THE BANACH-TARSKI PARADOX

ZACH MCCARTHY

ABSTRACT. This paper offers an overview of the Banach-Tarski paradox. We
will begin by discussing what it means for a set to be paradoxical under a group
action. Then, we will prove the Banach-Tarski paradox and its more general
forms. In the second half of the paper, we will investigate on what conditions
does a group action on a set result in a paradox. We will conclude this paper
by creating an equivalence relation between non-paradoxical groups, amenable
groups, and groups that satisfy the Fglner condition.
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1. INTRODUCTION

The Banach-Tarski paradox states that a ball is equidecomposable with two
copies of itself via rotations. In section 2 we will begin by investigating equide-
composable sets and the useful properties they hold. Then in section 3 we will
look to prove that the hollow sphere and ball are paradoxical under rotations in
R3. We will prove a more general form of the Banach-Tarski paradox under the
set of isometries in R3. In section 4 we will begin to construct conditions for
non-paradoxical groups. Finally in section 5, we will complete the equivalence re-
lation between non-paradoxical groups, amenable groups, and groups that satisfy
the Fglner condition.

2. EQUIDECOMPOSITIONS

We devote this section to understanding equidecomposable sets. From a more
simple geometric interpretation, this concept can be thought of as creating equiva-
lence classes between sets that can be cut into a finite number of pieces, rearranged,
and glued back together in order to form each other. Our first main goal will be
to show that we can remove a countable number of points from a circle without
destroying this relation.
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Definition 2.1. Let a group I' act on the set X. We say that A, B C X are
I'—equidecomposable if there exist sets C1,...Cy and elements v,...y7x € T such
that

If A and B are equidecomposable, we use the notation A ~ B.

Definition 2.2. Suppose I' ~ X and A, B C X. If there exists B’ C B such that
A~ B’, then we say that A is I'—embeddecomposable into B and use the notation
A=< B.

Theorem 2.3. Suppose ' ~ X. Then I'—equidecomposability forms an equivalence
relation.

Proof. Reflexivity and symmetry are satisfied by the identity element and inverse
elements of I'. If A ~ B, then there exist subsets C1,..Cy; C A and elements
7,k C I such that | |C; = A and | |[Ci] = B. If B = C, then there ex-
ist subsets Ds,...D,, C B and elements d1,...0,, C I' such that | |D; = B and
LJ6;[D;] = C. Construct subsets G;; = {x € C; : v; -« € D;}. Then

b I_lil_leij =, Ci=A

o L L85 ) - Giy =14, 05 - Ui - Goy = L; 6, - D =C

O

Lemma 2.4. Suppose A is a circle in R? and C is a countable subset of A. If
©0={0c(0,2n]:r3(C)NC =0 VneN}
then © is non-empty.

Proof. As [0,27] is uncountable, it suffices to prove that [0,27] — © is countable.
Fix n € Nand a,b € C. Let

Bi*Y = {0 € [0,2n] : } (a) = b}
where 7y is a rotation taken around the center point of A. Note that

U U B =00,2r -0

acC beC neN

Two distinct elements of BT{La’b} cannot have the same number of total rotations
and all elements must have a number of total rotations of at most n. Thus, Br{f’b}
has cardinality of at most n. Therefore

U U U Biabt s countable
a€C beC neN
O

Theorem 2.5. Suppose that A = {x € R? : d(z,0) = r} for some positive r € R
and that C' is a countable subset of A. Then A =~ A — C wvia rotations.
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Proof. By Lemma 2.4, let § € ©. Suppose m,n € N and m < n. Then
rg' [CINrg [C] =g [C]Nrg' (rg™™ [C])
=ry (C’ Nry~™ [C’])

So all rotations of C' by 6 are disjoint. To show that A =~ A— C we will construct
subsets Do = | |,,cn 74 [C] and D1 = A — Dy. Then

° A:D()LlA*DO

° A—C:TQ[DU]HA—DO
U

This method of transforming some subsets to “fill in the gaps” of other subsets we
wish to remove will be a key tool in many of our proofs involving equidecomposable
sets. We finish this section on equidecompositions with a final property established
through the Schréder-Bernstein theorem.

Theorem 2.6 (Schroder-Bernstein). Suppose that A and B are sets and there are
injective functions f : A — B, g : B — A. Then there exists a partition A = AgllA;
such that f | AgU g~' | Ay is a bijection.

