SHARPENING THE CONVERGENCE TO EQUILIBRIUM
ESTIMATE OF THE DISPERSION PROCESS

MINH PHAM

ABSTRACT. In this paper, we summarize the continuous time dispersion pro-
cess introduced by Fei Cao and Jincheng Yang in [2] and apply the theory of
Volterra integral equation to sharpen the convergence to equilibrium estimate.
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1. INTRODUCTION

Let G be the complete graph on N vertices with vertex set labeling 1 to V.
Let M € N, be the number of particles that inhabit the vertices of Gy. Denote
by X;(t) the number of particles on vertex ¢ at time ¢ € Rt and p := M/N the
average number of particles per vertex. At random times (generated by exponential
law), each non-empty vertex ¢ which is inhabited by at least two particles expels a
particle at the rate X; to another uniformly chosen vertex j.

We take the limit of the system as M and N go to infinity while keeping constant
the ratio p = M/N. Consider the probability distribution function of particles:

p(t) = (pO(t)apl(t)a -'-;pn(t>7 )
with p,(t) = {“probability that a typical site has n particles at time ¢”}. Observe
that the evolution of p(t) is governed by the following system of nonlinear ordinary
differential equations:
The probability distribution p(t) is governed by the deterministic system of
nonlinear ordinary differential equations:
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d

(1.1) %pn(t) = Llpn(1)]
with
- (Zkzz kpk) Do n=0,
L[p], = { 2p2 + (Z,QQ k'pk) Po — (Zkzz kpk) p1, n=1,

(TL + 1>pn+1 + (Zk22 kpk) Pn—1 — (n + Zsz kpk) Dn n > 2.

For each case, the positive terms come from p,,_; gaining one particle and p, 41
losing one particle, and the negative term comes from p,, either gaining or losing
a particle. The rigorous justification of the transition from stochastic process on
finite graphs into the associated ODE system (1.1) requires the propagation of chaos
property [3], which is beyond the scope of this paper.

This model can be utilized to analyze wealth distribution within an exchange
economy. Let N represent the number of individuals in the economy and M the
total capital. In this context, X;(t) denotes the wealth of individual ¢ at time ¢,
where a value of 1 corresponds to the subsistence-level income. The parameter
1 represents the multiple of subsistence-level income per capita. To examine the
behavior of an economy with large values of N and M, we consider the limit as IV
and M approach infinity, maintaining the ratio 4 = M/N as constant. Variants of
this model can be found in [6], [7], and [§].

2. SUMMARY OF THE MAIN RESULTS IN [2]

We summarize (without proofs) the main results of [2] to set up for our improve-
ment results in Section 3.

2.1. Properties of the ODE system. In this subsection, we describe the con-
servation rules satisfied by (1.1) and derive an equivalent system of ODEs. We also
discussed the equilibrium solution of (1.1) across different ranges of u.

Lemma 2.1 (Conservation rules). If p(t) is a solution of the system (1.1), then

i Llpl,=0 and i nL[pl, = 0.
n=0 n=0

In particular, the total probability mass and the average amount of particles per
site are conserved. Thanks to these conservation relations, the solution p(t) lives in
the space of probability distributions on N, with prescribed mean value u, defined
by

S, = {p elo, 1N

o0 o0
> pn=1Y np, =u}-
n=0 n=0

More importantly, the system (1.1) will be equivalent to the following system of
nonlinear ODEs:

(2.2) —p(t) = L[p(1)]
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in which

—( = p1)po n =0,
(2.3) L[pln = { 2p2 + (11— p1)po — (1 — p1)P1 n=1,

(n+ Dpns1 + (= p1)pn-1— (n+ 1 —p1)pn n>2.
Proposition 2.4 (Equilibrium distributions). The unique equilibrium solution of
(2.2) and (2.3) in the space S,,, for u € (0,1], is the two-point Bernoulli distribution
p* = (P}, p%, .- DL, ...) where

po=1—p pi=p pp=0 forn>2.
The unique equilibrium solution of (2.2) and (2.3) in the space S,,, when p €
(1,00), is the zero-truncated Poisson distribution D = (Dg, Dy --+s Dy, ---) Where

_ _ v" 1
pOZO 7pn:F

” forn>1
eV —

where v = pu+Wo(—pe™") and Wy(-) denotes the principal branch of the Lambert-W
function.

Proof. From the evolution equation defined by (2.2) and (2.3), it is straightforward
to check that

np, = (W —p1)pn—1 foralln>2, and (u—p1)po=0
must hold at equilibrium. This is done by setting all the equations of (2.3) to zero
and recursively substitute £[p],—1 into L[p],.

