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ABSTRACT. We prove the levelwise finite generation of free polynomial G-Tambara functors
in a collection of cases, most notably when G is a finite Dedekind group or when G = Cp, x Cy,
p > ¢ primes. In the process, we establish the permanence of various finiteness conditions
under box products and norms n$§ of Tambara functors, including a weak Hilbert Basis
Theorem.
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1. INTRODUCTION

1.1. Background. Tambara functors are equivariant analogues of commutative rings, ap-

pearing naturally as ring structures associated to systems of representations. Representation

rings, Galois extensions, Burnside rings, and even commutative rings with a G-action in the
1



2 THE LEVELWISE FINITE GENERATION OF FREE TAMBARA FUNCTORS

simplest case all give rise to Tambara functors, which are defined as a functor sending finite
G-sets to sets satisfying certain properties.

The notion of a free polynomial Tambara functor, first introduced in [BH18|, is the equi-
variant analogue of a free polynomial ring; they represent the functors which send a Tambara
functor to its underlying set in a chosen level. In some sense, these can be viewed as very lage
Burnside rings—indeed, specializing to the generator associated to the G-set X = & recovers
the usual Burnside ring.

Free polynomial Tambara functors both mirror and differ from their classical counterparts
in interesting ways. A result of [Bru05| shows that the bottom level of any free polynomial
Tambara functor A[X] is a free polynomial ring with |X| generators. On the other hand, in
[HMQ22], free Tambara functors are shown to be almost never flat, a striking deviation from
classical algebra.

However, not much is known about the levelwise structure of polynomial Tambara functors
aside from a collection of specialized cases. In [SSW25], the free polynomial Tambara functor on
a top-level generator is shown to be levelwise finitely generated. A weak Hilbert basis theorem
for free polynomial Tambara functors was shown for G = C), by recent work in [4DS|, where a
computation of their Nakaoka spectra is also given. Knowing such results in greater generality
allows us to better apply the wealth of knowledge from classical commutative algebra in the
equivariant setting.

1.2. Main Results. In this paper, we establish several finiteness results for free polynomial
Tambara functors. First, a definition:

Definition (Definition 4.10). A finite group G is said to be Tambara finite if the free polynomial
Tambara functor A[X] is levelwise finitely generated for all finite G-sets X, i.e. A[X]|(G/L)
1s a finite-type Z-algebra for all L < G. We say that G is transitively Tambara finite or just
transitively finite if A[X] is levelwise finitely generated for all transitive finite G-sets X.

The Tambara-finiteness of G = C}, is established in [4DS]; our main theorem is the extension
of this result to a much larger class of groups. More precisely, we prove:

Theorem A (Theorem 6.17). Let G be a finite group satisfying one of the following conditions:

(a) G is a Dedekind group.
(b) Every proper, nontrivial subgroup of G is mazimal, and every subgroup is either normal
or satisfies No(H) = H.
(¢) G = Dg.
Then G is Tambara finite.

Recall that a Dedekind group is a group whose subgroups are all normal. In particular, the
class of G to which the theorem applies includes all finite abelian groups and the quaternion
group Qs.

This is a fairly strong finiteness condition on A[X]. For general G, we prove a weaker
theorem:

Theorem B (Theorem 6.16). Let G be a finite group and X be a G-set. Then A[X] is
relatively finite-dimensional, in the sense that all restriction maps Resg are finite ring maps.
In particular, A[X] is module-Noetherian when G is Tambara finite.

The notion of a relatively finite-dimensional Green or Tambara functor is new, due to
[CW25], and it is critical to extending any results obtained for transitive G-sets to general
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G-sets, as it is well-behaved under box products; we will see this in §6. We also prove a weak
Hilbert Basis Theorem which generalizes the corresponding result for G = C)}, presented in

[4DS).

Theorem C (Weak Hilbert Basis Theorem, Theorem 6.20). Let G be a Tambara finite group,
X a finite G-set, and T a levelwise Noetherian, relatively finite-dimensional Tambara functor.
Then T[X] =T X A[X] is also levelwise Noetherian and relatively finite-dimensional. If T is
levelwise finitely generated, then so is T[X].

In particular, under the assumptions above, T'[X] is Noetherian, i.e. satisfies the ascending
chain condition on Tambara ideals.

Our proof of Theorem A proceeds by first establishing transitive Tambara finiteness; tech-
nical results on the box product of two Tambara functors are developed in §6 to show that
transitively Tambara finite groups are also Tambara finite. In particular, a simple (noninduc-
tive) formula for the box product of an arbitrary number of G-Mackey functors for a finite
group G is developed in §6.

Theorem D (Theorem 6.5). Let G be a finite group, My, ..., My be a collection of G-Mackey
functors and write M = M X --- X My. Fiz a subgroup L < G. For any subgroup H < L,
define

Sk =M(G/H)®--- @ My(G/H).

Then we have

MG/ = | @ sk /F,

H<L

where F' is the submodule generated by Frobenius and Weyl relations, defined in §6.

This generalizes previously known formulas for the box product appearing in the literature
for when G is a cyclic p-group; for instance, an inductive formula when G = Cp» is described
in [Maz13]. The formula also has the advantage of having an easy-to-describe ring structure
when the M; are Tambara functors. We use this to prove the following:

Theorem E. Let G be a finite group and let T, R be two levelwise finitely generated Tambara
functors. Then T W R is levelwise finitely generated.

This is a surprisingly delicate result, as it fails for Green functors—a simple counterexample
when G = C), is given in §6.

(Bi)incomplete Tambara functors are not considered in this paper, which constitutes a
direction for further investigation. While we suspect that Theorem A holds for all Tambara
functors and all finite groups, it fails for Green functors in general (in the sense that not all
free Green functors for a finite group G are levelwise finitely generated). In light of this fact,
one might ask: what conditions must one impose on the indexing system of an incomplete
Tambara functor to ensure levelwise finite generation?

We note moreover that a better understanding of the levelwise ring structure of the free
polynomial functors A[X] can be achieved if more explicit information were known about
the ring structure of the norms ng of Tambara functors, H < G. The norm functor ng is
the left adjoint to the restriction functor Res% which sends a G-Tambara functor to an H-
Tambara functor via precomposition by induction of H-sets—see [HM19] and [Hoy14]. In fact,
our results show:
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Theorem F (Corollary 7.2, Theorem 7.3). The norm functors n% preserve levelwise finite
generation over Z for all finite H < G iff all finite groups are Tambara finite. If H < G and
G is a finite group satisfying the hypotheses of Theorem A, then ng preserves levelwise finite
generation.

This leads to the natural followup question:

Question. Let T be an H-Tambara functor which is levelwise Noetherian/relatively finite-
dimensional. Is the same true for ngT?

1.3. Acknowledgements. This work was completed as part of the 2025 Mathematics REU
program at the University of Chicago. I am deeply indebted to my REU mentor Noah Wisdom,
for without his guidance this project would not have been possible. I would also like to thank
David Chan, Danika Van Niel, and David Merhle for their patience and willingness to explain
their work to me. I am incredibly grateful to Peter May for his comments, from which the
organization of the paper has benefitted immensely.

2. REVIEW OF MACKEY AND TAMBARA FUNCTORS

2.1. The Polynomial Category. We briefly review the notions of equivariant algebra we
will need and establish some conventions for the rest of this text. For details, we refer the reader
to [Str12|. Fix a finite group G. We use Pg to denote the category of bispans of finite G-sets
or category of polynomials of finite G-sets, where objects are finite G-sets and morphisms are
isomorphism classes of polynomials [ X 2aLtplh Y], and 7325 the category of spans of finite
G-sets, the subcategory of 775 containing all the objects and where morphisms are polynomials
above such that ¢ is an isomorphism. Here, an isomorphism of polynomials is described by a
commutative diagram of the form

A— B

e AN

3 Y

AN S

A —— B

1%

X

A composition of polynomials [X & A L5 B L Y]and [Y & 4 L B L Z| is given by
[X + A” — B"” — Z] in the diagram

A// W B//
A——> B A —— B
X Y A
where B” = {(V/,s) | s : ¢ (/) = B,rs =p'},

W =B"xg A ={(d,s)]s: q’fl(q/(a/)) — B,rs =17},
W — B is given by (d,s) — s(a’), and A” =W xp A (see [Str12]).




EMORY SUN 5

There are three distinguished types of morphisms in Pg. For any map f : X — Y of finite
G-sets, we write

R=vLxLxLix), N=xixLbyly, m=xdxixLy
These are called restriction, norm, and transfer along f, respectively.

Let g € G. for any H < G, there is a G-isomorphism f, : G/H — G/gHg™" defined by
zH v zHg ' = 2971 (gHg™!). Transfer along f, is denoted by C,, and in fact

Cy=Ty, = Res;g1 :
2.2. Mackey and Tambara Functors.

Definition 2.1. A G-semi-Mackey functor is a product-preserving functor 735 — Set. A
G-semi-Tambara functor is a product-preserving functor Pg — Set.

It is well-known that every semi-Mackey functor takes values in commutative monoids, and
that every semi-Tambara functor takes values in commutative semirings.

Definition 2.2. A G-Mackey functor is a semi-Mackey functor which takes values in (abelian)
groups. A G-Tambara functor is a semi-Tambara functor which takes values in (commutative)
rings.

In particular, the group completion of a semi-Mackey functor is a Mackey functor, and the
additive completion of a semi-Tambara functor is a Tambara functor.

There is an equivalent description of Mackey and Tambara functors using only the transitive
G-sets, which we now describe.

Definition 2.3. A G-Mackey functor M consists of the following data:

(a) For each subgroup H < G, an abelian group M (G/H).

(b) For each g € G and H < G, an isomorphism ¢, : M(G/H) — M(G/gHg™') (the
dependence on H is supressed in the notation) such that such that ¢; = id for all
he€ H, cyey = gy forall g,¢' € G.

(c) For each subgroup inclusion H < K, group homomorphisms Res® : M(G/K) —
M(G/H) and TrX : M(G/H) — M(G/K) such that
(i) Rest = Trll =id for all H.
(ii) Resk Resk = Resk and Trk Tr = Trl whenever H < K < L.
(iii) For all g € G,

K _ pacdkg™! K _ mu9Kg™!
cqg Respy = Rengg_1 cg, cqTrg = TrgHg_1 Cq
whenever H < K.
(iv) (Double coset formula) Whenever H, K < L,
L L _ K H
Resi Trpp = Z TergHg,l Cq Resng,lKg.

gEK\L/H

A semi-Mackey functor is obtained by relaxing the condition that each M (G/H) is an abelian
group, requiring only a commutative monoid instead.