Proof. Let h = f | AgUg™! | A, and set

e B'=B— f[A]

o Ay =gUnen(fo9)"[B]

e Ag=A— A
We will first prove that h is surjective by considering two cases. If x € f[Ag], then
by definition x € h[A]. Alternatively, suppose z € B’ U f[A;]. Note that

(2.7) B'Uf[A]=BUf [g [U (Foo) B|| =g 1Al

neN

Therefore z € g~'[A1] C h[A] and so we conclude h is surjective.
To show that h is injective, it suffices to prove that f[Ag] N g~'[A1] = 0. This
statement follows from (2.7) as f is injective on A. O

Theorem 2.8. Suppose ' ~ X and A,BC X. If A< B and B < A, then A~ B.

Proof. Let f and g be the injective functions formed under I" such that for partitions
{Ci}ig, {D;}r_, of A and B respectively, | | f[Ci] C B, | ]g[D,] € A. By Theorem
2.6, we form the bijective function f [4, U g~ [ 4, under the partition AgLIA; = A.
Consider the partition {AgNC; : ¢ < n}U{A; Ng[D,]:j < k}. By applying the
bijective function f [4, U g~! 4, on the family, we get a partition of B. Thus,
A=~ B. a

It is important to note that in many future cases we may refer to a equidecompo-
sition’s relating bijective function. This refers to the bijective function constructed
in the same manner as in the previous theorem. Now that we have defined equide-
compositions and proven some ease-of-use properties, we are ready to investigate
the Banach-Tarski paradox.
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3. THE BANACH-TARSKI PARADOX

In this section, we will begin by defining what it means for a set to be paradoxical
in the Banach-Tarski manner, as well as showing some different forms in which
paradoxical sets take place. Then, we will construct the necessary groundwork to
prove the Banach-Tarski paradox and its more general forms.

Definition 3.1. Suppose I' ~ X and A C X. We say that A is paradoxical if
there exists a partition A = Ag U Ay such that Ag ~ A and A; ~ A.

Theorem 3.2. Suppose Ay, Ay are disjoint subsets of A. If Ag = A and A1 =~ A,
then A is paradozical.

Proof. Let A = A— Ay. Then A = AgU Aj. As Ay and Aj are disjoint, A; < A}
and A =~ Ay, thus A < A]. As A] C A, A} < A. Thus, A] =~ A and A is paradoxical
under the disjoint sets A} and Ap. O

Theorem 3.3. Suppose I' acts on X and A C X. If there exists a partition
Ay U Ay = A such that Ay =~ A, Ay =~ A, then Ay and Ay are paradozical.

Proof. As Ay ~ A there exists a partition |_|i§n C; = Ay and 71, ...7, € I' such that
|_|’}/1<Cl> =A. As A, C A, A C |_|’Vz<Cz> Let D; = {JJ e C;: ’yi(l‘) € Al} and
define D = | | D;. Similarly, let G; = {z € C; : v;(z) € Az} and define G = | |G;.
Then
L] |_|’)/Z(D1) = Al. Thus, D= Al.
o | |7(G;) = As. Thus, G = Ay =~ A~ A;.
As D,G C A;, by Theorem 3.2 A; is paradoxical. The proof of A being

paradoxical follows by the same process.
O

In the next theorem, we will see that Theorem 3.2 allows us to make any finite
number of copies of paradoxical sets. This theorem will prove useful in allowing
smaller paradoxical sets to become embeddecompositions of larger sets.

Theorem 3.4. Suppose ' ~ X and A C X. If A is paradozical, then for alln € N
there exist disjoint subsets {C;}7—, C P(A) such that C; = A for all i < n.

Proof. Let A be paradoxical. Then there exists a partition Ag LI A; = A such
that Ap = A; = A. By Theorem 3.3, there exist partitions Agg LI Ag1 = Ap and
A10 L A11 = A1 such that AOO ~ A01 ~ A() and AlO ~ A11 ~ Al. Therefore,
Agg =~ Ag1 = A9 =~ A1 =~ A. Continuing in this manner, we can construct such
subsets for all n. O

Now that we have established the various properties of paradoxical sets, we look
to find groups that generate such sets. We will begin our search by investigating
free groups generated by two elements. First, let us construct the framework of free
groups.

Definition 3.5. Suppose S is a set of characters.
e Let ST be a set containing S such that for all s € S, there exists some
571 € ST where (s71) 7 ~ s.
e We define an S—word to be a finite sequence {s;}¥_, where s; € ST for all
i < k. We further say that an S—word is reduced if for all i < k, s; # s,i_l.
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e Let F, be the set of all S—words in reduced form.
e Let Fy denote the set of all S—words in reduced form where S has cardi-
nality 2.

