SMOOTH MANIFOLDS AND DE RHAM COHOMOLOGY

CHARLES SHEN

ABSTRACT. This paper gives a quick introduction to smooth manifolds. Then
we introduce de Rham Cohomology and compute some examples.
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1. MANIFOLDS AND SMOOTH MAPS

A manifold is a higher-dimensional analogue of a smooth curve or surface. Its
prototype is the Euclidean space R", with coordinates ry,...,r,. Let U be an open
subset of R™. A function

f=0U1, s fm): U—=R™

is smooth on U if the partial derivatives
ok f
87ﬂj1 ce e ar]k
exist on U for all integers k& > 1 and for all choices of indices ji,...,Jj;. In this
paper we use the words “smooth” and C'*° interchangeably.

Definition 1.1 (Locally Euclidean of Dimension n). A topological space M is lo-
cally Fuclidean of dimension n if, for every point p € M, there is a homeomorphism

0:U — VCR"

where U is a neighborhood of p in M, and is open in R™. Such a pair (U, cp) is
called a coordinate chart (or simply a chart). If p € U, then we say that (U, ) is
a chart about p.

Definition 1.2 (Compatibility of Charts, C>° Atlas). A collection of charts {(Uy, ¢u)}
is C*°-compatible if, for every «, 3, the transition map

0o 005"+ 0s(UaNUp) — ¢a(UaNUs)
1
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is a C° function. A C* atlas on M is a collection of C*°-compatible charts that
covers M. Such a C* atlas is maximal if it contains every chart that is C°°-
compatible with all the charts in the atlas.

Definition 1.3 (Topological Manifold). A topological manifold is a Hausdorff, sec-
ond countable, locally Euclidean topological space. By “second countable,” we
mean that the space has a countable basis of open sets.

Definition 1.4 (Smooth (C*°) Manifold). A smooth or C*° manifold is a pair
(M, {(Uy, pa)}) where M is a topological manifold and {(Ua, ¢4 )} is a mazimal C'*°
atlas on M. In this paper, all manifolds are assumed smooth.

The Hausdorfl condition ensures that the topology is not too small (we can
separate points), while second countability ensures it is not too large (it admits a
countable basis). With these two conditions, the topology of a manifold strikes a
useful balance. If one shows a manifold has any C*° atlas, then by Zorn’s lemma
that atlas is contained in a unique maximal one. Hence it is sufficient in practice
to exhibit some C'* atlas.

Example 1.1 (§* C R?). Consider the circle S = {(z,y) € R? : 22 + y? = 1}.
Define open sets:

UI+:{($7y)€SlfJT>O}, Ux*:{<x7y)651:l'<0}7

Uy ={(z,y) €S :y>0}, U, ={(z,y)€S":y<0}.

FIGURE 1. A C* atlas on S!

One checks that the set of charts
{(U"fr ) y)a (UT* ) y>7 ((]1JJr ) .Z'), (Uy* ) .’I})}

forms a C° atlas on S'. For instance, the transition map from (0,1) C R (the
image under z) to (—1,0) C R (the image under y) can be given by y = —v/1 — 22,
which is C* on (0,1).

Definition 1.5 (Smooth Map into R™). A map F : M — R™ on a manifold M is

smooth or C* at p € M if there is a chart (U, ) of M about p such that
Fop™l:pU)cR™ — R

is C*°. The map F is smooth on M if it is smooth at every point of M.

Definition 1.6 (Algebra over R). An algebra over R is a vector space A with a
bilinear map p: A x A — A (called multiplication) such that A forms a ring under
this multiplication and addition.
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Remark 1.1. The set of all smooth real-valued functions on M, denoted C*° (M),
is naturally an algebra over R via pointwise addition and multiplication.

Definition 1.7 (Smooth Map between Manifolds). A map F' : N — M between
two manifolds is smooth or C* at p € N if there exist charts (U, ¢) about p € N
and (V,4) about F(p) € M such that V O F(U) and

YoFo¢™ :¢(U) = y(V)
is C* at ¢(p). If F is invertible and both F' and its inverse are smooth, then F' is
a diffeomorphism. i.e., a smooth map G : M — N such that
FOGZIM and GOFZlN.

In linear algebra, an m x n matrix typically represents a linear map R™ — R™.
By analogy, one often writes F': N — M to highlight source and target.

