A SURVEY OF TECHNIQUES IN ELLIPTIC REGULARITY
THEORY

SIMON SEIGNOUREL

ABSTRACT. We introduce partial differential equations and the Laplacian,
proving the Harnack inequality for harmonic functions. We then define Holder
continuity, proving an equivalent definition of Holder continuous. After this
we prove the Schauder estimate (with a preliminary lemma and the maximum
principle), which bounds the Holder norm of a weak solution by its L°° norm
and the L° norm of its Laplacian. We then prove the Holder continuity of a
weak solution where div(AVu) is very close to Au. Finally, we prove the De
Giorgi theorem and Harnack inequality in two dimensions.
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1. INTRODUCTION

Partial Differential Equations, or PDEs, are equations which involve functions
and their partial derivatives. One of the most important PDEs is asking about a
function u where we know its Laplacian,

where f is a given function, and where u = g on the boundary 92 of the domain.
When Au = 0, u is called harmonic, and there are many results about harmonic
functions, some of which we discuss in the preliminaries. For example, harmonic
functions are smooth in the interior of the domain, and they satisfy the maximum
principle. They also minimize the Dirichlet integral, which is the functional

/ |Vul?.
Q
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In this paper, however, we also ask to what degree these properties extend to
other PDEs. Instead of having a function v where the Laplacian Aw is 0, we may
have a function u where

(’)i(aijaju) = Z@l(z aijaju) =0
i=1 j=1

where each a;; is a function entry of a positive definite matrix A. Note that if A
were the identity I, then div(AVu) = div(Vu) = Awu. It turns out that functions
u which are weak solutions to 0;(a;;0;u) = 0 are also smooth in the interior of the
domain if A is smooth, but this result is much more complicated to prove, and we
first need to prove other perturbation and regularity results.

After this, we show De Giorgi and the Harnack Inequality in two dimensions,
where the proofs are simpler. The De Giorgi Theorem says that if div(AVu) = 0
for A in L*°, then v € C®. This theorem is monumental in the theory of PDEs;
in this paper, we prove it in the two-dimensional case. The Harnack Inequality is
also an important result. It says that if u is a positive weak solution on Bj, then
the ratio of supu and infu is bounded on Bj ;.

2. BACKGROUND ON THE LAPLACIAN

Before beginning the subject of the paper, we establish some preliminaries.
Firstly, the notion of a weak solution is vital to understanding PDEs. We say that
u € HY(Q) is a weak solution of

Au=0 on
u=g on J9,

if u = g on the boundary and

/Qvu-w):o

for any ¢ € Hg(2). In general, a weak solution is characterized by its behavior
when integrating with a smooth, compactly supported function ¢. In this paper,
saying a function is a solution means it is a weak solution. Also, to denote the ball
B,.(0) centered at the origin, we simply write B,..

The solutions of PDEs can also be characterized as minimizers of certain func-
tionals. For example, harmonic functions minimize the Dirichlet integral:

/ |Vul?.
Q

First we prove the Harnack inequality for harmonic functions.

Theorem 2.1. Given a positive harmonic function u : By — (0,00), then there
exists some absolute C (independent of u) such that

1 u(x)
GS@SC

for all x,y € By/s.
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Proof. Let u be a positive harmonic function. Then set v = logu and w = |Vvl|?.
Then we can see that

2= [ () 1G] - () -

= =1

At this point, we show the equality

A([Vol?) = ani aa; (532)

?

n n P 2
-3 ¥ 255) +25m) 7 (5)

=1 j=1

=2(|D*v|* + VAv - V).
Therefore
Aw = 2(|D*v|* + VAv - Vo) = 2(|D*v|* — Vw - Vo).
Because Vw = 2D?vVv, then this means that given some ¢ € C°(B;), we have
Apw) +2Vv - V(dw) = 2¢|D*v]* + 2wVv - Vé + wA¢ + 2Vw - Vé
= 26| D?v|* + 2wVv - Vo + wA¢ 4+ 4D*vVv - V.
Now let ¢ = n? where 7 is a cutoff function, so that V¢ = 2nVn. This gives
A(n*w) +2Vv - V(n*w) = 20?|D*v|? 4 4wnVv - Vi) + wA¢ + 8nVn - D*vVv.

- . . 2 b2
By Cauchy’s inequality, for all a, b, we have that given any € > 0, 2ab > —ea” — 7.

