STUDIES IN STRONG CONTEXTUALITY

AJ DEROSA

ABSTRACT. We survey the work due to Isham, Doring, Abramsky, and others
that uses presheaves and related methods to understand strong contextuality as
it arises in quantum mechanics and elsewhere. In particular, we make explicit
the connection between the Kochen-Specker theorem in topos quantum theory
and the existence of certain strongly contextual empirical models, which in turn
relate to cohomological obstructions. We explore as well how the existence of
strongly contextual models can be used to study problems outside of quantum
mechanics, including when a set of sentences is paradoxical.
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1. INTRODUCTION

In the early 20th century, it became clear that classical mechanics was unable
to account for a wealth of observations related to the behavior of electrons within
the atom. Attempts to accommodate these discrepancies led to the development
of quantum mechanics to treat such microscopic phenomena. Although the two
theories are consistent in the sense that the classical theory holds in the macro-
scopic limit of the quantum theory, the starkly different mathematics of quantum
mechanics poses a challenge to classical intuitions.

We will delve into the particular mathematical models in Section 2, but the key
conceptual issue is the question of realism. Classical mechanics is a realist theory:
given any physical system (e.g. electrons in an atom), all of its physical properties
(e.g. position and momentum) have a definite value at any given time, regardless
of the act of measurement. Einstein is reported as indicating that realism should
hold as well for an atomic object, which is governed by quantum mechanics, as for
the Moon, which is governed by classical mechanics [13].

According to quantum mechanics, however, this is not the case. An essential
aspect of any mathematical formalism of quantum mechanics is the Heisenberg

1



9 AJ DEROSA

uncertainty principle, which states that there is a lower bound to the uncertainty of
the position z(t) and momentum p(t) of a particle. This comes from the canonical
commutation relation

[z, p] = ih.

More generally, there is a lower bound of uncertainty for any physical quantities
that do not commute. To this day, the meaning of the uncertainty which pervades
quantum mechanics is up for debate. Einstein, Podolsky, and Rosen (EPR) [8] ar-
gued that uncertainty arises from our inability to access some hidden part of reality
that gives rise to the part of reality we model with quantum mechanics. If that is
true, then there is some hidden variable theory that reproduces the predictions of
quantum mechanics.

In the decades following the publication of the EPR paper, physicists and mathe-
maticians including David Bohm [4], John von Neumann, Greta Hermann, and J.S.
Bell [3] published various results regarding what characteristics a hidden variable
theory could or could not have. Bohm’s work consists of the explicit construction
of a particular hidden variable theory, whereas von Neumann, Hermann, and Bell
sought generic constraints—or “no-go theorems”—for such theories. These efforts
were subsumed in 1967 by the work of Simon Kochen and Ernst Specker [11].

The Kochen-Specker theorem demonstrates the impossibility of non-contextual
hidden variable theories. Contextuality refers to the fact that the value of a physical
quantity depends on the whole set of measurements—or the measurement context—
to which a physical system is subjected. Consider the strange consequences of this
condition: the measured value of any given physical quantity is affected by the other
measurements you choose to make of the same system, even if those measurements
occur later in time.

The pursuit of a complete characterization of contextuality remains an important
problem in the mathematical foundations of quantum mechanics. Much progress
has been made on this front since Mermin [12] showed that one could obtain simple
proofs of contextuality using hypothetical scenarios later termed all-versus-nothing
scenarios. A generalization of these scenarios due to Abramsky et al. [2] makes use
of presheaf cohomology and is inspired by C.J. Isham’s topos quantum theory [7].
In this paper, we survey these two developments, which study contextuality and
quantum mechanics more broadly in a new mathematical setting—topos theory.
We aim to provide a concise and well-motivated exposition that makes clear how
the Kochen-Specker theorem inspires a new perspective on quantum theory and
how that perspective, in turn, has something new to say about the Kochen-Specker
theorem. Finally, we consider some examples of how contextuality arises outside of
quantum mechanics and how this theory can be applied in such cases.

In Section 2, we give a brief account of hidden variable theories, contextuality,
and the Kochen-Specker theorem. In Section 3, we discuss the foundations of
topos quantum theory wherein arises a sheaf-theoretic Kochen-Specker theorem.
In Section 4, we discuss how this inspires a more general sheaf-theoretic notion of
strong contextuality. In Section 5, we discuss how strong contextuality is related to
cohomological obstructions. In Sections 6 and 7, we take a step away from quantum
mechanics, and look at strong contextuality as a more general phenomenon. In
Section 6, we detail the relationship between strong contextuality and the theory
of semantic paradox; in Section 7, we speculate on a relationship with the theory
of directed graphs.