1.1. Tangent Vectors. The derivatives of a function f at a point p in Rn depend
only on the values of f in a small neighborhood of p. To make precise what is meant
by a “small” neighborhood, we introduce the concept of the germ of a function.

Definition 1.8 (Germ of a Function). If f : U — R and g : V — R are smooth
functions defined on neighborhoods U and V of a point p in M, we say f ~ g at p if
there is a neighborhood W C U NV of p on which f and g agree. The equivalence
class of such f is called the germ of f at p. Denote by C}° (M) the set of all germs
at p.

Remark 1.2. Addition, multiplication, and scalar multiplication of germs are well-
defined, so Cp°(M) is an algebra over R.
Definition 1.9 (Derivation, Tangent Space). A derivation at p is a linear map
D : Cp°(M) — R satisfying the Leibniz rule:

D(fg) = (Df)g(p) + f(p)(Dg) forall f,g e CF(M).
Such a derivation is also called a tangent vector at p. The set of all tangent vectors

at p forms a vector space T, M, called the tangent space of M at p.
Example 1.2 (Partial Derivatives in R™). For M = R", the familiar partial deriva-

tives
0 0

rylp’ " O by
are elements of T,,(R™). They form a basis of the tangent space.

Definition 1.10 (Coordinate Vectors). At a point p in a coordinate chart (U, ¢) =
(U,z1,...,x,), where

T; =T;0 @,
we define the coordinate vectors
0
e T, M
8@3 P
P
by
f| _dfop)
O p i ©(p)

for any f € Cp°(M).
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Definition 1.11 (Differential of a Smooth Map). If F': N — M is a smooth map
and p € N, its differential at p
is the linear map defined by

Fop:TyN — TppM

(1.2) Fy :TyN = Tpp)M, (FyXp)(h) = Xy(hoF)
for X, € T,N and h € C°°(M). Usually the point p is clear from the context and
we write F* instead of F;. We can verify that if
F:N—->M and G:M — P

are C'°° maps, then for any p € N

(GoF)u,p=G.,F(p)oF,,(GoF)" =G o ™.
Or, suppressing the points,

(GoF), =G,0oPF,.

Remark 1.3. If F: N - M and G : M — P are smooth, then (G o F),, =
G, F(p) © Fi p- In coordinates, this is the chain rule in multivariable calculus.

Definition 1.12 (Vector Field). A wvector field on M is the assignment of a tangent
vector X, € T,,M to each point p € M. At every p in a chart (U,z!,...,z"), since
the coordinate vectors

0
ozt
form a basis of the tangent space T, M, the vector X, can be written as a linear
combination

. 0
X, = Y a2

with a’(p) € R. As p varies over U, the coefficients a’(p) become functions on U.

)

P

Definition 1.13. A frame of vector fields on an open set U C M is a collection of
vector fields
Xq,..., X,

on U such that at each point p € U, the vectors
(Xl)pv R (Xn)P

form a basis for the tangent space 1, M.

For example, in a coordinate chart (U, z1,...,xz,), the coordinate vector fields
0 0
Oxy’ " Oz,

form a frame of vector fields on U.
If f: N— M is a C map, its differential

f:;) : TpN — Tf(p)M

pushes forward a tangent vector at a point in N to a tangent vector in M. It should
be noted, however, that in general there is no push-forward map

£ X(N) = X(M)
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for vector fields. For example, when f is not one-to-one, say f(p) = f(q) for p # ¢
in N, it may happen that for some

X € X(N),

we have
f:;Xp # f;;Xq§
in this case, there is no way to define f*X so that

(X)) = £ Xp

for all p € N. Similarly, if f : N — M is not onto, then there is no natural way to
define f*X at a point of M not in the image of f. Of course, if f : N — M is a
diffeomorphism, then

fFX(WN) = X(M)
is well defined.

1.2. Differential Forms.

Definition 1.14. For k > 1, a k-form or a form of degree k on M is the assignment
to each p € M of an alternating k-linear function

wp : TyM x -« x T,M — R.

