PARTIAL REGULARITY THEORY OF THE NAVIER STOKES
EQUATIONS

MICHAEL LEE

ABSTRACT. This expository paper concerns the partial regularity theory of
the Navier-Stokes equations in dimension three. In 1982, Caffarelli, Kohn,
and Nirenberg showed that the singular set of a suitable weak solution has
Hausdorff dimension at most one. In this paper, we present an alternative
proof of partial regularity by Vasseur in [Vas07] inspired by the De Giorgi
method for the regularity of elliptic equations. Partial regularity implies a local
epsilon result for the exponent p = 2. Finally, we mention an improvement by
Gustafson, Kang, and Tsai in [GKT07] to reduce the exponent from 2 to g
with further interpolation of the cubic velocity term.
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1. INTRODUCTION
The Navier-Stokes equations (NSE) in dimension d = 3 are given by
(1) Ou+diviu@u)+ VP —Au=0, te€(0,00),2 € Q,
(2) divu =0,
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where Q is a regular subset of R?. Here, u : R® — R3 represents the velocity while
P : R?® — R represents the pressure. They present a form of conservation momen-
tum for a fluid, where the material time derivative of the velocity is equal to the
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2 MICHAEL LEE

sum of the effects of the pressure gradient and viscosity (with coefficients normal-
ized to one).

The initial boundary value problem is endowed with the conditions
u(0,-) = u® € L*(),
u(t,z) =0, te€(0,00),z€ .

We also rely on the notion of “suitable weak solutions” which verify the gener-
alized energy inequality in the sense of distribution

[T U A 2 _ pluP
5 + div(u 3 ) +div(uP) + |Vul|* — A 3 <0, te(0,00),z €
In 1982, Caffarelli, Kohn and Nirenberg published the stunning result [CKN&2]
that such suitable weak solutions exist, and that the Hausdorff dimension of the

singular set is bounded above by one. The main goal of this expository paper,
mainly based on [Vas07], is to provide a proof of this partial regularity result.

3) o

The first part of the proof states that control of ||uHLthL2 , ||u||L$H1, and ||P||L$+L1
yields boundedness and regularity on a smaller set. /

Theorem 1.1. Let p > 1. There exists a universal constant C* such that any
solution w of (1), (2), (3) in [—1,1] x B(1) which satisfies
(4)

1 1 p 72/p
sup </ |u|? dz>—|—/ / |Vu|? de dt+ [/ (/ |P|dx> dt} <cr
te[-1,1] \JB(1) —1/B) 1 \JB@)

must be bounded by 1 on [—%,1] x B(1/2). In particular, u is regular in this region.

In Section 3, we present a sketch of the proof of Theorem 1.1 that relies on a
technique devised by De Giorgi’s solution to resolve Hilbert’s 19th problem. The De
Giorgi method involves a superlinear iteration with increasing cutoffs over shrinking
domains that approximate the smaller set. Precisely, we make use of the following
recursive inequality

Lemma 1.2. Suppose there exists a constant C' such that the sequence Uy, satisfies
Up < C*US_,
where § > 1. Then Uy, — 0.
Subsequently, Theorem 1.1 leads to a local epsilon-regularity result depending on
the scaled L? norm of Vu. The proof relies instead on a linear iteration in Section 4
on the rescaled solutions of the NSE, which do not need to be small initially. The

key insight lies in how the ||u||;2;: norm dominates the ||u| ;o2 and ||[P| /2
. t Tx t x t
norms at progressively smaller scales.

Theorem 1.3. Let u be a suitable weak solution. For every p > 2, there exists a
universal constant €, > 0, such that if near (to, zo) € (0,00) x Q the following holds

. 1
(5) lim sup —— / [VulP dz dt < gp,
Qr(to,zo)

r—0 T

then (to, xg) is a regular point.
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Remark 1.4. A smaller choice of p represents a weaker assumption and stronger
result, because we work on a bounded domain of finite measure.