STUDIES IN STRONG CONTEXTUALITY 3

2. KOCHEN-SPECKER THEOREM

In classical mechanics, there is a state space 3 and a set of observables O. The
state space is the set of all possible states in which a physical system can be. An
observable is a property of a physical system that we can measure. When we
measure an observable, we associate to it a real number, so for any state ¢ € X,
we have a valuation function Ay : O — R, where Ay (A) represents the value of
observable A given state 1. This means that classical mechanics is not only realist
but non-contextual: the measurement context, or set of measurements actually
performed on the system, is irrelevant to the value of Ay (A) for any given A € O.
We define non-contextuality formally as follows.

Definition 2.1. A theory (X, O) is non-contextual if every state ) € ¥ determines
a valuation function Ay : O — R subject to the functional composition principle:
for any function f: R — R and observable O € O,

(2.2) Ay (F(0)) = (X (0))-

The functional composition principle ensures that if we, for example, measure
the momentum of a system and then square that value, we get the same result as
if we measure the squared momentum itself.

Definition 2.3. Quantum mechanics consists of
i) a state space H, which is a Hilbert space with a Hermitian inner product
ii) z<1 s7et (>),f observables Og, consisting of bounded self-adjoint operators on H.
The particular choice of Hilbert space depends on the physical system in question.
For example, the spin of an electron is represented by a vector in the Hilbert space
C2. In this paper, we consider finite-dimensional Hilbert spaces.

Remark 2.4. To understand (2.2) in this context, we need to clarify what we mean
by f(O) for a self-adjoint operator O. If O = > o, P; is the spectral decomposition
of O, then

£(O) =" f(oi)P:.

Definition 2.5. A waluation function A : Ogy — R for quantum mechanics maps
any self-adjoint operator O to an element of its spectrum o(O) such that for all
f R — R, the following holds

(26) A(F(0) = F(NO)),
where f(O) is defined as in Remark 2.4.

Kochen and Specker [11] set out to check whether one could actually construct
such valuation functions for quantum mechanics. If it were possible to do so, then
quantum mechanics would admit a refinement by a non-contextual hidden variable
theory and could be considered a realist theory. Their efforts culminated in the
following no-go theorem.

Theorem 2.7 (Kochen-Specker). If dimH > 2, then there does not exist a
valuation function X\ : Oz — R.

In order to prove this theorem, we need the following two results regarding
operators and valuation functions.
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Lemma 2.8. Given A, B € O, such that [A, é] =0, there exist functions f,g : R — R
and C' € Oy, such that A = f(C) and B = g(C).

Proof. Since [121, B] =0, A and B can be simultaneously diagonalized, i.e. there
is a set of projectors {151} such that A = > a;P; and B = > b;P;. Then, we can
choose some {¢;} C R and let C' = ¢;P;. Then, we can define f,g: R — R such
that f(c;) = a; and g(¢;) = b;. Thus, A = f(C) and B = ¢g(C). O
Lemma 2.9. For /1, B € 04, and valuation function X,
AA + B) = A(A) + A(B).

Proof. By Lemma 2.8, let A = f(C’) and B = g(C’), for some C' € O,,. Define
h = f 4+ g. Then, o R R R

A+ B = f(C)+g(C) = h(C).
By two applications of (2.6), we have

Thus, A(A + B) = M(A) + \(B). 0
Now we can discuss the proof of Theorem 2.7.

Proof. For ease of explanation, we will use a proof [5] that works only for dim H > 3.
For a four-dimensional Hilbert space H, we can find a set of 18 vectors such that
we can construct 9 orthonormal bases (ONBs) of H by using each of our 18 vectors
exactly twice. This is illustrated in the following diagram!, in which each column
defines an ONB. This makes it easy to check that each vector is used exactly twice.

er [ (0,0,0,1) | (0,0,0,1) | (1-1,1,-1) | (1,-L,1,-1) | (0,0,1,0)
€2 (0,0,I,O) (Oa1a070) (17_17_171) (1317171) (0717()’0)
es || (1L,L0,0) | (1,0,1,0) | (L,L,0,0) | (1,0-1,0) | (1,0,0,1)
€4 (17_1a050) (1’07_170) (0307171) (07170a_1) (1707()’_1)
e [ (L) [ (L1 [ (LLLD) [ (LLL-D)
€2 (1517171) (171713_1) (_1717131) (_1713171)
es | (1.0,0-1) | (1,-1,0,0) | (L,0,L,0) | (1,0,0,1)
€4 (0,1,—1,0) (0707131) (0,1,0,—1) (Oala'LO)
For any ONB {ej,eq,e3,¢e4}, we can define a set of projectors by P, = eiej,

where ej denotes the conjugate transpose of e;. Then, we can consider a valuation
function A on these projectors.