Theorem 3.6. Consider the following operation on a set of reduced S — words:
(So...Sk)(to...tl) = SO...Sk_mtm..tl

where m is the smallest integer such that the resulting S—word is reduced. If Fy is
endowed with the operation, then it forms a group.

Proof. The empty S-word suffices for the identity element. If {s;}!" , € Fj, then

{s;1.}n, € F, is the inverse element. Finally we must prove the operation is

associative. For s € ST define

As: Fg = F§
W — SW

where A;(w) is in its reduced form. If s = {so,..s), then Ay = Ay, 0...0 As,. Then
by function composition, A\s o Ay = Ag. Therefore

)‘(st)u = ()\s o )\t) o )\u - )\s o (>\t o )\u) - )\s(tu)
Finally, note that

(5-1)u=Aatyu(0) = s (0) = 5 - (t - )

Theorem 3.7. Fs is paradoxical under the left-multiplication action Fo ~ Fo.

Proof. Suppose WLOG that Fy is formed where S = {a,b}. Define W, C F to be
the set of all reduced S-words whose left-most-term is a. Define W,—1, Wy, Wy
similarly. Note that

a-Wy-1 ={e} UW, U W,

b-Wy—1 ={e} UW, U W,

Therefore
WoUa Wy =TFy
WyUb- Wy =Ty
Thus W, UW,; ! = Fy and W, U W, ! ~ Fy O

Informally, we find that s is paradoxical by “peeling” back one subset to con-
struct all remaining subsets. We will now work to show that an equivalent group
exists within a subset of the rotational transformations in R3.

Definition 3.8. Let ' ~ X and o, € I'. We say that «, 8 form a ping pong
family if there exist disjoint non-empty sets X, Xg C X such that

e Vge{a*:z€Z} —{e}, g- Xo C Xp

e Vge {f*:2€Z}—{e}, g-Xp C X,
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Definition 3.9. For a group I' with elements o, 8 € I' we define the subgroup
(a, B) such that

e a,B € (a,p)

e o, 7 e (e, B)

e cc (q,f)

® Vp,q € (. B), pq€ (a,p)

Theorem 3.10. Suppose that T' ~ X, T' has infinite order, and that a, 8 € T form
a ping pong family. Then {(a, B) = Fy.

Proof. Consider the natural function

f: <O{,6> —>F2

QO BB QM oy @R BT g

It suffices to prove that f is injective. As f is a homomorphism, we will do
this by showing that the kernel is trivial. Suppose for contradiction there exists
w € Fy where w # e and w — e. Then (a"wa™™) — e for all n € N. Thus,
we may assume w = @™ - "1, b1 . g™ where {n;}*_, C Z — {0}. Therefore,
w = a0 g B o however this element moves X, into X3 and cannot be
the identity element. |

Theorem 3.11. Let M3(Q) be the set of all 3-by-3 invertible matrices with entries
in Q. If

3 4 9 1 0 0
54 g 3 4
0 0 1 0o & ¢

then {(a, B) = Fy.

Proof. By Theorem 3.10, it suffices to prove that {«, ) form a ping pong family.
Let

_5%_ r=0
X, = & | kxyz€Zand y#O0
H 2= 43y
_5%_ T = +3y
Xp = #| i kay,z2€Zand y#O
E3 z2=0

Let v, € X, and vg € Xg. Then the proof follows by inductively checking that
o™y, " ", € X and B"vg, B "vg € X, for all n. O

Thus, we have discovered a group in the rotational transformations of R3 that
is paradoxical under the left-multiplication action. We will now push this further
to show that hollow spheres are paradoxical under the group («, 5).

Definition 3.12. We say that an action I' ~ X is free if forall z € X, y- 2z ==
if and only if v = e.
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Definition 3.13. Suppose I' ~ X. We say that x,y € X have an orbit equivalence
if v -2 = y for some v € I'. We denote this as xE{y.

Lemma 3.14. Suppose the action Fy ~ X is free. Then X is paradoxical.

Proof. Under the axiom of choice, let T C X be a transversal of EX classes
containing exactly one point from each equivalence class. Construct the sub-
sets {y-T : v € Fa}. We find that these subsets form a partition of X, as all
points have orbit equivalence with themselves and Fy ~ X is free. Finally, allow
W, Wy—1, Wy, Wy—1 to be defined as in Theorem 3.7. Then
o (Woy - TUW oo - THYU(W, - TUWp— - T)=X
e W, - TUa - Wyt - T={y T:v€eF} =X
o Wy - TUb- Wyr - T=U{yv- T:veF} =X
O

Theorem 3.15. Suppose that A € M3(Q) where A is orthogonal, det(A) equals 1,
and A stabilizes at least three points of a set. Then A is the identity transformation.