A standard covering argument allows us to then show that Hausdorff dimension
of the singular set is smaller than one.

We finish the paper by showing that Theorem 1.3 holds for p > g in Section 6.
This stronger result is possible with the help of another iteration that incorporates
el and [P

2. SETUP FOR DE GIORGI ITERATION

We discuss the preliminaries required to apply the De Giorgi method in order to
prove Theorem 1.1.

Definition 2.1. We take the following sets that dyadically approach B 1

B = B%(1+273k),
ﬂkfé = B%(1+2,2—3k)7
/Bk—% = B%(1+4,273k)7
as well as cylinders of the form
1 _
Tk = 5(—1 -2 k), Fk = [Tk, 1] X Bk-

We always have
[*%,1] XB% C--CTgpCclyC---C[-1,1] x By.
Definition 2.2. We introduce the function
v = [Jul = (1 =27")]

The quantities v? act as level sets of energy since they vanish for |u| < 1 —27% and
have order |u|? for |u| > 1 —27F.

Definition 2.3. We define the following quantities:

1 =271 0> (1_0-k
di — ( ) {lul>(1-2 k)}|V|UH2+ U—k|Vu\2,
|ul |ul
Uy := sup (/ |vk(t,x)|2dx) +/ |di(t, 2)[* d dt.
te[Ty,1] Bk Ty

The quantity dj. is approximately equal to |V]u|| when |u| ~ 1 — 27% and |Vu|
when |u| > 1 —27%. We also verify that Uy corresponds to the first two terms on
the left hand side of (4).

We finish this subsection with a link between dj and the gradient of vy.

Lemma 2.4. There exists a constant C such that for every k, and every F €
L¥L2(Ty) and VF € Lix(Fk),

2 3
121,30 < COFNgerzqen + VI ey IVFI s qryy)
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Proof. Sobolev embedding gives
IF 2o,y < CUF N2 T IVFILz r,))-

Then we derive

2 3
”FHL,%;(F,C) < ||F||Z§°L§(Fk) ”FHZ%LE(F;C)

< CUIPe ) + 1FN s oy IVF U2 ey )-
from Holder’s inequality. (]
We introduce cutoff functions ¢, € C*°(R3) which verify
¢r(z) =1in B2 and ¢x(z) =0 in B,
with |V | < C23% and |V2¢| < €26k,

Lemma 2.5. We can split the function u into

uzuvk—ku(l— Uk), where u(l— Uk)‘ <1-—27k,
|ul |ul |ul

Moreover, the following gradients are bounded with respect to dj

v uv
ﬁwu\,1{‘u|21_2_k}\vm|\, V| < di and ’vluf < 3dy,.

1
Corollary 2.6. We have ||vk_1||L%(Fk71) <CUZ ;.

Proof. By Lemma 2.4, we have
2 3
||’Uk—1HL%(Fk) < C( ||Uk—1||L§°Lg(Fk) + ||Uk—1||ztooLg(pk) ||vvk—1||2?)z(rk) )

2 3
< C( ||Uk—1||L§°Lg(rk) + ||’Uk—1||ztooLg(pk) ||dk‘|z%’x(1"k) )

O

2.1. Pressure decomposition. The pressure is handled with a decomposition of
the following form. Taking the divergence of the Navier—Stokes equation yields

divdiviu ® u) + AP = 0.
As u is divergence-free, we can subtract @ from it for
divdiv((u — ) ® (u —u)) + AP = 0.