P+P+P+P=1
AP+ Py + Py + Py) = A\(1)
Then by Lemma 2.9, A(Py + Py + Ps + Py) = AP1) + MP) + MPs) + APy).
Moreover, A(1) must be 1 since that is the only possible eigenvalue. Thus,

)\(pl) + )\(Pg) + )\(pg) + )\(P4) =1.

Projectors have eigenvalues of 0 and 1, so each A(F;) is either 0 or 1. Thus, exactly
one such term is 1, and the rest are 0. Then, if we view A\ as assigning a 0 or 1

IReproduced from https://en.wikipedia.org/wiki/Kochen-Specker_theorem.
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to every cell in the table above, there will be nine 1s, one for each ONB. However,
each vector appears twice in the table, so there will be an even number of 1s. Thus,
no such A exists. (]

Thus, quantum mechanics does not admit a refinement by a non-contextual hid-
den variable theory. A contextual hidden variable theory could still work, however.
For example, if A only had to be defined over one of the ONBs from the table above,
then it would be easy to make an assignment consistent with (2.6). In general, if
a valuation function Ay, depends on the context of measurements that the state
undergoes, then Ay can be consistently defined. Put informally, a physical system
must “know” what measurements to which it will be subject before it can assign
values to observables.

Given that this condition is a difficult one to satisfy in a sensible way, why not
just give up realism and hidden variable theories altogether? One possible answer is
that belief in a realist interpretation of quantum mechanics is entailed by the belief
that the universe is a closed system. After all, if you don’t take a realist view of
quantum mechanics, then you need an observer for any physical system to “become
real.” Thus, there must be an observer of the universe and also an observer of that
observer and so on, ad infinitum.

So we do have an interest in studying hidden variable theories. How, then, should
we go about constructing one? Since contextuality must be a feature of any such
theory, we might as well bake it into the theory from the start, constructing a theory
where observables depend on measurement contexts and there is no consistent way
to “glue” all of these contexts together. This lead us to the mathematical framework
of a topos of (pre)sheaves, which comes with a notion of gluing together local
contexts. In the next section, we will look at how quantum mechanics can be
studied within such a framework.

3. TOPOS QUANTUM THEORY

Roughly speaking, topos quantum theory [7],[9] is formalized in the category
of set-valued presheaves over a category of “measurement contexts,” or sets of
commuting observables that could be simultaneously measured of one system. We
formalize this with the following definitions.

Definition 3.1. A von Neumann algebra is a *x-algebra of bounded operators on
a Hilbert space H that contains the identity and is closed in the weak operator
topology.

Definition 3.2. Given H, the category V(H) of abelian von Neumann sub-algebras
is defined as follows. The objects of V() are abelian von Neumann algebras V'
of operators over H, and for every V, V' € V(H) such that V' C V', there exists a
morphism iy : V — V',

The details of these definitions are not essential to understanding topos quan-
tum theory or this paper, but we should note that V(H) is a category of abelian
von Neumann algebras, so given some V' € V(H), every operator in V' commutes.
This means that every observable represented in a given V' € V(H) can be mea-
sured simultaneously, which makes V' a classical context. The quantum behavior
is encoded in the broader categorical structure of V(H) rather than within each

Ve V(H).
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Definition 3.3. Given V € V(H), the Gel’fand spectrum XLy of V is the set of
multiplicative linear functionals A : V' — C such that A\(1) = 1 and for all O € V,
MO) € 0(0), where ¢(O) denotes the spectrum of O.

We use the suggestive notation A to imply that Xy is the set of valuation func-
tions on V. This turns out to be the case.

Proposition 3.4. Given a V € V(H), the operators in V can be simultaneously
diagonalized in some basis {e;};cr. Then, Ty = {X¢, : O — {e;,0¢€;) bier-

Proof. We first need to check that every A, is in 3y . By the definition of the
Hermitian inner product, every ., is linear and satisfies A, (1) = 1, so we just
need to check that A., is multiplicative:

Xe,(AB) = (e;, ABe;) = (es, AXe,(B)e;) = Ao, (B) (€5, Ae;) = Ao, (A)Ae, (B).