Here “alternating” means that for every permutation o of {1,2,...,k} and for

all
V1.0 € Ty M,
we have
wl)(va(l)a s avo(k)) = (Sgna) wp(vla s avk)a

where sgn o, the sign of the permutation o, is £1 depending on whether o is even
or odd. We define a 0-form to be the assignment of a real number to each p € M; in
other words, a 0-form on M is simply a real-valued function on M. When k£ = 1, the

condition of being alternating is vacuous. Thus, a 1-form on M is the assignment
of a linear function
wp: TyM — R

to each p € M. For k < 0, a k-form is defined to be 0 by convention.

A k-linear function on a vector space V' is also called a k-tensor on V. As above,
a O-tensor is a constant and a 1-tensor on V is a linear function f : V — R. Let
A¥(V) be the vector space of all alternating k-tensors on V. Then A°(V) = R and
AY(V) = V* := Hom(V,R), the dual vector space of V. In this language a k-form
on M is the assignment of an alternating k-tensor

wy € A¥(T,M)
to each point p € M.

Definition 1.15. Let Si be the group of all permutations of {1,2,...,k}. A (k,1)-
shuffle is a permutation o € Sk such that

o(l)<---<o(k) and ok+1)<---<o(k+1).
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Definition 1.16. The wedge product of an alternating k-tensor v and an alternat-
ing [-tensor 8 on a vector space V' is by definition the alternating (k + [)-tensor

(@A B)(v,...,vk41) = Z(SgnU) A(Va(1)s -+ Vo)) BUa(kt1)s - - - s Vo (kt1))s
where the sum is over all (k,[)-shuffles.

For example, if @ and 3 are alternating 1-tensors, then

(a A B)(v1,v2) = a(v1)B(v2) — a(v2)B(v1).

The wedge of an alternating 0-tensor, i.e., a constant ¢, with another alternating
tensor [ is simply scalar multiplication. In this case, in keeping with the traditional
notation for scalar multiplication, we often replace the wedge by a dot or even by
nothing:

cANB=c-B=cp.

Proposition 1.1. The wedge product A is bilinear, associative, and graded-commutative
in its two arguments. Graded-commutativity means that for two alternating tensors
a, B on a vector space V,

oz/\ﬂ ( )degadegﬁﬂ/\a

Proposition 1.2. If ay,...,«a, is a basis for the 1-covectors on a vector space V,
then a basis for the k-covectors on V is the set

{og, Ao Nay, |[1<iy < <ip<n}.

A k-tuple of integers I = (i1,...,ix) is called a multi-index. If iy < -+ < i, we
call I an ascending multi-index, and if i1 < --- < iy, we call I a strictly ascending
multi-index. We will write

ar = o, N Nag, .

As noted earlier, for a point p in a coordinate chart (U, z1,...,z,), a basis for
the tangent space 1, M is
0 0
01 p’.”’aiﬂn P

Let (dx1)p, ..., (dry)p be the dual basis for the cotangent space A'(T,M) = Ty M,

ie.,
(dazi)p(aij‘p) = 6.

By Proposition 1.2, if w is a k-form on M, then at each p € U, w,, is a linear
combination:
Za; (dxr)p Zal (dxi)p A+ A (dxg,)p-

Definition 1.17. A k-form w is smooth if for every point p € M, there is a chart
(U,z1,...,x,) about p such that on U the coefficients

[IU—)R

UJZZa]da:I

are smooth. By differential k-forms, we will mean smooth k-forms on a manifold.

of
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Definition 1.18. A frame of differential k-forms on an open set U C M is a
collection of differential k-forms
WiyeooyWp
on U such that at each point p € U, the alternating k-tensors

(wl)pa ) (WT)p

form a basis for the vector space A* (T, M) of alternating k-tensors on the tangent
space at p.
For example, on a coordinate chart (U, z1,...,x,), the k-forms

der =dxy, Ao Ndxy,, 1<i; <---<ip <m,

constitute a frame of differential k-forms on U.

Definition 1.19. A subset B of a left R-module V is called a basis if every element
of V can be written uniquely as a finite linear combination

> ribi,

where 7; € R and b; € B. An R-module is said to be free if it has a basis, and if
the basis is finite with n elements, then the free R-module is said to be of rank n.

It can be shown that if a free R-module has a finite basis, then any two bases
have the same number of elements, so that the rank is well defined. We denote the
rank of V by rk V.