Therefore
81V - D*vVv > —C|n||V| | D?o|| Vol
> —er? Dol — vl = —en|D% —
(where we have set a as |n||D?v| and b as |Vn||Vv|). By similar logic,
AnwVv -V = =Cnl[w|[Vv|[Vr|
> —en*w?® — %/\VU|2\V17|2 = en’w? — %,|Vv|2w
We can also bound the 2¢|D?v|? term, noting that

0% 0% 1 0%0\2 1 ,0%0\2
= (Av)* = 2 927 07 SZ§<87§) +5(57?)

s

2%} v i=1 i - i

2

Therefore w < n|D?v|?, which with the other inequalities means that, taking e
small enough that 2/n —e —¢/n > 0,

2
A(n*w) + 2Vv - V(n?w) > gnzwz — en*w? — %|Vn|2w - %eQwQ

c 2 2 2 €\ 2 2
= - > (2 e & — Cyw.
. [Vnl*w — |A(n*)|w > (n € n)n w? — Chw
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Then let xp be an interior maximum of n?w; this means that A(n?w)(z) < 0
and V(n?w)(x) = 0. Therefore, using the previous inequality, we have that

2 €
(5 == 2) ) (w0) < Cpwlao) = () (w0) < Cpmy(ao).
Since 72w < (n?w)(xg), this means

nww(ze) < (nw)?(z0) < Cpmw(@o) = n*w < Cly -

Therefore, since w = |Vv|?, this means that there exists a constant C' depending
on 7 such that

n*|V logul? < C.
Choose 1 to be a cutoff function where n = 1 on B;/;. Thus there exists C
independent of u such that |Vlogu| < C on Byjy. As aresult, for all  # y € By,

| logu(a:) - logu(y)| <0 — 6‘ log u(z)—log u(y)| < eC€|x7y\ ]
|z =yl N -
Assuming without loss of generality that logu(z) > logu(y), then this means

log u(x)
€ _ @ < eCelBr2l — .

elogu(y) - u(y) -

As a result, there exists C' such that u(x) < Cu(y) on By, which proves the
Harnack inequality for harmonic functions. ([

3. HOLDER PRELIMINARIES

Definition 3.1. (Holder continuity.) The space C%%(Q) of functions that are
a-Holder on a space () consists of functions f such that there exists M € R where

wp @)~ 1)

< M.
etyeq T —yl®

Also, when we write oscq f, this is the oscillation of the function f over the
domain 2, meaning

oscqf =sup f — inf f.
Q Q

3.1. Morrey’s Characterization of Holder Continuity. We prove here an
equivalent definition of Holder continuity, which is Morrey’s characterization. This
alternative definition comes in handy when proving the Schauder estimate, and an
additional perturbation result, which are both vital to prove De Giorgi’s theorem.

Theorem 3.2. There exists C' > 0 such that
1

|Br| JB, ()

for all B.(z) C By if and only if u € C*(By) with [u], = C.

lu — (u)p, ()|F < Cre?

Proof. First, we want to prove that if some u € C*(By), then u satisfies

foe sl <cr
BT(rO)
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for all zg € Byjg, 7 € (0,1/2). We know that if u € C*(By), then for all x,y €
B..(x0) where 29 € By, and r € (0,1/2), there exists M such that

u(@) —u() _
lz—yl*  ~

As a result,
lu(z) —u(y)] < Mz —y|* < MQ2%)r* = Cr®

where C' depends on «. Then we can see that oscp, (z,)u < Cr®. As a result,

1
F e gl < g Brllosen, ) < (€7 = €77,
B (o) | Br|
Here C” is a constant depending on « and p.

For the other direction, we assume that

£ - @l <0
Br(xﬂ)

for all 9 € By, 7 € (0,1/2) and want to show that u € C*(By/). Fix some
x,y € By such that |z — y| = r. Then by the triangle inequality

(3.3)

u(z) = u(y)] < [u(@) = (W) b, @)| + (W) B, (s) = (W) Bo, (@) + [u(y) = (W) B, ()|

We proceed to bound each of these terms by some constant times r*P. Take the
middle term first; we consider the average of u over B’ = B(z,2r) N B(y, 2r), or

][ u(z)dz :][ u(z)dz.
B(z,2r)NB(y,2r) 4

Then by the triangle inequality, we can bound the middle term thus:
(i) = Wiy 0] < [~ f @]+ [f a1tz = s
= ’é,(u)BQT(y) — u(z)dz‘ + ‘][ , u(z) — (u)BQT(x)dz‘

<Al =@zt £ ) = (1), 0l

<C<][ \<u>32r<y>—u<z>|dz+][ u<z>—<u>3%<x>|dz>
B(y,2r) B(x,2r)

where

B |B]
| Bap ()| [Bar(y)l
Then by the assumption, we have

(1) By, (y) — (W) By, ()| < C(f

B2T(y)
< CreP,

C =

|(w) By, (y) — u(2)|dz +][

BQT (ZE)

lu(z) — (u)Bz7-(w)|dZ>
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This bounds the middle term of Equation (3.4). Now we want to bound the first
and last term. Given some zg € By/2 and 0 < r < p, then

