THE CLASS NUMBER THEOREM

TIMUR AKMAN-DUFFY

ABSTRACT. In basic number theory we encounter the class group (also known
as the ideal class group). This group measures the extent that a ring fails
to be a principal ideal domain. If the group is finite, we call the order of
the group the class number. Not every ring will have a class number, but
the class number theorem states that class group of the ring of of algebraic
integers in an algebraic number field is finite. In this paper we present a proof
of this theorem by building the foundations needed. Although there are less
lengthy proofs to the class number theorem, this method establishes a solid
understanding the class number theorem and number theoretic aspects of the
class group.

CONTENTS

Localization
Dedekind Rings
Algebraic Number Fields
Fractional Ideals and Class Groups
Class Groups
Determinants, Traces, and Norms
Lattices
. The Class Number Theorem 1
Acknowledgments 14
References 14

N TURE W=
—
= = O U = W NN

The class group is a useful notion in number theory. It can be thought as
providing a “measurement” on a ring, which tells us how far the ring is from
being a principal ideal domain and, consequently, degree of the failure of unique
factorization (since every principal ideal domain is a unique factorization domain).
In the case that this group is finite, the order of the group is defined as the class
number. A class number of 1 indicates that a ring is a principal ideal domain,
with larger numbers indicating a higher degree of failure for unique factorization.
Understanding the class group yields useful insights into basic number theory and
the structure of various types of rings.

The primary goal of this paper is to define and prove the class number theorem,
which states, “the class group of the ring of algebraic integers in an algebraic number
field is finite.” In doing so, we will also define the objects that class groups study
and the tools needed for the proof. This paper does not offer any original material,
but aims to clearly explain the class number theorem and closely related topics to
a person with a knowledge of abstract algebra.
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We begin by defining localization, which will be useful in later proofs and con-
cepts. From there, we will construct Dedekind rings and explain algebraic number
fields. These will be a prime focus of the paper and are the subject of the class
number theorem. We will then describe determinants and lattices, which are the
tools we need to finally prove the class number theorem.

1. LOCALIZATION

Definition 1.1. Let R be an integral domain. A nonempty subset S of R is a
multiplicative set if S does not contain 0 and S contains the product of any two
elements in S.

Proposition 1.2. Let R be an integral domain and S a multiplicative set in R.
There is a ring, denoted Rg, which contains a subring isomorphic to R and also
contains multiplicative inverses of every element of S. Rg is generated by R and
st where s € S.

The above statement may be made clearer if Rg is defined as such:
(1.3) Rs={r/s:r€R,se S}

with the equivalence relation on R x S defined as (r, s) is equivalent to (g,t) if
rt = gs. We define 1 as 1 = s/s and we define 0 as 0 = 0/s.
Notice Rg is an integral domain.

Definition 1.4. Rg, as constructed above, is called the localization of R at S.

It should be noted that r/s is the equivalence class of (r,s).

We can localize an integral domain with respect to any multiplicative set, but
for our purposes we will only focus on localization at prime ideals. The following
proposition displays an important correspondence between prime ideals of integral
domains and their localizations.

Proposition 1.5. Let R be an integral domain, and S be a multiplicative set in
R. There is a one-to-one correspondence between the prime ideals of R which have
empty intersection with S and the prime ideals of Rs. The prime ideal p of R
corresponds to the ideal pRs of Rs.

When we consider localization at a prime ideal p, we are allowing R to be an
integral domain and S to be the set of elements s € R such that s ¢ p. Notice that,
since p is a prime ideal, S is a multiplicative set.

For the sake of convenience, we will write R, to represent Rr_p.

Proposition 1.6. Let p be a prime ideal of R. Then R, has only one mazimal
ideal, which is pR,

The proof follows from Proposition 1.5.

2. DEDEKIND RINGS

Definition 2.1. A discrete valuation ring, or DVR, is is a principal ideal domain
with only one maximal ideal.

Notice that every field is a DVR, but not every DVR must be a field. For the
rest of the paper, every DVR we refer to will not be a field.
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Theorem 2.2. Let R be a DVR (that is not a field) and let m € R such that the
unique mazximal ideal p = TR. R has the following properties.