Next, we need to show that any multiplicative linear functional A : V' — C with
A(1) = 1 is a map of the form O — (e;,O¢;). On account of linearity, we can
characterize any given A € Xy by its action on projectors {eieZ}iGI. For i # j,

A ((eml)(qe})) = )\(eiezeje}) = \(0) =0.

Thus by multiplicativity, either )\(eieg) =0 or )\(eje;r.) = 0. This means that A
is non-zero for at most one element of {eiez}ie 1- The case where \ is zero for all
elements of {eie }ze 1 violates the condition A(1) = 1, so we suppose that for some
eie; el, we have A(e;e ) # 0. (Accordingly, for all j # 4, we have )\(eje;) =0.) Then,

by linearity, for any A = djer aieje;, we have A(A) = a;A(ezel ). Then,

MA)A(esel) = A(Aeze! Zale]eje e;

jel
= Mazeiel) = a\(esel) = A(A).
Thus, /\(eie;r) =1, 50 A is the map A — (e;, Ae;). O
Corollary 3.5. Every A € Xy satisfies (2.2) for all operators in V.
Proof. Fix some A, € Xy, O € V, and function f : R — R. Note that we can
write O = djer ojeje;-. Then,
Aei(F(0) = (e, F(O)es) = f(0i) = [ ({es, 0ei) ) = F (A, (O)).
O

Corollary 3.6. If A : Os, — R satisfies (2.2) for all self-adjoint operators in V,
then A € Xy

Proof. Suppose A ¢ Ly. Then there exist A, B € V such that A\(4) = a; and
)\(B) = b; for i # j, i.e. A assigns two different operators to the eigenvalues
associated with two different eigenvectors. Define f : R — R such that f(A) = B.
Then, by (2.2),

A(f(A)) = f(NA)) = flai) = by,
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but R R
Af(A)) = A(B) = b;.

So we have a contradiction. Thus, A € Xy . O

Recall that in a realist theory valuation functions are associated to states, so
we can consider Yy as the set of states in which a system can be if the system
is measured in the context V. Then, we define the state space of topos quantum
theory by putting all the Gel’fand spectra together with the following definition.

Definition 3.7. The spectral presheaf Y. : V(H)°P — Set maps

i) every context V to its Gel'fand spectrum Xy ;
ii) every morphism iy : V' — V to the restriction map given by

E(ivlv) : E(V) — E(V’)
A= )\‘V“

Since ¥ is the analogue of the state space, then there should be an analogous
result to the Kochen-Specker theorem. To state this result, we need the following
notion.

Definition 3.8. A global section of a presheaf X : €°P — Set is a natural trans-
formation v : 1 — X, where 1 denotes the terminal presheaf in Set®”. whose
components are given by elements v4({*}) € X(A). Since v is a natural transfor-
mation, this is subject to the condition that if there is some f: B — A in €, then

X(Nva=h) = v8({*}).

Theorem 3.9. The Kochen-Specker theorem is equivalent to the following: for
dimH > 2, the spectral presheaf ¥ has no global sections.

Proof. We need to show that a global section of ¥ exists if and only if a valuation
function A : Oy, — R satisfying (2.2) exists.

Suppose that a global section v of ¥ exists. For any O e Osa, there is some
V € V(H) such that O € V. Define A by A(O) := 3 (0). We need to check that
this is well-defined. Consider some W such that O € W but V # W. Then,

i) VNW CV, 50 waw(0) = Z(ivaw,v)(w)(0) = 3 (0), and

i) VW CW,soyvaw(0) = E(ivaw,w)(yw)(0) = yw (0).
Thus, vy (0) = yw (0), so A is well-defined. We need to check that \ satisfies (2.2).
Fix some V € V(H), O € V and f : R — R. Note that since f(O) is defined via
the spectrum of O, f(é) is either in V| in a superset of V, or in a subset of V—it
commutes with every operator in V. Then, pick some V' O V such that OeV

and f(O) € V'. Then,

A(f(0)) =y (f(0)) = f(yv:(0)) = F(NO)),

where the middle equality comes from Corollary 3.5. Thus, A satisfies (2.2).
Alternatively, suppose that there exists a A : Oy, — R satisfying (2.2). Then

by Corollary 3.6, for any V € V(H), A|y € Xy. Define a global section v of ¥ by
v = Aly. We just need to check that this is a global section. Take some V' C V.
Then,

