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Abstract. This expository paper concerns the partial regularity theory of

the Navier-Stokes equations in dimension three. In 1982, Caffarelli, Kohn,
and Nirenberg showed that the singular set of a suitable weak solution has

Hausdorff dimension at most one. In this paper, we present an alternative

proof of partial regularity by Vasseur in [Vas07] inspired by the De Giorgi
method for the regularity of elliptic equations. Partial regularity implies a local

epsilon result for the exponent p = 2. Finally, we mention an improvement by

Gustafson, Kang, and Tsai in [GKT07] to reduce the exponent from 2 to 5
3

with further interpolation of the cubic velocity term.
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1. Introduction

The Navier-Stokes equations (NSE) in dimension d = 3 are given by

∂tu+ div(u⊗ u) +∇P −∆u = 0, t ∈ (0,∞), x ∈ Ω,(1)

div u = 0,(2)

where Ω is a regular subset of R3. Here, u : R3 → R3 represents the velocity while
P : R3 → R represents the pressure. They present a form of conservation momen-
tum for a fluid, where the material time derivative of the velocity is equal to the

Date: October 2024 (revised September 2026).

1



2 MICHAEL LEE

sum of the effects of the pressure gradient and viscosity (with coefficients normal-
ized to one).

The initial boundary value problem is endowed with the conditions

u(0, ·) = u0 ∈ L2(Ω),

u(t, x) = 0, t ∈ (0,∞), x ∈ Ω.

We also rely on the notion of “suitable weak solutions” which verify the gener-
alized energy inequality in the sense of distribution

(3) ∂t
|u|2

2
+ div(u

|u|2

2
) + div(uP ) + |∇u|2 −∆

|u|2

2
≤ 0, t ∈ (0,∞), x ∈ Ω.

In 1982, Caffarelli, Kohn and Nirenberg published the stunning result [CKN82]
that such suitable weak solutions exist, and that the Hausdorff dimension of the
singular set is bounded above by one. The main goal of this expository paper,
mainly based on [Vas07], is to provide a proof of this partial regularity result.

The first part of the proof states that control of ∥u∥L∞
t L2

x
, ∥u∥L2

tH
1
x
, and ∥P∥L1+

t L1
x

yields boundedness and regularity on a smaller set.

Theorem 1.1. Let p > 1. There exists a universal constant C∗ such that any
solution u of (1), (2), (3) in [−1, 1]×B(1) which satisfies
(4)

sup
t∈[−1,1]

(ˆ
B(1)

|u|2 dx
)
+

ˆ 1

−1

ˆ
B(1)

|∇u|2 dx dt+
[ˆ 1

−1

(ˆ
B(1)

|P |dx
)p

dt

]2/p
≤ C∗

must be bounded by 1 on [− 1
2 , 1]×B(1/2). In particular, u is regular in this region.

In Section 3, we present a sketch of the proof of Theorem 1.1 that relies on a
technique devised by De Giorgi’s solution to resolve Hilbert’s 19th problem. The De
Giorgi method involves a superlinear iteration with increasing cutoffs over shrinking
domains that approximate the smaller set. Precisely, we make use of the following
recursive inequality

Lemma 1.2. Suppose there exists a constant C such that the sequence Uk satisfies

Uk ≤ CkUδ
k−1,

where δ > 1. Then Uk → 0.

Subsequently, Theorem 1.1 leads to a local epsilon-regularity result depending on
the scaled L2 norm of ∇u. The proof relies instead on a linear iteration in Section 4
on the rescaled solutions of the NSE, which do not need to be small initially. The
key insight lies in how the ∥u∥L2

tH
1
x
norm dominates the ∥u∥L∞

t L2
x
and ∥P∥Lp

tL
1
x

norms at progressively smaller scales.

Theorem 1.3. Let u be a suitable weak solution. For every p ≥ 2, there exists a
universal constant εp > 0, such that if near (t0, x0) ∈ (0,∞)×Ω the following holds

lim sup
r→0

1

r5−2p

ˆ
Qr(t0,x0)

|∇u|p dxdt < εp,(5)

then (t0, x0) is a regular point.
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Remark 1.4. A smaller choice of p represents a weaker assumption and stronger
result, because we work on a bounded domain of finite measure.

A standard covering argument allows us to then show that Hausdorff dimension
of the singular set is smaller than one.

We finish the paper by showing that Theorem 1.3 holds for p ≥ 5
3 in Section 6.

This stronger result is possible with the help of another iteration that incorporates
∥u∥3 and ∥P∥ 3

2
.

2. Setup for De Giorgi iteration

We discuss the preliminaries required to apply the De Giorgi method in order to
prove Theorem 1.1.

Definition 2.1. We take the following sets that dyadically approach B 1
2

βk := B 1
2 (1+2−3k),

βk− 1
3
:= B 1

2 (1+2·2−3k),

βk− 2
3
:= B 1

2 (1+4·2−3k),

as well as cylinders of the form

Tk :=
1

2
(−1− 2−k), Γk := [Tk, 1]× βk.

We always have

[−1

2
, 1]×B 1

2
⊂ · · · ⊂ Γk+1 ⊂ Γk ⊂ · · · ⊂ [−1, 1]×B1.

Definition 2.2. We introduce the function

vk := [|u| − (1− 2−k)]+.

The quantities v2k act as level sets of energy since they vanish for |u| < 1− 2−k and
have order |u|2 for |u| ≫ 1− 2−k.

Definition 2.3. We define the following quantities:

d2k :=
(1− 2−k)1{|u|≥(1−2−k)}

|u|
|∇|u||2 + vk

|u|
|∇u|2,

Uk := sup
t∈[Tk,1]

(ˆ
βk

|vk(t, x)|2 dx
)
+

ˆ
Γk

|dk(t, x)|2 dxdt.

The quantity dk is approximately equal to |∇|u|| when |u| ≃ 1 − 2−k, and |∇u|
when |u| ≫ 1 − 2−k. We also verify that U0 corresponds to the first two terms on
the left hand side of (4).

We finish this subsection with a link between dk and the gradient of vk.

