0, g(h(n) + 1)]. There are h(n) + 2 many elements
of Ain [0,h(n +1)] and [[0, h(n)]| = h(n) + 1. Thus apm)41 € Diygny1y = [A(n) + 1, h(n 4+ 1)]. {Din) tnew is
a disjoint strong array such that for all n, Dy,,) N A # ). Contradiction. O

Definition 6.8 A degree a is hyperimmune if and only if it contains a hyperimmune set.
A degree a is hyperimmune-free if and only if it contains no hyperimmune sets.

Proposition 6.9 If b is a hyperimmune-free degree, then all a < b are hyperimmune-free.

Proof: Let A € A and B € b. Define a function g as follows: g(0) = 0. For all n, g(2n+1) = ¢g(22)+pp(z)+1
and g(2n +2) = g(2x + 1) + pa(z) + 1. g is a strictly increasing function so it is the principal function
of C = g(w). g <r A because g is defined with py <r A and pp =r B <r A. A <r g because
pa(x) =g(2x+2) —g(2x+1) — 1. Thus g =7 A. C =7 pc = g =r A. Therefore C =7 A and C € a. Since
a is hyperimmune-free, there exists a computable function h which computably dominates po = g. Thus
W (z) = h(2z + 1) computably dominates pg. B is not hyperimmune. Since B € b chosen arbitrarily, b is
hyperimmune-free. |

Corollary 6.10 If a is hyperimmune, then for all b > a is hyperimmune.

Proof : Suppose a is hyperimmune. Suppose b is hyperimmune-free. By Proposition 6.9, a is hyperimmune-
free. Contradiction. O
Proposition 6.11 There exists g <r A, g is not computably dominated if and only if deg(A) is hyperim-
mune.

Proof : Suppose g <7 A is not computably dominated. Define a new function h as follows: h(0) = ¢(0).
hz+1)=h(z)+g(x+1)+1. h<pg<r Aand h is not computably dominated. h is strictly increasing
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so it is the principal function of E = h(w). Since pg = h, E is hyperimmune. By Corollary 6.10, deg(A) is
hyperimmune.
Suppose E € deg(A) and E is hyperimmune. pp <7 E =7 A and pg is not computably dominated. O

Definition 6.12 Let A € AY with computable approximation {A}se,. Define cs as follows: Let
ca(0) = (us)(As [T0=A[]0). Define ca(z+ 1) = (us > ca(x))(4s [[x = A [] z).

Proposition 6.13 c4 =r A

Proof : To compute c4(0), find the least s such that (A5 [[ 0= A [] 0. Given c4(x), to compute c4(x + 1)
find the first s > ca(x) such that A [z = A || z. ca <7 A.
xA(®) = Ac,(z)(z). Thus A <r ca. O

Theorem 6.14 If A € AY, {A,}se., a computable approximation of A, and c4 is computably dominated,
then A is computable.

Proof : First, ca(x) > x since ¢4 is strictly increasing. Suppose c4 is computable dominated by a com-
putable function f. Since z < ca(x) < f(z). Thus for all x, there is a stage ¢ between x and f(z), such that
A [T = A ] z. Thus, for all y > z, there exists a stage ¢ such that y < ¢ < f(y) such that A; [[z = A [] z.

To compute if z € A, find a stage z > x such that for all t, z < t < u < f(2), A || ¢ = Ay || . Such
a z exists. Let n, be a stage such that (Yn > n,)(4,(y) = A(y)). n, exists since lims; A;(y) = A(y). Let
2 = max{xz,ng,n1,...,n, }. 2’ is such a stage.

Then A(x) = Ap.y. This is because, as stated above, for all z > x there exists a stage t such that
Ay(z) = A(z). However since for all ¢ such that z < ¢t < f(z), one has that A,(z) = A,(x), one must have
that A(z) = Aj(;). A is computable. O

Theorem 6.15 If 0 < a < 0, then a is hyperimmune.

Proof : Let A € a. By Theorem 6.14, one has that ¢4 is not computable bounded. Since c4 is strictly
increasing, it is the principal function of the set B = c4(w). B =1 ca =r A by Proposition 6.13. Thus B is
hyperimmune and B € a. |
Theorem 6.16 If 0 < a < 0’ or a > 0’, then a is hyperimmune.

Proof : By Theorem 6.15, every a < 0’ is hyperimmune. By Corollary 6.10, all a > 0" are hyperimmune. [

Theorem 6.17 If ( < A, then there exists B such that B =1 A and B #;; A.

Proof : At stage 0, let g = A(0). At stage s = 2e for e > 0, let 05 = g,_1A(e). At stage s = 2e + 1 for
e >0, if ®(s) 1 or ®Y(s) | and
\/ o< A

UGD(I}Q(S)

/\ oAA

GeD(bQ(s)

then let oy = 04_10. If
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then define o4 = 05_11. Define B = U 0.