For a cutoff 7, we define the local pressure by computing the Newtonian potential
of the localized advection divergence

(6) P¢ = (=A)"tdivdiv (n(u — @) ® (v — @),

and the non-local pressure P?" = P — Pl°¢ This notation reflects how P"" ig
harmonic in the set {n = 1}:

AP = divdiv((1 —n)(u — @) ® (u — @)).
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Proposition 2.7. Let (u, P) be a solution to the NSE in I'y_1. Then Plg_, can
-3
be decomposed into two parts
P| _ loc| + Phar|
Be_2 — 1k 1B,_2 k 1B,_2>
3 3 3
where

va]?ar + HP’?ar

HLfLZO([Tk—l:l]Xkaé) ||LfL;°([Tk,1,1]><ﬂk7%)

12k 2
< 2 (IPllpaye, o+ Il szin, s )
Moreover, Pl°¢ is the solution on [T—1,1] x R3 to

—AP;OC = Zazaj [(;Skujul]

ij

3. PARTIAL REGULARITY

We highlight the main decompositions for the proof of partial regularity and
omit certain estimates. The details of the proof can be found in [Vas07].

Proposition 3.1. Let p > 1. There exist universal constants Cy,d, > 1 such that
for any solution to the NSE in [1,1] X By, the condition Uy < 1 implies

61’
U < Cp(L+ 1Pl o 11 (10,17 Bo) U™ 1

We claim that Proposition 3.1 implies Theorem 1.1 with the help of Lemma 1.2.
For sufficiently small Up, we see that Uy — 0 as k — oo. Then (u—1)4 =0 on B}
implies v < 1 on B%.

Proof. Adding the relation

2 2 2 _ 2
ol g (WY (2 ) wp o (2 1) Au=o

to the generalized energy inequality (3) yields
2 2 2
Ok 4 div (uik ) +d2 — A% 4 div(uP) +u = —1) VP <0.
2 2 2 Ju]
Let nr € C*°(R3) be cutoff functions such that
() = 1in By and 7 (x) = 0in Sy,

with [Vng| < C2%F and |V2n,| < C2°F. Then

2
/ nkwdx—i— // nrdi (s, r)dxds
RS 2 [o,¢] xRS

2 2
g/ el O dx+// N .1 G0
R? 2 [0, {] xRS 2

2
+ // Ankw dzds — // Mk (div(uP) + (Uk - 1) uVP) dz ds.
[o,t] xR3 2 [o,] X R3 |ul
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By integrating in ¢ between Tj_; and T}, we obtain

Uy, <2tes[1T1£ </77k( )Md —|—/Tk/nk x)di (s, x)dxds)
(7) < 02%// ok (s, ) |2 dxds+C23k// log (s, )| da ds
(8) +2/T“ / oz )(dlv(uP) (| _ 1)uVP> dz

Since, v; > 0 implies vp_; > 27%, we can apply Tchebychev’s inequality and
Corollary 2.6 such that for all k,q > 1,

dt.

5
(9) Hl{vk>0}HLf,$(Fk,1) < C2%Uk331,

(10) }’1{’[)1@>0}’|L?0L‘1(Fk D < c2% Uq

We can now control the velocity terms (7) with

26k ||UI%HL%(F;C,1) ||1{vk>0}||L%(1"k,1) +2 3k ||UkHL 9 (Tp_1) ||1{Uk>0}||L10(Fk_1)
< OB, 2% US|+ 02RUE 2507

5
< 026k+% ng—l

dt

Meanwhile, the pressure terms (8) are bounded by
/ el phar 4
B

(1) /T N
(12) +/T: /6 k(div(uPloc)—i- (| | )uVP,LOC> dz

Step 4: Bound of the non-local pressure term (11) involving P*". We
interpolate vy, VP]?M, and 1y, >0;. We can bound ||VP]?“”|| with Proposition 2.7
and use Corollary 2.6 on H]‘{'Uk:>0}H'

We then consider different values of p separately.

dt.

1
k-3

e For large values of p > 2 with p’ < 2, we control (11) by

C||kaL°°L2(1"k 1) HV harHLngO([Tk,l,l]ka7%) H]‘{vk>0}||Lf’I(Fk,1)

< CUE, |vPk| 2% U}
= OV VBT e s a1x, ) 27 Vi

4
<2V VP g,y Ui
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e For p < 2, we get instead the weaker bound of

2p

Cllonll ez 1V PE | pp s [T esob

w 9
@m

1
< 00k (1Plgay + Wl ) 2% 0T,
: 5_2
< o8 (||p||ml ST )Ulfﬁp-

Thus, for any p > 1 and Uy < 1, there exists a;, > 0 and 6, > 1 such that (11) is
bounded by

a g a é.
(13)  C2oU (1Pl + fuld ) < C250 U (1P 1y + 1.