Let QF(M) denote the vector space of C°° k-forms on M and let

Q" (M) = éﬁk(M).
k=0

If (U,x1,...,7,) is a coordinate chart on M, then QF(U) is a free module over

C>*(U) of rank
n
k b

Definition 1.20. An algebra A is said to be graded if it can be written as a direct

sum -
A= GB Ay
k=0

of vector spaces such that under multiplication
Ay - Ay C Agqa.

A graded algebra A = @,- , Ay, is said to be a graded commutative algebra if for
all x € Ay and y € A,

with basis {dz!} as above.

zoy=(-)"y-
The wedge product A makes Q*(M) into a graded commutative algebra over R.
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1.3. Exterior Differentiation. On any manifold M there is a linear operator
d: Q" (M) — Q"(M),
called exterior differentiation, uniquely characterized by three properties:

(1) d is an antiderivation of degree 1, i.e., d increases the degree by 1 and for
w € Q¥ (M) and T € QY(M),

dWwAT) =dw AT+ (=1)*wAdr;

(2) d*=dod=0;
(3) On O-forms, the exterior derivative coincides with the differential: for a
O-form f € C*°(M) and a vector field X € X(M), we have

(df)(X) = X .

By induction the antiderivation property (1) extends to more than two factors;
for example,

dwATAD) =dw AT A+ (=1)38C G Adr An+ (—1)38« BT AT A dy.

Proposition 1.3. Let (U, x1,...,x,) be a coordinate chart. Suppose
d:Q(U) = Q*(U)
is an exterior differentiation. Then:
(i) For any f € Q°(U),
of .
df = - dx’
f =2 55 do
(ii) d(dz') = 0;
(iii) For any aydx’ € QF(M),
d(ar dz’) = day A da’.

Proof. (i) Since (dz'),, ..., (dz™), is a basis of 1-covectors at each point p € U, we
may write (suppressing p):

(df)p =D ai(p) (da'),.

df = Zai da’.

Applying both sides to the vector field % gives

(df)(%) = Zai dx(%) = Zai 0ij = aj.

On the other hand, by property (3) of d,
a N of
@) (57) = a7

That is,

. _ of
Hence, a; = 57 and

b _
dfzza—gfjdzj
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(ii) By the antiderivation property of d,
d(dxl) =d(dx™ A--- Ada'™) = Z(_l)]—l Az A+ Ad(dz) A+ Adat =0,
j=1
since d? = 0.
(iii) By the antiderivation property of d,
d(al d:vI) =da; Ndz' + a; d(de) = day A dz’,
since d(dz!) = 0. O

Proposition 1.3 proves the uniqueness of exterior differentiation on a coordinate
chart (U, x1,...,x,). To prove its existence, we define d by two of the formulas of
Proposition 1.3:

(i) If f € Q°(U), then

o= 5L o

szajd:cj e QFU) fork>1,

(iii) If

then
dw = Zdal ANdzy.

Next we check that so defined, d satisfies the three properties of exterior differ-
entiation.

(1) For w € Q%(U) and 7 € QY(U),
dwAT) = (dw) AT+ (=1)Fw A dr.

Proof. Suppose
w = Zafdxf and 7T = ZdexJ.

On functions, d(fg) = (df)g+ f (dg) is simply another manifestation of the ordinary
product rule, since

a(fg) =Y (o) et
- (g + 1)

= (Z gjz dmi>g + f Z aajz da’

=(df)g + fdg.
Next suppose k > 1. Since the exterior derivative d is linear and the wedge
product A is bilinear over R, we may assume that

w=ardry and T=bydxy,
each consisting of a single term. Then
dwAT)=d(arbydxy ANdxy) =d(arby) ANdxy Adxy (by definition of d)
= (dap)by Ndxy ANdxy+ ar (dby) ANdxp ANdxy
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=day A (bydxy) Adzp + (—1)F aydzp A (dby) Adzy

=dw AT+ (-1)*wAdr.

(2) d> = 0 on QF(U).

Proof. This is a consequence of the fact that the mixed partials of a function are
equal. For f € QO(U),

b -a) o5 o) - S 2

In this double sum, the factors

) Adxt = Z Z afjgxi dz? A daxt.