Definition 2.4. A G-Tambara functor T consists of the following data:
(a) For each subgroup H < G, a commutative ring T(G/H).
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(b) For each subgroup inclusion H < K, maps Resk : T(G/K) — T(G/H), Tr¥ :
T(G/H) — T(G/K), and Nm% : T(G/H) — T(G/K), and for each g € G, iso-
morphisms ¢, : T(G/H) — T(G/gHg™ ') such that

(i) The family of maps ({Res®}, {Tr&}, {c,}) turns T into a Mackey functor with
respect to the additive group structure.

(ii) The family of maps ({Resk}, {Nm#%}, {c,}) turns T into a semi-Mackey functor
under the multiplicative monoid structure.

(¢) (Exponential formula) For any exponential diagram

X%A%XX)/HJCA

| J

Y ;A

of finite G-sets, the following diagram commutes:

T(X) 2 T(A) BS, T(X xy [1;A)

- [

T(Y) T(I1;A)

Tr

Remark 2.5. The maps Resg , Trg, ng are the maps induced by restriction, transfer, and
norm along the projection G/H — G/K, while ¢4 is the map induced by Cy. Note that the
maps ¢y induce an action of Wy := N(H)/H on T(G/H), where N(H) is the normalizer of
H in G; Wy is the Weyl group of H.

Remark 2.6. Only (c) is not expressed precisely in terms of the data we have given, as there
is no succinct way to express the exponential formula using only transitive G-sets. When X
is not transitive, say X = [[, G/H;, we extend T(X) = [[, T(G/H;); there is also a way
to extend the transfer and norm maps using only the data given on the transitive sets. A
consequence of the exponential formula we will use repeatedly is Frobenius reciprocity,

x Trif(y) = Trif (Resg (z)y)
whenever defined.

Remark 2.7. In most examples, we will represent the data of a Mackey or Tambara functor via
its Lewis diagram, a diagram of all the T'(X) for transitive X with only the maps Resg, Trg, Cq
labeled.

Remark 2.8. We will occasionally reference the notion of a (commutative) Green functor, a
Mackey functor taking values in commutative rings such that the Resg and ¢4 are ring maps,
and such that transfer and restriction satisfy the Frobenius reciprocity relations above. In
particular, the data of a Green functor does not come with norm maps Nmﬁ .

3. FREE POLYNOMIAL TAMBARA FUNCTORS

3.1. Basic Properties of Free Tambara Functors. For any two finite G-sets X, Y, the
set of morphisms Pg(X,Y) has a semiring structure, with addition given by

X+ A—-B—=Y|+[ X+ A —-B —=Y]=[X+AuA —-BUB —Y],
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multiplication given by
X+ A—-B=Y] X+ A —->B —>Y]|=[X+ (AxyB)U(A xy B) = Bxy B =Y],
and additive and multiplicative identities given by
X+—o—-20=2Y], X+o-2Y>Y]
respectively (see [HMQ22, Theorem 2.14]).

Definition 3.1. Given a finite G-set X, the free polynomial Tambara functor or the polynomial
Tambara functor on X is the additive completion of the representable functor

Pa(X,—) : Pg — Set.
In particular, we have a natural isomorphism
HomGTamb (A[X], T) = T(X)

for any G-Tambara functor 7" and finite G-set X. When X = @, A = A[@] is the Burnside
Tambara functor, the initial object in the category of Tambara functors.
We cite some basic facts about the structure maps in a polynomial Tambara functor.

Lemma 3.2 ([HMQ22, Proposition 3.32|). Let H < G, f:Y — Z be a map of finite G-sets.
Then Ty sends
(G/H < A— B Y]~ [G/H+ A— BI" 7),
while Ry sends
[G/H+ A—B—Z]—[G/H+ AxzY - BxzY —=Y]

Let H be a subgroup of G. In order to understand A[G/H], it suffices to understand the
structure of A[G/H|(G/L) = Pa(G/H,G/L) for L < G. By splitting up the direct summands
of a polynomial G/H — G/L, we see that every element of A[G/H](G/L) is uniquely a sum
of (isomorphism classes of) polynomials of the form

G/H + [[G/H; - G/K - G/L,

i.e. a polynomial G/H < A — B — G/ L where B is transitive. We will call such a polynomial
wrreducible. 1t is clear that isomorphism classes of irreducible polynomials form a Z-basis for
Pe(G/H,G/L).

Recall the following definition:

Definition 3.3. A finite group G is said to be a Dedekind group if all subgroups are normal.

The only facts about Dedekind groups which will be relevant to us are the following.

(a) There exists a G-equivariant map G/H — G/K iff H < K. In this case, the equivariant
map G/H — G/K sending H to gK is well-defined for all g € G.

(b) For any two subgroups H, K < G, HK = KH is also a subgroup.

(c) All double cosets H\G/K are the same as the one-sided cosets G/HK = HK\G.

When G is a Dedekind group, any irreducible polynomial of the form
G/H « [[G/H; - G/K - G/L

)
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must satisfy H; < K < L and H; < H. Furthermore, by composing appropriate elements of G
to G/K and each factor of G/H;, we can arrange for the representative for the isomorphism
class of the diagram above to be of the form

G/H ST 6/ 2 q/k -2 /L
where pr is generic notation for the natural projection G/S — G/T whenever S < T are
subgroups and f : G/H — G/K denotes the equivariant map sending H to fK. Thus, an
element A[G/H|(G/L) can be represented by some tuple ((Hi, f1),..., (Hn, fn))K, where f;
are elements of G/H which keep track of the image of H; under the component G/H; — G/H.
Note here that the order of the (Hj, f;) does not matter, as shuffling the order gives an
isomorphic polynomial.

Lemma 3.4. Two tuples ((Hi, f1),-..,(Hn, fn))x and ((H{,g1),-..,(H},,gn))k yield iso-
morphic polynomials iff K = K', m = n, we have H] = H; up to reordering, and the following

condition is true: there exists some £ € L/K and lifts £y, ..., 4, € L such that
lifi=gi
up to reordering.

Proof. The condition that K = K’ and {H;} = {H]} is obvious, since G/K = G/K’ as G-
sets iff K = K’. Thus we want to determine when there exists an isomorphism of irreducible

polynomials
L; pr

ILG/Hi — G/K

Ui fi &r/‘

G/H Lir, s G/L

IL;G/Hi o5 G/K

L; pr
We see that in order for the diagram to commute, we must have s € L/K, r; € L/H; must
lift s € L/K, and f; = r;g;. O

Remark 3.5. This equivalence relation is hard to describe cleanly and is a source of difficulty
for tracking the combinatorics involved in analyzing the ring structure of A[G/H]. We will
later isolate some special cases for which this task is easier.

3.2. A Levelwise Grading for Polynomials. The polynomial Tambara functors admit a
levelwise N-grading for arbitrary finite G; when G is a Dedekind group, an explicit computation
offers a slight refinement.

Definition 3.6. For any finite group G, let Of consist of the pairs
(n, K)

where K < G and n € Z>( is a nonnegative integer. O assembles into a commutative monoid
under the operation

(n,K)4+(m,L)=(n+m,KNL).
In other words, Of = N x Og as a monoid, where O is the monoid of subsets of G' under
intersection.
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Definition 3.7. Let G be a finite group and b = [G/H <~ A — B — G/L] be an irreducible
polynomial, i.e. one where B is transitive. We define the degree of b to be the degree of A — B
as a map of G-sets.

Definition 3.8. When G is Dedekind, define the degree of an irreducible polynomial
((Hlv f1)7 RS (Hm fn))K

K
(2%" )eoggog

Here, the integer ) ,|K|/|H;| is again the degree of the map
[[¢/H: — G/K.
%

to be

For the rest of this section, we will assume by default that G is Dedekind; however, most
of the results are analogous in the general case and can be obtained by simply dropping the
non-numerical component of OF.

It follows immediately from definition that

AG/H|(G/D) = @ Su.
deoy

as groups, where Sy is the group generated by the irreducible polynomials of degree d € OF.
This also gives a description of A[G/H]/(G/L) as a graded ring.

Lemma 3.9. ((Hi, f1),.--, (Hn, fu))x - (H},91)s---,(H},, gm)) K’ is a homogeneous element
of degree

deg((Hla fl)a s (HTM fn))K + deg((H{7gl)7 cee (H7In7gm))K/
K| K| /
Z’ ELEKWK

Proof. Recall that multiplication on polynomials is given by

X+ A—-B=Y] [ X+ A —-B —=Y]|=[X+(AxyB)uU(A'"xy B) - Bxy B —=Y].

If A — B is of degree n, then so is A xy B' — B xy B’, as pullback preserves degrees; the same
holds for A" — B’. Hence (A xy B')U (A’ xy B) = B xy B’ is of degree n 4+ m, and the fact
that the associated subgroup is K N K’ follows from G/K x¢q, G/K' = [[G/(KNK'). O

Remark 3.10. Note that the elements of degree (0, —) form a subring which we temporarily
denote by Ay[G/H|(G/L). This ring is generated by irreducible polynomials of the form

G/H +~ 2 —G/K - G/L,

so we can identify the Z-basis with the poset Op, of subgroups K < L.
In particular, Ay[G/H|(G/L) has finite Z-rank. Note moreover that since polynomials of
the form
G/H+ 2 —X—>G/L

where X — G/L is an equivariant map of finite G-sets are in bijection with polynomials & —

G/ L, we have an isomorphism between Ay|G/H](G/L) and A(G/L), where A is the Burnside
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ring A = A[2] = P(g, —). In other words, the sub-Tambara functor P(&,—) < P(G/H, —)

has as levelwise image the elements of degree (0, —).

Remark 3.11. The elements of degree (—, L) also form a subring of A[G/H]|(G/L), which
we denote by A°[G/H](G/L). This ring is generated by irreducible polynomials of the form

G/H + [[G/H; — G/L - G/L.