(i) R is a notherian ring.

(ii) Every nonzero x € R has the form x = un®, where k is a nonnegative integer
and u is a unit in R.

(iii) Every nonzero ideal has the form Rm*, where k is a nonnegative integer.

(iv) R is integrally closed. In other words, if we look at the field of fractions of R,
call it S, then every element of S that is integral over R is an element of R.

(v) p is the only nonzero prime ideal of R.

Proof. (i) PIDs are notherian.

(ii) R is a PID, and thus a UFD. Thus, since R is not a field, it can only have one
prime element up to unit multiples.

(iii) Follows from (ii) and the fact that all ideals in R are principal.

(iv) Every UFD is integrally closed.

(v) Since R is not a field, = and p are not zero. Since p is a nonzero maximal ideal,
it is prime. By (iii), all ideals have the form R7", so there are no other prime
ideals. ]

Definition 2.3. A ring R is a Dedekind ring if it is a notherian integral domain
such that the localization R, is a DVR for every prime ideal p of R.

Theorem 2.4. If R is a Dedekind ring, then Rg is a Dedekind ring.

Dedekind rings have many interesting properties, especially with regards to
ideals.

Theorem 2.5. Every nonzero prime ideal of a Dedekind ring R is a mazimal ideal.

Proof. Assume not. Then there exist distinct, nonzero prime ideals p1, po, such that
p1 C p2. By Proposition 1.5, p1 R, C p2R,, is a chain distinct prime ideals in Ry, .
But Ry, is a DVR, and thus only has one nonzero prime ideal. Contradiction. [

Theorem 2.6. Let i be a nonzero ideal of a Dedekind ring R. Then 4 = pi*...pon,
where p1, ..., P are distinct prime ideals uniquely determined by M and a4, ..., a, are

positive integers uniquely determined by L.

We do not necessarily have unique factorization into irreducible elements in
Dedekind domains (we will use an example to show this in the next section). How-
ever, the previous Theorem shows that, by using prime ideals, we can establish a
notion of unique factorization in Dedekind rings. This gives the number theoretic
feel to Dedekind rings.

3. ALGEBRAIC NUMBER FIELDS

Our goal in this paper is to prove that the class group is finite for the ring of
algebraic integers in an algebraic number field. In this section, we will define these
terms and their relation to Dedekind rings.

Definition 3.1. Given a ring R and a ring extension S, an element of S is integral
over R if it is the root of a monic polynomial with coefficients in R.

Definition 3.2. A ring R is integrally closed if every element of S that is integral
over R is an element of R.
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Definition 3.3. The integral closure of a ring R is the set of all elements of S that
are integral over R.

Definition 3.4. An algebraic number field is a finite dimensional extension field,
call it L, of the rational number field Q.

Definition 3.5. An element of an algebraic number field, [ € L, is an algebraic
integer if | is integral over the ring of integers Z.

Proposition 3.6. Consider a Dedekind ring R with quotient field K. Let L be a
finite dimensional extension field of K. The integral closure of R in L will result
in a Dedekind ring.

Notice that, since Z is a Dedekind ring, the ring of algebraic integers in an
algebraic number field is also a Dedekind ring.

It is a fact that the ring of algebraic integers can be computed if given a primitive
element. For the proof, please refer to page 47 of Janusz [1].

We will now show that a Dedekind ring does not necessarily have unique factor-
ization into irreducibles. In other words, not every Dedekind ring is a UFD.

Example 3.7. Consider Z[/—5|. By Proposition 3.6, it is a Dedekind ring. Notice
that, in Z[v/=5],
21=3x7=(1+2V-5)(1-2V-5).
We want to show that these both are irreducible factorizations of 21. Let us define
a norm such that
N(a + bv/~5) = a® + 5b%,

We know an element x is a unit if N(x) = 1. Thus, we can clearly see that 1 and
—1 are the only units.

