LINEAR INVISCID DAMPING FOR TWO-DIMENSIONAL
HOMOGENEOUS EULER EQUATION

ZICHEN LU

ABSTRACT. In 2018, Dongyi Wei, Zhifei Zhang and Weiren Zhao proved a
linear inviscid damping result for a class of monotone shear flows in two-
dimensional homogeneous Euler equation. We briefly introduce the inviscid
damping, state this result and discuss some interesting points in the proof,
such as Rayleigh operators, Rayleigh equations, and a duality argument to
bound velocity by vorticity.
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1. INTRODUCTION

In this paper, we consider an inviscid, incompressible and homogeneous fluid in
a two-dimensional space. Here “homogeneous fluid” means that the density of the
fluid is independent of time and space, hence a constant. We can normalize the
equation so that the density is 1. Then the two-dimensional homogeneous Euler
equation for such fluids says

(1.1) V-u=0
(1.2) Ou+u-Vu+Vp=0,

where u is the velocity and p is the pressure. In this paper, the domain of fluids is
the two-dimensional space T x [0, 1] where T = R/27nZ. We impose the boundary
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condition that
u¥(t,xz,0) =uY(t,z,1) =0
where u = (u®, uY).

Consider a fluid which is in a steady state, for example, a shear flow. If we
give it a small perturbation, then the perturbation will decay over time. This
phenomenon is referred to as inviscid damping. It is similar to the Landau damping,
which predicts the rapid decay of the electric field of a small perturbation around an
equilibrium. This phenomenon is interesting because we do not have any dissipative
mechanism like viscosity.

To clarify the mechanism for inviscid damping and conduct mathematical anal-
ysis, we first introduce some physical quantities. We denote by w the vorticity of
the fluid. We view vorticity as a scalar. It is defined by

(1.3) w = —0yu” + Jyu¥

where u = (u®,u¥) is the velocity. Physically, vorticity describes rotation of fluids.
We introduce the stream function 1 which is also a scalar. The relations between
velocity, vorticity and stream function are as follows,

(1.4) w=—-Ay
(1.5) u = (0y1h, —0,0).

One of the main mechanisms leading to inviscid damping is vorticity mixing. There-
fore, we often use the vorticity formulation of (1.1) and (1.2), which is

(1.6) Ow +u-Vw =0.

For example,

an {uo = (U(1),0)

po=C

is a solution to (1.1) and (1.2), where U(y) is a C! function in y and C' is a constant.
In this case the vorticity © is U’(y) by (1.3). This flow is an example of shear flows
and is a steady state. In the paper we focus on this type of steady state and consider
inviscid damping on it.

A small perturbation gives rise to an initial vorticity wo(z,y). Denote by u the
total velocity and w the total vorticity. We decompose them into

(1.8) u=ug+u,

(1.9) w=0+u

where v’ and w’ are induced by the perturbation. We also have

(110) w’(O,J;,y) zwo(a:,y).

Moreover, the total velocity and vorticity satisfy (1.6). Therefore, (1.3)-(1.10)
constitute the differential equations needed.

We give a description of what to expect according to inviscid damping. First, the
velocity u which arises due to perturbation will converge to zero in some norm as
time ¢ tends to infinity. This corresponds to perturbation decay in physics. Second,
the vorticity w which also comes from the perturbation will converge in some norm
as well as time t tends to infinity. This reflects vorticity mixing, one of the main

mechanisms for inviscid damping. In the following sections we discuss how to study
inviscid damping rigorously.
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Mathematical rigor of inviscid damping has been a challenge for a long time. To
make the problem easier, instead of studying (1.6) directly, mathematicians study
the linearized version of (1.6) first. This research field is called “linear inviscid
damping”. Then naturally the research field of studying (1.6) directly is called
“nonlinear inviscid damping”.

For the linear case, we should see how to linearize (1.6) first. Use (1.8)-(1.9) to
substitute w and v in (1.6), expand all terms and notice that ug - Vug = 0, we will
get

(1.11) o' +ug- V' +4' - VQ+d -V =0.

In (1.11), the only nonlinear term is v’ - Vw’ since both u’ and w’ are unknown.
Then we drop this term. It is reasonable because u’ and w’ are expected to be
small. Hence the linearized equation is

(1.12) W' +ug - Vo' +u’ - VQ = 0.
Further, if we incorporate (1.4) and (1.5) into (1.12), we will get
(1.13) o' + Lw' =0

where L is the linear operator defined by

(1.14) £ =U(y)ds + U (5)0u(~A) L.

(1.13),(1.14) and (1.10) are the linearized equations. Since the equations we study
only involve the perturbation velocity and vorticity, for simplicity of notation, we
drop the prime from now on.

In 2018, Wei et al. proved linear inviscid damping (1.13) for a class of monotone
shear flows [1]. It is the main result of our paper. We will give the statement of
this result in section 2 and then discuss some strategies of proof in section 3-5. In
section 3 and 4, we discuss Rayleigh operators and Rayleigh equations. They apply
to a wide variety of setups of linear inviscid damping. In section 5 we introduce a
duality argument crucial to the estimate of velocity.