In particular, the elements of degree (—, L) forms an N-graded subring, since
(n,L)+ (m,L) = (n+m,L)
in OF. It is easy to describe the multiplication of such irreducible polynomials: we have
((Hi, fi)ien)r - (Hj, g5)jer)r = (Hi, fi)ier, (H}, 9j)jer)L-

In particular, we see that AY(G/L) is a finite type Z-algebra. The equivalence relation in
Lemma 3.4 is also simple; the set of representatives for the equivalence is given by orbits of
collections ((Hi, f1), ..., (Hn, fn))r, under the L™-action

((Hla fl)’ SRR (Hm fn))L = ((H17€1f1)7 R (Hnagnfn))a

so each of the f; is a well-defined element of G/HL. While A" is preserved by restriction and
norm maps, it is not preserved by transfer, so it is not a sub-Tambara functor.

Example 3.12. For G = C,, we have A[C,,/C,](Cp/Cp) = Z[t]/(t* — pt), where here ¢ is the
element corresponding to the polynomial

Cp/Cp & — Cple — Cp/C,

while Ay[C,/C,)(Cp/e) = Z. On the other hand, we have A°[C,/C,](Cp/e) = Z[x], where
here x is the element corresponding to the polynomial

Cp/Cp  Cple = Cple — Cple.
A[C,/Cp)(C,/Cp) = Z[z], where x is the element corresponding to the polynomial
Cp/Cp <= Cp/Cp = Cp/Cp = Cp/Cy
Lemma 3.13. The Weyl group action on A|G/H](G/L) preserves degrees.
Proof. Obvious. O

Lemma 3.14. Let L < L'. Tr: A[G/H|(G/L) — A[G/H](G/L') and Res : A|G/H)(G/L") —
A[G/H|(G/L) are graded homomorphisms, in the sense that there are monoid homomorphisms
¢:0F = OF, and ¢ : OF, — OF such that

Tr (A[G/H|(G/L)a) C A[G/H)(G/L)ga), Res(A[G/H|(G/L)a) € A[G/H|(G/L)y(ay
for any d € OF, d' € OY,. Explicitly,
o(n,K)=n,K), ¢v(n,K)=(n,KNL).

Proof. Observe that ¢, indeed define monoid homomorphisms. The fact that Res and Tr are
graded in this way more or less follows immediately from the explicit description of transfer
and restriction in Lemma 3.2, the fact that pullback preserves degrees, and the fact that

G/K xay G/L=11G/(KNL). O

We summarize these observations in the following, more general lemma.
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Lemma 3.15. Let F be a collection of subgroups of L and let OF r be the subset of OF
consisting of all pairs of the form (n, K) where K € F.

(a) If L € F and F is closed under intersections, then the elements of degree in O%J_— form
a subring of A[G/H](G/L).

(b) If for every K € F and K' < L, KN K' € F, then the elements of degree in Of »
form an ideal of A[G/H](G/L). In particular, any family of subgroups F which is
“downwards closed” in the sense that K' € F whenever K' < K and K € F defines an
ideal of A|[G/H](G/L).

(¢) For L < L', the image of transfer Tr : A|[G/H|(G/L) — A[G/H](G/L') is the ideal
corresponding to the family F = {K < L}.

Proof. Obvious. O

Remark 3.16. The subring A°[G/H](G/L) can be identified with the quotient of A[G/H](G/L)
by the ideal corresponding to the family F = {K < L}.

Remark 3.17. Nm¥ : A[G/H|(G/L) — A[G/H](G/L') is not generally graded.

Remark 3.18. None of the results on the grading of A[G/H|(G/L) depend on the transitivity
of X = G/H. In particular, for any finite G-set X, the ring A[X]|(G/L) is graded over O} in
the way described: an irreducible polynomial

X« [[G¢/Hi - G/K - G/L

has degree (>,|K|/|H;|, K), which turns A[X]|(G/L) into a graded ring for each L < G.
Restriction and transfer maps for A[X] are also graded in the same way. For now, we call this
the naive grading on A[X]. In §6, we will show that the gradings on A[G/H] for transitive
G/ H induce a grading on A[X] for arbitrary G-sets X, which coincides with the naive grading.

4. FINITE GENERATION FOR DEDEKIND GROUPS

4.1. Finiteness Results for General G. The main goal of this section is to prove that the
polynomial Tambara functors A[G/H] are levelwise finitely generated for Dedekind G and
relatively finite-dimensional for general G. First, some definitions.

Definition 4.1. Let T' be a G-Tambara functor and let R be a T-algebra, i.e. R is a G-
Tambara functor equipped with a morphism f : T" — R. We say that R is levelwise finitely
generated over T if each R(G/H) is a finite type T(G/H )-algebra. When T' = A = A[@] is

the Burnside Tambara functor, we simply say that R is levelwise finitely generated.

Remark 4.2. Since A is levelwise a finite Z-module, R is levelwise finitely generated iff each
R(G/H) is a finite type Z-algebra.

Definition 4.3 (|CW25, Definition 3.30]). A Green or Tambara functor R is relatively finite-
dimensional if for all H < K < G, the restriction map Res? : R(G/K) — R(G/H) is a finite
ring map. Equivalently, Res% : R(G/G) — R(G/H) is a finite ring map for all H < G.

Relative finite-dimensionality is a well-behaved finiteness condition on Green and Tambara
functors which imposes many niceties on their category of modules (see [CW25, §3] for more
details); we will use it extensively in §6. Next, we make some remarks on finite generation for
general finite groups G.



12 THE LEVELWISE FINITE GENERATION OF FREE TAMBARA FUNCTORS

Theorem 4.4 (|Bru05, Theorem A|). Let G be a finite group, X a finite G-set. Then A[X](G/e)
is a free polynomial ring over Z on | X| generators.

In particular, A[X](G/e) is a finite type Z-algebra. We also cite a fact about Tambara
functors we will use repeatedly.

Lemma 4.5 ([SSW25], Lemma 3.3). Let G be a finite group and T a G-Tambara functor. For
all H < K, restriction Res® : T(G/K) — T(G/H) is an integral ring map.

Definition 4.6. Let G be a finite group, H,L < G. Let A°[G/H](G/L) denote the subring
of A[G/H|(G/L) generated by those irreducible polynomials

G/H+ A— B— G/L
such that B — G/L is an isomorphism.

This is indeed a subring, since if B — G/L and B’ — G/L are isomorphisms, then so is
B x¢g/r B — G/L. Note that for Dedekind G, this coincides with our previous definition of

A°.

Lemma 4.7. A°[G/H)(G/L) is a finitely generated Z-algebra.

Proof. An irreducible polynomial in A°[G/H](G/L) is of the form
G/H + [[G/H;— G/g~'Lg — G/L.

By replacing the G/ H; with isomorphic G-sets, we may assume that all H; < g~'Lg, so that
it has a representative of the form

. —1
G/H &6/ - alg 'Ly s G/L,
i
where f; : G/H; — G/H is the unique G-map sending H; € G/H; to f;H € G/H (here
H; < fini_l) and each G/H; — G/g~'Lg is the natural projection. Multiplication of two
such polynomials gives

G/H & ] 6/H - Glg ' Lg £ 6L
(G/H ST 6/H, - Gl L £ G/L)
J
Ui filljgg

-1
= [G/H [l¢/B:uG/H, - G/g~'Lg *— G/L),
i,J
where we are using the fact that G/g~'Lg Xa/L G/g~'Lg = G/g~'Lg and G/H; Xa/L
G/g 'Lg = G/H; XG/g-1Lg G/g 'Lg = G/H;. Hence, we can take as a set of generators
all irreducible polynomials of the form

G/H + G/H — G/g 'Lg — G/L

for varying g € G and H' < g~ 'Lg. O

Lemma 4.8. A[G/H] is relatively finite-dimensional.
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Proof. Write T' = A[G/H] and T°(G/L) = A°[G/H](G/L) for brevity. We prove that Res¢
is a finite ring map by induction on the size of L. Since T(G/e) is a finite type Z-algebra by
Theorem 4.4, Resf is a finite type ring map, hence a finite ring map since all restrictions maps
are integral (Lemma 4.5).

Now suppose L < G. It is clear from definition that every irreducible polynomial in T'(G/L)
is either in T°(G/L) or is of the form Trk (z) for some z € T(G/K), K < L. By Frobenius
reciprocity, Res% (y) where y € T(G/G) acts by multiplication on Trk () via

Resf (y) Tri (¢) = Tri (Resf (y)z),
so it follows that as a T'(G//G)-module, T(G/L) is generated by T°(G/L) and modules isomor-
phic to quotients of T(G/K) for K < L. By assumption, the T(G/K) are all finite T(G/G)-
modules, so it suffices to show that the T(G/G)-module generated by T%(G/L) in T(G/L) is
contained in some finite T'(G//G)-module as well. But T°(G/L) is a finite type Z-algebra, so

it generates a finite type subalgebra over T'(G/G) in T'(G/L). Since this subalgebra is integral
over T'(G/G) by Lemma 4.5 again, it must be finite over T'(G/G), completing the proof. [

Corollary 4.9. A[G/H] is levelwise finitely generated over Z iff A[G/H|(G/G) is a finite
type Z-algebra.

Proof. The only if direction is obvious. The converse follows from the fact that any algebra
which is module-finite over a finite type Z-algebra is also a finite type Z-algebra. O

4.2. Dedekind G, Transitive Case. We introduce some auxiliary terms on levelwise finite
generation.

Definition 4.10. Let G be a finite group. We say that G is Tambara finite if A[X] is levelwise
finitely generated for all finite G-sets X, and transitively Tambara finite or just transitively
finite if A[X] is levelwise finitely generated for all transitive finite G-sets X.

We will show in §6 that transitively Tambara finite groups are Tambara finite. For the rest
of this section, assume that G is a finite Dedekind group; our goal now is to show (Theorem
4.14) that G is transitively finite.

Lemma 4.11. Let H < H'. The morphism of Tambara functors A|G/H| — A[G/H'] induced
by restriction along the projection morphism G/H — G /H' contains in its levelwise image the
set of irreducible polynomials ((H;, fi)icr)x where H;y < H.