Obviously 3 and 7 are irreducible. Let’s assume 1 + 21/—5 is not irreducible
(the exact same argument will work for 1 — 2y/=5). Then 1 + 2y/=5 = zy. But
N(1+2y/-5) = 21. So N(z)N(y) = 21. Thus the possible values for N(zx) are
1,3,7, or 21. But, by the definition of the norm, N(z) # 3,7. Thus either x or
y must be a unit. Contradiction. Hence Z[y/—5] is a Dedekind ring that is not a
UFD.

4. FRACTIONAL IDEALS AND CLASS GROUPS

In order to understand class groups, we must define what a fractional ideal is.
Unless otherwise specified, let R be a Dedekind ring and K be the quotient field of
R.

Definition 4.1. A fractional ideal of a Dedekind Ring R is a nonzero finitely
generated R-submodule of K.

Definition 4.2. If 91 is a fractional ideal of R, then 9! is the set
{rx € K : 291 C R}. M~ is called the inverse of M.

Definition 4.3. A regular element is a nonzero element of a ring that is neither a
right nor a left zero divisor.

Definition 4.4. A regular ideal is an ideal of a ring that contains a regular element
of the ring.

Proposition 4.5. A fractional ideal is, up to a constant, a regular ideal.
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Proof. We know that a fractional ideal is finitely generated. Consider a fractional
ideal a which is generated by {ai,...,a,} of a ring R. We can pick elements
b1,...,b, € K and a regular element d such that d = aib1d + ... + apb,d € a.
Thus a contains a regular element, and therefore it is a regular ideal. [

From this Proposition, we can see that all nonzero fractional ideals are invertible.
Notice that 9t need not be contained in R. Consider the following example:

Example 4.6. For simplicity, let’s consider the ring of integers, Z. Z is a PID, so
by definition it is a Dedekind ring. Consider %Z. By definition this is a fractional
ideal, but it is not contained in Z.

We also note that every ideal in a Dedekind ring is finitely generated, thus every
ideal in a Dedekind ring is a fractional ideal.

Now we know enough about fractional ideals to define what a class group is.
However, we will observe some basic properties about fractional ideals first, which
will be relevant later.

Definition 4.7. A fractional ideal 9 is invertible if MM ~! = R.
We will use what we set up in Example 4.6 to illustrate this definition.

Example 4.8. Let MM = Z. By definition, M~ = {2n : n € N} Hence
IMIN~! = Z. Thus M is invertible.

In the previous example, it is easy to see that every nonzero fractional ideal of
7Z is invertible. This leads us into the following lemma, which we will state without
proof.

Lemma 4.9. An integral domain R is a Dedekind ring if and only if every nonzero
ideal of R is invertible.

4.1. Class Groups. Using the basic concepts of fractional ideals we just learned,
we can define a class group. First, let us define some symbols.

I(R) represents the collection of all fractional ideals of R. We will call it the
ideal group of R.

P(R) represents the collection of all principal ideals of R. Notice it is a subgroup
of I(R).

We can now define a class group.

Definition 4.10. A class group, represented by C(R), is the quotient
(4.11) C(R) =I(R)/P(R).

Notice that if R is a PID, then C(R) = 1. In other words, the class group is of
order 1.

We can interpret C(R) to be a measure of how far R is from being a PID. Notice
that, if we have a class group of order 1, we know that it is a UFD. Thus, we can
also interpret the class number as the extent to which unique factorization into
irreducible elements fails in R.

We will prove that C(R) is finite if R is the ring of algebraic integers in an
algebraic number field. However, C(R) does not have to be finite for arbitrary
Dedekind rings.
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5. DETERMINANTS, TRACES, AND NORMS

In this section, we will regard K as a field and L as a finite dimensional extension
field of K.

Definition 5.1. Each element a € L gives rise to a function r, : L — L such that
Ta 1Y — ya.

If we select a basis u1, ..., u, for L over K, then we can construct a matrix for r,,
call it [bij]v where

ra(ui) = Uu;a = Z biju]'.
J

This composite mapping is called the reqular representation of L over K.

Obviously our choice of basis will change the matrix. However, regardless of our
basis, the trace and determinant will remain the same.