Proof. Let x,y be fixed points of A where y # —z and thus are linearly independent.
Therefore, there exists some v such that (z,v) = (y,v) = 0. As A is orthogonal,
(z,v) = (x, Av) = 0 and (y,v) = (y, Av) = 0. Therefore, Av = tv. If Av = —v,
then det(A) = —1. Thus, Av = v. As z,y,v form a basis, A is the identity
transformation. O

Lemma 3.16. Suppose S is a hollow sphere. There is a countable Fo—invariant
set C' C S such that the action Fo ~ S — C is free.

Proof. Define «, 8 as in Theorem 3.11. Then

e dla=atla=p8Tg=8"18=1

e det(a) = det(—a) = det(8) = det(—p) = 1.
Thus by Theorem 3.15, if v € («, 3) where 7 is not the identity transformation,
then 7 has at most two fixed points. Let C ={z € S :3y € Fo — {e} - v -z = z}.
As TFy is countable and each element of Fy — {e} has at most two fixed points, C' is
countable. Fix x € C. Then there exists vg where 7 - = x. If v € Fy, then

(v ) vr=a(orv ) e

=7 (- )

= ’y -
Therefore v-x € C' and so C' is Fy invariant. Thus, by construct of C, Fo ~ S —C
is free. O

Lemma 3.17. Suppose S is a hollow sphere. For all countable C C S, S~ S —C
via rotations.

Proof. As C is countable, there exists some z € S such that z,—z ¢ C. We then
consider rotations around the axis {z,—z}. By applying a similar method as in
Lemma 2.4, we find an angle ¢ such that rj(C)NC = () for all n. Consider subsets
Do = |],en75[Cl and Dy = S — Dy. Then

e S = DO us — Do

° S—CZT@[D()]UA—DO
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Theorem 3.18. Suppose S is a hollow sphere. Then S is paradoxical.

Proof. By Lemma 3.16 there exists a countable, Fy invariant set C' C S such that
Fy ~ S — C is free. By Lemma 3.14, there exists a partition AglLl A; = S — C such
that Ag ~ S —C and A; = C — S. By Lemma 3.17, C — S = S thus 4y ~ S and
Al ~ S. [l

Now that we have proven that hollow spheres are paradoxical under M3(Q), we
move towards proving the Banach-Tarski Paradox.

Theorem 3.19. Suppose B is a ball of radius s. Then B is paradozxical.

Proof. Let S be a hollow sphere of radius s. By Theorem 3.18, there exists a
partition Ag LU A; = S such that for subsets C1,...Cy, D1, ...D,, C S and rotations
Y1, ...vk,éh...ém € Mg(@), |_|C7, = 1407 |_le = Al, and |_|'yZ(Cl) = LI(SJ(DJ) = 9.
For 0 <r <s,let rS={zr € R3:d(z,0) =r}. Then

B—{0} = |T|r5: <|_|er> N <|_|rA1>

™ T

Note that
o L rdo =17 Ci
o L, rAq =L, D
e B—{0} =Ll rS=1}v- (U7 C)= L, d; - (L, Dj)
Therefore B — {0} is paradoxical. Finally, by applying Theorem 2.5, we can see
that B — {0} ~ B. Thus, B is paradoxical. O

Our final goal is to prove a more general form of the Banach-Tarski paradox
under the group formed from the isometries in R3. First, we show a useful property
of paradoxical sets.

Theorem 3.20. Suppose r, s are positive real numbers and let
e B, ={reR3:d(z,0) <r}

e By ={z e R3:d(x,0) < s}
Then B, ~ B,.

Proof. If r = s, then the proof is clear using the identity transformation. WLOG,
assume that r < s. Then B, C B, and so B, =< B, by the identity transformation.
Fix a finite set F C M3(Q) such that Bs; C U%F'y - B,. By Theorem 3.4, we
can construct disjoint subsets C, C B, for each v € F such that B, = | |C,
and B, ~ C, for all v € F' under an associated bijective function g,. Therefore
B, C U%F’y - g4|C4] and By = B,. Thus by Theorem 3.2, B, = B;. O

Informally, we can think of this as allowing paradoxical sets to “grow” as large
as necessary.