Proof. This follows because the composition of the polynomials

G/H' & G/H - a/H - G/H, 6/H L [[6/H - a/K —G/L

is the polynomial
a/H & T 6/H - /K - GJL. O

The punchline is that for G Dedekind, the H; must all collectively factor through H N K—
thus, for the finite generation of A[G/H](G/L), we only need to consider (by induction on the
size of H) those irreducible polynomials with H < K < L (so in particular, H < L).

Lemma 4.12. When H < K < L, the isomorphism class of the polynomial ((H;, fi)ic1) K in
A[G/H|(G/L) is determined by the reduction of the f; mod K/H.

Proof. Apply Lemma 3.4 with s = 1. O
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Thus, we can view our polynomials ((H;, fi)icr) i as having f; € G/K.
Lemma 4.13. Let H < K < K' < L. Then

(Hi, fieDk - (Hj gj)jen e = > | (Hi fiierw T (Hjorgy)
seL/K' jeJ

reL/K
s K

in A|G/H](G/L), where here ((Hi, f1) U (Ha, f2)) just means the pair ((Hi, f1), (Ha, f2)).
Proof. We will unravel the multiplication rule
X+ A—-B—=Y] X+ A—>B -Y]=[X+ (AxyB)uU(A"xy B)— Bxy B —Y]

in this case. Here

Bxy B =G/K xg/;, G/K'= ] G/K,
seL/K’

where the identification is given by noting that G/K xq/1, G/K' is the union of orbits of the
form

G/K xq G/K'= [ G- (K,s5)= ]] %-(K,SK’).
s€L/KK' seL/K'

We also have

A Xy B/ = (HG/HZ> Xg/L G/K’ = ]_[G/It[Z XG/L G/K’

—]_[ ]_[ - (H;,rK"),

i reL/K’ Hi

A xy B = HG/H xG/LG/K:HG/H;xG/LxG/K

_H H H’ rH]’, K).

Jj reL/K Y

Which components of A xy B’ and A’ Xy B lie over the component G /K corresponding to a
given s € L/K'? These are the components of A xy B’ with

(H;,rK') — (K,sK")
and the components of A’ xy B with
(rH}, K) — (K,sK').

In the first case we need r € L/K' to map to s € L/K' and in the second case we need
r€ L/K tomap tose L/K'.
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Under this identification, we then see that the product is a sum of irreducible polynomials,
indexed over s € L/K’, of the form

G/H (]_[ G/Hi> u| II ¢/H#j| - G/K—G/L.
el TGZE;K
TS

Now we analyze each component G/H; — G/H and G/H; — G/H. For a given i € I and
s € L/K', the element in the component G/H; of A xy B’ lying above the s piece G/K
corresponding to H; € G/H; is (H;,rK'). The map to G/H is then projection onto the
first coordinate followed by f;, so we see that G/H; > H; — f;H € G/H. Similarly, for a
given j € J and r € L/K mapping to s € L/K’, the element in A’ xy B corresponding to
H} € G/Hj is (rH}, K). The map to G/H is projection onto the first coordinate followed by
gi»s0 G/H} > H} — rg;H € G/H. This completes the proof. O

Theorem 4.14. Let G be a finite Dedekind group. Then G is transitively finite, i.e. A[G/H]|
18 levelwise finitely generated for any H < G.

Proof. By Corollary 4.9, it suffices to show that A[G/H](G/G) is finitely generated. Now fix an
N large enough so that for any polynomial ((H;, fi)icr) i, where H < K and deg((Hj, fi)icr) xk =
(n, K) with n > N, there exists some Hy € {H;};cr which appears more than 142+ - -+|G/ K|
times in the tuple above. We take as generators the set of all polynomials with degree (n, K)
such that n < N, as well as the all the polynomials of the form ((H;, f;)icr)x’ where K < K’
and |I| < |G/K|. (Because these polynomials have degree (n, K’) with n bounded, we can
forget about this extra class of generators when N is sufficiently large.) We show that any
polynomial with degree (n, K) with n > N can be written as a combination of the generators
above and polynomials of degree (n/, K) with n’ < n, which suffices by induction on n (and
our remarks above on the reduction to the case H < K).

Let b = ((Hi, fi)ier)x be any such polynomial and let Hy be as above. Writing (Ho, f1),
..y (Ho, fm) for all the pairs in our collection associated to Hp, we have m > |G/K]| by
assumption. Fix this Hy for the rest of the proof.

Now let’s fix some notation. Given any polynomial b and f € G/K, let ms(b) denote the
number of times that (Ho, f) appears in b. Let #(b) € N¢/X (here N&/K is the set of N-valued
vectors indexed in elements of G/K') denote the vector whose f coordinate has value m(b).
Similarly, given any vector ¢ € NEG/K et m (V) denote the value of ¥ at the f coordinate.
Furthermore, there is an G/K action on N%/X given by m;(g - ¥) = mg-1 ().

If & € NO/K with @ < #(b) (ms(w) < my(b) for all f € G/K), write b/w0 for the polynomial
obtained by deleting m ;(«) copies of (Hy, f) from b for each f € G/K. If W € N&/K we let
by (W) denote the irreducible polynomial

b (@) = | [T TI (Ho,$)

fGG/K mf(w) K’

i.e. (Ho, f) appears in by (W) exactly m () times.
Our proof strategy is a generalization of the corresponding proof for G = C), in [4DS]. We
adopt analogous notation: for any j > 0 let

S;(0) ={f € G/K : my(¥) = j}
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and define Sj(b) = S;(v(b)). Similarly define
Tj(v) = U Si(?),  Tj(b) = T;(v(b)).

Civen any subset A C G/K, let &(A) € N¢/K be the vector with

my(E4)) = {1 .

0 otherwise.

We use a nested induction argument. First, we induct on |Sy(b)|. The base case |Sp(b)| = 0
follows from the fact that

b= (b/e(G/K)) - ba(e({1}))
by the formula given in Lemma 4.13. We then have the inductive hypothesis

(0) Suppose there is an mgy > 0 such that b is a combination of lower-degree terms and
generators whenever [Sy(b)| < my.

We prove the inductive step for [So(b)| = mg by induction on |S1(b)|. At the base case |S1(b)| =
0, we have G/K = Ty(b) U Sp(b) = Ta(b) U Sp(b). Let K'/K be the stabilizer of T»(b) under
the action of G/K, so that T5(b) is the union of cosets

Tp(b) = (n K'/K)U - U (g K/ K).
Note that by assumption Sy # @ so K'/K # G /K. Then we have
b= (b/e(T(b)) - b (e({g1, .., 9:}))

- Y | -Em®)+ > redg.-.a})

0#£s€G/K’ reG/K
TS

= (b/e(T(b))) - b (€{g1,-- -, 9¢}))
— > b(Eb) — ATa(b) + - ATa(D)))

0#£s€G/K’
again from the formula in Lemma 4.13, and where on the last line we simply choose for each
s € G/K' an element r € G/K mapping to s. Since no nonzero element of s € G/K’ stabilizes
T»(b) and T (b)NSp = @, any r € G/K mapping to nonzero s € G/K’ has (r-T5(b))NSo(b) # 2,
so we must have

S0 (U(b) — €(T2(b)) + 7 - e(T2(b)))] < [So(b)] = mo
for each such r. Thus by the inductive hypothesis (0) we have established the base case for
|S1(b)|. We now have the inductive hypothesis

(1) Suppose there is an m; > 0 such that b is a combination of lower degree terms and
generators whenever |S1(b)| < mj.

We prove the inductive step for |S1(b)] = mi by induction on [Sa(b)|. At the base case
’SQ(b)’ = 0, we have G/K = Tg(b) (] Sl(b) (] S()(b) = Tg(b) U Sl(b) (] S()(b) Again let K//K be
the stabilizer of T3(b) under the G/K action, so that T3(b) is the union

T3(b) = (@ K'/K)U--- U (9: K/ K).



EMORY SUN 17

By assumption S1, Sy # &, so K'/K # G/K and
b= (b/e(T5(0))) - b (e({g1, - 9:}))
— Y b(H(b) — ET3(b)) + 7 - E(T5(D)))
0#£s€G/K'

Since no nonzero element of s € G/K’ stabilizes T5(b), any r € G/K mapping to a nonzero
element in G/K’ has (r - T3(b)) N (S1 U Sp) # &, so the vector

|9(b) — &(T5(b)) + 7 - e(T3(0))]
either has |S1| < mj or |Sy| < mg. We continue with the inductive hypothesis
(2) Suppose there is an my > 0 such that b is a combination of lower degree terms and
generators whenever |Sz(b)| < ma.

Continue in this way; the base case for the inductive hypothesis (i) is implied by the inductive
hypotheses for (j) with j < i. Proving the inductive step for any (i) establishes the inductive
step for (0) and thus completes the proof.

Eventually, we arrive at the inductive hypothesis for (M), where M = (3_ s/ my(b)) +1.
The base case is proved by the inductive hypotheses for (j), j < M, so we prove the inductive
step: if mps > 0 and |Spr(b)| = mays, then b is a combination of lower degree terms and
generators. But my; > 0 and |Sps(b)| = mas cannot both be true at the same time, so the
inductive step is vacuous; hence only the base case matters and the theorem is proved. O

We remark that the proof of this theorem actually gives us a little bit more:

Lemma 4.15. Let G be a finite group, and let H < K < G be normal subgroups of G. There
exist a finite set S of polynomials in R = A[G/H|(G/G) such that every irreducible polynomial
of the form

G/H + [[G/Hi — G/K - G/G
has an algebraic expression by elements of S.

Most of the notation from the proof carries over; in particular, we can again represent all
irreducible bispans of the above form via

G/H &8 HG/H - G/K — G/G,

where the f; assmeble into some vector & € N/ X The main point in the proof where some
care needs to be taken is in the decomposition of T),(b) into right cosets

Tn(b) = (K'/K)g1 U - U(K'/K)gq,

since the stabilizer K'/K of T,,(b) under the G/K-action need not be a normal subgroup of
G/K, and the observation that the multiplication formula in Lemma 4.13

b () b (@) = Y b|T+ D rew

s€G/K’ reG/K
TS

has the effect of adding all elements of the form s(K’/K)g; to the tuple given by ¥, where here
the elements g; € G/K are specified by the vector @ € NCE/K We will use this more general
lemma in §5, when we prove finite generation in special cases.
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5. FINITE GENERATION IN SPECIAL CASES

5.1. A Strong Constraint on G. Consider the following condition on a finite group G:
(x) Every proper, nontrivial subgroup of G is maximal, and every subgroup is either normal
or satisfies Ng(H) = H.