Definitions 5.2. (1) The trace of L over K is the function 17,k (x) = trace(ry).
(2) The norm of L over K is the function Ny, (x) = det(r,).

Remark 5.3. Unless otherwise specified, we will use 7'(x) for T, /x (x) and N(x) for
Npr(2).

Proposition 5.4. Let x,y € L and a € K. Then:

(i) T(x+y) =T(x) +T(y).

(ii) T(ax) = aT(z).

(iti) N(zy) = N(@)N(y).

(iv) N(az) = a™N(x) where n = [L : K|, the dimension of L over K.

(v) Let E be a subfield of L that contains K. Then Ty, (x) = Tr k(T e(x)) for
all z € L.

Proof. (i) through (iv) are straightforward. (v) requires some work, and we will
prove it here. Pick a basis E over K, ai,...,ar, and a basis L over F, by,...,bp,.
Let x € L and y € E. Then

wbi =Y Bij(x)bj,yby = Y apg(y)ag,
J q
where 3;;(z) € E and a,q(y) € K. Then

Te/k(y Zapp Tre(x) = Zﬁu(ﬂﬁ)

i

Notice also that a;b; give a basis of L over K,
xashy = Zasﬁtj(x)bj = Z Zasi(ﬁtj(x))a b
J Jj o1

Thus,
TL/K Zzapp /Bzz TE/K(TL/E‘('T))
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When dealing with Galois groups and separable extensions, useful properties
emerge. Let K C L C F be a chain of separable extensions such that F' is Galois
over K. Define the Galois group F over K by G = G(F/K) and the Galois group
F over L by H = G(F/L). Notice that H is the subgroup of G that fixes L
elementwise.

Let

o1H,00H,...,00,H
be the distinct cosets of H in G. n = [L : K] and o, are the distinct injections over
K of L into a normal extension of K. If we consider x € L with described notation
above, the following properties hold.

Proposition 5.5. (i) Tp/x(7) = 01(x) + ... + on(2).
(ZZ) NL/K = al(x)...crn(:c).

Definition 5.6. Let R be a Dedekind ring with quotient field K. L is the finite
dimensional separable extension field of K, and R’ is the integral closure of R in
L. Let zq,...,x, be a basis of L over K. The discriminant of the basis is

(57) A(l’l,,lﬂn) :det[TL/K(aclx])]

Definition 5.8. Using the notation given in Definition 5.6, if all z; € R’, then
Tr/k(vixvy) € R, thus A(2q, ..., 2,) € R. We can let xy, ..., 2, range over all bases
of L over K that lie in R’. Taking the discriminants of these bases generates an
ideal A(R’/R), called the discriminant ideal of R’ over R.

We state a useful Lemma that shows a discriminant ideal can be determined
locally.

Lemma 5.9. Let R be a Dedekind ring with quotient field K. Let R’ be the integral
closure of R in L, and let S be a multiplicative set in R. Then

(5.10) A(R/Rs) = A(R/R)s.

6. LATTICES

What we learn in this section will be integral in proving the class number theo-
rem.
Unless otherwise stated, V' is an n-dimensional R Euclidean space.

Definition 6.1. An abelian subgroup £ of a real vector space V' is called a lattice
if
(6.2) L=7v1+ ...+ Zv,.

Definition 6.3. A lattice £ is called a full lattice if r from Equation 6.2 is the
dimension of of V' over R.

If we are looking at full lattices, then there is a very natural set of vectors to
choose for our lattice, namely, the basis vectors for V.

Definition 6.4. Let vq,...,v, be a basis for V and £ a full lattice. Then we call
the set

(6.5) T={rvi+..+rv,:0<r, <1,1<i<n}.
the fundamental parallelepiped for L.
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Consider such a parallelepiped. Notice that each vector of the basis v; can be
written as
v = Z O[iju]‘.
J

where u1, ..., u, is the orthonormal basis of V.
Definition 6.6. The volume of L is defined as
(6.7) vol(T) = |det[ovj]|-

It is a fact that, regardless of what basis is chosen for a given V', the volume
of the resulting fundamental parallelepiped is does not vary. This can be seen in
Janusz [1], page 63.