Remark 1.15. Here we have to explain what the inverse of the operator —A
means. In fact, this remark not only applies to —A but also to any differential
operator appeared in this paper whenever we encounter its inverse. Let X and Y
be fixed function spaces based on context and D be a differential operator from
X toY. Let f € Y. Then generally D! f is the unique solution to the following
equation
Dg=f

equipped with some fixed boundary condition. In this paper we adopt the Dirichlet
boundary condition, in other words, vanishing on boundary.

Note that the operator (—A)~! is applied to the vorticity w to get the stream
function. The stream function does vanish on boundary since fluids cannot cross
the border. In later sections functions to which the inverse of differential operators
apply all vanish on boundary. Hence imposing Dirichlet boundary condition is
reasonable.

2. STATEMENT OF THE MAIN RESULT

2.1. Preliminary. To state the main result of this paper, we first introduce some
definitions. Let T': X — X be a linear operator on a Hilbert space X.
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Definition 2.1. Define the point spectrum, continuous spectrum, residue spectrum
and spectrum of T respectively by

0p(T) := {\ € C: Ker(\ld — T) # 0},
0o(T) :={ e C: Ker(A\ld = T) =0, RAId —T) = X, (\Id—T)~! ¢ £(X)},
o.(T):={Ae C: Ker(A\ld —T) =0, RO\Id - T) # X},
o(T) == 0,(T) Uoe(T) Ua,(T).

We define the discrete spectrum contained in ¢,(T) to be the set of eigenvalues
which are isolated points in o(T) and have a finite-dimensional eigenspace. We
denote the discrete spectrum by o4(T"). Moreover, if A € 0,(T) is not an isolated
point in o(7T'), then X is called an embedded eigenvalue of T'.

We also introduce the operator Pr : X — X. It is called “the spectral projection
to o4(T)”. Let

Hy:=span{z € H: I\ € 04(T) s.t. Tx = Ax}.

Then we define Pr to be the orthogonal projection onto the closure of Hy.
Having introduced some definitions in spectral theory, we turn to the function
spaces we are going to work with.

Definition 2.2. Let f € L?(T x (0,1)). Then we have the Fourier series of f,
f(z,y) = ez e’ f,(y). The Fourier series converges in L?. For integers s, and
sy, we define Hs+ H,” norm of f to be

(2.3) Wl = | 3 ol I fa@)le

a€Z,a#0

Then the space H2+ H," is defined to be the subspace of L?(T x (0,1)) consisting
of functions having finite H* H," norm.

2.2. Main Result. With the previous preparations, we can state the main result
of this paper.

Theorem 2.4. Suppose U € C4([0,1]) and there exists a positive constant cy such
that U'(y) > c¢o for any y € [0,1]. Suppose that the linearized operator L has no
embedded eigenvalues. Assume that fT wo(x,y)dx = 0 and Prwy = 0, where Pr is

the spectral projection to oq(L). Denote by (t) := (1 + t2)2. Then it holds that
L. if wo € Hy'Hy, then |lu(t) > < %”LJOHH;lH;;

2. if wo(x,y) € Hy'HY, then |[u¥(t)| > < &HWOHH;IHE;

3. ifwo(z,y) € Hy*HY for k = 0,1, then there exists woo(x,y) € Hy "H) such
that |W(t) — weollrz — 0 as t — +oo. Here we define W(t,x,y) =
u(t,z +tU(y), y).

In the above theorem, the first and second conclusions correspond to perturba-
tion decay. Besides, they give the decay rates. The third conclusion corresponds
to vorticity mixing. Hence the theorem rigorously proves linear inviscid damping.
We give several remarks on this result.
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Remark 2.5. The condition “£ has no embedded eigenvalue” does not impose too
many restrictions on the background flow (U(y),0). For example, when U(y) has
no inflection point, £ has no embedded eigenvalue. We refer to [6] for details of
this example.

On the other hand, when U”(y) = 0 for any y € [0, 1], the case is simpler. For
example, the Couette flow case U(y) = y was addressed earlier by Lin and Zeng
[8]. Hence we focus on the case where the term U” (y)d,(—A)~! in (1.14) does not
vanish.

Remark 2.6. This remark discusses the condition fT wo(z,y)dx = 0. In fact, if

we take Fourier series in « to obtain &(t, a,y), then [ wo(z,y)dz = 270(0,0,y).
The vorticity equation (1.13) implies

(2.7) @ + iU + il = 0.

Hence when o = 0, the value of @(¢,0,y) is independent of time t. Then the

condition @(0,0,y) = 0 implies @(¢,0,y) = 0 for any ¢. Physically, this means that

the total vorticity (which means integration of vorticity along the circle T) at any

height y remains zero, which suggests some balance of the system.
Mathematically, this condition enables us to obtain estimates in H3* H:Zy norms

introduced in Definition 2.2. This is because we take the sum over Z — {0} in (2.3).