In particular, any two proper subgroups have trivial intersection. In this section, we prove
directly that G is transitively Tambara finite when G satisfies (x) or when G = Dsg, the
dihedral group of order 8. The following lemma gives a class of groups which satisfy (%) (in
particular, these include the dihedral groups Dy, of order 2p for p > 2 a prime).

Proposition 5.1. Let p > q be primes and suppose ¢ : Cq — Aut(C)) is a faithful Cy-action
on Cp. Then G = Cp x4 Cy satisfies (x).

Proof. Write ¢, = ¢(y) for any y € C,. It is clear that every proper nontrivial subgroup is
maximal for order reasons. For e # y € C; and x € C),, we have

e = by ey = K00y,

where ¢, (z) = z', t # 1 mod p. In particular, taking k¥ = n/(1 — ¢) mod p, we see that the
elements "y and y are conjugate. From this, we find that the only proper nontrivial subgroups
of G are C, (which is normal) and those generated by (z"y), e # y € C,, which are all non-
normal of order ¢q. Furthermore, the computation above shows that Ng((y)) = (y) and thus
Ng((z"y)) = («"y), since the two subgroups are conjugate. Hence G satisfies (x). O

First, we remark that the finite generation of A[X] for a top-level generator X is known in
general:

Theorem 5.2 ([SSW25, Proposition 3.12|). Let G be a finite group. A|G/G|(G/H) is a finitely
generated ring for oll H < G.

Proposition 5.3. Let G be a finite group satisfying (x). Then G is transitively Tambara finite.

Proof. We wish to show that A[G/H] is levelwise finitely generated for all H < G. Recall by
Corollary 4.9 that it suffices to show that R = A[G/H](G/G) is a finite type Z-algebra. In
general, we will say that an irreducible polynomial of the form

G/H+A—-G/K —-G/G=x

is “of type K.” We will say that type K polynomials are finitely generated if there exists a finite
set S of polynomials in R such that every irreducible polynomial of type K can be expressed
as some combination of polynomials in S.

Suppose first that H = e. The type K polynomials for K normal are all finitely generated
by Lemma 4.15. If K is not normal, then we compute

Gle L[ Gle — GIK =+ [Gle <2 [[Gle = G/E — #]
=[G/e Ligs HG/@ — G/K — %] + type e,

where here we use the fact that

G/KxG/K=G/Ku [ G/(KngKg")=G/KuU][G/e,
e£ge K\G/K
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since K NgKg~! = e for any g ¢ K. Thus, we need only take as additional type K generators
(when K is not normal) those polynomials of the form

(Gle L Gle — G/K — 4.
Now suppose H # e is a proper subgroup. If H is normal, then a type K polynomial

G/H S 6/H - GIK = 4

must satisfy H; < K N H for all 4. If H £ K, then this implies all the H; = e and hence all
such polynomials lie in the image of the map A[G/e] — A[G/H] induced by restriction, from
which we are done by the H = e case. If H < K, then K is normal and we are done by Lemma
4.15.

If H is not normal, then we again have two cases. A type K polynomial

6/H LT[ G H — GIK — +]

with K normal must have H; < K and H; < gHg~! for some g € G. This can only occur
if H; = e or K = G} in the first case, these lie in the image of A[G/e] — A[G/H] and we
are done. In the second case, these are elements of A°[G/H](G/G), which we know is finitely
generated by Lemma 4.7.

Thus, suppose K is non-normal. If K is not conjugate to H, then for all ¢, we have H; <
KnNgHg ! = e for some g € G, in which case these lie in the image of A[G/e] — A[G/H] and
we are done. Thus, we can assume K is conjugate to H, from which we may assume K = H,
since type K polynomials are isomorphic to type H polynomials. In this case we must have
all the H; = e, or H; = H with the corresponding map G/H; — G/H equal to the identity.
Thus all type H polynomials look like

G/H L T e[ 6/H - G/H — -,

in which case we have an analogous computation

G/H T Greu ][ G/H > GIH = +)

G/H P Glew][G/H = G/H —
k l
L f;UgeUpr. Upr
w HG/eI_IHG/H — G/H — %] + type e,
ik 4l
where we again have used the fact that G/H x G/H = G/H U]] G/e. From this we see that
we can take as additional type H generators those of the form

— [G/H

G/H <L Gle —» GJH —+, [G/H + G/H — G/H — %]
Lastly, we note that if H = G, then we are done by Theorem 5.2. O

5.2. G =2 Dg, Transitive Case. Now we give a proof of transitive finiteness for Dg. Neither
of the conditions imposed in (x) are true for Dg.
We use the presentation

2

Ds = (a,z | a* = 2® = e,az = za™1).
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There are three subgroups of Dg of order 4, (a2, z), (a?, ax), and (a). All three are normal; the

third is characteristic. There are five subgroups of order 2: (z), (a?z) are conjugate, (ax), (a3x)

are conjugate, and (a?) is the center of the group. Note in particular that (x) has normalizer
Np,({(z)) = (a*,z) < Ds.

Proposition 5.4. A[Dg/e] is levelwise finitely generated.

Proof. By Lemma 4.15, the only types of irreducible polynomials which may cause issues are
(a)
Dg/e Lﬂ Dg/e — HD8/<$> — Xk
(b)
Dg/e il HDg/e — Dg/{azx) — *

Call all other types of irreducible polynomials “type (c).” We will only do the computation for
type (a) since the argument for type (b) polynomials is identical.

Note that in the irreducible polynomials of type (a), the f; are well-defined up to a coset
representative (x)\ Dg. Thus, we can assume that the f; are of the form aF for some 0 < k < 3.
Represent the f; via some vector © € N*, where (ng, n1,n2,n3) means aF appears nj, times.
Note that Cy = (a) acts on these vectors via a - (ng, n1,n2,n3) = (ns, ng, n1,n2). We compute

[Ds/e < T Ds/e = Ds/(x) — +] - [Ds/e & Ds/e — Ds/{x) — %]
= [Ds/e <12 T] Ds/e — Ds/{x) — #]

+ [Dg/e LI [ Ds/e — Ds/(z) = #] + type (c),

[Dsg/e =il HDg/e — Dg/(z) — | - [Dg/e & Dg/e — Dg/(a%, ) — ]
= [Ds/e 2 T Dyfe = Dy (a) =

+ [Dsg/e M HDg/e — Dg/{x) — | + type (c),

(Ds/e <2 T Ds/e — Ds/(x) — #] - [Ds/e « Ds/e = * — %]

. 2 3
— [Dg/e IR T Dy /e — Dy/ () — #]

From this and a simple induction argument (reminiscent of Theorem 4.14), we need only take
as additional generators those corresponding to vectors 7 € N4 with ng+ni+ng+n3 < 4. 0O

Proposition 5.5. A[Dg/(z)] is levelwise finitely generated.

Proof. Again by Lemma 4.15, the only types of irreducible polynomials which may cause issues
are

(a)
Dy/(a) <22 [T Dsfe U [ Ds/ () = Ds/(x) —
(b)

Dy /() <22 1T Dg/fe U [ Ds/(x) UT ] Ds/a?x) — Ds/(a?, z) — =
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Call all other “type (c).” In the type (a) polynomials, we can view the f; as taking values in
Ds/(z) = {e(z),alz),a®(z),a(z)}, while the g; take values in Np,((z))/(x) = (a?, z)/(x), so
we can take them to be e or a?. We compute
UL
[Ds/(x) <[] Ds/e u ][ Ds/(x) — Ds/(x) — ]
'[D8/< ) < Ds/e = x = %]

= Dy () LD TT e ] Ds /) — Ds/ () — 5],

[Ds/ () <22 T Dsfe U] ] Ds/ (@) — Ds/() — #
[Ds/(@) & Dsfe = Ds/(x) = +)
= [Ds/(w) {2 ] Dsfe U] Ds/ta) — Ds/ ) — +)
+ [Ds/ () L9 T Dy je T ] Ds/(a) — Ds/ ) — ]
+ type (c)
(Ds/(a) L2 T Ds/e ]| Ds/lx) = D/ () — #]
[Ds/(@) <~ Dsje — Ds/(a® a) —
— [Dy/ () LD ] Dgje L ][ D/ () = Ds/la) —

+ (D LI TT g e U] Ds /) — Ds/ () = +)

In addition, we have

Dy /(x) <22 1] Dsfe ]| Ds/ix) = D/ () — #]
'[D8/<><—D8/<>—>D8/<> ]

= [Ds/(a) L2 1] Ds/eu [ ] Ds/w) — Ds/(x) — +]
+ [Ds/{w) EEE9 TT Dyje U] Ds/(w) — D) — #
+ type (C)

[Ds/ () 2 T Dsfe 0 ][ Ds/ (@) — Ds/a) — +
- [D8/<x> & Ds/() - Ds/{a®2) — +]

= [Ds/ (a) 22D T Dg/je s [] D/ @) = Ds/la) =
+ [Ds /() <2020 T Dy /e U] Ds/ () — Ds/ () — 4.