0% f
0z Ozt

are symmetric in ¢, j, while da’ A da’ are skew-symmetric in %, j. Hence, for each
pair ¢ < j there are two terms

0% f

0% f

i Gt Ada? o dad A da
that add up to zero. It follows that d?f = 0.
For
w = Za;dx; € Qk(U), k>1,
we have

d2w = d(z dag A d:cI) =y {(d%,) Adz! + dar A d(dxf)] =0.

In this computation, d?a; = 0 by the degree 0 case, and d(dxz’) = 0 follows as in
the proof of Proposition 1.3(ii). O

Proof. (3) Suppose

0
X:Zajaixj.

Then

@) = (gL an) (L p) =S g = X (1),
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1.4. Pullback of Differential Forms. Unlike vector fields, which in general can-
not be pushed forward under a C'>° map, differential forms can always be pulled
back. Let

F:N—>M

be a C* map. The pullback of a C'**° function on M is the C*° function
F*f:=foF

on N. This defines the pullback on C*° 0-forms. For k > 0, the pullback of a

k-form w on M is the k-form F*w on N defined by

(F*w)p(v1,...,0k) = Wp(p) (F:’;vl, ... ,E;vk),

for p € N and vy,...,vx € T,N. From this definition, it is not obvious that the
pullback F*w of a C* form w is C*°. To show this, we first derive a few basic
properties of the pullback.

Proposition 1.4. Let FF: N — M be a C* map of manifolds. If w and 7 are
k-forms and o is an l-form on M, then
(i) F*(w+7)=F*w+ F*7;
(i) For any real number a, F*(aw) = a F*w;
(i) F*(wWAT)=F*wAF*r;
(iv) For any C* function h, dF*h = F*(dh).

Proof. The first three properties (i), (ii), (iii) follow directly from the definitions.
To prove (iv), let p € N and X, € T,N. Then

(dF*h)p(Xp) = Xp(Fh) = Xp(ho F),
and
(F*dR)p(X,) = (@) pp) (F3Xp) = (FXp) () = Xp(ho F).
Hence,
dF*h = F*(dh).
O

We now prove that the pullback of a C'°° form is C*°. On a coordinate chart
(U,x1,...,x,) in M, a C™ k-form w can be written as a linear combination

w= Za;dmil A ANdxg,,
where the coefficients a; are C'°° functions on U. By the preceding proposition,
Frw =Y (F*ay)d(Fz; ) A---Ad(F*z;,) = Y (aroF)d(z;, o F)A---Ad(x;, o F),

which shows that F*w is C'°°, because it is a sum of products of C* functions and
C* 1-forms.

Proposition 1.5. Suppose F : N — M is a smooth map. On C*> k-forms,
dF* = F*d.
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Proof. Let w € Q¥(M) and p € M. Choose a chart (U,x1,...,x,) about p in M.
On U,

sza;da:il/\--J\d:cik.

Then
Frw=3 (aro F)d(zi, o F) A+ Ad(wi, o F).

Thus,
dF*UJ:Zd(aIOF)/\d(xh o F) A+ Nd(wi, o F)

= Zd(F*a[) /\d(F*l‘il) /AR ~/\d(F*xik) = ZF*(da[)/\F*(dl‘il)/\' . /\F*(dl‘lk)

= ZF*(daI ANdzi, A Adx,) = F*(dw).
([

As computed above, in summary, for any C* map F' : N — M, the pullback
map

F*: Q" (M) — Q*(N)

is an algebra homomorphism that commutes with the exterior derivative d.

Example 1.3. Let N and M be manifolds. A C'°® map
fiN—=>M
is called an immersion if for all p € N, the differential
[p TpN = TrpyM
is injective. A subset S of M with a manifold structure such that the inclusion map
i:S—>M

is an immersion is called an immersed submanifold of M. An example is the image of
a line with irrational slope in the torus R?/Z2. (Note that an immersed submanifold
need not have the subspace topology.)

Ifwe Q¥(M),p € S,and v, ...,v; € T},S, then by the definition of the pullback,

(*w)p(vL, . .. k) = wi(p)((i*vl),...,(i*vk)> = wy(v1,...,v)-

Thus, the pullback of w under the inclusion map 7 is simply the restriction of w to
the submanifold S. We also adopt the more suggestive notation

w|5

for *w.
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2. DE RHAM COHOMOLOGY

Definition 2.1. We have a sequence of vector spaces and linear maps

0 1

0 — QU) LS ) LS 2U) — - — QYU) — 0,
such that d? o d?~! = 0. This is called the de Rham complex. Since dP*! o dP = 0,
we have im(dP) C ker(dP*1).
Definition 2.2. The k-th de Rham cohomology of U is defined by
ker(d*) Zk(U)
Hk U = =
dR( ) im(dk_l) Bk(U)v
Example 2.1 (Cohomology of R). Consider R!. Then
Q°(R) = C*(R), Q'R)={f(z)dx:feCR)}.