Step 5: Bound of the local pressure term (12) involving Pj°°.
We split the term involving Pi°¢ into three PS¢ + PjS¢ + P,i%‘:, defined by

_A@?=§:&@{%%<1_Z>u(l_ﬁo}
ij
—~APl = Zaiaj{2¢kuj (1 - m>“’m}
For all 1 < g < oo, the Riesz Theorem gives ||Plﬁc||L“(Fk—1) < Gy We also have

(14)  div(uPly) + <|| >v div( leoo) Plee div <1|L>

For arbitrary g < q < 00, we check that

/T1 /nk(x){dlv(uPloc) (Ivkl )v loc}dx

< 2%C o]l 10 1PN o 1L guiz1-2-4 |

dt

L7q 10

+ Co [P o Nlill 2 [ Lgruza—2-5y || 2a,

5(g—1) 49-5

< C2" (U Y +U).

We now turn to the terms involving Pj$¢ and Pé%c. We apply the Riesz Theorem
and Corollary 2.6 again for

VEU; 1
Pjse <C § <C 10 <CUZ
H k2 HLl uj |u‘ Lo |u| L0 = ||UkHL130 = k—1°
loc UV VEU; 2
It <o ] [ =€ ettn < 0t
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With a further decomposition of the pressure gradients, we can now bound (12)

by
1
...

1
< / / Vil [ull PIS + PI3e] + mi((VPI| + |V PIge)) dar dt

/ nk(:c){div( (PSS 4+ Pi5°)) + (F;' >V(P1°C PIOC)}d ’dt

< 0% / / (14 vx) (| PI| + | PSS (Y P| + [V PI9e ) da dit
Ti—1 Y8, _

<023k(;,1{ul>1 el 1P e
3

1250505, )
3
< CPVUS |+ 020U}

so we have desired inequality for all of the terms.

+ Hl{‘u|2172—’“}HL2 (Br—1)
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4. LOCAL EPSILON-REGULARITY CRITERION

For r > 0, let B, represent a ball in R? of radius r centered at the origin, and
denote Q, = (—r%,7r%) x B,.

Definition 4.1. We define the rescaled solutions (u,, P.) by
up(t, ) = ru(r?t, rz), P.(t,z) = r*P(r’t,rx).

If (u, P) is a solution to the Navier-Stokes equation in @,, then (u,,P.) is a
solution to the Navier—Stokes equation in .

We fix a smooth radial cutoff function n € C°(By) satisfying 0 <n <1,n=1in
B, and fBl ndx = 1. Take n(x) = n(5). We define the weighted average velocity
and pressure by

ﬁ(t):/B u(t, x)n(x) de, P(t):/B P(t,x)n(x) da.

@, and P, denotes the weighted average of u, and P,. For instance, u, means first
rescale, then average:

ﬂr(t):/B up(t, z)n(x) dx:/B ru(r?t, ro)n(z) da.

We will also use the heat kernel

1 =2
tx)= —— ¢ a@xD,
D)= o
This function 1, solves the backwards heat equation in (—oco,2A?) x R3
Ophr + Ay =0, Ua (202, 2) = 6o (x)
where dg is the Dirac delta at the origin. Check that 1, has the following properties:
(15) [Ua(—1,2)[ <1 for z € R?,
1
(16) [Ya(t, )| > o for x € By, —A\? <t < \?,
(17) |¢/\|+|V¢>\‘<C for z € R\ By, 1<t <\,
C
(18) [a| < )\37|V¢)\\ S for z € By, —1 <t < )\