L(ivev)(w) =wlv = Av)lve = Alvr = v
Thus, v is a global section of 3. (]
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On account of the existence of weaker forms of contextuality—see Bell’s theorem
[3] and Hardy states [10]—the kind of contextuality linked to the Kochen-Specker
theorem is called strong contertuality. Theorem 3.9 suggests that strongly contex-
tual scenarios can be studied in terms of global sections of certain presheaves. This
suggestion inspires the following generic framework for studying strong contextual-

1ty.
4. STRONG CONTEXTUALITY

A sheaf-theoretic characterization of strong contextuality in terms of strongly
contextual empirical models is due to Abramsky et al. [2]; we summarize this work
and then show that the existence of a certain strongly contextual empirical model
suffices to prove the Kochen-Specker theorem.

Definition 4.1. A measurement scenario (X, M,O) consists of a finite set X
of measurements, a finite set O of outcomes, and a measurement cover M of X
consisting of measurement contexts C' C X such that
i) UCGM C=X ;
ii) if C,C" € M and C C C’, then C' = C".
We denote the power set (the set of all subsets) of X by P(X) and we view P(X)
as a poset ordered by subset inclusion.

Definition 4.2. Given a measurement scenario (X, M,QO), the event presheaf
€ : P(X)°P — Set maps
i) every U C X to the set £(U) = hom(U, O);
ii) every iyr v : U' — U to the map
Elivr) s EU) — EU)
t— tly
where the restriction is just the restriction of the function ¢t : U — O to
U CU.
Note that & is a sheaf if we give P(X) the discrete topology.

Definition 4.3. Given a measurement scenario (X, M, O), an empirical model S
is a subpresheaf of £ such that for any C € M, §(C) # & and such that S is flasque
below the cover, i.e. for any U’ CU C C' € M, the map S(iy'v) : S(U) — S(U")
is onto.

Definition 4.4. An empirical model S is strongly conteztual (denoted SC(S)) if it
has no global sections.

Proposition 4.5. A global section v of S is an element of S(X).

Proof. Fix a global section 7 :1 — S. Since X € P(X), there is some component
vx € S(X). For any U C X and any z € U, we must have yy(z) = vx(z), so all
components of v are defined by vx.

Alternatively, if there exists some g € S(X), this defines a global section by
v = g|lu. Thus, a global section of S is equivalent to an element of S(X). O

The following definition relates the data of the spectral presheaf ¥ and an em-
pirical model § in such a way that we can use strong contextuality to prove the
Kochen-Specker theorem.
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Definition 4.6. Given H, a quantum measurement scenario is a measurement
scenario (X, M, O) such that X is a finite subset of self-adjoint operators on H and
O is the set of all possible outcomes of these operators, i.e.

0= U a(0).
Oex
Theorem 4.7. Given an empirical model S defined over a quantum measurement
scenario, if S is strongly contextual, then the spectral presheaf ¥ has no global
sections.

Proof. Suppose for sake of contradiction that there exists a global section ~ of 3.
As shown in Theorem 3.9, this defines a function A : Os, — R. We can define
g € §(X) by g = AMx. Then, S(X) is non-empty, so we have a contradiction.
Thus, there are no global sections of X. [l

Theorem 4.7 links the sheaf-theoretic framework of strong contextuality with
Theorem 3.9 and thus with the Kochen-Specker theorem. Moreover, this frame-
work turns out to be the most useful for studying what kinds of empirical models
are strongly contextual. While a complete characterization of strongly contextual
models remains elusive, all known instances are accounted for and generalized by
the notion of an all-versus-nothing model, which we examine in the next section.
Moreover, the contextuality of every all-versus-nothing model is witnessed by a
cohomological obstruction.

5. COHOMOLOGICAL WITNESSES OF CONTEXTUALITY

5.1. All-versus-nothing models. All-versus-nothing models were introduced in
Mermin [12] and generalized in Abramsky et al. [2]. Notably, this generalization is
sufficient to account for every known example of strong contextuality. The general-
ized definition is inspired by the observation that every known strongly contextual
model defines an unsolvable system of equations in some ring.

Fix a measurement scenario (X, M, R) where the set of outcomes is a finite
commutative ring R.