Lemma 2.4. There exists a constant C such that for every k, and every F ∈
L∞
t L

2
x(Γk) and ∇F ∈ L2

t,x(Γk),

∥F∥
L

10
3

t,x(Γk)
≤ C

(
∥F∥L∞

t L2
x(Γk)

+ ∥F∥
2
5

L∞
t L2

t (Γk)
∥∇F∥

3
5

L2
t,x(Γk)

)
.
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Proof. Sobolev embedding gives

∥F∥L2
tL

6
x(Γk)

≤ C
(
∥F∥L∞

t L2
x(Γk)

+ ∥∇F∥L2
t,x(Γk)

)
.

Then we derive

∥F∥
L

10
3

t,x(Γk)
≤ ∥F∥

2
5

L∞
t L2

x(Γk)
∥F∥

3
5

L2
tL

6
x(Γk)

≤ C
(
∥F∥L∞

t L2
x(Γk)

+ ∥F∥
2
5

L∞
t Lx(Γk)

∥∇F∥
3
5

L2
t,x(Γk)

)
.

from Hölder’s inequality. □

We introduce cutoff functions ϕk ∈ C∞(R3) which verify

ϕk(x) = 1 in βk− 2
3
and ϕk(x) = 0 in βc

k−1

with |∇ϕk| ≤ C23k and |∇2ϕk| ≤ C26k.

Lemma 2.5. We can split the function u into

u = u
vk
|u|

+ u

(
1− vk

|u|

)
, where

∣∣∣∣u(1− vk
|u|

)∣∣∣∣ ≤ 1− 2−k.

Moreover, the following gradients are bounded with respect to dk

vk
|u|

|∇u|,1{|u|≥1−2−k}|∇|u||, |∇vk| ≤ dk and

∣∣∣∣∇uvk
|u|

∣∣∣∣ ≤ 3dk.

Corollary 2.6. We have ∥vk−1∥
L

10
3 (Γk−1)

≤ CU
1
2

k−1.

Proof. By Lemma 2.4, we have

∥vk−1∥
L

10
3 (Γk)

≤ C
(
∥vk−1∥L∞

t L2
x(Γk)

+ ∥vk−1∥
2
5

L∞
t L2

x(Γk)
∥∇vk−1∥

3
5

L2
t,x(Γk)

)
≤ C

(
∥vk−1∥L∞

t L2
x(Γk)

+ ∥vk−1∥
2
5

L∞
t L2

x(Γk)
∥dk∥

3
5

L2
t,x(Γk)

)
.

□

2.1. Pressure decomposition. The pressure is handled with a decomposition of
the following form. Taking the divergence of the Navier–Stokes equation yields

div div(u⊗ u) + ∆P = 0.

As u is divergence-free, we can subtract ũ from it for

div div((u− ũ)⊗ (u− ũ)) + ∆P = 0.

For a cutoff η, we define the local pressure by computing the Newtonian potential
of the localized advection divergence

P loc = (−∆)−1 div div (η(u− ũ)⊗ (u− ũ)) ,(6)

and the non-local pressure P har = P − P loc. This notation reflects how P har is
harmonic in the set {η = 1}:

∆P har = div div((1− η)(u− ũ)⊗ (u− ũ)).
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Proposition 2.7. Let (u, P ) be a solution to the NSE in Γk−1. Then P |β
k− 2

3

can

be decomposed into two parts

P |β
k− 2

3

= P loc
k |β

k− 2
3

+ P har
k |β

k− 2
3

,

where ∥∥∇P har
k

∥∥
Lp

tL
∞
x ([Tk−1,1]×β

k− 1
3
)
+
∥∥P har

k

∥∥
Lp

tL
∞
x ([Tk−1,1]×β

k− 1
3
)

≤ C212k
(
∥P∥Lp

tL
1
x(Γk−1)

+ ∥u∥2L∞
t L2

x(Γk−1)

)
.

Moreover, P loc
k is the solution on [Tk−1, 1]× R3 to

−∆P loc
k =

∑
ij

∂i∂j [ϕkujui].

3. Partial regularity

We highlight the main decompositions for the proof of partial regularity and
omit certain estimates. The details of the proof can be found in [Vas07].

Proposition 3.1. Let p > 1. There exist universal constants Cp, δp > 1 such that
for any solution to the NSE in [1, 1]×B1, the condition U0 ≤ 1 implies

Uk ≤ Ck
p (1 + ∥P∥Lp

tL
1
x([0,1]×B0)

)U
δp
k−1.

We claim that Proposition 3.1 implies Theorem 1.1 with the help of Lemma 1.2.
For sufficiently small U0, we see that Uk → 0 as k → ∞. Then (u− 1)+ = 0 on B 1

2

implies u ≤ 1 on B 1
2
.

Proof. Adding the relation

∂t
v2k − |u|2

2
+ div

(
u
v2k − |u|2

2

)
+ u

(
vk
|u|

− 1

)
∇P − u

(
vk
|u|

− 1

)
∆u = 0

to the generalized energy inequality (3) yields

∂t
v2k
2

+ div

(
u
v2k
2

)
+ d2k −∆

v2k
2

+ div(uP ) + u

(
vk
|u|

− 1

)
∇P ≤ 0.

Let ηk ∈ C∞(R3) be cutoff functions such that

ηk(x) = 1 in βk and ηk(x) = 0 in βc
k− 1

3

with |∇ηk| ≤ C23k and |∇2ηk| ≤ C26k. Then
ˆ
R3

ηk
|vk(t, x)|2

2
dx+

¨
[σ,t]×R3

ηkd
2
k(s, x) dxds

≤
ˆ
R3

ηk
|vk(σ, x)|2

2
dx+

¨
[σ,t]×R3

∇ηku
|vk(s, x)|2

2
dx ds

+

¨
[σ,t]×R3

∆ηk
|vk(s, x)|2

2
dx ds−

¨
[σ,t]×R3

ηk

(
div(uP ) +

(
vk
|u|

− 1

)
u∇P

)
dxds.
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By integrating in σ between Tk−1 and Tk, we obtain

Uk ≤ 2 sup
t∈[Tk,1]