Proposition 4.2. Forp € (1, 4), there exists A € (0,1) and Cx > 1, such that any
suitable weak solution (u, P) in Q1 verifies

2

1 -
19 2 - HP _p ‘
(19) [Juxllzs r2@n) T s | T P12

1 1 ) 1 i )
(20) <1 (1 + 30 190 o + 35 IV0lE; 0y ) Tl sz

C 2 c v
(21) + 52 IVullzs @ + 31 IVlE; )

8>\8 H ‘ LPL2(Q4)

Proof. To control the velocity, we use the backwards heat kernel v, in the local
energy inequality.
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4.1. Control of velocity. We multiply (3) by n(z)y\(t, z) and integrate on [—1, s] x
R3 for some s € [—1, \?] to find

uls,xr 2 »?
@ [ e w)n(x)l(T)' drs [ [ r(s o) Tuts, ) dr i
-1 R3
(23) < [ ot 5w
ul? al?

o SN Tt oY

A2 2
(25) +[1 /Rs(wmmvn.vw)w de|dt

)\2
(26) +[1 /]Rs V(mby) - u(P — P)dx|dt,

where we use the fact that divu = 0 and @, P are independent of .
For —\2 < s < A2, we have

lu(s,z)|? 1 / u(s, z)[? 1 s
ST e > = ViR
” Ua(s, )n(x) B) dr 2 CX3 g, 2 dz C\? Hu,\ (/\27 )‘

Next, we bound the four terms (23)-(26) on the right hand side. (23) can be
controlled using bound (15):

2

L2(B1)

lu(—1,z)|? 12
. oA=L a)n(e) ————do < S llullperz(qy) -

For (24), we apply Sobolev embedding and Hélder’s inequality for
JuP _ P vl

2 2

<CH

itk
<C ||u||L2L6(Q1) HVU”L Q1)

< C(HUHLgoLg(Ql) + ||VU||L§¢(Q1)) HVUHng(Ql)

L{L2(Qu)

so we have

A2
/.

V(i) u<“|2 - |“|2> dx' dt

RS 2 2
< g | ) @ _ @
> LSL2
24 cLz@) || 9 2 LiL2(Qy)

C 2 2
<% (||u||L°°L2(Q1) 1Vullz2 ) + Ill ez 00 V012, o)

C
< M ||“HL<>OL2(Q1 ||VU||L2 e RbY: \ 71+ ||u||L°°L2(Q1)) ||VU||L2 (@)
using the identity that z < 1 + x2.

For (25), we obtain with (17)

AZ
/[ (IVl1V0s] + ) L2

dzdt < Cllull} <12 q,) -
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The last term (26) is bounded by

)\2
- C p
/_1 | V) -u(P — P)dz|d < 3 1l 20 ‘P_P’L%Lz@l)
C ~ 112
<OW%%B@ﬂ+ﬁHP7ﬂMH@J

When combining the above estimates for (23)-(26), we always take the smallest
power of \. We conclude the bounds for the energy dissipation of uy by the right-
hand side of (28):

2 2
sz < O (14 37 1901 ) Il 1200

C
+ =

~ C )
6 HP - P) + 32 IVallz: @

LiL3(Q1)

4.2. Control of pressure variation. We use the pressure decomposition intro-
duced in (6). For the local pressure term P'°°, recall that 7 is supported in Bj.
We apply the Riesz Theorem for the singular integral operator (—A)~! divdiv and
conclude

HPIOCHLng(Ql) < ||77(u — fb) (9 (u — fL)HLfL%(Ql)

2p

<0H| ke
=~ u—1u P 2p
LPL: 7P (Q1)

2 ’\U*ﬂI%
LELE(Qu)

2
<Cllu—1ul|;o u— u||”
o= lzig =l o

2-2 2
<C HU”LgopLi(Ql) Hvuuz?,m(Ql) ’

by the Sobolev inequality for p < %.
As for the non-local term P" the Poincaré inequality in By asserts

/B | Phar(z) — (P]“‘M)BA (z)]?dz < C’)\z/ |V Phar |2 dg.