Remark 2.8. This remark discusses the reason for introducing W (¢, z, y) := w(t, x+
tU(y),y). Mathematically, it is because we can combine the two terms Oww and
U(y)Oyw in (1.13) via 0:W = (0; + U(y)0, )w. Physically, the coordinate transform
from (t,z,y) to (t,z + tU(y),y) encodes physical information of the background
flow (U(y),0). In other words, at time ¢, the background flow (U(y),0) takes a
particle located initially at (x,y) to (z + tU(y),y).

3. SPECTRUM OF RAYLEIGH OPERATORS

Now we begin to give a sketch of proof of Theorem 2.4. In terms of the stream
function, (1.13) becomes

(3.1) B A + U ()0 Atp — U ()t = 0.

Since the domain of z-coordinate is periodic, we can take Fourier series in z to
obtain

(3.2) o) = —iaRat

where

(3.3) Ra = — <jy22 - a2>_1 <U”(y) —U(y) (;; - a2>) :

The operators R, are called Rayleigh operators. Here we fix o and can assume
a # 0 by Remark 2.6. Rayleigh operators are widely studied in linear inviscid
damping of different setups of fluids. Since the stream function 1 vanishes on
boundaries, so does 1& Hence Remark 1.15 applies to Rq.

We can assume that R,, is an operator from L?(0,1) to itself. All derivatives are
defined in the weak sense. In fact, local integrability is enough for a function to
have weak derivatives. Our treatment of spectral properties of R, is based on [7].
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3.1. Spectral Properties.
Lemma 3.4. R, is a bounded operator and o(Rs) is compact.

Proof. First we prove that R, is bounded. Let ® € C2°(0,1) and f := R,P® - U®.
Then f(0) = —U(0)®(0) = 0 and f(1) = —U(1)®(1) = 0. We have the following
equation

f// _ Oézf — —2<U/(I)>/.

We construct Green’s function to solve this equation

1
;= / Gy, n)(~2)(U'®) (5)dn
0

where
__sinh(a(1—y)) sinh(an)
6.1 = el
_ asinh(a) for Y < n

After integration by parts we obtain

= / Gi () (U'®) (1)

where
—2sinh(a(1—y)) cosh(an) for
sinh(« y>n
(35) g1 (yv 77) ~ y 2sinh(ay) co};(h&x(l—n))
sinh(a) for y<n

Hence there exists a positive constant C' such that | f]lpz < C||®| 2. Since
C(0,1) is dense in L?(0,1), the above bound ||f||zz < C||®|/zz holds for any
® e L2(0,1).

Second we prove compactness. Denote by r(R,,) the spectral radius of R,,. Then
by a formula of Gelfand,

r(Ro)= lim [Ry|™.
The right hand side is less than or equal to the norm of R,,, hence r(R,,) is finite

and the spectrum is compact. O

Let ¢ be a complex number. Let ®, f € L?(0,1). Consider
(3.6) (cId = Ry)® = f.

It is equivalent to
(3.7) (U= " — (U - e)o® + U")® = (o — B,)f.

(3.7) is an example of an inhomogeneous Rayleigh equation. Studying the so-
lution to this equation is crucial to the study of spectrum of Rayleigh operators.
A common approach to studying inhomogeneous Rayleigh equation is to study
homogeneous Rayleigh equation first, which is of the form

(3.8) (U —¢)@" — (U = c)a® +U")d = 0.
Lemma 3.9. (1) 0.(Rs) Uo.(Rs) C [U(0),U(1)].

(2) For every isolated eigenvalue ¢ € 0,(Ry) not in [U(0),U(1)], the eigenspace
of ¢ is finite-dimensional.
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Proof. We first prove (1). Suppose ¢ ¢ [U(0),U(1)] and the operator (cId — R,)
is injective. We only have to prove that (cId — R,)~! is bounded. Since R,
is bounded, by Banach Theorem, we only have to prove that for each function
f € L?(0,1), (3.7) has a solution.

Since ¢ ¢ [U(0),U(1)], (3.7) does not have any singularity. By the proof of

Lemma 3.4 and the fact that ®(0) = ®(1) =0, (3.7) is equivalent to
(3.10) 20) = (e~ U+ [ K
where

K(y,s) = (c=U(y) ™' Gi(y,s)U’(s)-

We refer to (3.5) for the definition of the function G;. Define a bounded linear
operator S : L?(0,1) — L?(0,1) via

1
S ::/ K(y,s)®(s)ds
0

It is well-known that S is a compact operator.
Then we rewrite (3.10) as

(3.11) (Id — S)® = h.

Denote by S* the adjoint of S. Since we assume at the beginning of the proof
that (cId — R4) is injective, (3.8) has no nonzero solutions, hence the operator
S1 == (Id — S) is also injective. By Riesz—Fredholm Theorem, dim Ker(S;) =
dim Ker(S7) = 0 and R(S;) = Ker(S7)* = L?(0,1). Hence (3.11) has a solution
and the proof of (1) is completed.