Zero-forms: Z°(R) = ker(d®) = { f € C*(R) : f' = 0} = {constant functions} =
R. Since B(R) = 0, we get

HgR(R) = =

One-forms: We have
BY(R) = im(d") = { f'(z)dx : f € C™(R)}.

Any w € Q'(R) looks like g(z) dx; by the fundamental theorem of calculus, g(z) =
f'(z) for some f. Hence w € B*(R), showing Z!(R) = B'(R). Therefore
1
Hin(R) = Zrg) =0
2.1. Compact Supports.
Definition 2.3. A C* form w is closed if dw = 05 it is exact if
w=dr for some 7 € Q*"1(M).

Let U be an open subset of R”.

Example 2.2. Suppose a function f is nonzero on the interval (0,2). Then
Supp(f) C {z | f(z) # 0} = [0,2].
Definition 2.4. The zero set of a p-form w on U is
Z(w) = {peU|w, =0}
The support of w is
supp(w) = {peU|w,#0} = (U \ Z(w)) = cl(Z(w)°).
(Here ° denotes the complement, and cl(-) denotes closure.)

Define
QP(U) := {C™ k-forms on U with compact support}.

Proposition 2.1 (d is support-decreasing). For w € QE(U), we have
supp(dw) C supp(w).
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Proof. Suppose p ¢ supp(w). Since supp(w) is closed, there exists an open neighbor-
hood V of p which is disjoint from supp(w). On V we have w =0, so dw =0 on V.
Hence p ¢ supp(dw). This shows (supp(w))® C (supp(dw))©. Taking complements
yields
supp(dw) C supp(w).
O

Corollary 2.1. If w € QB(U) has compact support, then so does dw. In fact,
supp(dw) is a closed subset of the compact set supp(w).

Hence we get the differential complex
0 — QU) — QU) — -+ — QLU) — 0,
the de Rham complex with compact support in U.

Definition 2.5. H}(U) is the cohomology of this complex, i.e. the compactly sup-
ported de Rham cohomology.

Remark 2.1. A k-tensor has k variables. A 0-tensor has no variables.

Definition 2.6. A O-form on a vector space V' is a constant function. Equivalently,
Ag(V)=R.

Thus a O-form on U assigns to each point of U the same constant, so 0-form =
function. In general,

QU) = C>=(U).

Example 2.3. Compute H)(R). A 0-form f on R with compact support must
satisfy df = 0 (to be in Z0). If df = 0, f is constant. But having compact support
forces that constant to be 0. Hence f = 0. So

Z0(R) = {0},
Then Z0(R 0

Next we compute H}(R)
Z;(R) = Q(R) = {g(x)dz : g € CZ(R)},

Bi(R) = {df = f'(z)dx: f € CZ(R)}.
If g(x) = f'(z) for some f with compact support, then

/ da:—/ f'(@) dz = f(o0) — f(—00) =0,

since f must vanish at +co (compact support). So the integral of an exact form
with compact support is 0.

Define
(o) oo
/ : ZHR) — R, g(z)dr — / g(z) dx

We have shown Bl(R) C ker(ffooo).

o0

Lemma 2.1. ker(/ ) C Bl(R).

— 00
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Proof. Suppose [~ g(x)dx = 0. Define

fla) = [ atu)au

By the fundamental theorem of calculus, f'(z) = g(z). We must show f has
compact support. If supp(g) is [a, b], then for x < a,

fa) = [ atwrdu= [ gtuyau=o

because g(u) = 0 outside [a, b]. Similarly, for = > b,

f(x)z/ozgw)du:/obg(u)du:o

by hypothesis. Hence f also vanishes outside [a, b], so f has compact support. Thus
g(z)dx = df € BL(R). O

By the first isomorphism theorem,

HY(R) = gi% ~ im(/_oo) —R.
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