By

Next, since PP@" is harmonic in B 1 VPhar is also harmonic, so we can use the
mean-value property to conclude

2
/ |VPhar(as)|2dx:/ / VP (z 4+ y)dy| dz
By 5, | 1Byl
g/ L v gy Payde
By |Btl /b,

|V PP ()2 dz dx
SN/

< (8)\)3/ |V PP (2)[% d.
B

3
8
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Finally, since PP is harmonic in B%, by Caccioppoli inequality we have

| wpmepa<c [ e P,
B3 B,
8 2

By concatenating the above three inequalities, we establish a A® decay rate for
Phar:

har har 2 5 har phar 2
||P - (P )B>\||L5L3(Q)\) <CA HP -P LPL2(Q1)
_2 . 2
Sc/\E') (HP_P) —|—HPIOC—PIOC )
LYL2(Q1) LYLZ(Q1)
Together with the estimate on P'°° we conclude
_ 112 2
P—(P)g|> <C)\5HP7P‘ chlouploc
|| ( )B>\|‘LtpLi(Q,\) - LfLi(Ql) + LfLi(Ql)
<ov|p-p o) v
- LPL2(Q1) LyL2(Q1) L7 . (Q1)
2 4
5 D 2 »
<oX PP, o+ OOl @) 90l (g,

since p < % guarantees 2 — % < % <1 with 227 % <1 + .
The pressure variation scales in the following way

5 9 1 2 g %
HPX — P,\‘ = / / dz dt
LfLi(Ql) —1 By
1 2 5
=\ / / de | dt
-1 By
2
=\ / (/ |P(s,2) — (P)g, (s)] dz) ds
—\2 B

_4 2
=X P = (P)a,1rr2(ay)

Py(t, z) —/B Px(t, y)n(y) dy

SN

P(\%t, \x) — /B P(\%t, \y)n(y) dy

<o |p- B CA (1 2 Vull?
AR ’LfLi(QﬂJr Pl 2 00) 1VUlZz @)
thus

1 ~ 112

—|p —P’

A® H Mz

g—2 (1 ~ 1|2 c 2 2
< ONF (AS ‘P—P‘ Lf@(@)) + (Ul 1200) 1942 g
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Together with the control of the velocity terms, we have shown that
2

N ~|lp fP’
”UAHLt L2(Qu) T PR A P12

1 1 4
2 2 P 2
<CA (1 ta IVullz2r2q,) + INE] ||VU|L§@(Q1)) lullzeer2 (1)

2

¢ 5 c 2 C 4
+ 27| e R L

LYLZ(Q1)
where we pick the worst i.e. smallest exponents of A.
The proof is completed by choosing A small such that CA2 < %. O

Corollary 4.3. There exists a universal constant o > 0, such that if near (tg, xg) €
(0,00) x Q the following holds

1

(27) lim sup — / |Vul|? dz dt < e,
r—=0 T JQ.(to,z0)

then (to, xq) is a reqular point.

Proof. We have fixed A in the proof of Proposition 4.2. Define

2

pp— 2 1 D
Ur) = el o 12000 + 35 | Pr = Pr oy’
By our assumption, for all sufficiently small r, we control ||Vu, |- (@y) such that

4
(14 56 1912, o + i 190y o) <2
Without loss of generality, we take u such that
C*
5
Then by applying Proposition 4.2 to w,., we can find some A € (0, i) and obtain
the recursive relation

C 2 C 4
3z IVulzz @ + 51 Vullzeq) <

—_

C*

Ur) < =U(r) + T

Therefore, we get

C’*
limsup U(\Fr) < —,
k—4o00 2
so there exists some 7y such that U(rg) < C*. But we can now apply Theorem 1.1
t0 Upy. ]
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5. HAUSDORFF DIMENSION OF SINGULAR SET