The claim (2) is due to the fact that compactness of S implies finite-dimensionality
of Ker(S1) by Riesz-Fredholm Theorem. O

Lemma 3.12. Let c € [U(0),U(1)], then c € 0(Ra).

Proof. Take f = (¢ — U(y))~% € L%(0,1). By the proof of Lemma 3.4, we know
that (3.6) is equivalent to

(313) @ =( / Gy (4, U ()@ () + (c — U(y))~*.

If & € L2, then (c—U(y))16® € L. Multiply both sides of (3.13) by (c—U(y))1s
and we will get

B11) (e~ U)Fe =~ V) [ G0’ (®nin + (e~ Uw)F.

The right hand side of (3.14) is square integrable. Since ¢ — U(y) ~ y — y., the
term (¢ — U(y)) "1 fol Gi1(y,m)U'(n)®(n)dn is square integrable. Hence the term
(¢ — U(y))~ 75 should be square integrable by (3.14). But (¢ — U(y))~ 1 is in fact

not square integrable since 19—6 > %, which is a contradiction. Hence (¢ — R,) is
never surjective. O
The lemma above also indicates that c4(R,) C C — [U(0),U(1)] since every

point in [U(0),U(1)] is not an isolated point in (R, ). The remaining task is to
show that (C — [U(0),U(1)]) No(Ra) = 0a(Ra)-
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Assume c is an eigenvalue of R, and ® is a corresponding eigenfunction. We
denote by F the Fourier transform in z and F~! the inverse. We can verify

(3.15) L(—AoF 1) =iac(—Ao F ')

by taking Fourier transform in x on both sides. Hence iac is an eigenvalue of £
and —A o F~1® is a corresponding eigenfunction. Conversely, if c is an eigenvalue
of £ with an eigenfunction ¥, then by the same process, ;= is an eigenvalue of R,
with an eigenfunction F o (—A)~1W.

Therefore, R, has no embedded eigenvalue. By Lemma 3.9, we have proved that
(C-[U(0),U)]) No(Ra) = ga(Ra).

3.2. An Application: Representation Formula of the Stream Function.
One of the main applications of the spectral properties is to study the representation
formula of ) based on (3.2).

The compactness of o(R,) plays a role. We can choose a simply connected
bounded domain €’ that contains o0(R,). We can assume that the boundary of €’
is a continuous Jordan curve in C. Since R, is a bounded operator, we have the
following representation formula

(3.16) Ot a,y) = zim /m/ e (¢ — Ry) (0, v, y)de

with (0, o, y) = (a® — d,y) " '@o(ev, y). The right hand side of (3.16) is an example
of a Dunford’s integral. We refer to [2] for Dunford’s integral and validity of (3.16).

But (3.16) is still difficult to compute because ' is arbitrary. We want to make
it specific. The key is that only the discrete spectrum exists in C — [U(0), U(1)].
Moreover, by (3.15), Prwy = 0 implies PRQJJ(O,a,y) = 0. Therefore, the term
(¢ — Ra) " 1b(0, v, ) in (3.16) is holomorphic in C — [U/(0), U(1)].

For each sufficiently small € > 0, we construct a contour 92, near [U(0), U(1)],
where Qc, := Dy U D, UB! U B is a domain. We define

Do = [U(0), U1)],
Dey:={c=c¢, +ic: ¢, €[U(0),U(1)], 0< |e| < eo},

. 3
Bio ::{c:U(O)—i—eew: 0 < e < e, g§9§§}7

. 3
B, :={C=U(1)—€€wt 0 < €< e, gﬁ@ﬁg}-

Therefore, by Cauchy integration formula, we have

R 1 . .
w(ta «, y) = o / eilatc(c - Ra)ilw(oa «, y)dC
211 o0,
However, the resolvent (¢ — R, )~! is still not easy to compute. We let
(C - Ra)_1¢(07 Q, y) = ’L'a(I)(Oé, Y, C)'

Then ®(a,y, ¢) satisfies the following inhomogeneous Rayleigh equation

u” wola,y)
"o 2 — 0\
(3.17) (0] (a + Uc) P ioz(Ufc)

with the boundary condition

(3.18) B(0) = (1) = 0.
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Then we have

1 iote
(3.19) Yt a,y) = —/ e " ad(a,y, c)de.
271' aQeo

Therefore, to study ’(/AJ, it’s important to analyze properties of the solution ® which
will be the topic of the next section.

4. RAYLEIGH EQUATIONS

‘We hope to get an explicit representation of the solution ® to the inhomogeneous
Rayleigh equation (3.17) with the boundary condition (3.18). Let

Re(c) for c € Dy U D,
(4.1) ¢ =4qU(0) force Bl
U(l) force Bl

Suppose ¢ is a nonzero solution to the homogeneous Rayleigh equation (3.8) and
c € Q,. We can formally derive the representation formula of ®:

Y 1 z , , , Y ; ’
(4.2) = (b/o oG.o? /yc oy, o) f(y, c)dy'dz + M(CW(ZU»C)/O ¢(y/7c)2dy

where y. = U~ Y(c,), f = % and

Jo siia IZ of (' )dy'dz
- 1 |
Jo sy

We refer to Proposition 6.5 of [1] for the proof of (4.2). We should choose a
good solution ¢ to ensure well-definedness of (4.2). To determine ¢, we will choose
a good initial condition of the homogeneous Rayleigh equation (3.8).