Using the last two identities, we can arrange for any polynomial of type (a) to be a combination
of type (a) polynomials where the number of g; is < 2 and type (c) polynomials. Then using
the first three identities and an inductive argument as in Theorem 4.14, we can arrange for
these polynomials to be combinations of type (c¢) polynomials and type (a) polynomials where
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the number of f; is < 4 and where the number of g; is < 2. Hence the type (a) polynomials
are finitely generated.
For the type (b) polynomials, we note that in the polynomial

Dy /(z) L2852 T Dy /e U] Ds/(x) U ]| Ds/ta’e) = Ds/la® a) — =
the f;, g;, hi are all well-defined as cosets Ds/(a?, ) = {e(a?, x),a(a® x)}. Observe that
(Ds /() <225 1] Dgfe [ Ds/tw) U T D/ lae) — Ds/(a,2) =
-[Dg/(z) < Dg/e — x — ]
— [Dy/(w) LD TT D e T Ds/ ) U] Ds/(a%2) — Ds/la?, 2) — 5],

and similarly with multiplication by [Dg/(x) < Dg/{z) — * — %] and [Dg/(z) < Dg/{a’z) —
% — x|, with contributions of e and a to the g; and hy, instead in those cases. In addition,

[Ds /() L8 T D /e ]| Ds/lw) U ] Ds/(a*x) = D/ {a® ) — #]
- [Ds/(z) + Ds/e — Ds/{a® z) — ]

— [Dy/(a) <P T Dy je i [ Ds/ (@) U] Ds/la*a) — Ds/la, @) — +]

+ Dy (w) LB TT Dy e U T] Ds/ () U] Ds/a?e) — Ds/ (a2, 2) = 4,

again with similar expressions when [Dg/(z) < Dg/e — Dg/{a%,x) — | is replaced by
[Dg/(x) < Dg/{x) — Dg/{a?, x) — %] and [Dg/(x) + Dg/{a’x) — Dg/{a® x) — *]. From
this we see that we can take as additional type (b) generators those in which there are < 2 of

the f;, gj, hi. O
Proposition 5.6. A[Dg/({a?)] is levelwise finitely generated.
Proof. Since all irreducible polynomials

Ds/{a®) < [ [ Ds/H: = Ds/H — x

must have H; < (a?) N H, these lie in the image of previously-computed cases unless (a?) <
H, in which case they are covered by Lemma 4.15, since all subgroups containing (a?) are
normal. O

Proposition 5.7. A[Ds/H] is levelwise finitely generated, where H is any normal subgroup
of order 4.

Proof. All irreducible polynomials
Dg/H + | [ Ds/Hi — Ds/K — =

must again have H; < H N K, in which case they either lie in the image of previously-
computed cases or H < K, in which case they are covered by Lemma 4.15 since all such H
are maximal. O

Proposition 5.8. A[Dg/Dg]| is levelwise finitely generated.
Proof. Follows from Theorem 5.2. U
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Remark 5.9. Note that the difference in the computation for Dg (as opposed to the (x) case
or the Dedekind case) arose from the fact that there were terms arising from the double coset
formula

Ds/(x) x Ds/{x) = Ds/(x) U Ds/e U Ds/ )

(corresponding to the double cosets (z)e(z), (z)a(x), and (x)a?{x)) which either (1) did not
immediately reduce to lower-level computations or (2) created complications in the [[, G/H;
piece of the polynomial

G/H « [[G/H: — G/K - G/G,

causing the various H; to change under multiplication.
We thus conclude:

Theorem 5.10. Let G be a finite group satisfying (x) or G = Dg. Then G is transitively
Tambara finite.

6. EXTENSION TO NON-TRANSITIVE SETS

6.1. A General Formula for the Box Product. Our goal for this section is to show that
the levelwise grading and finite generation results can be extended to A[X] when X is not
transitive—in particular, that transitively finite groups are Tambara finite. We review the
construction of the box product and its relation with Dress pairings. Let G be a finite group.
The category of finite G-sets is symmetric monoidal with respect to the product A x B of two
G-sets—this induces a symmetric monoidal product on the categories Pg and 735 . The bozx
product of two Mackey functors M, N is defined to be the Day convolution of M and N with
respect to this monoidal structure, i.e. M K N is the left Kan extension

Pl x P MxN Set
Pé

More concretely, there exist for any finite G-sets X, Y maps
MX)xNY)—> (MXRN)(X xY)
natural in X and Y, and moreover M XN is initial with respect to this property. The universal

property of M X N can also be described using Dress pairings:

Lemma 6.1 (|Lew81|). A morphism MXIN — P is equivalent to the following data: for each
subgroup H < G, a bilinear map fg : M(G/H)® N(G/H) — P(G/H) such that the following
are satisfied:

(a) frro (Resh @ Reslt) = Resk ofx whenever H < K.

(b) fro(cg®cg) =cgo fu forallg € G and H < G.

(c) For any H < K,

TrE ofy o (Resh @id) = fx o (id®@Trk), Trlofy o (id®@Resh) = fx o (Trly ®id).

The box product of two Tambara functors is again Tambara functor in a canonical way:
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Lemma 6.2 ([Str12]). If T, R are Tambara functors, there is a unique Tambara functor struc-
ture for the Mackey functor T'X R such that the Dress pairings

fo:T(G/H)® R(G/H) - (TXR)(G/H)
are ring maps and satisfy fx(Nm&(z) @ NmE(y)) = NmE(fg(r ® y)) whenever x @ y €

T(G/H)® R(G/H) and H < K. Such defined, X is the coproduct in the category of Tambara
functors.

A slight generalization of the Dress pairing conditions can be formulated for an n-fold box
product.

Lemma 6.3. A morphism My X ---X My — P is equivalent to the following data: for each
subgroup H < G, a multilinear map fr : M1(G/H)® --- ® MNn(G/H) — P(G/H) such that
the following are satisfied:

(a) frro (ResB @--- @ Resk) = ResE ofr whenever H < K.

(b) frHo(cg® - ®cg) =cgo fu forallge G and H < G.

(¢c) Foranyi=1,...,N and H < K,

Trl ofy o (Reshy © - - - @ Resky @ id; ® Resly ® - - - @ ResH)
= fxo(id®--- ®id;_; @ TrE ®idip; ® - - @ idy),
where id; means that on the i" factor, id is being applied.
Proof Sketch. Given natural morphisms
Mi(X1) x -+ x MNy(Xn) = P(X1 x -+ x Xp),

the multilinear map fy is defined via the composition
Mi(G/H) x - x My(G/H) — P(G/H x --- x G/H) 2% P(G/H),
where Rjs is restriction along the diagonal map 6 : G/H — G/H x --- x G/H.

Conversely, given multilinear maps fg : M;(G/H) ® --- ® My(G/H) — P(G/H), we
extend these to multilinear maps fx : M1(X) x --- x M;(X) — P(X) for a nontransitive
G-set X = G/Hy U---UG/Hp,, using the fact that

M;(0,G/H) = [ [ Mj(G/H))

and setting

(x1,...,7 if x; € M;(G/H;) for all 4,
fX(ﬂCl,--~,!EN):{fH]( ' v) (G/H;)

0 otherwise.

Then the maps M;(X;) x -+ X My(Xy) = P(X; x -+ x Xp) are given by

N J fon N
Ry, Yy, x;
Mi(Xy) x - x My(Xn) =5 [ M | [T X | —=P([]xi ] O
i=1 j=1 j=1
We describe a formula for the n-fold box product of two Mackey functors over an arbitrary
finite group G. First, a lemma.

Lemma 6.4. Let G be a group and let H, K, L, M be subgroups, with H < K < L and M < L.
Then the double coset representatives of H\L/M are in bijection with the elements {y, - x},
where the x range over the double coset representatives of K\L/M and the y,, for each fized
x, range over the double coset representatives of H\K/(xMz~1 N K).
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Proof. Suppose y,x and y,.x’ represent the same double coset H\L/M. Then y, .z’ = hy,xm
for h € H and m € M, which implies 2 and 2’ represent the same K\L/M coset, so x = x’.
Now if ¥,z = hy,am for h € H and m € M, then gy’ = hy,(xmz~!); since vy, 1y, € K,
rmx~t € Mz~ N K and thus y,,y, represent the same H\K/(zMz~' N K) coset. This
shows injectivity of the map {y,xz} — H\L/M.

For surjectivity, note that for fixed x, changing the representative of 3, does not affect the
double coset Hy,xM. Indeed, if y/, = hy,k, then k = zma~! and Hy,aM = Hy,xM.

Thus, what we have shown is this: the set of double cosets { Hy,zM} where z varies over
K\L/M and y varies over H\K/M is equal to the set of double cosets {HyzM} where y
varies over K and x varies over K'\L/M. This is just the set of double cosets { HyzM } where
x,y vary arbitrarily in L, K, so we obtain surjectivity. O

Theorem 6.5. Let G be a finite group, My, ..., My be a collection of G-Mackey functors and
write M = My R --- X Mpy. Fiz a subgroup L < G. For any subgroup H < L, define

SE=M(G/H)® - ® My(G/H).
Then we have
M(G/L) = | D Skt | /F.
H<L
where F' is the submodule generated by the Frobenius relations
Skosp@ @ 0Tl (@) @rn® - @an
= Resh(21) @ --- @ Reshy (zi_1) @ 2; @ Reshy (zi11) @ - -- @ ResB (zn) € Sh
for all H< K < L, and the Weyl relations
SHom®@ - ®@an=c1) ® - @ c(rn) € Shypa

forall 0 € L.
The isomorphisms cg : M(G/L) — M(G/gLg™') are induced on each Sk by the maps
—1
SIL{ DL ®- QN cg(T1) Q- Rcy(zn) € nglgg,l.
The transfer maps Tr¥ : M(G/L) — M(G/L') are induced by the obvious isomorphisms
SE — SE . The restriction maps Rest : M(G/L') — M(G/L) are defined on each component
SILJ/ by the formula

Rest (11 ® - @ an) = Z Cq (Resgmg,ng(xl)) ®--®c <Resgmgfng(aﬁN)> ,
gEI\L'/H
where each Resgmg_ng(xl) ®- - ® Resgmg_ng(xN) lies in Sé:HgflmL' The Dress pairing fr, :
M (G/L)®---® MN(G/L) — M(G/L) is induced by the obvious map
Mi(G/L)® -+ ® My(G/L) = St.

Proof. For notational simplicity, we give the proof when N = 2, but the proof for arbitrary N
is exactly the same. There is a long chain of straightforward but necessary verifications which
need to be performed.