Lemma 6.8. Let L be a full lattice in V. Let T be a fundamental parallelepiped of
L. Then the translates, A + T, where A € L, are pairwise disjoint and cover V.

Proof. Let vy, ...,v, be our basis for V. Then we can write any v € V as
V= Z $iv;, where s; € R.

K2
We can express s; as s; = n; + r;, where n; € Z and 0 < r; < 1. Thus

v = E n;v; + E r30;, SO we have expressed v as the sum of an element of £ and

% 7
and element of T'. Thus the translates cover V.
Now let’s prove they are pairwise disjoint. Suppose A1 + T and Ay + T have a
common point. Then

A=A € LT
But LT = 0, since Zv; # r;v;. Thus A\ = Ay, and we conclude the translates are
pairwise disjoint. (I
Definition 6.9. A sphere in V is the set
(6.10) U(m) = {riv1 + ... + 700y : 73 + ...+ 72 <m?}
where v1, ..., v, is a basis for V.

Definition 6.11. A subset of V is bounded if it is contained in some sphere.

Theorem 6.12. An additive subgroup L of V is a lattice if and only if every sphere
contains only a finite number of points in L.

Proof. = Let L be a lattice with basis vectors vy, ...,v,.. (In the case that r < n,
we can extend this set to the basis vy, ...,v, and replace £ with ZZW~) By
i

definition, any sphere is contained in U(m) using basis vectors vy, ...,v,. So let’s
examine £ N U(m). Consider the vector Znivi € LNU(m). Then each n; € Z

1
and |n;| < m by Definition 6.9. Thus, only finite many n; are contained in the
intersection, so the sphere only contains a finite number of points in L.
< We will use induction on the dimension n of V. Let V = Rwv;, which has
dimension 1. There are two cases:
(i) £ =0. Then it is a lattice.
(ii) £ # 0. Let riv; be a nonzero element of £. Thus U(|r1]) has at least one
element and a finite number of elements from L£. Now select » > 0 such that
v =rv; € L and r is minimal with respect to this. Thus £ O Zv.
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Now pick sv € L, such that s € R. We can write s = m + ¢, where m € Z and
0 < g < 1. Weknow qu = grv; € L. But r is minimal, so 0 < gr < r implies ¢ = 0.
Thus £ C Zv, and therefore £ = Zv.

Now we will consider n > 1. By the induction hypothesis, we can assume that
L is not contained in any proper subspace of V. So we can write RL = V| which
means we can select a basis of V' contained in £. We will represent this basis as
V1, ..., Up. Let Vg be the subspace spanned by vy, ...,v,—1. By induction, we know
Lo = LNV, is a full lattice in Vj.

Now pick a basis of Ly represented by wy, ..., w,_1. We can make this a basis of
V by adding one element, wy, ..., w,_1, v,. Hence, any element of £ can be written
as such:

n—1

(6.13) A= Z riW; + T Uy,

Since it is a lattice, if r,, € Z, then r; € Z for all ¢. If we subtract an element of Ly
from such A we may obtain an element such that |r;| <1if 1 <i<n-—1.

Notice that there are a only finite number of A € £ where |r,| is bounded above.
Pick A such that 0 < r,, and r,, is minimal. Call this w,,. Then w1, ..., w,, is a basis
for V. For a general element \' € £, we can write

n
N = Zaiwi,ai eR.
1

We want to show that this is a lattice. If we can show that all the a; are integers,
we will be done. Let’s explore the two cases.
(1) We can subtract an integer multiple of w,, such that a,, = 0. Thus X' € Ly, and
thus L is a lattice.
(2) We can subtract an integer multiple of w,, such that 0 < |a,| < 1. Then we
can subtract an element of Ly so that |a;| < 1 for all 1 < ¢ < n — 1. But then
we will have an element in the form of Equation 6.13 where the coefficient of v,
is 0 < anrn < Tn. This contradictions our choice of a minimal 7,,. Thus this case
cannot occur.