On the one hand, if u < 1, then py # 0 so  — p; must be zero. This implies
that p, = 0 for all n > 2 and we recover p*. If y =1 and pg # 0, then we simply
wait for pg to decrease. On the other hand, for © > 1 > py, we deduce that py = 0,
and the unique equilibrium distribution, is p in the form of

= \n—1
Po =0, T?nzi(’u S,l> py forn=>2
where p; > 0 is chosen such that p € S,. Since > .,D, = 1, we deduce that
pre P1 = pe #, whence p; = —Wo(—pue™#). We finish the proof by introducing a
new constant v = pu — p;. (]

2.2. Main results of [2].

Theorem 2.5 (Convergence estimates). There exists a positive constant C de-
pending only on p and p(0), such that any solution p(t) to (2.2) and (2.3) with
finite variance converges strongly (almost surely) to its equilibrium distribution as
t — oo. To be precise, denoting v = p+ Wo(—pe™) € (u—1,u) for p > 1 and
(t) =V1+t2 fort >0, we have:

(1) If0 < p < 1, then

[Ip(t) = p*[ler < Cem 270,
(2) If u =1, then

Ip(t) = p*lla < Ct7".
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(3) If 1 < p <1+ L5 (equivalently, 0 < v < 1), then

Ip(t) = Blla < C{t)2e”.
(4) If u > 1+ eil (equivalently v > 1), then there exists N > 0 depending only

on | such that

(2.6) Ip(t) = Pl < C{HNT3e,

We intend to sharpen the estimate of the fourth case (2.6) to

Ip(t) — Plla < Clt)ze.

As such, we narrow our focus to results relating to the case v > 1.

2.3. Probability generating function. In this subsection, we repackage the
ODE system (2.2)-(2.3) into a probability generating function and derive a PDE
satisfied by said generating function.

Definition 2.7 (PGF of the dynamics). Define the probability generating function
G : [0,+00) x [—1,1] of the solution p(¢) to (2.2) and (2.3) by

G(t,z) = an(t)z".
n=0

Since p,(t) > 0 and > 07 (pn(t) = 1, we know the above series is absolutely
summable. Moreover, because - np,(t) = p1, we know that

0.G(t,z) = Z npy(t)z" 1
n=1

is absolutely summable. The ODE system (2.2) and (2.3) can thus be written as
the following first-order PDE for G:

(2.8) 0G = (1= 2)[0:G — (n = p1(t))G = p1(t)].

Lemma 2.9 (Solution to the PDE for G). The probability generating function G
can be expressed using the following explicit formula: for z € C with z € [0,2] and
t € ]0,00), we have

Gt,1—2)=1+ (G(O, 1—ze ") —1—pz /O t[v(s)]zet+se_t+sds> [v(t)] =%,

where the auziliary function v : [0,00) — R is defined by

(2.10) v(t) :=exp (/Ot e (u —pl(s))d5> .

It turns out that this auxiliary function v holds the key to proving the convergence
of (2.6).
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2.4. Convergence of the auxiliary function. In this subsection, we show that
the auxiliary function v satisfies an integral equation, and that it converges to a
limit which depends on the value of y. We also include some lemmas useful for our
proof in Section 3

Lemma 2.11 (Integral equation of v). Fort¢ >0, v(t) satisfies

(212) v(t) =1~ folt) + fo(0)e™ Jolosvl)ds 4y, / ()] s,
0

where fo(t) = G(0,1 — e ).

Lemma 2.13 (Fixed point of a integral expression). Let ¢ : (0,00) — Ry be a
strictly increasing continuous function defined by

o0 x—1
¢(x):=u/ o emtqt = AP Toger T> 0@ FEL
0 /Jﬂ .’E:]_

For v > 1, we have that ¥(e”) = e”.

Lemma 2.14 (Limit of v). Let v = p+ Wy(—pe #), then

. v
tlgrolov(t) =e".

Lemma 2.15. (Estimates for error function) Define

ea(t) =1 — fo(t) + fo(0)e™ o lorv()dss
to be the error function in the integral equation of v (2.12). We have that ex(t) is
continuous and that ex(t) < Ce™t.

3. SHARPENING CONVERGENCE ESTIMATE WHEN v > 1

In this subsection, we sharpen the estimate of (2.6) to

- L
(3.1) Ip(t) =Bl < C(t)ze™".

Our main tool will be Theorem 11.7.2 [1]. This theorem deals with boundedness of
solutions satisfying a large class of integral equations.