(1) Tr, Res, and ¢, are well-defined.
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This is obvious for Trg and straightforward for ¢ ;. The only nontrivial part is proving that
Resi/ preserves Frobenius relations. Let H < K < L'. By definition,

Resk (z @ Tris (y)) = Z Cq (Resgﬂg_ng(xD ® cg (Resgmg_ng Trg(y)) .
geEL\L' /K
On the other hand,
Res (Res (z) @ y) = Z cq (Resgmgfng(a:)) ® cg (Resgngfng(yD .
geL\L'/H
By Lemma 6.4, this is equal to

> > CsCt (Resgﬁ(st)*lL(st) (95)> ® csct (Resgﬂ(st)*lL(st) (y))
sEL\L'/K te(s—1LsNnK)\K/H

= Z Z Cs (Resg{tflmsflLs(ff)) @ Cs (Ct Resgm(st)*lL(st) (y))
sEL\L'/K te(s—1LsNnK)\K/H

s~'Ls
= Z Z Cs (ResgﬂsflLs(x)) @ cs (Tr{g{Q*lﬂgLs*l Ct Resgﬁ(st)*lL(st) (y)>
s€EL\L'/K te(s—1LsnK)\K/H

= Z Cs (ResgﬁsflLs (l‘)) ® ¢s (ResgﬂsflLs Tl'g(y))
seL\L'/K

which by the above is equal to Rest (z @ Tr (y)). Here we have used Frobenius relations on
the second-to-last line and the fact that

Resfmgfng Trg = Z Trtlgziiwgisfl Ct Resgﬂ(gt)*lL(gt)
te(g-1LgnK)\K/H
by the double coset formula.
(2) Tr, Res, ¢4 are functorial.
This is again more or less obvious by definition for Tr and ¢,. For Res, let L < L' < L”|
H < L", and suppose 71 @ - - @ xy € SIL{". By definition,

Rest Rest) (z @ y)

= Rest Z Cq (Resgmg_lL,g(x)> ® cg (Resgmg_lL/g(y))
geL\L"/H

. L'ngHg™! H
= E E ct(Rest,lLtleg,1 Cg ReSng—lL/g(fﬁ)
gEL/\L" /H teL\L'/(gHg~'NL’)

L'ngHg™1! H
® Res, "1 7m0 g1 CoResyng—11,4(Y)

= > > ctg (ReSfin0)-1109) (@) © Resfhiy) 111 ¥)
gEL\L" /H teL\L'/(gHg—1NL")

= Z Cq <Resgmg,1Lg(m) ® Resgmg,ng(y)> =Rest (z®y),
geL\L"/H
where we have used Lemma 6.4 in the last line.
(3) M assembles into a Mackey functor via Tr, Res, ¢,.
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It is clear that ¢, commutes with Tr. furthermore, ¢, = id on M(G/L) by definition. For
commutation with Res, let 1 ® --- @ xn € SL/; we have

cyRest (11 ®@ - @ay) = Z cger (Reshr -1, (21) ® - - @ ResH 17, (xn)),
teL\L'/H
while on the other hand

/7 —1
Res? 9, (co(w1) ® -+ @ co(an))

Hqg™1 H -1
- Z Cotg! (ResiHZ*lﬁgtflLtgfl(Cg(xl)) ®-® ReSgHgflmgrlLtg*I(Cg(xN))>
teL\L'/H
_ H H
= Z CgCt (ResHm_lLt(azl) Q- ReSHﬂt—lLt(wN))
teI\L'/H

as desired. Thus, it remains to verify the double coset formula. Let L, L' < L” and 11 ® - - - ®
TN € S}LI/

Rest TrE (21 @ - @ ay) = Z Cq (Resgmg,ng(an) ®:® Resgmgfng(xN)) ,
gEL\L" /L’

while on the other hand

L L’
z : TrLﬁgL’g—1 Cg Resg—ngﬁL/ (.561 X ® xN)
gEL\L" /L

= Z Z CgCt (Resgt)*lL(gt)ﬂH(xl) Q- ® Resgt)*lL(gt)ﬂH(xND
gEL\L" /L te(g— 1 LgnL')\L' /H

= Z Cg <ReSgI]{—1LgﬂH(xl) - ® Res‘f—ngﬂH(xN)> )
geL\L"/H
using Lemma 6.4 again. Thus, M assembles into a Mackey functor.
(4) MM X---X My.

We verify that M has the universal property of M;X- - - My with respect to the proposed
pairing fr, : Mi1(G/L)®---®@ Mn(G/L) — M(G/L). The fact that the f;, do indeed assemble
into a Dress pairing is enforced by the Frobenius and Weyl relations. Given any Dress pairing

g Mi(G/L)®---®@ MNn(G/L) — P(G/L), we define hy, : M(G/L) — P(G/L) by setting
hi(e1 @ @ay) = Trg(gn(n1 © - ©2y))

whenever £1 ® --- Ry € S 1%1 Conversely, given a morphism of Mackey functors h: M — P,
the Dress pairing gy, : M1(G/L)®---® Mn(G/L) — P(G/L) is recovered via the composition
g, = hp o fr, where hy : M(G/L) — P(G/L) is the L-level of h. O

The formula simplifies slightly in the abelian case:

Corollary 6.6. Let G be a finite abelian group, My, ..., My be a collection of G-Mackey
functors and write M = M X --- X My. Fiz a subgroup L < G. For any subgroup H < L,
define

St = (Mi(G/H) @ ---® My(G/H))/(L/H).
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Then we have

M@G/L) = | @ sk | /.

H<L
where F' is the submodule generated by the Frobenius relations
Skom® @i @T(2) @241 ® - @y
= Resf (1) ® - @ Resly(z;-1) ® 7; @ Resky (2;11) ® - -- ® ResB (vy) € S
For all H < K < L. The transfer, restriction, and conjugation homomorphisms are defined

analogously.

Remark 6.7. The formula of Theorem 6.5 generalizes the inductive description of T'X R
for two Cpn-Tambara functors given in [Maz13| to all finite G. Intuitively, each SL should

be thought of as the set of formal expressions Trk(z; ® -+ ® ) where H < L and each
x; € M;(G/H).

Remark 6.8. When T7,...,Ty are Tambara functors, the universal morphisms T; — T =
Ty X --- X Ty exhibiting T as a coproduct of the T; are given by the compositions

T:(G/L) % Ty (G/L) ® - ® Tw(G/L) 1% T(G/L),

where g; : T;(G/L) — T1(G/L)®- - -®@Txn(G/L) is the map sending x to 1®- - -®1RzrR1®- - -®1,
i.e. inclusion into the i*® factor. In the special case that T; = A[G/H;] and T = XY | A[G/H;] =
A[X], the universal morphisms T; — 7" are induced by Ry, € Pq(X,G/H;), where g; : G/H; —
X is the canonical inclusion (follows from an application of the Yoneda lemma).

Remark 6.9. Let T be a Tambara functor and let R,S be T-algebras. The box product
R X7 S is given by modifying the definition of each S% to be tensor products over T(G/H).

6.2. Extending Finiteness Criteria to Non-Transitive Sets.

Proposition 6.10. Let G be a finite group. If T, R are levelwise finitely generated G-Tambara
functors, then so is T X R.

Proof. Fix an L < G. We claim that the image of each S& in (T'X R)(G/L) is a finitely
generated SE-module. Since S¥ 2 T(G/L) ® R(G/L) as a ring, which is finitely generated,
this will imply (T X R)(G/L) is finitely generated. Indeed, the elements of S& are all of the
form Tr (z ® y) where z ® y € SH. SE acts by

(o' @) Tz @ y) = Trg(Res (' ©y) - (v ©y)) = Ty (Resgy (2)a @ Resg(y)y)-
In other words, the image of S% is a quotient of the St-module T(G/H) ® R(G/H), with
S f—action given by the restriction map
Resh @ Resk : T(G/L) ® T(G/L) — T(G/H) @ R(G/H).

Since T, R are levelwise finitely generated and the maps Resl : T(G/L) — T(G/H) are
integral (Lemma 4.5), they are finite ring maps, whence T(G/L) ® T(G/L) — T(G/H) ®
R(G/H) is a finite ring map and thus T(G/H) ® R(G/H) is a finite SE-module, from which
the result follows. O

Remark 6.11. The same proof can be extended to show that if .S is a G-Tambara functor
and T, R are S-algebras, levelwise finitely generated over S, then so is T Kg R.
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Corollary 6.12. Let G be a transitively Tambara finite group. Then G is also Tambara finite.
Proof. This follows from Proposition 6.10 and the isomorphism A[X UY]| = A[X|XA[Y]. O

Example 6.13. We remark that Proposition 6.10 is not immediate from the formula in The-
orem 6.5, since it is is false for Green functors. Let R be the C)-Green functor given by the
Lewis diagram

Fp
ResecplITrecp
Fyplz]
U
id
where Res(” : F, — Fp[z] is the standard inclusion and Trs» = 0. Clearly R is a levelwise
finite type Z-algebra. RIX R is given by

(Fp ® Fplz,y))/F
Resff'l TTrSp

Fp [l‘, y]
U
id
The Frobenius relations enforce 0 = ¢ ® Tr(y*) = Tr(c ® y*) and 0 = Tr(2*) ® ¢ = Tr(2* ® ¢)
for k£ > 0, and multiplication

Tr(z" @ y™) Tr(z™ @ y™2) = Tr (2™ @ y™ ) Res Tr(z™ @ y"2)) =0
Hence the top level (R X R)(C),/C)) is the ring consisting of elements
(n, p(z,y))

where n € F, and p(x,y) is a polynomial with F,-coefficients having no terms of the form
cx®, ey, k > 0. Multiplication is given by (n,p(x,y))(m, q(z,y)) = (nm, ng(x,y) + mp(z,y)).
In particular, the top level (R X R)(C,/C)) is not a finitely generated ring.

While levelwise finite generation is too much to ask for a box product of levelwise finitely
generated Green functors (see Example 6.13), relative finite-dimensionality is not:

Lemma 6.14. Let T, R be relatively finite dimensional Green functors. Then T W R is also
relatively finite-dimensional.

Proof. Let L < L’. As in the proof of Proposition 6.10, each Sﬁ is a finite module over
St = T(G/L) ® R(G/L), since the St-module structure on S4 = T(G/H) ® R(G/H) is
induced by Resk @ Resk : T(G/L) ® R(G/L) — T(G/H) ® R(G/H) which is a finite ring
map by assumption. Thus, (TR R)(G/L) is a finite T(G/L) ® R(G/L)-module. Since Res¥’ :
T(G/L)) ® R(G/L') — T(G/L) ® R(G/L) is a finite ring map, we therefore see that Resk’ :
T(G/L')®R(G/L') — (T'®R)(G/L) is a finite ring map, and hence Res¥’ : (TR R)(G/L') —
(TR R)(G/L) is as well. O

We also remark that with relative finite-dimensionality hypotheses, “levelwise finite gener-
ation” is stable under base change:
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Lemma 6.15. Let T be a relatively finite-dimensional Tambara functor, and suppose R is
levelwise finitely generated (over A). Then T W R is levelwise finitely generated over T.