Definition 3.21. We say that a set A C R3 is bounded if sup{d(z,0) : € A} < .

Definition 3.22. We say that a set A C R3 has nonempty interior if there exists
z € R® and € > 0 such that {y € R3: d(y,z) < ¢} C A.

Theorem 3.23. Any two bounded subsets of R® with nonempty interior are equide-
composable.
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Proof. Let A be a bounded subset of R® with nonempty interior. By Theorem
3.20, it suffices to prove that A is equidecomposable with a ball. As A is bounded,
there exists some s such that A C Bs. Therefore, A < Bs;. As A has nonempty
interior, there exists € such that By C A. Therefore, B < A. By Theorem 3.20,
B, ~ B, ~ A. ([l

This powerful theorem raises a question that will guide us through the coming
sections; under what conditions does a group generate or not generate paradoxical
sets?

4. AMENABLE GROUPS

In this section, we define what it means for groups to be amenable. We will
prove that all sets are not paradoxical when acted upon by an amenable group. We
will then construct a framework through filters and ultralimits to find a relation
between amenable groups and groups that satisfy the Fglner-condition.

Definition 4.1. A finitely additive probability measure (fapm) on a nonempty set
X is a mapping m : P(X) — [0, 1] where

em(X)=1

e m is additive, i.e. m(A U B) = m(A) + m(B) for A, B € P(X) disjoint.

Definition 4.2. An action I' ~ X is amenable if there exists a fapm m such that
forally e T'and A C X, m(y- A) = m(A).

Theorem 4.3. Suppose m is a I'-invariant fapm on X. If A ~ B, then m(A) =
m(DB).

Proof.
m(A) =S m(C) = Y m(y-C) = S m(B)
O

Theorem 4.4. Suppose I' ~ X is amenable and A C X. If m(A) > 0, then A is
not paradozical under T'.

Proof. Suppose for contradiction A is paradoxical under a partition Ay LI A; = A.
As Ay = A, by Theorem 4.3 m(Ag) = m(A). Therefore m(A;) = 0. However,
m(Ay) = m(A). O
Definition 4.5. A group I' is amenable if the left multiplication action I' ~ T is
amenable.

In the following theorem, we show that this second definition of amenability
provides a more general form of the one provided previously.

Theorem 4.6. IfI' is amenable and X is a nonempty set, then every action T’ ~ X
is amenable.

Proof. Let I be amenable under a fapm m. Fix x € X and define f : I' — X such
that f(v) =~v-z. Let

m': X —[0,1]
A=m(f~'(A)
where f1(A) ={y €T :v-x € A}. We first will show that m' is a fapm on X.
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o m/(X)=m(fH(X))=m() =1
e Let A, B be disjoint subsets of X. Then
m (AUB)=m (f_l (AUB)) =m (f_l (A)) +m (f_l (B)) =m/(A) +m'(B)
Finally, we will show that m’ is I'—invariant. Fix vy € I'. Note that
P A)={yel:y-zey A=y -{yel:y-z€ A} = (4
Therefore

m' (y0- A) =m (- f7'(A)) =m'(A)
O
From this, we find that when an amenable group acts upon any set, it cannot

create a paradox. In this next part, we provide a formal introduction to ultralimits
in order to prove groups that satisfy the Fglner condition are amenable.

Definition 4.7. A proper filter on X is a family F C P(X) that satisfies the
following conditions

° (Z)¢F

e XeF

e If AABeF, then ANB€F

e lfAcFand AC B, then BeF

Definition 4.8. Let F be a proper filter on X. If for all A € X either A € F or
A¢ € F, then F is an ultrafilter.

Theorem 4.9. Fvery proper filter on X extends to an ultrafilter on X.

Proof. Let F be a proper filter on X. Suppose A € F. As AN A° =0, A° ¢ F.
Suppose A, A¢ ¢ F. Then we can simply add A to F. Continuing in this manner,
we extend F to an ultrafilter. O

Definition 4.10. Let x € X. We say that U, is a principal ultrafilter at x if for
all AC X where x € A, A C U,,.

Theorem 4.11. If U is a non principal ultrafilter on X, then all subsets of X
whose complement is finite are in U.

Proof. Let x € X. As U is a non principal ultrafilter, X — {} € U. Consider the
finite subset {z;}" ; C X.