(ˆ
ηk(x)

|vk(t, x)|2

2
dx+

ˆ t

Tk

ˆ
ηk(x)d

2
k(s, x) dxds

)
≤ C26k

¨
Qk−1

|vk(s, x)|2 dx ds+ C23k
¨

Qk−1

|vk(s, x)|3 dxds(7)

+ 2

ˆ 1

Tk−1

∣∣∣∣ˆ ηk(x)

(
div(uP ) +

(
vk
|u|

− 1

)
u∇P

)
dx

∣∣∣∣dt.(8)

Since, vk > 0 implies vk−1 > 2−k, we can apply Tchebychev’s inequality and
Corollary 2.6 such that for all k, q > 1,

∥∥1{vk>0}
∥∥
Lq

t,x(Γk−1)
≤ C2

10k
3q U

5
3q

k−1,(9) ∥∥1{vk>0}
∥∥
L∞

t Lq
x(Γk−1)

≤ C2
2k
q U

1
q

k−1.(10)

We can now control the velocity terms (7) with

26k
∥∥v2k∥∥L 5

3 (Γk−1)

∥∥1{vk>0}
∥∥
L

5
3 (Γk−1)

+ 23k
∥∥v3k∥∥L 10

9 (Γk−1)

∥∥1{vk>0}
∥∥
L10(Γk−1)

≤ C26kUk−12
4k
3 U

2
3

k−1 + C23kU
3
2

k−12
k
3U

1
6

k−1

≤ C26k+
4k
3 U

5
3

k−1.

□

Meanwhile, the pressure terms (8) are bounded by

ˆ 1

Tk−1

∣∣∣∣ˆ
β
k− 1

3

ηk
vku

|u|
∇P har

k dx

∣∣∣∣dt(11)

+

ˆ 1

Tk−1

∣∣∣∣ ˆ
β
k− 1

3

ηk

(
div(uP loc

k ) +

(
vk
|u|

− 1

)
u∇P loc

k

)
dx

∣∣∣∣ dt.(12)

Step 4: Bound of the non-local pressure term (11) involving P har
k . We

interpolate vk,∇P har
k , and 1{vk>0}. We can bound

∥∥∇P har
k

∥∥ with Proposition 2.7

and use Corollary 2.6 on
∥∥1{vk>0}

∥∥.
We then consider different values of p separately.

• For large values of p ≥ 2 with p′ ≤ 2, we control (11) by

C ∥vk∥L∞
t L2

x(Γk−1)

∥∥∇P har
k

∥∥
Lp

tL
∞
x ([Tk−1,1]×β

k− 1
3
)

∥∥1{vk>0}
∥∥
L2

t,x(Γk−1)

≤ CU
1
2

k−1

∥∥∇P har
k

∥∥
Lp

tL
∞
x ([Tk−1,1]×β

k− 1
3
)
2

5k
3 U

5
6

k−1

≤ C2
5k
3

∥∥∇P har
k

∥∥
Lp

tL
∞
x ([Tk−1,1]×β

k− 1
3
)
U

4
3

k−1.
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• For p < 2, we get instead the weaker bound of

C ∥vk∥L∞
t L2

x

∥∥∇P har
k

∥∥
Lp

tL
∞
x

∥∥1{vk>0}
∥∥
Lp′

t,x

∥∥1{vk>0}
∥∥
L∞

t L
2p

2−p
x

≤ CU
1
2

k−1

(
∥P∥Lp

tL
1
x
+ ∥u∥2L∞

t L2
x

)
2

10k
3p′ U

5
3p′

k−12
k(2−p)

p U
2−p
2p

k−1

≤ C2
7k
3 − 4k

3p

(
∥P∥Lp

tL
1
x
+ ∥u∥2L∞

t L2
x

)
U

5
3−

2
3p

k−1 .

Thus, for any p > 1 and U0 ≤ 1, there exists αp > 0 and δp > 1 such that (11) is
bounded by

(13) C2kαpU
δp
k−1(∥P∥Lp

tL
1
x
+ ∥u∥2L∞

t L2
x
) ≤ C2kαpU

δp
k−1(∥P∥Lp

tL
1
x
+ 1).

Step 5: Bound of the local pressure term (12) involving P loc
k .

We split the term involving P loc
k into three P loc

k1 + P loc
k2 + P loc

k3 , defined by

−∆P loc
k1 =

∑
ij

∂i∂j

{
ϕkuj

(
1− vk

|u|

)
ui

(
1− vk

|u|

)}

−∆P loc
k2 =

∑
ij

∂i∂j

{
2ϕkuj

(
1− vk

|u|

)
ui
vk
|u|

}

−∆P loc
k3 =

∑
ij

∂i∂j

{
ϕkuj

vk
|u|
ui
vk
|u|

}
.

For all 1 < q <∞, the Riesz Theorem gives
∥∥P loc

k1

∥∥
Lq(Γk−1)

≤ Cq. We also have

(14) div(uP loc
k1 ) + u

(
vk
|u|

− 1

)
∇P loc

k1 = div

(
vk

u

|u|
P loc
k1

)
− P loc

k1 div

(
uvk
|u|

)
.

For arbitrary 5
3 < q <∞, we check that

ˆ 1

Tk−1

∣∣∣∣ ˆ ηk(x)

{
div(uP loc

k1 ) +

(
vk
|u|

− 1

)
u∇P loc

k1

}
dx

∣∣∣∣dt
≤ 23kCq ∥vk∥

L
10
3

∥∥P loc
k1

∥∥
Lq

∥∥1{|u|≥1−2−k}
∥∥
L

10q
7q−10

+ Cq

∥∥P loc
k1

∥∥
Lq ∥dk∥L2

∥∥1{|u|≥1−2−k}
∥∥
L

2q
q−2

≤ Cq2
kαq (U

5(q−1)
3q

k−1 + U
4q−5
3q

k−1 ).