Proof. Let L < G. For each H < L, we have that the ring map Resk @ Resk : T(G/L) ®
R(G/L) —» T(G/H)® R(G/H) is finite, from which we deduce (as in the proof of Proposition
6.10) that the ring map T'(G/L) ® R(G/L) — (I'® R)(G/L) is finite. Since R(G/L) is a finite
type Z-algebra, T(G/L) ® R(G/L) is a finite type T(G/L)-algebra, hence (T'® R)(G/L) is a
finite type T'(G/L)-algebra. O

Theorem 6.16. Let G be a finite group and let X be a finite G-set. Then A[X] is relatively
finite-dimensional.

Proof. Follows from Lemma 6.14, Lemma 4.8, and the fact that A X UY] = A[X|XA[Y]. O

Consider the following condition on a finite group G.

(t) G satisfies at least one of the following conditions:
(a) G is a Dedekind group.
(b) Every proper, nontrivial subgroup of G is maximal, and every subgroup is either
normal or satisfies Ng(H) = H.
(¢) G = Dg, the dihedral group of order 8.

We showed that all finite groups satisfying (1) are transitively finite in §4 and §5. We now put
these facts to use.

Theorem 6.17. Let G be a finite group satisfying (1). Then G is Tambara finite. In particular,
since A[X] is a levelwise finitely generated Tambara functor for any G-set X, it is also levelwise
Noetherian and relatively finite-dimensional.

Proof. Follows from Corollary 6.12. g

Theorem 6.18. Let G be a Tambara finite and let X be a finite G-set. Then A[X] is module-
Noetherian, in the sense that every submodule of a finitely generated module over A[X] is
finitely generated. In particular, this holds for all finite groups satisfying (7).

This is a consequence of Theorem 6.17 and a more general fact about relatively finite-
dimensional Green functors:

Lemma 6.19 ([CW25, Corollary 3.35]). Let R be a relatively finite-dimensional Green functor.
Then R is module-Noetherian iff R(G/G) is Noetherian iff R(G/H) is Noetherian for all
H<A@G.

Tambara finite groups also satisfy a weak Hilbert basis theorem:

Theorem 6.20 (Weak Hilbert Basis Theorem). Let G be a Tambara finite group, and sup-
pose T' is levelwise Noetherian and relatively finite-dimensional. Then T[X] is also levelwise
Noetherian and relatively finite-dimensional for all finite G-sets X. If T 1is levelwise finitely
generated, then so is T[X].

Proof. T[X] is relatively finite-dimensional by Lemma 6.14. For the levelwise Noetherian state-
ment, observe as in the proof of Proposition 6.10 that each ring map T'(G/L)® A[X](G/L) —
T[X](G/L) is finite; since T(G/L) ® A[X]|(G/L) is a finite type T'(G/L)-algebra by Theorem
6.17, so is T[X|(G/L), whence T[X](G/L) is Noetherian. The levelwise finitely generated part
of the statement follows from Theorem 6.17 and Proposition 6.10. U
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6.3. Stability of the Grading. To conclude this section, we provide proofs to some earlier
remarks about the stability of the grading we have introduced on polynomials under box
products.

Corollary 6.21. Let G be a finite group. The gradings on A|G/H] for H < G induce a grading
on A[X] for arbitrary finite G-sets X wvia the box product; for now, we call this grading the
box grading.
Proof. We explain this for the Dedekind case; the nonabelian case is obtained by dropping the
nonnumerical component of the degree. For each i, let T; = A[G/H;] and T = A[X] = XY, T.
We adopt the same notation for the Sfl in Theorem 6.5. Note that each Sﬁ has a grading over
O} induced from the grading on each T;(G/H); by identifying O} as a subset of OF, this
induces a grading of S& over O%. We claim that this endows T'(G/L) with the structure of a
graded ring over OF, for which it suffices to show that the Frobenius relations are homogeneous.
Indeed, suppose H < K and z;,i =1,...,7,... N are elements of degree (ni, J;) in T;(G/K),
while z; is an element of degree (n;, J;) in T;(G/H). Then Trf (z;) is also an element of degree
(nj,J;) in T;(G/K) by Lemma 3.14, s0 21 ® - - - @ Tty (v;) ® - - - @ wy is of degree (3" n;, (i)
in S%. On the other hand, Resf (71)® -+ ®z;® - @ Resk (zn) is of degree (3" n;, (N J; N H)
in SE. Since J; < H by assumption, these two degrees coincide and A[X] is graded. O
Remark 6.22. We note that the natural isomorphism A[X] - A[X U @] = A[X]|® A[g] =

A[X] is graded by inspection (when A[X Ll @] is given the box grading), since all elements of
A[2](G/L) have degree (0, L). Hence the box grading is well-defined.

Lemma 6.23. The box grading on A[X] coincides with the naive grading of Remark 3.18.

Proof. Again, we explain this for the Dedekind case; the nonabelian case is obtained by
dropping the nonnumerical component of the degree. Write X = U;G/H;, T = A[X], and
T, = A[G/H;]. We want to show that the grading coincides on A[X](G/L). Since the transfer
homomorphisms Trg are graded in the same way for both gradings, it suffices by induction
to show that the grading coincides on elements of A[X](G/L) which do not lie in the im-
age of transfer from lower levels, i.e. it suffices to show this for elements in the image of the
Dress pairing fr, : Ti(G/L) ® --- ® Tny(G/L) — T(G/L). This is a graded ring homomor-
phism for the box grading (essentially by definition), so it suffices to show that the elements
frl®---®1®r;®1®---®1) have the same degree with respect to both the box and naive
gradings. Now f1(1®---®1®z;®1®---®1) is the image of z; € T;(G/L) under the natural
map T; — T, which is given by

[G/HﬂiA—>B—>G/L]»—>[XﬂA—>B—>G/L],
where j : G/H; — X is the natural inclusion. Thus, if z; has degree (n, K) with respect to
the naive grading, then it also has degree (n, K) with respect to the box grading. O

Corollary 6.24. Let f : X — Y be a map of finite G-sets. The induced map R} : AX] —
A[Y] is levelwise graded with respect to the identity homomorphism OF — OY. If moreover f
has a well-defined degree, e.g. if Y is transitive, then N} : A[Y] — A[X] is levelwise graded
with respect to the monoid homomorphism ¢ : OF — OF given by

¢(n, K) = (deg(f)n, K).

Proof. R}‘c is given by

XEZASBoG/L—[Y <2 A BG/L,
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which evidently preserves the degree of A — B. N}k is given by
Y+ A—-B—-G/Ll—[X+ Axy X - B— G/L],
which changes the degree by a multiplicative factor of deg(f). O

Remark 6.25. The corresponding result for general G is obtained by dropping the non-
numerical component.

Lemma 6.26. Let X be a finite G-set and T a Tambara functor. The free T-algebra T[X] =
T X A[X] inherits a levelwise grading from A[X] over N.

Proof. We again adopt the notation of Theorem 6.5. Each T'(G/L) is trivially graded over N
by giving every element degree 0. Hence, each S IL{ is graded over N. It remains to verify that
the Frobenius relations are homogeneous. But this is obvious by inspection, since Resg and
TrE on A[X] do not alter the numerical component of the degree. O

7. APPLICATIONS TO NORM FUNCTORS

Let G be a finite group and suppose H < G. The functor Ind% sending an H-set X to its
induced G-set G x g X is left adjoint to the functor Resg which sends a G-set to its underlying
H-set. This induces an adjunction on the polynomial categories Pr and Pg, which further
induces an adjunction on the categories HTamb and GTamb. More precisely, defining for
any Tambara functor Res T'= T o Ind% and Coind$ T' = T o Res$;, we have

Hom gyramb (Res$ T, R) 2 Homgramp (T, Coind§, R).

The functor Resg has a left adjoint, denoted nfl : HTamb — GTamb, which is defined
pointwise by the left Kan extension

P T Set
Indg\ U %ﬁT

P

and thus given by the formula
XeEPy
nGT(Y) = / Pa(G xg X,Y) x T(Y).

In particular, we see from this formula that ng preserves quotients (levelwise surjections)
T — R. See [Hoy14] or [HM19] for more details on the functor ng;.
If X is an H-set, we compute
HomGramb (P A[X], T) 22 Hom gramb (A[X], Res$; T))
= (Resf T)(X)
= T(G XH X ),
so there is a natural isomorphism n& A[X] = A[G x g X].

Lemma 7.1. Let G be a finite group. The following are equivalent:
(a) The norm functors ng preserve levelwise finite generation over Z for all finite groups
H< K<
(b) Every subgroup H < G is Tambara finite.
(c) Every subgroup H < G is transitively Tambara finite.
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Proof. The equivalence of (b) and (c) follows from our work in §6. Assume (a); in light of the
isomorphism nf A[H/H] = A[K/H] and the levelwise finite generation of A[H/H] established
in [SSW25], A[K/H] is finitely generated and thus (a) implies (¢). Now assume (b) and let T
be a levelwise finitely generated H-Tambara functor. Then T receives a (levelwise) surjection
from A[X] for some finite H-set X: the (finite) collection of generators x; in the T(H/H;)
for H; < H induce a morphism X;A[H/H;] — T which includes all the z; in its image, so
X;A[H/H;] — T is a surjection. In our situation, the surjection A[X] — T induces a surjection
A[K xg X] 2 nBA[X] — nET, so nET is levelwise finitely generated. O

Corollary 7.2. The norm functors ng preserve levelwise finite generation over Z for all finite
H < G iff dll finite groups G are Tambara finite.

Adopting the notation of §6, we again consider the following hypothesis on a finite group
G:
(t) G satisfies at least one of the following conditions:
(a) G is a Dedekind group.
(b) Every proper, nontrivial subgroup of G is maximal, and every subgroup is either
normal or satisfies Ng(H) = H.
(¢) G = Dg, the dihedral group of order 8.

Theorem 7.3. Let H < G, where G is a finite group satisfying (). Then n% preserves
levelwise finite generation.
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