Theorem 3.2 (Theorem 11.7.2 [1]). Assume that 6 > 0 and that the following
hold:

(i) For each y € R", the function (t,s) — h(t,s,y) is Borel-measurable on
RT x RY, and for each (t,s) € Rt x RT the function y — h(t,s,y) is
continuous on R™. The function b defined by

b(t,s) = sup [h(ts,y)], 0<s<t<oo,
ly|<é

satisfies SUp,cp+ fot |b(t, s)|ds < oo and for each t > 0,

41 t
lim </ b(t, s)ds +/ sup |h(t +7,s,y) — h(t, s,y)|ds> =0.
t 0

i lyl<s
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(ii) f € BC(RT;R"™) (f is bounded and continuous).
(ii) || fllsup(z+) + Supyo fy [b(t, 5)|ds < 6.
Then the equation

t
z(t) +/ h(t,s,x(s))ds = f(t), teRT,
0
has a continuous solution = satisfying sup,cp+ |x(t)| < 4.

Proposition 3.3 (Sharpening convergence estimate of v). Recall that v = p +
Wo(—pe ). Forv > 1, we have the new estimate

lu(t) —e”| < Ce™.

Proof. By Lemma 2.14, lim;_,o, v(t) = €”. Consider z(t) = (v(t) — e”)e’. We aim
to show that z(t) is bounded using Theorem 3.2. We rewrite (2.12) as

(3.4) z(t) = ex(t)e! —evel + M/o [z(s)e™® + e”]67t+sesds

From Lemma 2.13, we have that e’ =y [ (e”)¢ "e*ds. So (3.4) becomes

0o t t
ea(t)e! — ﬂet/ e’ emtds — u/ e etds + ,u/ [x(s)e™® + €]
¢ 0 0

—t+s
¢ e’ds

t
= es(t)e’ + % (1 - e”eit> el + u/ [[m(s)e_s +e)e - e”efws} efds.
0

In the notation of Theorem 3.2, we let

ft) = [62(75) + % (1 — eue‘t)] e and  h(t,s,y) = —p [|y678 " e,,|e—t+s _ e”e_t+s] "

By (2.10), v is positive for all ¢ > 0. As such, the solutions z(¢) to (3.4) must
satisfy z(s)e™® 4+ e” > 0. Therefore, we impose the absolute value on h(t,s,y) so
that y can take on negative value as in the condition of 3.2.

To apply Theorem 3.2, we show that for all sufficiently large 6 > 0, (i)-(ii)-(iii)
are satisfied. For (iil) in particular, we show that the left-hand side, as a function
of 0 grows slower than 0. So let § > 0 be in the air for the moment. We have that

(i) For each y € R, (¢,8) — h(t,s,y) is continuous (as a composition of con-
tinuous functions) and therefore is Borel measurable on R* x RT. For
each (t,s) € RT x R*, y — h(t,s,y) is continuous on R since e ' is
non-negative. Define

b(t,s) = sup |h(t,s,y)], 0<s<t<o0.
ly|<é
Observe that h(t, s,y) is piecewise differentiable (in y) on R, with a cusp
at y = —e’T°. Furthermore, h is monotonically increasing on the left of
the cusp and monotonically decreasing on the right of the cusp. As such,
the candidates for the maximizer of |h| on [—§,d] are —e”** and +5. We
can bound
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b(t,s) < |h(t,s,—6)| + |h(t, s,0)| + |h(t, s, —e"15)|.

Observe that e¥** < § only when s < log(d) — v. As such, this bound is
only significant for ¢ < log(d) — v. We compute separately

0A(log(6)—v) 0A(log(d)—v) et
/ |h(t,s, —e"1)|ds = u/ e’ e°ds
0 0

0A(log(8)—v)
< M/ e’e’ds
0

< pe”loe™ — 1|,

(3.5) = |6 — e’
t t —t+s —t+s
h(t,s,+0)|ds = +de” % 4+ e¥|¢ — e’ eds
|h(t, s, I
0 0
t —t+s t —t+s
(3.6) < ,u/ [0e™°|¢  e’ds+ 2u/ e’ e’ds
0 0

< ud + 2ue”

Thus, sup,cp+ fot b(t, s)ds < pu(d+5e”) < oo. Finally, observe that h(t, s, £6)
and h(t,s, —e” 1) are continuous in s, and are bounded and continuous in
t. As such

ttr t
lim (/ b(t,s)ds—|—/ sup |h(t + 7, 8,y) — h(t,s,y)|ds> =0.
t 0

=0 ly|<6

(ii) From Lemma 2.15, we have that es(t) is continuous and that es(t) < pe™.