We now turn to the terms involving P loc
k2 and P loc

k3 . We apply the Riesz Theorem
and Corollary 2.6 again for

∥∥P loc
k2

∥∥
L

10
3

≤ C
∑
ij

∥∥∥∥uj(1− vk
|u|

)

∥∥∥∥
L∞

∥∥∥∥vkui|u|

∥∥∥∥
L

10
3

≤ C ∥vk∥
L

10
3

≤ CU
1
2

k−1,

∥∥P loc
k3

∥∥
L

5
3
≤ C

∑
ij

∥∥∥∥ujvk|u|

∥∥∥∥
L

10
3

∥∥∥∥vkui|u|

∥∥∥∥
L

10
3

≤ C ∥vk∥2
L

10
3

≤ CUk−1.
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With a further decomposition of the pressure gradients, we can now bound (12)
by ˆ 1

Tk−1

∣∣∣∣ˆ ηk(x)

{
div(u(P loc

k2 + P loc
k3 )) +

(
vk
|u|

− 1

)
u∇(P loc

k2 + P loc
k3 )

}
dx

∣∣∣∣dt
≤
ˆ 1

Tk−1

ˆ
β
k− 1

3

|∇ηk||u||P loc
k2 + P loc

k3 |+ ηk(|∇P loc
k2 |+ |∇P loc

k3 |) dxdt

≤ C23k
ˆ 1

Tk−1

ˆ
β
k− 1

3

(1 + vk)(|P loc
k2 |+ |P loc

k3 |)(|∇P loc
k2 |+ |∇P loc

k3 |) dxdt

≤ C23k
(∥∥1{|u|≥1−2−k}

∥∥
L

10
7 (βk−1)

∥∥P loc
k2

∥∥
L

10
3 (β

k− 1
3
)

+
∥∥1{|u|≥1−2−k}

∥∥
L

5
2 (βk−1)

∥∥P loc
k3

∥∥
L

5
3 (β

k− 1
3
)

)
≤ C2α1kU

5
3

k−1 + C2α2kU
4
3

k−1,

so we have desired inequality for all of the terms.
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4. Local epsilon-regularity criterion

For r > 0, let Br represent a ball in R3 of radius r centered at the origin, and
denote Qr = (−r2, r2)×Br.

Definition 4.1. We define the rescaled solutions (ur, Pr) by

ur(t, x) = ru(r2t, rx), Pr(t, x) = r2P (r2t, rx).

If (u, P ) is a solution to the Navier–Stokes equation in Qr, then (ur, Pr) is a
solution to the Navier–Stokes equation in Q1.

We fix a smooth radial cutoff function η ∈ C∞
c (B1) satisfying 0 ≤ η ≤ 1, η ≡ 1 in

B 1
2
, and

´
B1
η dx = 1. Take ηλ(x) = η(xλ ). We define the weighted average velocity

and pressure by

ũ(t) =

ˆ
B1

u(t, x)η(x) dx, P̃ (t) =

ˆ
B1

P (t, x)η(x) dx.

ũr and P̃r denotes the weighted average of ur and Pr. For instance, ũr means first
rescale, then average:

ũr(t) =

ˆ
B1

ur(t, x)η(x) dx =

ˆ
B1

ru(r2t, rx)η(x) dx.

We will also use the heat kernel

ψλ(t, x) =
1

(2λ2 − t)
3
2

e
− |x|2

4(2λ2−t) .

This function ψλ solves the backwards heat equation in (−∞, 2λ2)× R3

∂tψλ +∆ψλ = 0, ψλ(2λ
2, x) = δ0(x)

where δ0 is the Dirac delta at the origin. Check that ψλ has the following properties:

|ψλ(−1, x)| ≤ 1 for x ∈ R3,(15)

|ψλ(t, x)| ≥
1

Cλ3
for x ∈ Bλ,−λ2 ≤ t ≤ λ2,(16)

|ψλ|+ |∇ψλ| ≤ C for x ∈ R3 \B 1
2
,−1 ≤ t ≤ λ2,(17)

|ψλ| ≤
C

λ3
, |∇ψλ| ≤

C

λ4
for x ∈ B1,−1 ≤ t ≤ λ2.(18)

Proposition 4.2. For p ∈ (1, 43 ), there exists λ ∈ (0, 14 ) and Cλ > 1, such that any
suitable weak solution (u, P ) in Q1 verifies

∥uλ∥2L∞
t L2

x(Q1)
+

1

λ8

∥∥∥Pλ − P̃λ

∥∥∥2
Lp

tL
2
x(Q1)

(19)

≤ 1

8

(
1 +

1

λ4
∥∇u∥2L2

t,x(Q1)
+

1

λ13
∥∇u∥

4
p

L2
t,x(Q1)

)
∥u∥2L∞

t L2
x(Q1)

(20)

+
1

8λ8

∥∥∥P − P̃
∥∥∥2
Lp

tL
2
x(Q1)

+
C

λ2
∥∇u∥2L2

t,x(Q1)
+

C

λ11
∥∇u∥

4
p

L2
t,x(Q1)

(21)

Proof. To control the velocity, we use the backwards heat kernel ψλ in the local
energy inequality.



10 MICHAEL LEE

4.1. Control of velocity. Wemultiply (3) by η(x)ψλ(t, x) and integrate on [−1, s]×
R3 for some s ∈ [−1, λ2] to find

ˆ
R3

ψλ(s, x)η(x)
|u(s, x)|2

2
dx+

ˆ λ2

−1

ˆ
R3

ψλ(s, x)η(x)|∇u(s, x)|2 dx dt(22)

≤
ˆ
R3

ψλ(−1, x)η(x)
|u(−1, x)|2

2
dx(23)

+

ˆ λ2

−1

∣∣∣∣ˆ
R3

∇(ηψλ) · u
(
|u|2

2
− |ũ|2

2

)
dx

∣∣∣∣dt(24)

+

ˆ λ2

−1

∣∣∣∣ˆ
R3

(ψλ∆η + 2∇η · ∇ψλ)
|u|2(t, x)

2
dx

∣∣∣∣dt(25)

+

ˆ λ2

−1

∣∣∣∣ˆ
R3

∇(ηψλ) · u(P − P̃ ) dx

∣∣∣∣dt,(26)

where we use the fact that div u = 0 and ũ, P̃ are independent of x.
For −λ2 ≤ s ≤ λ2, we haveˆ
R3

ψλ(s, x)η(x)
|u(s, x)|2

2
dx ≥ 1

Cλ3

ˆ
Bλ

|u(s, x)|2

2
dx =

1

Cλ2

∥∥∥uλ ( s
λ2
, ·
)∥∥∥2

L2(B1)
.