() (o) — (1) 3, o) P = ][ () 3 (o) — (1) 5, (a0 Py

BT(IO)
W) — ) + ule) — (1), 0 P
By (z0)
For p > 1, f = P is a convex equation, so we can see that by Jensen’s inequality
0) 3, o) — ) () = () 3, ) [ < 27 (1(0) 3, )~ 0 0) P+ 0y) — (W), ) )

As a result, by this result and our original assumption, we have

][ (1) B, (z0) — u(y) +u(y) — (W) B, (20) [Py
Br(ﬂﬁo)

<2 (] (@ @l [ ) - @)
Br(wo) BT(ZO)

< Orov 4+ 0(3)"pw.

r
Therefore, this means

o p\(n/p)
()8, gy = (W) | < P+ C(2) 0
Then given some R > 0, we can set 7 = 27 *"1R and p = 27FR. We thus have

|(U)BR/2N(£C0) - (U)BR(QBU)| < |(U)BR/2N(350) - (U)BR/2N—1(3:U)|+

oo (W) By o (zo) = (W) Bg(zo)
N—1

=> [(W)B, k1 @) = (W B, (@0

k=0

2

<o) ()

el
Il

This last term is less than or equal to the limit as N goes to infinity, meaning that

N—-1 R o R o
(W) By, on (w0) = (WBg(o)| < Jim I;J C(ﬁ) + Wp(jzc)

= 20}2 (zﬁk)a - 20(1 —12a)Ra'

When we take both sides to the power of p, we get that

p 1 P ap ap
()8 o o) = (W Bnien) [ < €755 ) B = CR.

Taking N — oo, this means
[u(z0) = (W) B [" < OB = Ju(zo) — (u)

Brg| < CR™.

Therefore each term in Equation (3.4) is bounded by some constant times 7%,
meaning we have

lu(x) —u(y)| < Cr® = oscg, ,u < Cre.
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Thus u is C* on By ;. a

Theorem 3.4. Suppose [ € C(Q), and that for any ball B,.(x) C §, there exists a
linear function £(p) = a-p+ b where a € R™, b € R, such that

sup |f(y) — £(y)| < Crite.

r(z)

Then f € CY2(Q) with C approzimately ||f||cr.«. Moreover, if there exists a
quadratic polynomial p such that

sup |f(y) —p(y)| < Cr¥te,
B, (x)

then f € C**(Q).
Proof. First, we show that f is Lipschitz because for all z,y € (2, we have

[f (@) = FQ)l _ |f(x) = )| + |6(z) — Ly)| + [(y) = F(y)]

|z —yl |z —yl
Slf@)—axﬂ+a+Jf@)—€@H
|z —y| |z — yl

<Clr—yl* +a+Clz—y*
< C(diam(Q))* +a

which means |f(z) — f(y)|/|x — y| is bounded. To obtain that f € C1*(Q), we
now show that given z,y € Q, Vf(x) = Vf(y) + O(r®). We define £,(y) =
f(z)+ Vf(x)(y —z) given some x € 2. Moreover, given z,y € Q, take z such that
r = |y — z| = |x — z|. Then we have

f(2) = f(@) + VI(@)(z — 2) + O(r'T®)

f(2) = fy) + VI(x)(z —y) + O(r'T)

fy) = f(&) + V(@) (x —y) + OrtFe).
As a result we have that
f@)+Vf(x)(z—2a)+ O(TH'C“) = f(y)
F(@)+ VI(2)(z —z)+ 0@+ = f(a)
V@)= =) = Vi) —y) + 00t

Vi) = Vi) + A
V() = Vi) + O(r).

Therefore, this means that

+ Vi) (z—y)+ 00 ")
Vi) (@ —y)+ Vi) (z—y)+0r'T)

IVf(x) = V)l <Cre
As a result, Vf is C%, meaning that f € C1.

For the second part of this proof, we assume that given some B,.(z) C , there
exists a quadratic polynomial p such that ||f — p||r~ < Cr?T®. Therefore take
a sequence of decreasing radii 7, and for each B, (z) we have a corresponding
quadratic polynomial Pj. Then

If = Pill(s,, @) < Crat®.
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Given Py, P; such that ¢ < k, by the triangle inequality we have that
|| Pr — P[HLOO(BTZ(I)) < 207’3+a.