X =zt = ()X - {x:}

i=1
As U is closed under finite intersections, X — {z;}"_; € U. O

Definition 4.12. A topology on X is a family 7 C P(X) where
e fer
e XerT
e fA Ber,then ANBeT
e IfAC T, thenJAeT

Definition 4.13. Let 7 be a topology on X and x € X. We define the neighborhood
filter N on X such that if there exists O € 7 where z € O and O C A, then A € N,.
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Theorem 4.14. N, is a proper filter.

Proof. Note that § ¢ M, and X € N,. Suppose that A, B € N.. Then there exists
01,05 € T such that x € O1, O; C A, x € Oy, and O2 C B. Therefore, x € O1 N0,
and O1 N Oy C AN B. Finally, suppose A € N,. Then there exist O such that
x€0and O C A. If AC B, then O C B and thus B € N,. O

Definition 4.15. Given a topological space (X,7) and a filter F on X, we say
that F converges to z € X if N, C F.

Definition 4.16. Given a function f : X — Y and a filter F C P(X), we define
the push-forward filter f.F such that A € f,F if f~1(A) € F.

We are now ready to define the ultralimit and prove some of its useful properties.

Definition 4.17. Let f : X — R be bounded and fix an ultrafilter &4 on X. The
ultralimit is defined such that limy, f = r if f.Uf converges to r.

Theorem 4.18. For all bounded f,g: X — R, limy (f + g) = limy, f + limy, g.

Proof. Let limy, f = r and limyy g = s. Then for all e > 0, {z € X : |f(z) — 7| <
S}eUand {z € X : |g(x) — 5| < §} € U. As the ultralimit is closed under finite
intersections and all supersets,

{zeX:|f(a?)fr|<§and |g(:c)fs|<§}C{xéX:|f(x)+g(x)f(r+s)|<e}€lxl
Therefore limy, f + g =r + s = limy, f + limy g. O
Theorem 4.19. For all a € R and bounded f: X — R, limy(a- f) = a-limy f.

Proof. Let limy(a- f) =r and fix e > 0. Then {x € X : |a- f(z) —r) < €} €U,
thus {z € X : |f(z) = £) < £} € U. As € is arbitrary,

{zex:lf@ -tl<ef={rex:|f@) -2 <}

a
Therefore limy, f = = and a - limy, f = r = limy/(f - a). a
Definition 4.20. For a subset A C X, we define the density function
da: N —[0,1]
|[ANE,|
[P
where {F,} is a collection of non-empty finite subsets of X.

Theorem 4.21. For all disjoint A, B C X, daup =da +dp.

Proof.
AUB)NF,
dAUB(n) = |( |F)| |
n
_ |[ANF,| |BNEF,|
| P | Fl

= dA(n) + dB(TL)
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Now that we have thoroughly introduced both the ultralimit and the density
function, we are ready to use them to prove a relation between groups that satisfy
the Fglner condition and amenable groups.

Theorem 4.22. Let U be an ultrafilter on N and A C X. Then limy da(n) is a
fapm.

Proof. First note that limy dx(n) = limy; 1 = 1. Let A, B be disjoint. Then by
Theorem 4.21, m(A U B) = limy daup(n) = m(A) + m(B). O

Definition 4.23. Suppose that I" is a group, S C T is finite, and that ¢ > 0. We
say that a nonempty finite set F* C ' is (S, €)-Folner if

-FAF
S u<e

Yy €
|F|

Definition 4.24. A group I satisfies the Fglner condition if for all finite S C T’
and € > 0 there is a (5, €)-Folner set.

Now that we have proven limy, d 4 (n) is a fapm, it suffices to prove that this function
is I'—invariant when I" satisfies the Fglner condition.

Theorem 4.25. Suppose I' is a countable group that satisfies the Falner condition.
Then T s amenable.

Proof. Let {7;} be an enumeration of I". Define S,, = {v; : ¢ < n} and fix a sequence
{€n}52 4 that converges to 0. By the Fglner condition, there exists nonempty finite
F,, CT that are (Sp, €,)-Folner. Let m(A) = limy d4(n). We now will show that
this fapm is amenable. Fix v € I' and A C I". Note that

CAVNE,| - |ANE,
dralm) = o) = [ O A0
|Fol
_’Am('y_l'FnN_AﬂFn
| Fyl
|(7_1 - Fo) AR,

<
|En

Fix € > 0. Then {n € N: 4yt € S, and ¢, < €} is cofinite and thus by the Fglner

condition
-1.F,) AF,
{nEN: |(7 ) | <e} is cofinite

|l

Therefore, {n € N : |d,.a(n) —da(n)| < €} is also cofinite. By Theorem 4.11
No C (dy.a — da}d and thus m(y - A) — m(A) = limy dy.a —da = 0. O