Next, we bound the four terms (23)-(26) on the right hand side. (23) can be
controlled using bound (15):ˆ

R3

ψλ(−1, x)η(x)
|u(−1, x)|2

2
dx ≤ 1

2
∥u∥2L∞

t L2
x(Q1)

.

For (24), we apply Sobolev embedding and Hölder’s inequality for∥∥∥∥ |u|22 − |ũ|2

2

∥∥∥∥
L1

tL
2
x(Q1)

≤ C

∥∥∥∥∇|u|2

2

∥∥∥∥
L1

tL
3
2
x (Q1)

≤ C ∥u∥L2
tL

6
x(Q1)

∥∇u∥L2
t,x(Q1)

≤ C(∥u∥L∞
t L2

x(Q1)
+ ∥∇u∥L2

t,x(Q1)

)
∥∇u∥L2

t,x(Q1)

so we haveˆ λ2

−1

∣∣∣∣ˆ
R3

∇(ηψλ) · u
(
|u|2

2
− |ũ|2

2

)
dx

∣∣∣∣ dt
≤ C

λ4
∥u∥L∞

t L2
x(Q1)

∥∥∥∥ |u|22 − |ũ|2

2

∥∥∥∥
L1

tL
2
x(Q1)

≤ C

λ4

(
∥u∥2L∞

t L2
x(Q1)

∥∇u∥L2
t,x(Q1)

+ ∥u∥L∞
t L2

x(Q1)
∥∇u∥2L2

t,x(Q1)

)
≤ C

λ4
∥u∥2L∞

t L2
x(Q1)

∥∇u∥L2
t,x(Q1)

+
C

λ4
(1 + ∥u∥2L∞

t L2
x(Q1)

) ∥∇u∥2L2
t,x(Q1)

,

using the identity that x ≤ 1 + x2.

For (25), we obtain with (17)
ˆ λ2

−1

ˆ
R3

(|∇η||∇ψλ|+ ψλ|∆η|)
|u|2

2
dxdt ≤ C ∥u∥2L∞

t L2
x(Q1)

.
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The last term (26) is bounded by

ˆ λ2

−1

∣∣∣∣ˆ
R3

∇(ηψλ) · u(P − P̃ ) dx

∣∣∣∣ dt ≤ C

λ4
∥u∥L∞

t L2
x(Q1)

∥∥∥P − P̃
∥∥∥
L1

tL
2
x(Q1)

≤ C ∥u∥2L∞
t L2

x(Q1)
+
C

λ8

∥∥∥P − P̃
∥∥∥2
L1

tL
2
x(Q1)

.

When combining the above estimates for (23)-(26), we always take the smallest
power of λ. We conclude the bounds for the energy dissipation of uλ by the right-
hand side of (28):

∥uλ∥2L∞
t L2

x(Q1)
≤ Cλ2

(
1 +

1

λ4
∥∇u∥2L2

t,x(Q1)

)
∥u∥2L∞

t L2
x(Q1)

+
C

λ6

∥∥∥P − P̃
∥∥∥2
L1

tL
2
x(Q1)

+
C

λ2
∥∇u∥2L2

t,x(Q1)

4.2. Control of pressure variation. We use the pressure decomposition intro-
duced in (6). For the local pressure term P loc, recall that η is supported in B1.
We apply the Riesz Theorem for the singular integral operator (−∆)−1 div div and
conclude∥∥P loc

∥∥
Lp

tL
2
x(Q1)

≤ ∥η(u− ũ)⊗ (u− ũ)∥Lp
tL

2
x(Q1)

≤ C
∥∥∥|u− ũ|2−

2
p

∥∥∥
L∞

t L
p

p−1
x (Q1)

∥∥∥|u− ũ|
2
p

∥∥∥
Lp

tL
2p

2−p
x (Q1)

≤ C ∥u− ũ∥2−
2
p

L∞
t L2

x(Q1)
∥u− ũ∥

2
p

L2
tL

4
2−p
x (Q1)

≤ C ∥u∥2−
2
p

L∞
t L2

x(Q1)
∥∇u∥

2
p

L2
t,x(Q1)

,

by the Sobolev inequality for p < 4
3 .

As for the non-local term P har, the Poincaré inequality in Bλ asserts
ˆ
Bλ

|P har(x)− (P har)Bλ
(x)|2 dx ≤ Cλ2

ˆ
Bλ

|∇P har|2 dx.

Next, since P har is harmonic in B 1
2
, ∇P har is also harmonic, so we can use the

mean-value property to conclude

ˆ
Bλ

|∇P har(x)|2 dx =

ˆ
Bλ

∣∣∣∣∣∣ 1

|B 1
8
|

ˆ
B 1

8

∇P har(x+ y) dy

∣∣∣∣∣∣
2

dx

≤
ˆ
Bλ

1

|B 1
8
|

ˆ
B 1

8

|∇P har(x+ y)|2 dy dx

≤ 1

|B 1
8
|

ˆ
Bλ

ˆ
B 3

8

|∇P har(z)|2 dz dx

≤ (8λ)3
ˆ
B 3

8

|∇P har(z)|2 dz.
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Finally, since P har is harmonic in B 1
2
, by Caccioppoli inequality we have

ˆ
B 3

8

|∇P har(z)|2 dz ≤ C

ˆ
B 1

2

|P har − P̃ har|2 dx.

By concatenating the above three inequalities, we establish a λ5 decay rate for
P har:

∥∥P har − (P har)Bλ

∥∥2
Lp

tL
2
x(Qλ)

≤ Cλ5
∥∥∥P har − P̃ har

∥∥∥2
Lp

tL
2
x(Q1)

≤ Cλ5
(∥∥∥P − P̃

∥∥∥2
Lp

tL
2
x(Q1)

+
∥∥∥P loc − P̃ loc

∥∥∥2
Lp

tL
2
x(Q1)

)
.