When ¢ € Dy, y. is the singular point of the homogeneous Rayleigh equation
(3.8). Take y = y. in (3.8) and we will get ¢(y.) = 0. Hence we extract the factor
(U(y) — ¢) from ¢ and let ¢ = (U — ¢)¢p1. We let ¢ satisfy the initial condition
1(ye) = 1 and ¢/ (y.) = 0. Therefore, we complete the definition of ¢ when ¢ € Dj.

We should also construct ¢ when ¢ € Q, — Dg. The idea is similar. We first
specify a point y., € Dy and then choose the initial condition ¢;(y.) = 1 and
@1 (y.) = 0. In fact,

(4.3) (e) =

Yo force D,

I l

(4.4) ye =40 force B
1 force B[,

4.1. Homogeneous Rayleigh Equation.

4.1.1. Ezistence and Uniqueness. The very first task is to prove existence and
uniqueness of ¢, which is the solution of the homogeneous Rayleigh equation (3.8)
with the initial condition chosen above. This is usually achieved by transforming
differential equations to integral equations and using contraction principle. Then
(3.8) with the initial condition is transformed into

(4.5) ¢ =1+ T,
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where T is an integral operator defined by

y 1 Yy ) .
(4.6) Tf ::/ (U(y’)—c)2/yf f(z,0)(U(2) — ¢)*dzdy'.

The next critical step is to figure out the function space in which the equation
(4.5) has a unique solution. The main component of the definition of a function
space is the norm of functions. Therefore, we should specify a norm of functions
such that aT is a contraction. The proper idea is considering weighed L> norms.
Let 7 be a positive function on [0, 1] X €, to be determined later.

Consider the case ¢ € Dy. For each function f on [0,1] x Dy, define

1 fllxo == H’Y_lfHLoo([o,uxDo)-
Then since |U(y') — ¢| > |U(z) — ¢| in (4.6),

ITfllx, < Iy~ / [ e iy ol
Ye

We hope that ||y~ [Y

Ye YYe

(4.7) / / (2, c)dzdy’ = %

where A is a positive constant greater than Cpla| with Cy > 1. Cp only depends
on ¢y and ||U||c+ and will be determined later. We refer to Theorem 2.4 for the
definition of the constant cy. Solving the equation (4.7), we can take

v = cosh(A(y — yc)).

( e)dzdy'||Le=([0,1x Do) < 7z Hence we assume

Hence

_ f
(48) ||f||Xo - ”COSh(A(y — yc)) ||L°°([O,1]><D0)~

We observe that v is bounded away from 0. Let X be the space of functions on
[0, 1] x Dy with finite X norm. This X, norm is enough for a?T to be a contraction,
and C can be an arbitrary constant greater than 1. But it turns out that the Xq
norm is not strong enough since later we have to estimate the derivatives of ¢. Thus
we construct

2
(4.9) Ifllve =D D A0 fllx,

k=0 || =k

and let Yj be the space of functions on [0, 1] X Dy with finite Yy norms.

We refer to Definition 4.3 of [1] for the integral operators T} ; for non-negative
integers k, j with j < k+1. These integral operators are useful because they appear
once we take derivatives of T'f for each f € Y. Then there exists a constant C'
independent of A such that for each f € Y,

C
”TfHYo < ﬁ”f”yo

We refer to Lemma 4.4 of [1] for the proof. Since C' also depends on ¢q and ||U]|| ¢4,
we can choose Cj such that CZ > C. Then o?T is still a contraction. Therefore,
the equation (4.5) has a unique solution in the function space Yy when ¢ € Dy.
Force D, c€ Bio and ¢ € B, we design function spaces separately. The idea
is similar. We refer to Definition 4.1 and 4.2 of [1] and adopt notations in them.
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Then we get existence and uniqueness of the solution to (4.5) in these regions
respectively. We combine them to get existence of the solution ¢ in [0, 1] X Q.
Uniqueness of ¢ results from uniqueness in these regions respectively. Therefore,
we have finished the sketch of proof of the following proposition:

Proposition 4.10. There exists a solution ¢(y,c) € C*([0,1]xQe, —Do)NC([0, 1] x
Qc,) of (4.5). Moreover, there exists €o > 0 such that for any (y,c) € [0,1] x Q

€07

(4.11) [01(y. )| = 5. ou(y,0) =1 < ClU(y) -,

where ¢1(y,c) = % and the constant C > 0 may depend on a.

N =

We refer to Proposition 4.5 of [1] for details of the proof.