Suppose that Py, = a + bx(y — ) + (y — 2) M (y — x), and similarly for Py. Then
as rg, v — 00, we have that ||P, — Py||p~ < 0, meaning that the sequences ay, by
and M}, must be Cauchy, since ax — ag, by — by, and My — M, must converge to 0.
Therefore P is a Cauchy sequence, so there exists some P = limy_, o, Py such that

If = Pllpe=(s,) < Cr*te.
Because the norm f — P is comparable to >t on B,, it follows that P is the

second order Taylor polynomial of f (centered at the origin). Thus, we can follow
steps similar to the previous proof to reach the conclusion that f € C%%. O

4. SCHAUDER THEOREM

The Schauder theorem states that given some v where Au = f and v = g on
02, then we can bound all the second derivatives of u by the L* norms of f and
g. This means that if f and g are bounded, then v € C%<. This estimate can help
us prove DeGiorgi’s theorem.

Before we begin explaining the Schauder theorem, we first introduce harmonic
replacements. Given some

u=g on 0N
u=f on ],

then the harmonic replacement v of u is a function such that v = u on 92, and

/Qws-wzo

for all ¢ € H}(Q). Also, before the Schauder theorem, we first need to prove
the maximum principle, and then a preliminary lemma. The maximum principle
proves that the maxima (and by similar logic, minima) of a weak solution lie on its
boundary. We prove this result for the more general uniformly elliptic case, rather
than just for harmonic solutions.

Lemma 4.1. (Mazimum Principle.) For an H'(Bs) weak solution u to d;(a;j0ju) =
0 where each a;; is bounded, measurable, and uniformly elliptic,

ESSUPQU = €SSUPHQU
for any open set Q@ C By. A similar statement holds for minima.

Proof. Let v = (u — essupggu)y. Then because v belongs to H}(2) by standard
Sobolev Space theory,

/ ai;0ju0;v = 0.
Q

Because this integral is only nonzero on the set A = {z € Q | u(z) > essupyqu},
then

/ a;;0ju0;v = / ai;0;udv = / a;;0;(u — essupgqu)+0;v = 0.
Q A Q

Since d;v = dju on A and d;v = 0 almost everywhere on Q2 \ A,

0> )\/ |V (u — essupyqu) 4 |%
Q
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Because
)\/ |V (u — essupyqu)+|* >0
Q
and A > 0, this means
/ |V (u — essupgqu)+|? =0
Q

and therefore that V(u—essupgqu)+ = 0 on §2. Since, however, (u—essupgqu)+ =0
on 0f, this means (u — essupgqu)y = 0 on Q and therefore that essupgqu =
€essupqU.

By a similar argument using v = (essinfgqu —u) 4, we also have that essinfpqu =
essinfou. O

Lemma 4.2. Let u € H'(By) be a weak solution of
{Au =f in By,
u=g on 0Bj.
Then there exists C > 0 such that
[[ullpoe (By) < CUIfllLo (1) + 19llL~0B1))-

Proof. We define
u

<

Il 1y + llglleom,)
Then Au = f where f = f/([[fl|lL=(5,) + |l9]lL=(8,)), and & = g on OBy where
3= 9/Ulfllze(By) + llgllL=(aB,))- Then [[f||z~(p,) <1 and ||g||r=p,) < 1. Now
we define a new function
S .
T 2d"
Recall that A(|z|?) = 2d; therefore we have that Av = f —1 < 0 and on 9B; we
have v = g+ 1 > 0. Thus by the maximum principle, since v > 0 on dB; and
Av <0, v > 0 on B;. Therefore,
_ |x? 1 _

— >0 = a> S -1 —
g T Y= 2d 2d
on By. Therefore, u > —2. By applying the same argument to —u, we also have
@ < 2, 50 || < 2, meaning that [u] < 2(||fllz=(5,) + llgll=(om,)); Which proves
the theorem. (]

Now we can move on to the Schauder estimate.

Theorem 4.3. (Schauder Theorem.) Let u € H'(By) be a bounded weak solution
to Au = f € C*(By), where 0 < o < 1. Then there exists some C > 0 depending
only on o and the dimension d such that

[ullc2opyy < Clullpsy) + [[fllca(s)))-
Proof. We can suppose without loss of generality that f(0) = 0 by replacing a given
o' with u(z) = o' (x) — ﬂ%{‘fﬁ, so that Au = f — f(0). We can also reduce to the
case that [[u[|pe(p,) <1 and ||f||ce(p,) < € for some € > 0; this is because we can

multiply u by the constant €/(e||u||re + || f||c«). Then defining v’ and v multiplied
by this constant, we have

[[u'|| Lo < [ullLe <1,

1
[lullz
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as well as .
| fllee e

1 llce

Therefore, from now on we assume that our given function u is such that Au(0) =
f(0) =0, [lullz <1 and [|Aul|ce = [|f]lo~ <€

|Aul|ge <

Now let some w be the harmonic replacement of u, meaning that it solves
Aw =0 on By,
w=1u on dB;.
Then by Lemma 4.1, and because of the assumptions we make on u, we have
lu = wl|zoe(py) < CllAul|zoes,) = ClIfllL=(B)) < Cllfllon < Ce.
Moreover, again because of the assumptions we made on u, we have

lwlzee(By) < [lwllpeaB,) = l|ullr~@p,) < 1.