Definition 5.1. An R-linear equation ¢ = (C,a,b) consists of a context C' € M, a
function a : C' — R, and an element b € R. We say that a section s € £(C) satisfies
¢ (denoted s | ¢) if

Z a(m)s(m) = 0.
meC
Let T be a set of R-linear equations. This in turn defines a set M(I") of sections
that satisfy every equation in I’ i.e.
M(T) :={s € &EC) |forall p €T, s |= ¢}.
Alternatively, a set of sections S C £(C) defines an R-linear theory, which is a set
Tgr(S) of R-linear equations that are satisfied by all sections in S, i.e.
Tr(S) :={¢|forall s € S C E(C), s = ¢}.
Definition 5.2. Define the R-linear theory of an empirical model S over (X, M, R)
by
Tr(S) = U Tr(S(C)) = U {¢ |for all s € S(C), s = ¢}.

CeM CeM
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Definition 5.3. S is an all-versus-nothing model over R (denoted AvNg(S)) if
there is no function g : X — R such that for all ¢ = (C,a,b) € Tr(S), g|c satisfies
0.

Proposition 5.4. AvNg(S) = SC(S) (see Definition 4.4))

Proof. For sake of contradiction, suppose that S is not strongly contextual, so
there exists a global section g : X — R. Let ¢ € Tr(S). Then, for some C € M,
¢ € Tr(S(C)). Note that g|c € S(C), so by Definition 5.2, g|c satisfies ¢. This
argument works for all ¢ € Tr(S), so S is not an all-versus-nothing model. This is
a contradiction, so SC(S). O

Definition 5.5. The affine closure aff S of a set S C E£(U) is given by

¢ ¢
aff S == {Zcisisi €S, ¢ ER,Zci = 1}.

i=1 i=1
Definition 5.6. The affine closure of an empirical model S is defined for each
C € M by

(AffS)(C) = aff (§(C)).

Proposition 5.7. AvNg(S) = AvNR(AffS) = SC(AHS)

Proof. Note that (M o T)(S) gives the maximum set of sections that satisfy every
equation satisfied by all sections in S. Since the affine combination of solutions
to a linear equation is also a solution, affS C (M o T)(S). Thus, for all S(C),
Tr(aff (S(C))) = Tr(S(C)). Thus, Tg(S) = Tr(AfLS), so if S is an AvNg model,
then so is AffS. Then by Proposition 5.4, AffS is strongly contextual. O

The reason for shifting to the affine model is to show that the strong contextuality
of all-versus-nothing models is witnessed by cohomological obstructions.

5.2. Cech cohomology. We will briefly work in a more general setting than above
in order to give an account of the Cech cohomology theory. Fix a topological space
X, open cover M, and presheaf F : O(X)°? — AbGrp.

Definition 5.8. A g-simplex of the nerve of M is a (¢+ 1)-tuple o = (Cy, ..., Cy)
of elements of M such that
o] =[] C#2.

Ceo
Let N (M), denote the set of g-simplices.

Definition 5.9. Define the j-th partial boundary operator 0; by
0, : N(M)y = N(M)yr
(CQ,...,Cj,...,Cq) — (Oo,...,Cj_1,0j+1,...,oq).

Note that |o| C |9;0], so there exists a morphism i|4| 9,5 : |o] = |0;0] in O(X).
Thus, there exists a restriction map
9o . .

07" = Flioljo,00) : F(10501) = F(lo]).
Definition 5.10. A g-cochain w is a map on g-simplices such that for all o € N (M),
w(o) € F(|o|). The set C1(M, F) of g-cochains forms an abelian group under point-
wise addition. That is, if wy,ws € CY(M, F), then so is wy + we, which is defined
by (w1 +w2)(0) = wi(0) + wa(0). Since wy (o) and wa (o) are elements of the same
abelian group F(|o]), then (w1 + ws)(o) € F(|o|), so w1 + wa € CYM, F).
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Definition 5.11. Define the coboundary operator &, : CY(M,F) — CIT1 (M, F)
by

g+1

(640)(0) = Y (=1 p| 7" (w(8;0)).

Jj=0

Definition 5.12. A g-cocycle is a g-cochain w such that for all (¢ + 1)-simplices o,
(04w)(0) = 0. Denote the set of g-cocycles as Z9(M, F) :==kerd,. A g-coboundary
is a g-cochain w such that there exists a (¢ — 1)-cochain 7 such that 6,17 = w.
Denote the set of g-coboundaries as BY(M, F) = Imdg_1.

Since 0441 0 04 = 0, we have BI(M, F) C Z9(M,F) C CYM, F).