4.1.2. Estimates of the Solution ¢. Getting estimates of the solution ¢ and its
derivatives is crucial. It lays a solid foundation for our further estimates of the

stream function, vorticity and so on. We refer to section 5 of [1] for all estimates

sinh(a(y—ye))

needed. The most remarkable one is showing that ¢(y,c) ~ when

¢ € Dy. More precisely, we have

Proposition 4.12. There exists a positive constant C independent of a such that
for any (y,c) € 0,1] x Dy,

sinh(a(y ) o Csinh(aly — y))

. <

(113) ) < iy, < S
Moreover, it holds that

(414) |8583¢1 (y7 C)| < CO[B+’Y¢1(y, C)
for B+~ <2.

We remark that the function M is the solution to the equation

/.

/
w —a2

w=20
with the initial condition

wi(ye) =1, wi(ye) =0
where wy := . The similarity between homogeneous Rayleigh equation (3.8)
and the above differential equation indicates that ¢ may be close to w
because they share the same initial condition.

We now give a sketch of proof of Proposition 4.12. Let ¢4 (y,c) ==
Then ¢ (y, c) satisfies

ad(y,c)
sinh(a(y—ye)) *

$1(y,¢) = U (ye) + S (y, )
where the integral operator S is defined by

Yy / Y 12 "
Sf = / __ dy / sinh”(a(z — y.))U (Z)f(z,c)dz.
yo sinh”(a(y’ —ye)) Jy. U(z) = U(ye)

Direct computation shows that the integral operator S has better properties than
T introduced in section 4.1.1. Tt is a bounded operator on the space L ([0, 1] x
Dyp). Besides, there exists a threshold My > 1 such that for any a > My, S is
a contraction. Therefore, we have proved (4.13) for each o > My. For a < My,
(4.13) and (4.14) all result from direct computations.
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To finish the proof, we only have to prove (4.14) for a > My. The main idea is
considering the two cases, |y — y.| > é and |y — y| < é, respectively. Since vy, is
the singular point of homogeneous Rayleigh equation, the first case is much easier
and follows from direct computations. We deal with the second case. The integral
operators T} ; introduced in section 4.1.1 will appear when taking derivatives of
S q~$1. Therefore, the main component of the proof is analyzing boundedness of T, ;.
We refer to Proposition 5.1 of [1] for more details.

4.2. Inhomogeneous Rayleigh Equation.

4.2.1. Well-Definedness of (4.2). Having chosen a good ¢, we go back to analyze
when the representation formula (4.2) is well-defined. To avoid singularity of the
homogeneous Rayleigh equation (3.8), we first assume ¢ € Q, — Dy. Then well-
definedness is guaranteed if fol mdy #0.

Let ¢ be the solution of (3.8) with initial condition ¢(0,¢) =0 and ¢'(0,¢) = 1.
Since (3.8) have no singularity, such ¢ exists and is unique. Besides, ¢(y, ¢) is also
continuous in the ¢ variable. We can directly check that

(4.15) ¢(y,c) = 6(0,c)¢(y, c) /Oy ﬁd%
Hence

1
(4.16) e(l,¢) = *p(6)¢1(070)¢1(1a0)/0 ﬁdz

where p(c) = (U(1)—c)(c—U(0)). By Proposition 4.10, fol mdy # 0 is equivalent

to ¢(1,¢) # 0.

Since €y > 0 can be arbitrarily small, we can see if p(c) fol Wdz uniformly
converges to a nonzero function on Dy as €y tends to zero. We consider the case
where ¢ = ¢, + i€ such that ¢, € [U(0),U(1)] and € > 0.

The idea of obtaining convergence results is repeatedly extracting terms without
singularity based on estimates of ¢;. Since ¢; is close to 1, we decompose

ple) / 3 = / o= (mzl, 97~ 1)‘”
1
+0) || G =t

and extract the first term on the right hand side. Let

Ho = / CIAETaE (asl(;cm - 1) o

Then by (4.11) and Lebesgue dominated convergence theorem,

L 1 1
0@ [ e (dn(z, 97 1)“ — plen )T
as € — 0.

To analyse the second term on the right hand side of (4.17), we decompose
L1
U'(ye)

(4.17)

(4.18) "0 [ )
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wher
ere . (c)/l U’(y)dy
A M

[T U
12‘“)/0 U)o ¥

By direct computations, I; = U(0) — U(1).
The main reason for such a decomposition is that the integrand of I, has one
order less singularity than m, which is the integrand of the left hand side of

and

(4.18). Since U”(y.) is not necessarily zero, the integrand of I still has singularity
of order one and isn’t integrable. So we further decompose

@) n=po) [ gy L) [P W,
o W) -0 Ue? Jo U(s) -

where

U”(yc) /

We remark that the fact ¢ (y.) =0 1mphes that the integrand % has no
singularity. Therefore,

Yogly) . Yog(y)
p(c)/o Ty) —p ¥ 4 T)/o Ty -
as € — 0.