Definition 5.1 (Hausdorff measure). Recall that for a Borel set F, the 1-dimensional
Hausdorff measure of F is given by

HY(E) = lim HS (E),
5—0
where

H(E) = inf {Z(diaka)a Ec | JF, diamFg < 5} .
k k=1

Lemma 5.2 (Vitali Covering). Let F' be an arbitrary collection of balls B such that
supdiam(B) < co. Then there exists a countable subcollection G C F' such that the

balls are pairwise disjoint and
U Bc sc

BeF ceG

Proposition 5.3. Let u be a suitable weak solution of the NSE and Sing(u) be its
set of singular points. Then Corollary 4.3 implies H'(Sing(u)) = 0.

Proof. Let arbitrarily small § > 0 be given. For any (¢,2) € Sing(u), we have
1
limsupf/ |Vul? dzdt > €.
r—=0 T JQ,.(t,z)
So we can pick 0 < 5r < § such that

1
f/ |Vul|? do dt > 6—27
" JQrt,2) 2

where {Q.(t,x)} is a cover of Sing(u).

By Lemma 5.2, we can pick a countable subcover at the cost of expanding the
cylinders by a factor of five. Then

H;(Sing(u)) < Z5n

< — |Vu|® dz dt.
€2 ; r; (L)

But suitable weak solutions satisfy

/ |Vu|?dz dt < oo,
(0,00) xRR3
M5 (Sing(u)) < C Y |Qp, (ti, )]

§CZT?§54Zri—>O

by our choice of 4. O

SO
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6. REDUCTION IN EXPONENT TO g

This iteration is similar to that in Section 4, but we include the norms ||ul| ;s
and ||P||L% as well.

Proposition 6.1. There exists A € (0, i) and Cy > 1, such that any suitable weak
solution (u, P) in Q1 verifies

3
I3 + 190 g + 5 (ol + 183125 )

(28) < 4(|u||L°°L2(Q1)+ (|“||L3 (@) +“PH2 2@ )>>

+ (Il 200+ IVul2z 00) IVl 5 g

Proof. We will first control the kinetic energy and energy dissipation terms using
the local energy inequality, then split the cubic term into the average and oscillation.

6.1. Control of the quadratic velocity terms. We recall (22) - (26).

We first show that the left-hand side (22) controls the energy of uy thanks to
(16). For —\? < s < A%, we have

u(s, z)|? 1 u 2

5
C)\2 H ( )L2(Bl)’

22 1
/ Ua(s, z)n(z)|Vu(s, z)|* de dt > —3/ / |Vu(s,z)|* de dt
—1 Jrs CXN J_x2 [,

2

1 2
Taking the supremum for s € [-\2, \?] yields

2 2
||UAHL;>CL§(Q1) + ||VU>\||L2(Q1

< C\? < Ua(s, 2)n(z) ———

R3

|u(s x)

d +/ - Uals, 2)n(x)|Vu(s, z)|? dzdt>.

Next, we bound the four terms (23)-(26) on the right hand side. (23) can be
controlled using bound (15):

lu(—1,z)|? 12
L) = de < gl g,) -

For (24), we apply (18) for

\? 2 2
lul®  a
/ vmwo-u( S L

dt

R3

<ol / allo — -+ a1l dz e < -l
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For (25), we obtain with (17)

)\2
[ [ a5alvenl +oslaah B arat < 0l i,
The last term (26) is bounded by

A2
/1

dt <

[ V) u(p — Pyas

o Wl 1P

C
< i (1l + 1712 ).