Next, we use the Taylor expansion to rewrite

Ba—e™y=—E et +0(e™2)) = —pe~" + O(e™2)
1% 12

This suffices to show that f € BC(RT;R™)
(iii) Using (3.5), (3.6) and the fact that f is bounded, we rewrite condition (iii)
as

t t
[T [ ——— / bt )1 < 1/l + 00 / Ih(t, 5, —e"+)[ds
teR+ JO teR

t
+ SUP/ |h(t, s, —6)|ds + Sup/ |h(t,s,d)|ds
teR+ JO teR+

< [ fllsup(er) + 5pe” + 241 sup / pe= | s s
teRt JO
(3.7) =C + 2u sup a(t,d) < 0.

teRT
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To show that there exists a § such that § —2pu sup,cp+ a(t, d) > C, it suffices
to show that sup,cp+ a(t,d) grows slower than % This is the content of
Appendix A.
Having checked conditions (i)-(ii)- (iii), we obtain the estimate sup,cp+ |x(t)
for some § > 0. Equivalently, we get that |v(t) — e”| < de~* for all ¢ >
desired.

| <6
0, as

O

Proposition 3.8. There exists constant C' > 0 depending on u such that
y2(t) + Jv(t) — e[ + [0/ ()] < Ce™".

Proof. First, we have that

t t
ya(t) = / lu(s) — e”|e”2T25ds < / Ce *e 21255 < Ce™".
0 0

For the derivative estimate, we differentiate v using (2.12) and get

e—t+s

v'(t) = e(t) + po(t) —u/o [w(s)]®eTtreds — N/o [w(s)]® " log(u(s))e~2+25ds

=eh(t) + (u— 1)v(t) + pea(t) — M/O [U(S)]e—wrs log(u(s))e2+25ds,

in which

ea(t) = —f3(t) — fo(0) exp (—/0 log v(s)ds) logv(t) =0 (e7").

Note that x — x“log z is Lipschitz on [1, *] uniformly for a € [0, 1], hence

k t
’M/ [o(s)]¢" log(v(s))e~2+2ds — M/ pere g2t 2s g 6|
0

0
t
< [ Jo(s) - e"le s = )
0

Therefore,

W' ()] <lex(t)] + (1 — D)v(t) — "] + pea(t) + Cya(t)
—1e¥ — nv tel/efse—% s
+(p—=1)e" —pn /0 d

<1401+ (u = DIo(t) = ¢+ pealt) + Cont) + v [ e as
t
< Ce™ .
This completes the proof. O

As a corollary, we deduce the following convergence rate of pi(t) — p — v as
t — oo.

Corollary 3.9. Fort > 0, we have

lp1(t) —p+v| < Ce v >1.
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Proof. Tt suffices to notice that pu — p1(t) can be recovered from v via

u—mu>=fg;+mgmw

Since both v’ (%) 12 0 and v(t) 12%, ¢¥ oceur at this rate, the result follows. O

Theorem 3.10. Let v > 1. Recall that

oo

Ip(t) =Bl = > _(pa(t) ~B,)-

n=0

There exists a constant C' depending on g such that for all ¢ > 0, it holds that
Ip(t) = BllZ> < Ce™.

Proof. We first recall the classical Parseval’s identity:

B 1 27 ; ; 9
o) =Bl = 5= [ [Gt.e) — Gale) .
T Jo
By Lemma 2.9, we have

(G(t,1—2) = D) =G0,1 —ze™ ) —1 — ,uz/o [v(s)]ze_t“ef“rsds

for all z € C with |z — 1] < 1. Notice that

|G(0,1—ze ") — 1] < 0,G(0,1)|z]e" < Ce ™,

t t t
/ [v(s)]ze%ﬂe_t“ds - / eve et gs| < C|z|/ [u(s) — e”|e”T25ds < Cya(t),
0 0 0

< Cet.

<ot ‘%/J (euze*f)

t
‘,U// el/zeft“e—t-i-sds _ w (euz)
0

On the other hand, we know for z € C with |z — 1| <1 that

[(G(t,1—2) = D[w@))? = (G(t,1 - z) — 1)e”*| < Clu(t) — €e”|.
Assembling these estimates, we proved for z € C with |z — 1| < 1 that

(G(t,1—2) —1)e"* + 29 (e"%)] < Ce ™.
Since

n el/(l—z) -1

Gpll—2)= = 3 Lot = ST 1 e (),

eV —1

the above implies uniform convergence of G(t,1— z) to Gp(1 — z) for all z € C with
|z — 1] < 1, which shows that p(t) converges to p in £? by Parserval’s identity.
O
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Corollary 3.11. Let v > 1. There exist a constant C' depending on p such that
for allt >0, it holds that

Ip(t) = Blle < Clt)ze ™.