This completes the proof. (I

Definition 6.14. A set X in V is convez if, for all z,y € X, (z +y)/2 € X.
Definition 6.15. A set X in V is centrally symmetric if, for all x € X, —x € X.

Lemma 6.16. Let T be a fundamental parallelepiped of L. If Y is a bounded subset
of V' and the translates A+ Y, A € L, are disjoint, then vol(Y) < vol(T)

Proof. We are given that Y is bounded, so it is contained in some sphere. By
Theorem 6.12, this sphere only contains a finite number of points in £. Thus, there
can only be finitely many A such that (A + 7)Y is nonempty.

By Lemma 6.16, we know that all the nonempty intersections are pairwise dis-
joint and cover Y, so

vol(Y) = Z vol[(A+T) ﬂ Y.
)

Notice

A+D)Y = [T =N+
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Thus
vol[(A+ T) (Y] = vol[[T (Y = N)] + A = vol[T[ (Y = N)].
Y — A\ is a translate of Y, and by the Lemma we know that the translates of

Y are disjoint. However, we do not know if Zvol[T ﬂ(Y — A)] covers T, as

A
the assumptions of of Lemma 6.16 are not met. Thus, we can only claim that
Zvol[T ﬂ(Y — )] < wol(T). But vol(Y) = ZUOZ[T ﬂ(Y — A)]. Hence
A A
vol(Y) < wol(T). O
Theorem 6.17 (Minkowski’s Theorem). Let £ be a full lattice in vector space V

where V' is dimension n over R. Let X be a bounded, centrally symmetric, convex
subset of V. If vol(X) > 2™vol(L), then X contains a nonzero point of L.

Proof. Let’s consider X as given above. We will construct the set %X such that

1 1

The volume of the set is
1
vol [QX] =vol (271 X) = 27 "ol (X) > vol(L).

By Lemma 6.16, if the translates of 1X were disjoint, then vol[5X] < vol(L).
Since this is not the case, we can assume there exist Ay # Ao such that

1 1
2x+ 1 2y—|— 2,

where z,y € X. By simple manipulation, we conclude that

((E—y)/2:>\2—)\1750.

Thus there exists a nonzero point of £ that is in X. (I

Before we move on, we will state a quick proposition about the volume of a
centrally symmetric, convex subsets in an n-dimensional R vector space. This will
help us in the next section.

Proposition 6.18. Let n = r + 2s, where r,s are nonnegative. We will represent
points in the n-dimensional R vector space V' by the usual n-tuples. For a positive
real number, t, define a set

(6.19)

X = (@1 ooy Ty Y15 215 oy Usy 25) ¢ |T1| oot Tr| 24/ Y7 + 23+ 420/y2 + 22 < t}

where all the coordinates are real. Then
27‘—37T8tn
n! '

vol(Xy) =

For proof, see page 66 of Janusz [1].
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7. THE CLASS NUMBER THEOREM
Finally, we have the tools necessary to prove what we are interested in:

Theorem 7.1. The class group of the ring of algebraic integers in an algebraic
number field is finite.

We will prove this Theorem by first proving several related propositions. Once
we have these tools, the final proof will be quite straightforward.

First, we will define our terms. We denote our algebraic number field by K and
the ring of algebraic integers in K by R. C(R) will represent the class group of the
ring of algebraic integers, as defined in Section 4. F will be a normal extension of
Q which contains K. The Galois group of E/Q, usually written as G(E/Q), will
be written as G for simplicity. Similarly, H = G(E/K).

We will let o4, ..., 0, represent all the distinct cosets, o H, in G. Thus, n is the
degree of K over Q and o; are the embeddings of K into C.

Notice that, for all 4, o;(K) either lies in the real field or it has a complex root.
Let’s organize them based on where they lie. We will choose all the o; such that
0;(K) lies in the real field R. We will label them o7, ..., 0. (Note: r may equal 0.)