Together with the estimate on P loc we conclude

∥P − (P )Bλ
∥2Lp

tL
2
x(Qλ)

≤ Cλ5
∥∥∥P − P̃

∥∥∥2
Lp

tL
2
x(Q1)

+ C
∥∥∥P loc − P̃ loc

∥∥∥2
Lp

tL
2
x(Q1)

≤ Cλ5
∥∥∥P − P̃

∥∥∥2
Lp

tL
2
x(Q1)

+ C ∥u∥2(2−
2
p )

L∞
t L2

x(Q1)
∥∇u∥

4
p

L2
t,x(Q1)

≤ Cλ5
∥∥∥P − P̃

∥∥∥2
Lp

tL
2
x(Q1)

+ C(1 + ∥u∥2L∞
t L2

x(Q1)
) ∥∇u∥

4
p

L2
t,x(Q1)

,

since p < 4
3 guarantees 2− 2

p ≤ 1
2 < 1 with x2−

2
p < 1 + x.

The pressure variation scales in the following way

∥∥∥Pλ − P̃λ

∥∥∥2
Lp

tL
2
x(Q1)

=

ˆ 1

−1

(ˆ
B1

∣∣∣∣Pλ(t, x)−
ˆ
B1

Pλ(t, y)η(y) dy

∣∣∣∣2 dx
) p

2

dt

 2
p

= λ4

ˆ 1

−1

(ˆ
B1

∣∣∣∣P (λ2t, λx)− ˆ
B1

P (λ2t, λy)η(y) dy

∣∣∣∣2 dx
) p

2

dt

 2
p

= λ4−
4
p−3

[ˆ λ2

−λ2

(ˆ
Bλ

|P (s, z)− (P )Bλ
(s)|2 dz

) p
2

ds

] 2
p

= λ1−
4
p ∥P − (P )Bλ

∥2Lp
tL

2
x(Qλ)

≤ Cλ6−
4
p

∥∥∥P − P̃
∥∥∥2
Lp

tL
2
x(Q1)

+ Cλ1−
4
p (1 + ∥u∥2L∞

t L2
x(Q1)

) ∥∇u∥
4
p

L2
t,x(Q1)

thus

1

λ8

∥∥∥Pλ − P̃λ

∥∥∥2
Lp

tL
2
x(Q1)

≤ Cλ6−
4
p

(
1

λ8

∥∥∥P − P̃
∥∥∥2
Lp

tL
2
x(Q1)

)
+

C

λ7+
4
p

(1 + ∥u∥2L∞
t L2

x(Q1)
) ∥∇u∥

4
p

L2
t,x(Q1)
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Together with the control of the velocity terms, we have shown that

∥uλ∥2L∞
t L2

x(Q1)
+

1

λ8

∥∥∥Pλ − P̃λ

∥∥∥2
Lp

tL
2
x(Q1)

≤ Cλ2
(
1 +

1

λ4
∥∇u∥2L2

tL
2
x(Q1)

+
1

λ13
∥∇u∥

4
p

L2
t,x(Q1)

)
∥u∥2L∞

t L2
x(Q1)

+
C

λ6

∥∥∥P − P̃
∥∥∥2
Lp

tL
2
x(Q1)

+
C

λ2
∥∇u∥2L2

tL
2
x(Q1)

+
C

λ11
∥∇u∥

4
p

L2(Q1)
,

where we pick the worst i.e. smallest exponents of λ.
The proof is completed by choosing λ small such that Cλ2 ≤ 1

8 . □

Corollary 4.3. There exists a universal constant ε2 > 0, such that if near (t0, x0) ∈
(0,∞)× Ω the following holds

lim sup
r→0

1

r

ˆ
Qr(t0,x0)

|∇u|2 dxdt < ε2,(27)

then (t0, x0) is a regular point.

Proof. We have fixed λ in the proof of Proposition 4.2. Define

U(r) := ∥ur∥2L∞
t L2

x(Q1)
+

1

λ8

∥∥∥Pr − P̃r

∥∥∥2
Lp

tL
2
x(Q1)

.

By our assumption, for all sufficiently small r, we control ∥∇ur∥L2(Q1)
such that(

1 +
1

λ4
∥∇ur∥2L2

t,x(Q1)
+

1

λ13
∥∇ur∥

4
p

L2
t,x(Q1)

)
≤ 2.

Without loss of generality, we take u such that

C

λ2
∥∇u∥2L2

t,x(Q1)
+

C

λ11
∥∇u∥4L2(Q1)

≤ C∗

8
.

Then by applying Proposition 4.2 to ur, we can find some λ ∈ (0, 14 ) and obtain
the recursive relation

U(λr) ≤ 1

4
U(r) +

C∗

8
.

Therefore, we get

lim sup
k→+∞

U(λkr) ≤ C∗

2
,

so there exists some r0 such that U(r0) ≤ C∗. But we can now apply Theorem 1.1
to ur0 . □
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5. Hausdorff dimension of singular set

Definition 5.1 (Hausdorff measure). Recall that for a Borel set E, the 1-dimensional
Hausdorff measure of E is given by

Hα(E) = lim
δ→0

Hα
δ (E),

where

Hα
δ (E) = inf

{∑
k

(diamFk)
α : E ⊂

∞⋃
k=1

Fk, diamFK ≤ δ

}
.

Lemma 5.2 (Vitali Covering). Let F be an arbitrary collection of balls B such that
sup diam(B) <∞. Then there exists a countable subcollection G ⊂ F such that the
balls are pairwise disjoint and ⋃

B∈F

B ⊂
⋃
C∈G

5C.

Proposition 5.3. Let u be a suitable weak solution of the NSE and Sing(u) be its
set of singular points. Then Corollary 4.3 implies H1(Sing(u)) = 0.

Proof. Let arbitrarily small δ > 0 be given. For any (t, x) ∈ Sing(u), we have

lim sup
r→0

1

r

ˆ
Qr(t,x)

|∇u|2 dx dt ≥ ϵ2.