For the second term on the right hand side of (4.19), by direct computations,
we have

9(y) :=U'(y) = U'(ye) —

1 ’
U'(y) '(v) :
P(C)/ Py — pler)P.V. / 7dy +imp(cy)
o (Uly)—¢) —c)
where we define the principal value of a singular mtegral as

YUy U'(y)
P.V./ ——~—dy = lim —
o (Uly) —c) =0+ Jio. 1) {ly—U-1(c,) >} (U) —cr)

This deﬁnition allows us to perform cancellations when y approaches the singular
point U~ (¢;.). Slmllarly7 we define

’ / ’ o
PV/ Uly) = UX yc)dy lim T ~U'lve) g,
r) =0t Jo1n{ly-U-1(e) ) (UY) —cr)

177/ T
I, = P.V./ T —Uly) ,,
0

dy.

Uly) —cr)?
A(c) = U(0) = U(1) = p(e)IIz + U’ (ye) p(c)1s,
— 1plc U"(ye)
B(C) T p( )U/(yc)g'

Then we have as e — 07,

(4.20) p(c)/o mdy — U’(lyc) (A(cr) —iB(cy)).
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Similarly, for ¢ = ¢, — ie where ¢, € [U(0),U(1)] and € > 0, we have as ¢ — 0T,

1
(4.21) p(c)/o mdy — U’(lyc) (A(er) +iB(cr)).
For ¢ € B! U B! , we have as e — 07,
ENUORTCEY
2 ¢> y.c U'(ye)

We refer to Lemma 6.3 of [1] for detalls of the proof.

If there exists ¢, € [U(0),U(1)] such that A(c,) = B(e,) = 0, then ¢, €
(U(0),U(1)) because A(U(0)) = A(U(1)) = U(0) — U(1). Then B(c,) = 0 im-
plies U"”(¢,) = 0. Through the singularity analysis of I> in (4.18), we know that
if U”(c,) = 0, then there is no singularity in the representation formula (4.15).
Besides, there is no singularity in the homogeneous Rayleigh equation (3.8). Hence
(4.15) still holds for ¢,. From (4.16) we obtain

¢1 (0, C)¢1(1, C)A(C)
U'(ye) '

Let ¢ = ¢, in (4.23). Then ¢(1,¢) = 0. Hence ¢(-,¢) is a nonzero solution to the
homogeneous Rayleigh equation (3.8) with boundary condition ¢(0,¢) = ¢(1,¢) =
0. This means that ¢, is an eigenvalue. But the fact ¢, € [U(0),U(1)] implies that
¢ is not in the discrete spectrum. Hence ¢, is an embedded eigenvalue of R,,
which is a contradiction. Hence A(c,) and B(c,) cannot be zero at the same time.
By (4.20), (4.21), (4.22) and the fact that ¢(1,¢) is continuous in ¢ variable, there
exists ¢ > 0 which is sufficiently small such that for any ¢ € Q,, ¢(1,¢) # 0.
Therefore we have proved well-definedness of the representation formula (4.2).

(4.23) o(l,c) =—

4.2.2. Back to the Representation Formula of the Stream Function. With the ex-
plicit representation formula of ®(y,c) and various estimates of ¢1(y,c), we can
now work on the convergence of ®(y,c) as ¢ — ¢,. We refer to Proposition 6.7 of
[1] for relevant results.

The reason for btudylng convergence results is to perform cancellation in the

representation formula for ¢ (3.19). In fact, there exists a function ®(cv, y, ¢) defined
on Z x [0,1] x [U(0),U(1)] such that

1 v ,
(4.24) O(t, o, y) = / a®(a,y,c)e " dec.
271' U (0)

d is obtained via convergence analysis of ® and has better regularity than ®.

5. A DUALITY ARGUMENT

In this section we introduce a duality argument used to estimate L? norm of
velocity via vorticity. Denote by €y := T x (0,1). For any domain Qs C 4, we
introduce the following subspaces of L?({s):

H(Q) :={ue€L*Q): V-u=0and u-n =0},
G(Q) :={u € L*(Q) : 3¢ € WL(Qs) s.t. u = Vq}
where n is the outward-pointing normal vector of the boundary 9€,. Here we do not

distinguish vector-valued L? functions from scalar-valued L? functions in notations.
When Q, = Q;, we denote the corresponding subspaces by H and G. H+ denotes
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the orthogonal complement of H in L%(;). First we show that G C H+. For each

1,2
u€ Hand qge W,

(1), we have

/u-Vq:—/ (V'u)q—k/ qu - n
Q4 Q (2951

via integration by parts. Then by the definition of H we know that the right hand
side is zero. Hence G C H+.
In fact, we have the following lemma:

Lemma 5.1. For any u € H', there exists q € Wllof(ﬂl) such that uw = Vq.

By the lemma, we know that G = H+. Hence L?(€;) is the orthogonal direct
sum of H and G. This is a partial result of The Helmholtz—Weyl Decomposition.
We refer to chapter 3 of [4] for more comprehensive discussions.

To prove the lemma, we introduce the standard mollifier n € C*°(R?) and
ne(z) = e 2n(e"'x) for each € > 0. We refer to Appendix C in [3] for definition
details.

Proof. We split the proof into two steps.