At this moment, we have proven a useful chain between groups that satisfy the
Fglner condition, amenable groups, and groups that when acting on sets will not
generate paradoxes. In the next section, we will show that these three statements
are in fact equivalent to one another.
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5. THE FOLNER CONDITION AND PARADOXICAL GROUPS

We now move to show that if a group I' does not satisfy the Fglner Condition,
I' ~ T is paradoxical. In doing so, we will prove the equivalence relation between
non-paradoxical groups, amenable groups, and groups that satisfy the Fglner Con-
dition. To begin, we must construct a subset of graphs that will be central in our
final proof.

Definition 5.1. Given a set V, we say that a set G C V2 is a graph on V if

o Vx, (z,2) ¢ G
o Vr,yif (x,y) € G, then (y,z) € G

Definition 5.2. Suppose G is a graph on V.

e If there exists a partition X 1Y =V such that G C X x YUY x X, then
we say G is a bipartite graph.

o Let A C V. We define the G-neighbors of A to be the set Ng(A) = {w €
V:3a€ A (a,w)eG}.

e Let v € V. We say that v has G-degree equal to |[Ng({v})|.

o If all vertices of G have finite G-degree, then we say that G is locally finite.

Definition 5.3. Suppose G is a graph on V' and let M be a subgraph of G.

o If every vertex of M has M-degree of at most 1, then we say M is a
matching.

e Let M be a matching. We define the domain of M to be the set dom(M) =
{veV:3dweV (v,w) e M}.

e Let M be a matching. We say that M is perfect if dom(M) = V.

Now, we consider the following condition that allow us to find matchings within
graphs.

Definition 5.4. Suppose that G is a locally finite bipartite graph on V =X UY.
We say that G satisfies the Hall condition if

o for all finite A C X, |[A| < |Ng(4)|
e for all finite B C Y, |B| < |N¢g(B)|

Definition 5.5. Let M C G be a matching and let {v;}7% be a set of ver-
tices in G. We define an M -alternating path to be a sequence of connected edges
{(vi,vi 1)}, C G such that if 4 is odd, then (v;,v;41) € M and if 4 is even then
(vi,vi+1) € M. We further say the path is augmented if v, 41 ¢ M.

Lemma 5.6. Let G be a locally finite bipartite graph on V.= X UY where G
satisfies the Hall condition. Then for all finite matching M C G and x € V where
x ¢ dom(V), there exists a finite matching M' C G such that {z} U dom(M) C
dom(M).

Proof. Consider an M —alternating augmented path {(v;, v;4+1)}7, where v; = x.
We would like to find a path where n < 2-|dom(M) NY] in order to construct our
M'. For sake of contradiction, suppose this path does not exist. We’ll construct a
family {B;} recursively such that B, = Ng({z}) and B;11 = Ng(Np(B;) U {z}).
Thus for all y € B;, we can construct an alternating path from x to y of length at
most 2i + 1. By our initial assumption, B; C dom(M) for i« < m. However by the
Hall condition, |B;4+1| > |B;|+ 1. Thus, ¢ < |B;|. We now construct M’ on such an
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augmented path by flipping all edges on the path and adding all remaining edges
of M back into M’. Then dom(M’) = dom(M) U {x, vy41}- O

From Lemma 5.6, we now reach the following theorem through induction.

Theorem 5.7. Let G be a locally finite bipartite graph on V = X UY where G
satisfies the Hall condition. Then for all finite F C V' there is a finite matching
M C G such that F C dom(M).

Now that we have found a condition for the existence of a matching within a
bipartite graph, we must find such a matching that is perfect. To do this, we must
first construct the cone filter.

Definition 5.8. Let X be a set.
e We define FIN(V) = {F C V : F is finite}.
e Let F € FIN(V). We define Cr = {A € FIN(V) : F C A}.
e We define the cone filter F on FIN(V) such that if there exists F' C FIN(V)
where Cr C P, then P € F.

Theorem 5.9. F is a proper filter on FIN(V).

Proof. We must prove the four conditions for a proper filter.

e Fix F C FIN(V). As F € Cp, CF is nonempty. Therefore, all P C F are
nonempty.

e Fix FF C FIN(V). Then Cr C FIN(V) and so FIN(V) € F.

o If A,B € F, then there exists F,G € FIN(V) such that Cr C A and
Cg C B. Therefore Cpng = CrNCqg C ANB. Thus, ANB € F.

e Let A € F. Then there exists F € FIN(V) such that Crp C A. If A C B,
then Cr C B. Thus, B € F.