A <7 B since A(e) = B(2¢). B < A since the even steps require A and the odds step require ' < A.
B L7 A since s = 2e + 1 is witness that @2 is not the computable function which produce the truth table
as in Theorem 1.20. O

The above theorem shows that there are sets whose Turing and Truth-table degrees are not the same.
The following two results gives a more general relationship between the two types of degrees.

Theorem 6.18 Let B be a set. deg(B) is hyperimmune-free if and only if for all set A, A <p B = A <y B.

Proof : Suppose A = ®5. Define f(z) = (us)(®Z,(x) |). f <r B and total since ®F is total. Thus by
Proposition 6.9, f is computably dominated. Let g be the computable function that computably majorizes
f. Define a Turing function © as follows:

X e B X
@X(x) _ @e’g(z)(x) if (I)e,g(x) () 4
0 if otherwise

O is a total functional. A <; B via ©5.

Conversely, suppose that for all A <q B = A <;; B. pa =r A <7 B, 50 pa < B. Let py = ©F where
O is a total Turing functional. Define a function h as follows. Given z, find n such that forall o € 2<% such
that |o| =mn, ©7(x) J. Such an n exists, because © is a total functional. Let h(z) = max{07(x) : |o| = n}.
Then h computably dominates p4. No A <7 B is hyperimmune. |

Corollary 6.19 Let degp(A) and deg,,(A) denote the Turing and Truth Table degree containing A.
deg(A) = deg,; (A) if and only if deg;(A) is hyperimmune-free.

Proof : Immediate from Theorem 6.18. O

7. Ad-not-w-c.e. Degrees
Proposition 7.1 There exists a enumeration {G, }ne. of the w-c.e. sets.

Proof : By Theorem 1.21, a set A is w-c.e. if and only if A <;; #". By Theorem 1.20, A <;; B if and only
if there is an associated computable function that induces a truth table, as described in that theorem. let
{0 }scw be a 1-c.e. enumeration of (). Define

Gus=qz:(Vy<a) [ (min \/  o<0

UGDq,q) ()

n,s

Let G, = lim,, G,, 5. If <I>9L is computable, then G,, is the w-c.e. set associated with the truth table induced
by @?L. If @2 is not total, then G,, will be finite set, which is still w-c.e. Moreover, {G,, s }sc., gives an w-c.e.
computable approximation for the w-c.e. set. Define h(z) = max{|o|: o € Dgo (4} h(z) is a computable

18



function if ®? is total. If ®,, is not total, then let k be the least such that (Vy < k)(®?(y) |). Then

W () max{|a| 1o € DQQ’(I)} ife <k
0 ife>k

G, s(x) can change only if an element less than or equal to h(z) enters (. Since the enumeration {0/ }c.,
is 1-c.e., at most A'(x) + 1 elements can enter. Thus the computable bound is h(z) + 1. O

Theorem 7.2 There exists an degree ¢ < 0’ such that c is not w-c.e.
Proof : The construction will produce a set C which satisfies the following requirements:
G”L n
R(d,e,n,z) :C 7£ (I)dz A Gz 7é (I)ec
P:C<p 0
The construction shall use the functions 7 (¢, s), I(&, s), w(&, s) and ¢(z, s) as in Theorem 3.2.

At stage 0, for all &, define 7(£,0) = 1(£,0) = w(£,0) = —1 and ¢(£,0) = 0.
At stage s + 1, if it exists, find the least (d, e, n, z) < s+ 1 such that

Cs 1Mw({d,e,m, 2),s) = @ngJ;{l M w({d,e,n,z),s)

Z,erl I l(<d7 e,n, Z>’ S) = (1)66:2+1 I l(<d7 €,n, Z>7 8)
Define Cs41(w({d,e,n,z),s)) =1 — Cs(w({(d,e,n,z),s)), and for all x # w({d,e,n,z),s), Csy1(x) = Cs(z).
Define c(w({(d,e, n,z),s)) = c(w({d,e,n,z),s)) + 1, and for all y # w({(d,e,n,z),s), c(y,s + 1) = c(y, s).
For all £ < (d,e,n,z), define r(&,s + 1) = r(§,s), I(&,s+ 1) = I(&,s), and w(§,s + 1) = w(&,s). For all
&> (d,e, z), define r(€,s+1) =1(§,s+ 1) =w(& s+ 1) = —1. Go to stage s + 2.
If no such (d,e,n, z) < s+ 1 exists, then find the least (d, e, n, z) such that there exists © < s+ 1 such
that € wlldem2 2 > max{r(¢,s) : € < (d,e,n,2)}, ¢(x,s) = 0 and