When combining the above estimates for (23)-(26), we always take the smallest
power of A. We conclude the bounds for the kinetic energy and energy dissipation
of uy by the right-hand side of (28):

2 2
luallzee 200y + IVUrllZ2(gy)

2 2 1 3 3
< O( N Nl 1200 + 57 (lillEson + I1PIFsqy) )-

6.2. Control of the cubic velocity term. Here, we apply an argument from
[GKT07, Lemmas 3.2, 3.3].

Lemma 6.2. Suppose A € (0, 3). Then

)\2
3 2 2
[ wazar< e (3l + (1l sz +1900x@0) 19005 )
- A

Proof. We split |u| < |a] 4+ |u — @] . We consider the scaling of the average

/BA |a()|?dz < /BA (le 5 |u(~,a:')|d:c’>3d:£ <CN (/Bl |u(~,x)|dx>3,

so we integrate in time to get

/\2
/ / jaf® dadt < CN*|ull 15, -
—1 B,\

For the velocity oscillation, we can interpolate for

3 8 4
lu=allzy, < llu=@llEe g llu =l v —all 5 5

6 4
< oy IVl IVl 5

t,x

whichis bounded above by C (||uHi?oL2 + Hquig ) |Vl R O
> T t
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We apply Lemma 6.2 to get

1
HW‘”iB(Ql) :/ / |)\u()\2t,)\ac)|3dxdt

)\2
< )\2/ / (|a]* + |u—al*) dzdt
< 55 (¥ Wb + (1uless + 1901 ) 19 )

C
< OMlulzsin + 3z (lelzse + 1Vulz; ) IVl g
6.3. Control of the pressure term. For the local pressure term P'°°, recall that
7 is supported in B;. We apply the Riesz Theorem for the singular integral operator
(—A)~!divdiv and conclude
loc ~ ~
1P94] 4 g < Il = 0) @ (u =)
12
< Cllu—1alzsq

L% (Qu)

As for the non-local term P we apply the mean value property of harmonic
functions for

(S]]

1
[opatae= [ o [P
BA B>\ ‘Bél B%

/ 1

S R
B |Bl| B1
|Pher(z fdzdz

il ],

< (8)\)3/3 [P (2)]2 dz.

Phar(x + y)|% dy dz

Then we apply the triangle inequality at the larger scale for

3 % loc
Lty =P (lP”L%( an TP ” S@ ))

Together with the estimate on P'°° we conclude

3 3
[1P[% 5 SC)\?’HPH?; +CHP10CH
L2(@x) L3(@Q1)

3
(L[

< C/\S || harH
L3(Qy)

LQ(Ql)
3 ~
<ORIPIYy  +Clu=ils,

3 2 9
< OXRNPIy o+ C (Il s + 19l ) IVl 5 -

The pressure term scales in the following way

P 2 — 2
1Py o = 3 1P
c 2 2
< OMPILy o+ 57 (e s + 190l ) 190l 5
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Together with the control of the velocity terms, we have shown that

2 2 1 3 3
(29) luallzee 200y + 1VUAllL2(q,) + 2 lullzeg,) + ||PA||2%(Q1)

2 1 3 2
< O Wil saian + 55 (Iollsian + 1715
C 2 2
+ 51 (220 + IV0lZ; @) 19l 5 -
The proof is completed by choosing A small such that CA < %. O

Corollary 6.3. For every o > 0, there exists €3 > 0, such that if

lim sup ||Vu,|| <e€s,
r—0 3

L3(Qu)
then

limsup ||VUTHL2(Q1) < &9.
r—0

Proof. Define
U(r) = |lur|} + (| Vurll? SRES e 17 + 1P 2
R e g Z ()Y Urllzz@y ™ 3z \1rllzs@n Tl g oy )
Then by applying Proposition 6.1 to u,, we can find some A € (0, i) and obtain
the recursive relation

1
UOw) < U +Cx (2 + IVl ) 1900l

We drop the dependence of C' in A because A has been fixed.
By our assumption, there exists ry > 0 such that for all » < ry we have

IVurll g o)) < €5

5
3
t,x

where the value of ¢ 5 will be determined later. Therefore, for all » < rg we have

1 1
U(\r) < ZU(T) +CU(r)es < §U(r)
provided e 5 is sufficiently small. Thus we conclude that

lim sup \|Vu7«||2Lz(Q1) <limsupU(r) = 0.
r—0 r—0
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