Then we define P; to be the second order Taylor polynomial of w about 0; in other
words,

Pi(z) :=w(0) + Vw(0) - x + %x - D*w(0).

Because w is harmonic, the second derivatives are bounded [1]. Then by Theorem
2.10 of [2], and since |[w|[z~(p,) < 1, we have that on a smaller ball B/, there
exists C' such that,

[Pl (B, ,5) < Cllwl|zee(m,) < C.
Thus ||Py||~(B,) < C where C depends only on the dimension d. As a result, since
P is the second order Taylor polynomial of w, we have that for all r < 1/2e

lw = Pil|poep,) < ClID*w|| oo (5,)r° < Cl|DPw]| o0,y

Because P is the second order Taylor polynomial of a harmonic function w, one
can compute that
4 92w

i=1
Thus P; is harmonic, so A(w — P;) = 0, meaning that

[ = Pil|(5,) < ClID*w|| e (5,)r* < C'||w]|peer® < C'r,

(x) = Aw(z) = 0.

Since ||w — Pyl|pee(p,y < Cr3, and |Ju — wl|p~(p,) < |[u— w|[L=(p,) < Ce, this
means that
l[u — Pillpe(B,) < [lw— Pil|pe(B,) + [lu — w|[L(B,)
< Cl’l"3 + Cse
<C(r*+e)
for all 7 < 1. Then choose r = ro = (55)"/~*), and pick € = 3. Then
3 __1

s =clalge)" ) = ()™ = ()

which implies that

lu = Pi|lpoe(m,,) <75t
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Now we define P
U — roT
up(z) == (272(1(0)
To

for all x € By. Then
lu— Pi||p(p,) _ ro™™

|[uz|[Le(B,) < Tg+(x > T(2)+a =1

Moreover, let fo be the Laplacian of us; then because P; is harmonic we have that
r2[(Au — APy)(rox) — (Au — APy ) (roy)]
o e -yl
L Aurer) — Aulrey)
Iv:g) |’I“0$ - T0y|a

= [fleo(,,) <€

[AUQ]CQ (Bl) = sup
TFy

This means that ||f2||ce(p,,) < €. We can also bound the L norm of fs, noting
that
[ f2llzoe (1) =70 “NfllL(B,,) <€

because for any |x| < r, |f(z)] = |f(z) — f(0)| < er®. Therefore fo is C* since
its L>° norm and seminorm are bounded. As above, we can again define wsy to
be the harmonic replacement of us, and define P, to be the second order Taylor
polynomial of wy. We again have wo and P such that |[uz — Ps|pe(B, ) < 7“§+°‘.
This means that by our definition of us,

UQ(JZ)T§+Q = (u — Pl)(T‘0$).

)

From there we have that
u(roz) = Pi(rox) + rngan(rox) + rnga(uQ — Py)(rox),

which implies that

||u —-p - Tg+ap2||LW(BTO) < T§(2+Q).

Therefore if we define the polynomial Q2 = P + TSJFO‘PQ,

llu— Qall oo (myy) < 70T

We now continue, similarly defining uz, P3 and Q3 such that

2+«

3(2
HU3 - P3HL°°(BT0) S To and H’Z,L* Q3HL°°(BT3) S TO( +a).

In other words, we can iterate so that for each k there exists a quadratic @ such
that
k(2+
[l = Qull s, ) < 5.
0
Then by Theorem 3.4, this means that v € C%%(B;). However, we manipulated
our original function to get this u. Our original function is

ZL'2
u = u(||ullL= + (|| f]lce/€)) + %

Therefore because v € C%% we obtain that

[u'llc2e < Clullzoe + I fllew)-
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5. PERTURBATION RESULT

In this section, we first look at a perturbation result where 9;(a;;0;u) = 0 and
||A —I|| < e, meaning A is very close to the identity. In other words, d;(a;;0;u)
is close to the Laplacian, so u is close to being harmonic. We then ask about the
regularity of u (whether it is Holder continuous).