Proof. For x € N to be specified later, we have

[[p(t) = Pller < [IP(t) = DPller(j0,27) + [[P(E) = Pller (j2,00))
< 2[|p(t) — Pller(fo,)) + 21IPler ([2,00))

The first term is easily controlled by the ¢? norm:
[p(t) = Bller(0,0)) < VI[P(t) = Bllez-
The second term is amenable to explicit computations, leading us to
n

[ee] 3 1 s v
IBller (ool = D P = 7 D

n=x

Thanks to the Chernoff bound for the Poisson distribution, for > v it holds that

= vte TV (ev)e
> < :

nl T %
n=x

We know for our zero-truncated Poisson distribution that

_ 1 ev\ <
Blles e < = (2)"

ev x

Finally, setting z = [t A ve?] allows us to deduce that |1Ble (j,00)) < Ce™", whence
_ 1
Ip(t) = Plln < Ct)ze .
O
APPENDIX A. GROWTH OF a IN (3.7)
Lemma A.1. Let 0 <a <b< oco. We have that
b _w a b
e e e . .
/a ﬁdw =——5* Ei(b) — Ei(a),
where Ei is the exponential integral.
Proof. By integration by parts, we can write
b w w1b b w a b
e e e e e . .
/a Edw = |:—w:|a +/a ;dw = E — 3 + El(b) — El(a).
O

Lemma A.2. Suppose fi, fs,g1 and g are positive functions on RY such that
fi(x) < O(g1(x)) and fo(x) = O(ge(x)). Furthermore, suppose that fi is mono-
tonically increasing, g1(cx) = O(g1(x)) for all ¢ > 0 and g2 is unbounded up at
infinity. Then



SHARPENING THE CONVERGENCE TO EQUILIBRIUM ESTIMATE OF THE DISPERSION PROCESS$

fio fo=0(g10g2).

Proof. For sufficiently large x, we have that

filfa(x)) < f1(Cg2(x)) < C'g1(Cg2(x)) < C"g1(ga(2)).
O

Proposition A.3. Recall the function a(t,d) from (3.7). We have that sup,cg+ a(t, 9)
grows slower than 2%.

Proof. We can bound

t
a(t,8) < / (6) emsds
0

1 mn
(A.4) =e! /71 %du =:b(t,0).

For fixed §, observe that b(¢,d) is differentiable for ¢ € (0,00). As such, for each
§ € R, the supremum in # occurs either at 0, +00 or a stationary point. We show

that at each of these points, b(—,d) grows slower that than %.
First, observe that b(0,9) = 0. Next, as t goes to infinity, we can split b(t, J) as

c u 1 su c c 1
e_t/eit i—zdu—l—e_t/C i—zduge_t/eit %du—l—e_t/c %du
—t
(16)56+(11)5
c c
1
§C5C+<C—1>5

where ¢ € (0,1) and C is some fixed constant. We can get % — 1 to be arbitrarily
small by taking ¢ close to 1. As such, lim;_,, b(¢,d) has arbitrarily small linear
part. Using Lemma A.1, we can write explicitly

b(t,8) = et [5@’? — 6 +1log (5) [11(5) i (5’)” :

where li(z) = Ei(log(z)) is the logarithmic integral function. We can now find the
stationary points of f by setting

O—gf(t )=— —t/1 o +6° = —b(t,8) +6°
_8t ,y - € eftu2 v - ’

=de "+ e "log(é) [li ((557t) - li(é)}

Rearranging gives us
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By [4], 6 — 1i(4) — ﬁ grows as O (@). So for sufficiently large 4, the left-
hand side is arbitrarily large. Since li is bijective for sufficiently large argument, we
can take the inverse li ™' to get that the single stationary point (in t) of b(t,d) is

w10

where B(8) =1i " (11(5) - ]Og‘s(é)). So for sufficiently large y, we have that

b(ts, ) = B(0).
By [5], 1i " (8) grows as O(6log(6)). Using Lemma A.2, we deduce that

) )
B(%) = —— - [log(d) — 21 ]| = —_
9 =0 (oogye - lox(d) ~ 210000 ) =0 (25 ).
where log, = logolog. This concludes the proof. O
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