So we can pick 0 < 5r < δ such that

1

r

ˆ
Qr(t,x)

|∇u|2 dxdt ≥ ϵ2
2
,

where {Qr(t, x)} is a cover of Sing(u).

By Lemma 5.2, we can pick a countable subcover at the cost of expanding the
cylinders by a factor of five. Then

H1
δ(Sing(u)) ≤

∑
i

5ri

≤ 5

ϵ2

∑
i

ˆ
Qri

(ti,xi)

|∇u|2 dxdt.

But suitable weak solutions satisfyˆ
(0,∞)×R3

|∇u|2 dxdt <∞,

so

H1
δ(Sing(u)) ≤ C

∑
i

|Qri(ti, xi)|

≤ C
∑
i

r5i ≤ δ4
∑
i

ri → 0

by our choice of δ. □
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6. Reduction in exponent to 5
3

This iteration is similar to that in Section 4, but we include the norms ∥u∥L3

and ∥P∥
L

3
2
as well.

Proposition 6.1. There exists λ ∈ (0, 14 ) and Cλ > 1, such that any suitable weak
solution (u, P ) in Q1 verifies

∥uλ∥2L∞
t L2

x(Q1)
+ ∥∇uλ∥2L2(Q1)

+
1

λ2

(
∥uλ∥3L3(Q1)

+ ∥Pλ∥
3
2

L
3
2 (Q1)

)
≤ 1

4

(
∥u∥2L∞

t L2
x(Q1)

+
1

λ2

(
∥u∥3L3(Q1)

+ ∥P∥
3
2

L
3
2 (Q1)

))
(28)

+
(
∥u∥2L∞

t L2
x(Q1)

+ ∥∇u∥2L2
t,x(Q1)

)
∥∇u∥

L
5
3
t,x(Q1)

.

Proof. We will first control the kinetic energy and energy dissipation terms using
the local energy inequality, then split the cubic term into the average and oscillation.

6.1. Control of the quadratic velocity terms. We recall (22) - (26).
We first show that the left-hand side (22) controls the energy of uλ thanks to

(16). For −λ2 ≤ s ≤ λ2, we have
ˆ
R3

ψλ(s, x)η(x)
|u(s, x)|2

2
dx ≥ 1

Cλ3

ˆ
Bλ

|u(s, x)|2

2
dx

=
1

Cλ2

∥∥∥uλ ( s
λ2

)∥∥∥2
L2(B1)

,

ˆ λ2

−1

ˆ
R3

ψλ(s, x)η(x)|∇u(s, x)|2 dx dt ≥
1

Cλ3

ˆ λ2

−λ2

ˆ
Bλ

|∇u(s, x)|2 dxdt

=
1

Cλ2
∥∇uλ∥2L2(Q1)

.

Taking the supremum for s ∈ [−λ2, λ2] yields

∥uλ∥2L∞
t L2

x(Q1)
+ ∥∇uλ∥2L2(Q1)

≤ Cλ2
(ˆ

R3

ψλ(s, x)η(x)
|u(s, x)|2

2
dx+

ˆ s

−1

ˆ
R3

ψλ(s, x)η(x)|∇u(s, x)|2 dxdt
)
.

Next, we bound the four terms (23)-(26) on the right hand side. (23) can be
controlled using bound (15):

ˆ
R3

ψλ(−1, x)η(x)
|u(−1, x)|2

2
dx ≤ 1

2
∥u∥2L∞

t L2
x(Q1)

.

For (24), we apply (18) for

ˆ λ2

−1

∣∣∣∣ˆ
R3

∇(ηψλ) · u
(
|u|2

2
− |ũ|2

2

)
dx

∣∣∣∣ dt
≤ C

λ4

ˆ λ2

−1

ˆ
B1

|u||u− ũ||u+ ũ|dxdt ≤ C

λ4
∥u∥3L3(Q1)

.
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For (25), we obtain with (17)

ˆ λ2

−1

ˆ
R3

(|∇η||∇ψλ|+ ψλ|∆η|)
|u|2

2
dxdt ≤ C ∥u∥2L∞

t L2
x(Q1)

.

The last term (26) is bounded by

ˆ λ2

−1

∣∣∣∣ ˆ
R3

∇(ηψλ) · u(P − P̃ ) dx

∣∣∣∣dt ≤ C

λ4
∥u∥L3(Q1)

∥P∥
L

3
2 (Q1)

≤ C

λ4

(
∥u∥3L3(Q1)

+ ∥P∥
3
2

L
3
2

)
.

When combining the above estimates for (23)-(26), we always take the smallest
power of λ. We conclude the bounds for the kinetic energy and energy dissipation
of uλ by the right-hand side of (28):

∥uλ∥2L∞
t L2

x(Q1)
+ ∥∇uλ∥2L2(Q1)

≤ C

(
λ2 ∥u∥2L∞

t L2
x(Q1)

+
1

λ2

(
∥u∥3L3(Q1)

+ ∥P∥
3
2

L3(Q1)

))
.

6.2. Control of the cubic velocity term. Here, we apply an argument from
[GKT07, Lemmas 3.2, 3.3].

Lemma 6.2. Suppose λ ∈ (0, 14 ). Then

ˆ λ2

−1

ˆ
Bλ

|u|3 dxdt ≤ C
(
λ3 ∥u∥3L3(Q1)

+
(
∥u∥2L∞

t L2
x(Q1)

+ ∥∇u∥2L2(Q1)

)
∥∇u∥

L
5
3 (Q1)

)
.

Proof. We split |u| ≤ |ũ|+ |u− ũ| . We consider the scaling of the average

ˆ
Bλ

|ũ(·)|3 dx ≤
ˆ
Bλ

(
1

|B1|

ˆ
B1

|u(·, x′)|dx′
)3

dx ≤ Cλ3
(ˆ

B1

|u(·, x)|dx
)3

,

so we integrate in time to get

ˆ λ2

−1

ˆ
Bλ

|ũ|3 dx dt ≤ Cλ3 ∥u∥L3(Q1)
.