Lemma 5.1. Given some u such that {, (o) |VulP < Crle=YP for all zy € Bys,
r € (0,1/2), this implies that u is Holder continuous by Morrey’s characterization.

Proof. Poincaré’s Inequality gives us that ||u — (u)B, ||rr(B,) < C||Vul|Lr(s,). Let
u,(x) = u(rz). Poincare’s also gives us that ||u, — (ur) B, ||rr(B,) < C||Vur||Lr(By)-
By scaling Poincaré’s inequality

J

which means by assumption that

[ @) = (s, e < crrpter,
B

lu(z) — (u) g, [Pdx < C/B |rVulPdz,

.

and thus [, |u(z) — (u)p, |[Pdz < Cr?, which is the condition of Morrey’s charac-
terization of Holder continuity. ([

Lemma 5.2. Let ¢ be a nonnegative, increasing function with

o(0) <0((2)" +¢)otr)

for all0 < p <r. For any 0 < B < v, there exists ¢ > 0 such that ¢(r) < cp(1)r?
holds for all r.

Proof. To prove this, we fix 0 < 7 < 1. Then we know by assumption that there
exists C, ~y satisfying the inequality above. Now given some 3 < =y, we can fix

)"

Since 7 < 1 this means 7 < r. Then we choose ¢y = 77. Setting p = 7r, this gives
us

_ _B__
blp) < O + 7000 =20(55) o) = ()T 60 = 7060,
As a result, this means ¢(7) < 77¢(1). Take some 0 < 7 < r < 1, we can see
(1) < 84(1) < rPp(1), and therefore

9(r) o(1)
o(r) < *o()(55) <o (55):
Moreover, now suppose 7511 < r < 7% for some k < 1. Then we know
S(r"1) < 7P (p(rh)) < PP (e(r" ) < (TP (1)) < PP (6(1)).
Therefore, this means
9(r) ¢(7*) o(1)
6(r) < 26 (i) < 7700 (5 ) < O(5):

Thus if we let ¢ = ¢(1)/¢(7), we have some ¢ such that given 0 < 8 < v, ¢(r) <
rB¢(1)c for all r. O
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We now state and prove the perturbation result.

Theorem 5.3. Let \I < A = A(z) < Al be a uniformly elliptic matriz with
[|A = I||p(By) < €. For every o € (0,1), there exists eo(d, ) > 0 such that if
€ < €, and u € H*(By) solves

(91'((11‘3'8]‘11,) = le(Avu) =0 on Bl,
then u € C*(By/2).
Proof. Fix some ball B,.(z¢) C B, and suppose without loss of generality that

2o =0, 0 <r < 1. Define v as the harmonic replacement of u on B,.(z), and set
h=wu—v e H}(B,). Then

Ah = Au = div(IVu),
and since Av = 0, we have
Ah = Au — Av = div(IVu) — div(AVu) = div(l — A)(Vu)

by assumption. By the weak formulation of the equation for h, taking the test
function to be h, we have

/ |Vh|2:/ (I — A)Vu)Vh.

i s

Then by Cauchy-Schwartz,

/ VAP = / (635 — as)Byu)dih < / | Vul|VA| < |Vl 2] [Tl 2.
B, B

" B
As a result,
[[Vh[r2 < €l|VullLe.

We can also show that |Vv|? is subharmonic, meaning that A(|Vov|?) > 0. We
have that

d d d d
AIVol> =3 " 2(0i0k0)° + Y Y Orv(0k070)

i=1 k=1 i=1 k=1
The first term here is greater than or equal to zero, and the second term is zero be-
cause Av = 0. Hence |Vv|? is a subharmonic function. A property of subharmonic
functions is that their averages are monotone increasing. As a result, this means
that given some 0 < § < r,
1
| Bs|

/\w?g‘iﬂ/ Vo2,
Bs ™ JB,

Because v is the harmonic replacement of v on B,., we have Av =0 on B, and v = u
on 0B,, meaning that because harmonic functions are minimizers of the Dirichlet

integral
/ |Vv|2§/ |Vul|?.
B, B,

IWI2 < IW\2

[B,]

which implies
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Therefore we have that

/ Vul? = / V(0 + h)?
Bs Bs

s/ 2(|Vol? + |Vh[2)
Bs

< 2(%) /BT |Vo|? 4 262 /B(S |Vu|?
of(£) ) [, oo

Returning now to the original proof, we set I(r) = [, |Vu|?. This is a nonnegative,
increasing function, and we have shown that

5'”
1(0) <2((5) + )I(r)
for 6 < r. As a result, by Lemma 5.2, there exists a constant ¢ such that given
0 < p < 1, if we take e small enough,
I(p) < Cp" 220 (1).