For the remaining n — r cosets, notice we have o; # ;. Thus, there must be an
even number of cosets remaining. We can organize them as such:

Opr41y+-90r+4s550r41y o0y Opts-

Hence, n = r + 2s. This should look quite familiar (see Proposition 6.18).
From this, we can compute actual vectors in R™. Let’s consider the function
v* : K — R" x C® defined as, for x € K,

v*(x) = (01(2), oo, 00 (X)), ooy Orp s ().
We can define C as a two dimensional R vector space. Thus, we can write C*® as
a 2s dimensional R vector space as such: For x € K, we write
(7.2)
v(z) = (o1(), ..., 00(2), Re(or1(x)), Im(ors1(x)), ..., Re(orrs(x)), Im(or1s(x))).

Now we make a computation that will be useful for future theorems.

Lemma 7.3. Pick basis ay,...,a, of K over Q. Let M = [v(an,)] (where v(x) is
defined as above) be an n X n matriz with row m equal to v(a,,). Now define D to
be the n x n matriz such that row m equals

01(am)s s O (@) Trt1(Am )y oy Orts(Wm )y Trt 1 (Qn )y -y Ortes (A ) -
Then
det(M) = (—2i)~*det(D)
where i2 = —1.

Proof. The proof is essentially row and column manipulation. In matrix D add
columns r+1 and 742 together in order to obtain, in row k, the entry 2Re(o,41(ag))-
We will now multiply column r+ 1 by % Subtract this from column r+ 2 to obtain
the entry —iIm(o,+1(ag))-

Repeat this with all the conjugate columns. Now we have a matrix that is almost
the same M, with the only difference being a factor of 2 in s columns and a factor
of —i in s columns. Thus, the determinants det(M) and det(D) differ by a factor
of (—=2i)~*, which is what we wanted. O
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Definition 7.4. Let 4 be a fractional ideal of R. The discriminant A($4/Z) of $4
is the ideal of Z generated by A(ay,...,a,), where (ay, ..., a,) run through all the
bases of K over Q contained in 4.

Proposition 7.5. Let our terms be as they were in the definition above. Let
M = [v(a;)]. Then
(7.6) AU/Z) = (—4)*det(M)?
Proof. Pick a matrix D as defined in Lemma 7.3. Consider DD!. By Proposition
5.5(i), the 4, j entry of the matrix is Tk g(a;a;). Thus
det(DD") = det(D)? = A(MU/Z).

Also, by Definition 7.3,

det(D)? = (—4)°det(M)?.
This leads to the result

AU/Z) = (—4)*det(M)?,

O

Proposition 7.7. A($/Z) = N ()2A(R/Z) where N (1) is the number of elements
of R/4.

Proof. Tt is sufficient to prove that the the equation holds after localization at every
maximal ideal of Z. Let p be prime and S = Z—pZ. Let g = aRg for some a € Rg.

Pick a basis of R over Z, x1,...,z,. We know this is still a basis of Rg over Zg.
Then axy,...,azx, is a Zg basis of ig.

Using Definition 5.1, we can construct a regular representation mapping
rq ¢ Yy — ya with respect to the basis x1,...,z,. We will call the resulting matrix
Pa- Thus

Tk jolaziax;) = pa[Tko(riz;)] o,

We know that Ng /q(a) = det(pa), so

Alazy,...,azn) = Ngjg(a)? Az, ..., ).
Lastly, we need the equation
Nk oihs) = Nkjg(a)Zs = NZs.
Combining the three previous equations, we obtain the equation
(7.8) A(tls/Zs) = N (8hs)*A(Rs | Zs).
By Lemma 5.9 the result follows. |

Theorem 7.9. Let i be a nonzero ideal in R, the ring of algebraic integers. Let
v: K — R"™ be as in Equation 7.2. Then v() is a full lattice, and its volume is
27| A(R/Z)VPN ().

Proof. First, we want to show that v({) is a full lattice. Begin by picking a Z
basis of 4, ay, ..., a,. Clearly, v(ay),...,v(ay) is a Z basis of v(4l). Thus, the vectors
v(ay),...,v(ay) are linearly independent, and we can conclude that v(4l) is a full
lattice.