Definition 5.13. We have the following cochain complex (C*(M,F),d):

0= COM, F) 2% Y (M, F) 25 C2(M, F) 2 ..

The Cech cohomology of M in F is the cohomology of (C*(M, F),§), i.e. the g-th
Cech cohomological group is HY(M, F) == Z9(M, F)/BY(M, F).

Remark 5.14. Note that a 0-simplex is an element C € M. Thus, a 0-cochain
is a family {rc € F(C)}ceam and a O-coycle is a compatible family?. Moreover,
H' (M, F) = Z°(M,F)/0 = ZO(M,F), so H'(M,F) is the set of compatible
families.

Remark 5.15. Since BY(M,F) C Z}(M,]—'), we can corestrict dy to a map
0o : C°(M, F) = Z'(M, F). Then, kerbo = Z°(M, F) = H°(M, F) and
cokerdy = ZY(M, F)/BY (M, F) = H' (M, F).

Now we fix an open set U C X.

Definition 5.16. Let F|y : O(X)°P — AbGrp be defined by F|y (V) = F(UNV).
There is a natural transformation p : F — F|y whose components are given by

py : F(V)—=FUNV)

r = rluav.
Let F7 : O(X)°® — AbGrp be defined by F; (V) = kerpy € F(V).
Thus, we have the following exact sequence:
(5.17) 0—Fg—=FL Flu
Moreover, we can lift this to a short exact sequence at the level of cochain groups:

(5.18) 0— C'(M, Fg) = CO M, F) = COM, Fly) =0

2If w :C{'rc € .7:(0)}06% is a 0-coycle, then forcz}ny 1-simplex (go, C1), (6ow)((Co, C1)) = 0.
That is, pcémcl (w(C1)) — pcgmcl (w(Co)) =0, or Pcémcl (re,) = pcgmcl (rcy)-
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Putting the map from Remark 5.15 and (5.18) together, we have the diagram

HO(M, Fg) —— H'M,F) —— H'(M, Flv)

|

0 —— C'M, Fgz) —— C° M, F) —— C' M, Fly) —— 0

l&’ 5o 5o

0 —— Z' M, Fg) —— Z' (M, F) —— Z*(M, Flv)

|

HY(M, Fg) — HY (M, F) —— H' (M, Flv)

where the groups in the first row are the kernels of the map between the second
and third row and the groups in the last row are the cokernels. Thus, by the snake
lemma there exists a map v : H(M, F|y) — H*(M, Fg) such that

HO(M, Fg) = H (M, F) - H' (M, Fly) - H* (M, Fg) = H(M,F) = H(M, Fly)
is an exact sequence.

Remark 5.19. Recall from Remark 5.14 that H°(M, F|y) is the set of compatible
families of sections in F|y. Consider such a family {s¢ € Fly(C)}cem. By
Definition 5.16, this is equal to {s¢ € F(U N C)}cem, and this family uniquely
determines a section s € F(U) such that for all C € M, slync = s¢. Thus,
HO(M, Fly) = F(U).

Remark 5.20. Consider the map H°(M, F) — H°(M, F|c,) where Cy € M. Call
this map P. An element w € H°(M, F) is a compatible family w = {r¢ € F(C)}cem.
Then,

P(w) ={pc(rc) € F(CoNC)}oem
where each pc is a component of the natural transformation p : F — Flg,.-
The element r¢, of the original family associated with Cjp is unchanged. That
is, r¢, € P(w). Moreover, since r¢, € F(Cp), it must be that r¢, is the unique
section determined by the compatible family P(w) as discussed in Remark 5.19.
Thus, P maps a compatible family {rc¢ € F(C)}cem to the section r¢, of the
family associated to Cy € M.

Definition 5.21. GivenVCO € M and o € F(Cp), the cohomological obstruction
of rg is v(rg), where v : H(M, Fl¢,) — Hl(/\/l,]:éo).

Proposition 5.22. v(rg) = 0 if and only if there exists a compatible family
{rc € F(C)}cem such that rc, = 9.

Proof. From Remarks 5.19 and 5.20, we have the following exact sequence:
HY M, F) 55 F(Co) 2 HY (M, F)

Thus, v(ro) = 0 if and ounly if 7 € kery = ImP. Then by the definition of P,
ro € Im P if and only if there exists a compatible family {rc € F(C)}cem- O

So we are justified in referring to v(rp) as an “obstruction.” It tells us whether
or not we can extend a particular local section to a global section.
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5.3. Witnesses for AvN models. In order to find cohomological obstructions for
empirical models, we need to make one modification. In particular, we need to turn
empirical models into functors to abelian groups rather than sets.