This is because n is our 7 as stated in the lemma, and n — 2 4+ 2a < n because
0 < a < 1. This means that

1
7/ |Vu|? §Cp2(a_1)/ |Vu|? :>][ |Vu|? SCp2(O‘_1)][ |Vu|?.
P JB, B B, B

Therefore, u satisfies the condition in Lemma 5.1 with constant
C' = C][ |Vul|?.
B,
Therefore u is Holder continuous over By ;. O

6. DEGIORGI’S THEOREM IN 2D

We now prove De Giorgi’s Theorem in two dimensions. This result is surprising
because given only that u is a weak solution and the coefficients a;; are L*°, this
means that v € C*. Instead of proving the general De Giorgi’s Theorem, we only
prove it in two dimensions, which is much simpler.

Theorem 6.1. Let u € H'(B;) solve 9;(a;;0;u) = 0 in the weak sense. Assume
that the dimension is n = 2 and the matriz A is uniformly elliptic. Then u €
C*(By/2) for some 0 < a < 1.

Proof. First, we fix B = B,(z0) such that 2B = By,.(xo) C B;. Then set ¢ =
(u — ¢)n? for some constant ¢ to be chosen, and some smooth 7 such that n = 1
on B, n=0on By \ 2B, with |Vn| < 2/r. Then because ¢ € C°(B;) and u is a
solution, we have

/ aij@»u@i(b = aijajuai((u - C)772) =0.
B1 By
We split this into three parts, writing (since the term on B; \ Ba, is zero)

[ assogunnttu o) + /B ai;0udy((u — c)n) = 0

B, 2r\Br
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We also know = 1 on B,., meaning that
/ aijﬁjuﬁiu = 7/ aljaJU(%((U - 6)772).
B, Ba. /B
By the uniform ellipticity of A,

v <] - [ e o) < [ Jasdudn(u— o).
B BZT\BT

Ba,\B,

"

By the product rule,
V((u—=c)n®) =n’V(u—c) + (u—=c)V () = 1’ V(u - ¢) + (u - ¢)2nV.
As a result,

)\/ |Vul? S/ AVu-Vu—i—/ |(u—¢)AVu - V7).
B B2, \B, B, \B

r

By the Holder inequality and uniform ellipticity, we have that

/B AV =) < AT 523, o el
27r ™

As a result this gives us

1/2 1/2
/\/ |Vuf? gA/ Vul? + (/ (A|Vul[Vy)?) (/ (u=0)?)
B Ba,/B; B2 /By B, /B

A 1/2
SA/ |vu|2+7||VU||L2(B2)«/B7)<\/ (u—c)2> .
Ba, /By r Bo, /B,

Choosing ¢ to be the average of v on the annulus, we apply the scaled Poincaré’
inequality to obtain

A
/\/ |Vul? < A/ |Vul? + ;IlVU||L2(Bz,\/Br)CT|\VUHL?(BQT/BT)
. 2

T s T

— (A + (A/r)er) /

Ba,. /B

|Vul? = (A —|—Ac)/ |Vul|?.
Ba,/Br

Adding A fBT |Vu|? to both sides, we have some constant C' = (A + Ac)/ such that

/ IVul? < c/ |Vu|2
B,-(z0) Bar(zg)/Br(zo)

Then if we define I(r) = fBr(xo) |Vu|?, we can see that I(r) < C(I(2r) — I(r)),
meaning

C
I(r) < m](%).

Given some r < 1/2, choose k > 1 such that 2-(k+1) < p < 97k Then by the
monotonicity of I, I(r) < I(27%). We know

1275 < (Cﬁﬂ)km).

Then if we denote ¢ = C/(C + 1), we have
ka _ (2log2C)fk — (27k)10g2 ¢ < 2rlog2C’
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Therefore I(r) < 2I(1)r® where a = log, (. Therefore

/ |Vul? < Cr*
B»,«(LE())

for all » < 1/2. Then by the scaled Poincaré inequality

1
|Br| /B, (z0)

= (W), gy 2 < Vu?
u — B, (x u|—.
(o) 1B,] /5, (x0)

Since we are in two dimensions, r?/|B,| is just the constant 1/7 (this is why this
proof only works in two dimensions). As a result, we have that

/ B (x0)| < C/ |V7.L|2 < Cre.
1B,] /5, (x0) B, (w0)

By Morrey’s characterization of Holder continuity, this means that v € C*/2, and

therefore v is Holder continuous.
O

7. HARNACK INEQUALITY IN 2D

Harnack’s inequality states that for a positive weak solution wu, the ratio of the
supremum and infimum of « is bounded independent of uw. Before we prove this
result, we have a preliminary lemma, which only holds in two dimensions.