Now, we will compute the volume. Construct a matrix M such that row ¢ equals
v(a;). Then det(M) equals the volume of the lattice. By Proposition 7.5,

(7.10) det(M) = 27°| A4/ Z)[*/2,
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By Proposition 7.7, we know
A(U/Z) = N(UW)2A(R/Z).
If we substitute this into Equation 7.10, we obtain the result
det(M) = 27| A(R/Z)|">N ().
O

Theorem 7.11. Let 8 be a nonzero ideal of R. Then there exists an element
a € a#0, such that

[Niesq(a)| < (nl/n™)(4/m)°| A(R/Z)[M2N (1)

Proof. Let the set X; be as in Equation 6.19. Then X, is a centrally symmetric
convex subset of R™, which allows us to use what we learned in the previous section.
By Proposition 6.18, we see that

27‘757{.8tn
By Theorem 7.9, we know
(7.13) v(8l) = 27°|A(R/Z) 2N ().

By Theorem 6.17, if vol(X;) > 2™vol (), then X; contains a nonzero point of v().
We see, by Equations 7.12 and 7.13, that this inequality holds if

n—r

il )N<u>|AR|1/2.
T

(7.14) t" = e+ nl! (

As e approaches zero, we will get a point in X; Nv(4). By Theorem 6.12, we
know that the lattice contains a finite number of points in any sphere. Thus even if
€ = 0, the intersection contains a nonzero point. Assume t is selected as in Equation
7.14, where € = 0. Pick a nonzero a € i such that

v(a) = (o1(a), ..., 00(a), Re(or11(a)), Im(ori1(a)), ...) = (1, .oey Try Y1, 21, -, Ys, Zs)
is in X;.
We know, from Section 5, that

INieso(@)| = [Tloa(@)| TT lovesi(@)P = lea|lan | (47 + 20)-. (92 + 22).-
i=1 j=1
We now apply the Arithmetic-Geometric Mean Inequality, which states

n 1/n
o1 bi
(1:[@) < #;

for nonnegative real b;, and conclude

a 1 t

1/n 2 5

|NK/Q( )| / < o E || + 2 E y; +27 ] < -
v J

Replace t™ by the value given in Equation 7.14, and we are given the desired
equation, [Ng g(a)| < (n!/n™)(4/7)*|A(R/Z)[V2N (). O

For the next Theorem, we need the following definition.
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Definition 7.15. Two ideals, U and B, are equivalent if 4 = B¢ for some nonzero
c¢. The equivalence class of i is represented by [4].

Theorem 7.16 (The Minkowski Bound). For any nonzero fractional ideal B of R
there is an U € [B] such that U C R and

N(8) < (nl/n")(4/7)*| A2,

Proof. Pick b € B such that B; = B! is an ideal in R which lies in [B~1]. By
Theorem 7.11 there exists a nonzero a € gy such that

| Nicjo(@)|NV(B1) 7 < (nl/n")(4/m)*| A2,
Let 4 = aB, ' Then 4 C R (since a € B,). Thus
N (W) = N (aB7") = [Nk /g(a)N (B1) 7.
This proves the Theorem. O

Notice that the previous Theorem proves that the bound on A (4) depends only
on K. With this, we are ready to prove our main Theorem.

Theorem 7.17. The class group of the ring of algebraic integers in an algebraic
number field is finite.

Proof. By Theorem 7.16, every class contains an integral ideal, call it &, such that
N80 < (nl/n™)(4/7)*|A]Y/2 = M.
Now all we need to prove is that there are only finitely many integral ideals such
that the norm is below the fixed bound M.
We can factor Y into powers of prime ideals: $ = B{*.. By, where B; are
distinct prime ideals and a; are positive integers. Now let p;Z = ZN*B;, where p; is
a positive prime. Suppose N(U) = Hp{““ < M where f; is the relative degree of

K3
B; over Z. Notice that there must be finitely many p;, and each p; is only divisible
by finitely many 95;. Thus there exist only finitely many B;.

It’s also clear that there are only finitely many possible a; (since each pf 1< M).
Hence there are only finitely many 4 such that A'(4) < M. Thus every class group
is represented by only a finite number of ideals. Thus the class group of the ring of
algebraic integers in an algebraic number field is finite. O
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