Step 1: prove the lemma when u € C*(€y)

We first assume that u € C>°(Q;) N H+. We show that there exists ¢ € C*(£)
such that v = Vq. In fact, we only have to prove that the integration of u along
any piecewise smooth Jordan curve is zero. Suppose the curve [ is represented by
a piecewise smooth function v : [0,1] — 3. Then

/u -dl = /01 u(y(t)) - %dt'

For any sufficiently small € > 0, let ®.(z) := fol Ne(z — ’y(t))‘fl—zdt. Since the image
of ~v is a compact subset of €1, the distance between the curve and the boundary
of ) is positive. Hence as long as € is sufficiently small, n.(z — (¢)) will vanish
when x € 9€Q; which shows that ®.-n = 0. We can check that &, € C5°(£1) and
obtain V - &, = 0 almost everywhere through direct computations. Then ®. € H
and le u-®, =0.

Let ue := uxn.. By a direct computation we have [u.-dl = le u-®. = 0. Since
u € C™, u, converges uniformly on compact subsets to v as € — 0. We refer to
Appendix C of [3] for proof of this fact. Thus [wu-dl — [w-dl and [w-dl = 0.
Therefore, there exists ¢ € C'*°*° such that u = Vgq.

Step 2: approzimate an L? function by C*> functions.

Now we consider the case where v € H-. For any domain €2} such that the
closure of Q) in € is a compact subspace of 1, there exists a domain (' containing
Q) whose closure is still compact in ;.

We now show that for sufficiently small € > 0, u. € H(Q')*, where the convolu-
tion is taken in . For any w € H(§'), denote by w; the function on €y obtained
by w extending by zero. Then w, := wy * 0 lies in H, where the convolution is
taken in £2;. Unwind the definition of convolution, we will obtain w, = w*mn,, where
the latter convolution is taken over €’. By Fubini’s theorem, fﬂ, Ue W = fQ, U - We.
Since we lies in H, [, ue - w = 0. Hence u. € H(Q')*.

Since u, € C*° ('), there exists g. € C*° (') such that v, = V¢.. Since ue — u
in L' norm, {Vg.} is a Cauchy sequence in L'()'), hence in L'(Q2}). Now g,
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is bounded in the domain Q) because of smoothness, hence ¢. € L'(Q)). We
can modify these g. such that fQ, ge = 0 for any sufficiently small ¢ > 0. By
1

Poincaré inequality, {q.} is a Cauchy sequence in W1(Q}). Therefore, there exists
@ € WHL(Q)) such that {qg.} converges to ¢; in Wh(Q)) and u = Vg; in €.

For each Q) whose closure is compact in €21, we obtain ¢; € W11(Q}) such that
u = Vg in Qf. Then we can obtain ¢q € Wﬁ)cl (©1) such that u = Vg in 4 by gluing
all of the ¢;. Different ¢; are compatible by the construction procedure described
above.

It remains to prove that ¢ € W;}f (€1). For any domain €} whose closure is
compact in Qi, u = Vg € L?(2}). Then we obtain ¢ € H'(Q;) by Poincaré
inequality again. O

Now we can show the duality argument. Our treatment is based on [5]. Consider
V € H and ¢ = curl(V). Let w € L*(Q4). Suppose |w||zz = 1. By Helmholtz—
Weyl decompostion, there exist wy € H, wy € G such that w = w; + wy. Then
lwil|z: < ||w|z2. Let ¢, ¥ € H{ be functions such that V = (—d,1,d,1)) and
wy = (—0,V,0,7). Since |V¥| 2 = ||wi| 2, by Poincaré inequality, | ¥| g < C
for some positive constant C. We have

sup /V - w
weL?, [lw|2=1

= sup /V S Wy
weL?,|lw| p2=1

< sup /V~w1

w1 €H,[|w |21

V[

< sup /Vzb VAV

WeHg,||¥|| ;1 <C

<o [eao

PEHG ||| 1=1

<C sup /qb-\l/.

TeHG, ¥ 1=1

Hence we deduce a way to estimate L? norm of a function V € H via H~! norm
of curl(V'). This strategy is referred to as the “duality argument”.

We notice that the velocity u in Theorem 2.4 lies in H and curl(u) is exactly
the vorticity w. Hence this duality argument enables us to estimate velocity using
vorticity.

Finally we briefly introduce the remaining part of proof of Theorem 2.4. The
third conclusion, which indicates vorticity mixing, is a corollary of the first two
conclusions. So we focus on the estimate of velocity.

We go back to the representation formula (4.24) of the stream function. The
most straightforward approach is to derive the O(t~2) estimate of 1/} Then we
can derive the O(t~!) estimate of velocity. The general approach to obtaining
convergence rate is to apply integration by parts using d(e~**!) = —ikce~"*<tdt.
However, ® in (4.24) does not have the regularity needed. So instead of the stream
function, we estimate vorticity first and then obtain velocity estimates using the
duality argument.
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Fortunately, ¢ appears in the expression of @ by (2.7). Further we have
VWGt o, y) = dola, y) — il (y) /t VWY (7, o, y)dr
0
Thus the properties of 1& can be used to estimate @.
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