Lemma 7.1. Let u : R? — R be a C' function such that w(r) := oscop,u is
increasing. Then it holds that

w(r)® < 7log(1/r) /31 |Vu)®.

Proof. Given that v = wu(z,y), we set & = rcosf and y = rsin9 Then because

g’; . % = gg, we have g—‘é = g’;( rsinf) and snnllarly = gZ (rcos@). Then
9u) < |r2%| and |24| < |rgY . |, meaning that

/
‘ao = ((&;)2 + (%)2)1 E
As a result | 7 < [rVul.

Now for a given 7 > 0, assume that angles #; and 6, attain the sup and inf on
0p,.. Then

02
‘ae < 7‘/ Vu(r, 0)]d9.

01

w(r) = u(By) — u(f) = /

Then by Cauchy-Schwartz

02
w(r) < 7'/ [Vu(r,0)|do < r/x||Vul| 2

01
which implies
w(r)?

r

2m
< r7r/ |Vu(r,0)d6.
0
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Next we integrate both sides of this equation with respect to r to get

1 2 1
/ Mclr S/ 7°7r/ |Vul?.
ro T To B1\Br,

Because w is increasing, then
1 1 2
1 w(r
w(ro)Q/ —drg/ (r) .
T0 r T0 r

w(r0)2(—log(ro)) §r7r/B \B |Vu|2

As a result,

implying that

2 m 2
A0 < iy [y, 17

for all o € (0,1). This proves Lemma 7.1. ]

Theorem 7.2. (Harnack Inequality in 2D). Let u € H(B3) be a nonnegative so-
lution to 0;(ai;0;u) = 0, where the coefficients a;; are assumed only to be uniformly
elliptic, i.e., A\ < a;j(x) < AI. Then there exists an absolute constant C' > 0 such
that

supu < C'infu
B B

for every ball B CC Bs.

Proof. Suppose we have some weak solution v € H; on Bs in two dimensions. Then
Lemma 7.1 holds for u. Since u is a weak solution on Bs, it is a weak solution on
every subset B, of By. Therefore, given some 2 > p > r > 0, by the maximum
principle (Lemma 5.1)

0SCyp,U = OSCR, U 2> 0SCR, U = 0SCYR,.-

Thus the oscillation is increasing and we can apply Lemma 7.1.
We assume now that u > 0, and set v = logu. Then given some ¢ € C2°(Bs),

/32 ai;0;v0;¢ = /32 aijaiu(%).

We can see that (9;¢/u) = 9;(¢/u) + (¢9;u)/u?. Then we have
9.

/ aijﬁivajqb :/ aijaiuaj(qﬁ/u) +/ aijaiu—(b ;u.
B Bo Bo U
The first term is zero because u is a weak solution, which means

/ aijaivaj¢ = aijaiuﬂgu = / (aijaivajv)qﬁ.
B Bs u Bs

Set ¢ to be a cutoff function n? which is 1 on By, and 0 on By \ B, (where
1 < r < 2), decreasing on B, \ By so that |Vn| < 2/r. Then by the Cauchy-
Schwartz inequality

)\/ Vol*n” S/ a;;0;v0;(n°) = 2/ a;j0;v0;m(n).
B, By B1
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This means that
1/2 1/2
s wopr <2 [ agowom <ea( [ wop) ([ 19a)
B, B, B B,

Since 7 is fixed, ([, |Vn|?)!/2 is a constant C. As a result, this means that (squar-

ing both sides)
5 9 A?
% <C—
‘/Bl | ,U‘ 17 h )\2

Since n = 1 on By, then this means

A2
| vk s [ o <ogz=c

where C’ is a constant based on A\, A and the dimension.
Now we can apply Lemma 7.1 to the function v = logu, since the function
w(r) = oscyp, v is increasing. This means we have that

Cr
logu — inf logu)? < — 2 <
(ZUP og U é%r ogu)” < log(l/r)/B Vol < log(l/r)

T

Therefore

sup logu — mf logu <
dB, \/
We then take both sides as powers of e to get that
eSUPoB,. log u T
einfaBT logu — l g(l/ .

Then we can see that eS'"Pos, 198 % = sup, B, U, and similarly for elnfon, logu

that
su u _Cm
Stbsp, U < eV IR/

infapp, u
Since we want Harnack to hold for any B, CC Bj, this means r < 1. Thus
log(1/r) > m where m > 0. This means that (1/7,) is bounded by some C’, and
thus that

, Ineaning

Tog
Supyp, U
infaBT u
which implies Harnack in 2D. O

<,
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