For the velocity oscillation, we can interpolate for

∥u− ũ∥3L3
t,x

≤ ∥u− ũ∥
6
5

L∞
t L2

x
∥u− ũ∥

4
5

L2
tL

6
x
∥u− ũ∥

L
5
3
t L

15
4

x

≤ ∥u∥
6
5

L∞
t L2

x
∥∇u∥

4
5

L2
t,x

∥∇u∥
L

5
3
t,x

,

whichis bounded above by C
(
∥u∥2L∞

t L2
x
+ ∥∇u∥2L2

t,x

)
∥∇u∥

L
5
3
t,x

. □
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We apply Lemma 6.2 to get

∥uλ∥3L3(Q1)
=

ˆ 1

−1

ˆ
B1

∣∣λu(λ2t, λx)∣∣3 dx dt
≤ C

λ2

ˆ λ2

−λ2

ˆ
Bλ

(
|ũ|3 + |u− ũ|3

)
dxdt

≤ C

λ2

(
λ3 ∥u∥3L3(Q1)

+
(
∥u∥2L∞

t L2
x
+ ∥∇u∥2L2

t,x

)
∥∇u∥

L
5
3
t,x

)
≤ Cλ ∥u∥3L3(Q1)

+
C

λ2

(
∥u∥2L∞

t L2
x
+ ∥∇u∥2L2

t,x

)
∥∇u∥

L
5
3
t,x

.

6.3. Control of the pressure term. For the local pressure term P loc, recall that
η is supported in B1. We apply the Riesz Theorem for the singular integral operator
(−∆)−1 div div and conclude∥∥P loc

∥∥
L

3
2 (Q1)

≤ ∥η(u− ũ)⊗ (u− ũ)∥
L

3
2 (Q1)

≤ C ∥u− ũ∥2L3(Q1)
.

As for the non-local term P har, we apply the mean value property of harmonic
functions for

ˆ
Bλ

|P har(x)| 32 dx =

ˆ
Bλ

∣∣∣∣∣∣ 1

|B 1
8
|

ˆ
B 1

8

|P har(x+ y)|dy

∣∣∣∣∣∣
3
2

dx

≤
ˆ
Bλ

1

|B 1
8
|

ˆ
B 1

8

|P har(x+ y)| 32 dy dx

≤ 1

|B 1
8
|

ˆ
Bλ

ˆ
B 3

8

|P har(z)| 32 dz dx

≤ (8λ)3
ˆ
B 3

8

|P har(z)| 32 dz.

Then we apply the triangle inequality at the larger scale for∥∥P har
∥∥ 3

2

L
3
2 (Qλ)

≤ Cλ3
∥∥P har

∥∥ 3
2

L
3
2 (Q1)

≤ Cλ3
(
∥P∥

3
2

L
3
2 (Q1)

+
∥∥P loc

∥∥ 3
2

L
3
2 (Q1)

)
.

Together with the estimate on P loc we conclude

∥P∥
3
2

L
3
2 (Qλ)

≤ Cλ3 ∥P∥
3
2

L
3
2 (Q1)

+ C
∥∥P loc

∥∥ 3
2

L
3
2 (Q1)

≤ Cλ3 ∥P∥
3
2

L
3
2 (Q1)

+ C ∥u− ũ∥3L3(Q1)

≤ Cλ3 ∥P∥
3
2

L
3
2 (Q1)

+ C
(
∥u∥2L∞

t L2
x
+ ∥∇u∥2L2

t,x

)
∥∇u∥

L
5
3
t,x

.

The pressure term scales in the following way

∥Pλ∥
3
2

L
3
2 (Q1)

=
1

λ2
∥P∥

3
2

L
3
2 (Qλ)

≤ Cλ ∥P∥
3
2

L
3
2 (Q1)

+
C

λ2

(
∥u∥2L∞

t L2
x
+ ∥∇u∥2L2

t,x

)
∥∇u∥

L
5
3
t,x

.
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Together with the control of the velocity terms, we have shown that

∥uλ∥2L∞
t L2

x(Q1)
+ ∥∇uλ∥2L2(Q1)

+
1

λ2

(
∥uλ∥3L3(Q1)

+ ∥Pλ∥
3
2

L
3
2 (Q1)

)
(29)

≤ Cλ

(
∥u∥2L∞

t L2
x(Q1)

+
1

λ2

(
∥u∥3L3(Q1)

+ ∥P∥
3
2

L
3
2 (Q1)

))
+
C

λ4

(
∥u∥2L∞

t L2
x(Q1)

+ ∥∇u∥2L2
t,x(Q1)

)
∥∇u∥

L
5
3
t,x(Q1)

.

The proof is completed by choosing λ small such that Cλ ≤ 1
4 . □

Corollary 6.3. For every ε2 > 0, there exists ε 5
3
> 0, such that if

lim sup
r→0

∥∇ur∥
L

5
3 (Q1)

< ε 5
3
,

then

lim sup
r→0

∥∇ur∥L2(Q1)
< ε2.

Proof. Define

U(r) := ∥ur∥2L∞
t L2

x(Q1)
+ ∥∇ur∥2L2(Q1)

+
1

λ2

(
∥ur∥3L3(Q1)

+ ∥Pr∥
3
2

L
3
2 (Q1)

)
.

Then by applying Proposition 6.1 to ur, we can find some λ ∈ (0, 14 ) and obtain
the recursive relation

U(λr) ≤ 1

4
U(r) + Cλ

(
∥ur∥2L∞

t L2
x
+ ∥∇ur∥2L2

t,x

)
∥∇ur∥

L
5
3
t,x

.

We drop the dependence of Cλ in λ because λ has been fixed.
By our assumption, there exists r0 > 0 such that for all r < r0 we have

∥∇ur∥
L

9
5 (Q1)

≤ ε 5
3
,

where the value of ε 5
3
will be determined later. Therefore, for all r ≤ r0 we have

U(λr) ≤ 1

4
U(r) + CU(r)ε 5

3
≤ 1

2
U(r)

provided ε 5
3
is sufficiently small. Thus we conclude that

lim sup
r→0

∥∇ur∥2L2(Q1)
≤ lim sup

r→0
U(r) = 0.

□
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