G711
Cilla=, [1a

GZ. . GZ.
Gg,erl I ‘Pd,sﬁl(x) = CI)EC:$+1 M @d,sﬁl(x)
Define Cs41(z) = 1 and for all y # z, define Cy11(y) = Cs(y). Define ¢(z,s+1) =1, w({d,e,n,z),s+1) =z,

I({d,e,n,z),s + 1) = gy 20t (@), r({d,e,n,2),s + 1) = max{z, max{es 1 (y) : y < U({die,n,2),s + 1)},
For all y # z, c(y,s + 1) = c(y,s). For all £ < (d,e,n,z), w(& s+ 1) = w(&,s), I(§s+1) =1(,s), and
r(&,s+1)=r(&x). Forall £ > (d,e,n,z), w(&,s+1)=1(&s+1)=r(s+1)=—-1.

If no such (d, e, n, z) exists, then go to stage s + 2. This ends the construction.

Let C = lims C. The verification that Ry .. is satisfied is similar to Theorem 3.2 or Theorem 4.2. P
is satisfied because C is limit computable via {C}se.,. For all x, limg Cy exists because if z = (y,d, e, n, z).
Since G, is w c.e., there is a computable function f which bounds the number of changes for the computably
approximation {Gy, s}sew- Thus Cy can change at most f(x) times. Hence the lim, Cs(x) exists. O

Corollary 7.3 There exists a a degree ¢ < 0’ such that for all C € ¢, C <7 0/, C Lywi: I, and C £y 0.

Proof : Let ¢ be a AJ-not-w-c.e. degree, which exists by Theorem 7.2. ¢ < 0’ since it is AY. If there exists
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a C € ¢ such that C <, ' or C <4 @, then C is w-c.e. by Theorem 1.21. O

8. Further Developments

In this section, some possible further directions, developments, and questions concerning the study of the
computably approximation of A9 sets and degrees are informally discussed. These ideas may or may not
have been developed in the literature of Computability Theory.

There are several generalizations of the idea of bounding the number of changes of a computable ap-
proximation of AY sets. Let f be an arbitrary function, A set A is f-c.e. if and only if there exists a
computably approximation {Ag}se, such that for all z, |{s: As(z) # Ast1(z)} < f(z). Let T be a set of
total computably functions (or a set of their indices). A set A is T-c.e. if and only if there exists there exists
a computably approximation {As}scw of A such that for all z, [{s : As(x) # Asy1(x)} < f(z) for some
f € T. The basic development of this idea can be found in Epstein, Haas, and Kramer, Hierarchies of Sets
and Degrees below 0'. With a proof similar to those found in this paper, one can prove that if there exists a
function g which enumerates the index of all the total computable function of 7 and ¢ is a total computable
function which dominates all f € T, then there exists a set A which is g-c.e. but not 7-c.e. The analogous
question can be asked about degrees.

In this paper, w-c.e. sets were studied. One can also develop limit approximation via computably and
constructive ordinals. Computable and Constructive Ordinals are discussed in Higher Recursion Theory by
Sacks and Computably Structures and the Hyperarithmetic Hierarchy by Ash and Knight. The concept of
the Ordinal c.e. can be found in Epstein, Haas, and Kramer, Hierarchies of Sets and Degrees below 0’ and
Computably Structures and the Hyperarithmetic Hierarchy by Ash and Knight. In this development, the
ordinal w-c.e. coincides with w-c.e. developed in this paper.

Finally, for every AY set A and every computable approximation {A,}sc. there exists a f € 0’ which
bounds the number of changes. For example, m(z) = (us)(Vt,u > s)(Ai(x) = A, (x)) is one such function.
Say a set A is a -c.e. (for a degree a) if and only if there exists a f € a and a computable approximation of
A such that f bounds the number of changes for every z.

This theory of a-c.e. sets is meaningful if there is a set that is a-c.e. for some 0 < a and a # 0.
Note 0-c.e. is w-c.e. Before, this one has to prove if there are degrees which have functions which are not
computably dominated by computably functions. Else a-c.e. sets will all 0-c.e. sets for all a. Luckily, the
hyperimmune degree are the degrees which contain a function which is not computably dominated. That is
there exists a function ¢ in the degree such that for all computably functions f there exists infinitely many
x such that f(x) < g(z). Thus there is a possibility that there is a degree a # 0,0', f € a and a set A such
that A is f-c.e. and not w-c.e. The theory of a-c.e. sets could prove to be very interesting if various existence
theorem for sets and degrees could be discover. Especially for this last question, the author is uncertain to
what extend this theory has been developed in the literature.
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