O

Theorem 5.10. Suppose that G is a locally finite bipartite graph on V = X UY
and G satisfies the Hall condition. Then G admits a perfect matching.

Proof. By Theorem 5.7 for every F' € FIN(V') there exists a finite matching Mp C G
such that F C dom(Mg). By Theorem 4.9, we can extend the cone filter F to an
ultrafilter & on FIN(V). Define a graph M such that (v,w) € M if

{F €FIN(V): (v,w) € Mp} €U
Fix some (v,w) € M. As® ¢ U, {F € FIN(V) : (v,w) € Mg} is nonempty. Thus
there exists F' € FIN(V) such that (v,w) € Mp where Mp C G. Thus (v,w) € G
and so M C G. As a matching is symmetric, if (v,w) € Mp for some F € FIN(V),
then (w,v) € Mp. Therefore M is a symmetric subgraph of G. We will now prove
that M is a perfect matching. For the sake of contradiction, suppose M is not a
matching. Then there exists distinct u, v, w € V such that (u,v), (v, w) € M. Thus
e A={FeFIN(V): (u,v) € Mp)} €U
e B={F ecFIN(V): (u,w) € Mp)} €U
As filters are closed under finite intersections
ANB={F e€FINV): (u,v), (u,w) € Mp} €U
However M is a matching and thus A N B = (). Therefore, M is a matching.

Now fix v € V. Then for all F' € Cy,;, there exists some w € Ng({v}) such that
(v,w) € Mp. As Cy,y CU, there exists some w € Ng({v}) such that
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{F S C{v} : (v,w) S MF} eU
However, C,y C FIN(V), and thus (w,v) € M. O

Lemma 5.11. Suppose ' is a group that does mot satisfy the Fglner condition.
Then there exists a finite subset T C T such that if F C T is finite, then 2|F| <
|T - F|.

Proof. As T' does not satisfy the Fglner condition there exists S C I' and ¢ > 0
where for all nonempty finite sets F' C I" there exists v € S such that

(- F)AF|

(5.12) B Z€

We'll construct a family {5, } recursively where S; = SUS™!'U{e} and S,,;1 =
Sy - S,. From (5.12) we can prove through induction that for all finite ' C T,
1+ 5)"F| < [Sp- F|. As (1+ §) is fixed there exists large enough N such that
(1+5)" > 2 and we can let T'= S, to complete the proof. O

Theorem 5.13. Suppose D' is a group where I' does not satisfy the Falner condition.
Then T is paradozxical.

Proof. As T' does not satisfy the Fglner condition, by the previous lemma there
exists a finite 7' C I" such that for all finite F C T', 2|F| < |T- F|. Let X =T and
Y =Ty Uy where I'; = {(v,7) : v € T'}. Let G be a bipartite graph on X UY
where (7, (6,4)) € G if there exists 7 € T such that 7-+v = 4. We will first prove
that G satisfies the Hall Condition. Let A C X be finite. Then if § € T'- A, there
exists v € A and 7 € T such that 7-~v = §. Thus (,0), (4,1) € Ng(A). Therefore
T-Ax {0} C Ng(A). By the previous lemma

[ Al <|T- Ax {0} = |T"- A] < Ng(4)

Let B C Y be finite. Let B; = BNT'; and WLOG assume |By| > |B;|. Define
C={6€T:(40)€ By}. Thereforeif v € T-C, there exists some § e Tand 7 € T
such that 76 =, i.e. 7715 =§ and so (v,(d,i)) € G. Thus T - C C Ng(By).
Therefore

INa(B)| 2 |T- C| 2 2|C| = 2|Boy| = | B, U B1| = |B]
Thus, by the Hall Condition G admits a perfect matching M C G. Finally, define

Ap = {y € I' : M matches v to some (4,0) € I'p}
Ay ={v €T': M matches ~ to some (4,1) € I'1}
For7 e T,let Ciy = {0 €I': (1-7,4)) € M}. Then | | . Cor = Ao, | |7 C1r =

Ar,and | |, 7 7(Cor) = |, er 7(C17) = To. Thus Ag = T'g and A =~ T';. Therefore
Ag~T and A; = T. O

We have now shown an equivalence between amenable groups, groups that satisfy
the Fglner condition, and non paradoxical groups.
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