Definition 5.23. Fix a commutative ring R and define the functor Fr : Set — Modpg
to the category of modules over R as the functor that maps

i) every set X to the free R-module Fr(X)={¢: X — R|supp ¢ < co};
ii) every function f: X — Y to the map

Fr(f): Fr(X) = Fr(Y)
A,

where

Ap)= 3 o).

f(z)=y

Definition 5.24. An empirical model S over a measurement scenario (X, M, O)
is cohomologically strongly contextual over a ring R (denoted CSCg(S)) if for all
C € M, s € C, we have the obstruction vp,s(s) # 0.

Note that we can view an element ¢ € Fr(X) as a formal linear combination of
elements of X given by Y ¢(z)x.

Proposition 5.25. CSCg(S) = SC(S)

Proof. By Proposition 5.22; for all C' € M,s € C, s is not a member of any
compatible family. Thus, there is no compatible family over M, so there is no
global section of S. Thus, S is strongly contextual. g

Since AvN models encompass all known strongly contextual models, we would
like to show that they are cohomologically strongly contextual. From Proposition
5.7, we have AvNR(S) = SC(AffS). Thus, we need to show SC(AffS) = CSCg(S).

Remark 5.26. Since Fr maps sets to the free R-module over that set, it forms
an adjoint pair with the forgetful functor U : Modgr — Set. The counit of the
adjunction € : FRU — 1mody is given by components €y defined by

€N FRU(M) — M
T Z r(m)m.

meM

Since the set of outcomes is the ring R, every £(C) is itself an R-module. Then,
we have the map € : FRUE — & given by eg(¢) : FRUE(C) — £(C). For S C €&,
this restricts to a map FrUS — Span S given by eg(c) : FRUS(C) — Span S(C),
where Span §(C) denotes the linear span of S(C) in R. Finally, if we restrict to
affine R-modules, we have a map F }%HUS — AffS.

Proposition 5.27. SC(AffS) = CSCr(S)

Proof. Suppose for sake of contradiction that there is some Cy € M such that
there is some sg € S(Cp) such that yr,s(so) # 0. By Proposition 5.22, there is a
compatible family {rc € FrS(C)}cem such that ro, = sp. so is not only a formal
linear combination but an affine combination, since sg = 1 - s¢.
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Note that S(&) = {*}. Then, for any C, we have i : @ — C, so we have the
restriction

Fri: FRS(C) — FRS(@) = FR{*}
rc = rele,

where by Definition 5.23,

role(x) = Z ro(s).

seS(C)

Since we have a compatible family, every restriction to the empty set must be the
same, so so the coefficients of every ro sum to the same number. Then, since
rc, = So is an affine combination, so is every r¢. Then, the map F EHU S — AffS
lifts the compatible family to a compatible family {rc € (AffS)(C)}cem, which
contradicts SC(AffS). Thus, S is cohomologically strongly contextual. O

To summarize, we have the following for an empirical model S:
AvNR(S) = SC(AffS) = CSCg(S) = SC(S).

All-versus-nothing models provide a good account of strong contextuality in
quantum mechanics, and this is their intended purpose. However, there is sufficient
generality in the idea to think about other ways strong contextuality emerges in
mathematics. We now briefly discuss two examples where strong contextuality
provides a nice perspective. The first example is the theory of semantic paradoxes.

6. SEMANTIC PARADOX

The results of the previous section were proven in Abramsky et al. [2], where
the authors note the possibility of applying their work to the case of semantic
paradoxes. In this section, we demonstrate one possible approach that connects
the contextuality framework outlined above to the characterization of semantic
paradoxes in Cook [6].

6.1. Background. A semantic paradox is a set of sentences such that truth values
cannot be consistently assigned. A simple example is the liar parador: “This
sentence is false.” If the liar paradox is false, then is is true, and if the liar paradox
is true, then it is false. More generally, we can come up with large and even infinite
sets of sentences that are paradoxical. The following characterization of semantic
paradoxes in terms of a simple propositional language is from Cook [6].

Definition 6.1. We define our propositional language L,, as consisting of a class of
sentence names {S;, }nen, a conjunction operation A, and a negation —. Associated
to Ly is a set of well-formed formulae, denoted W F'F', given by

WFF = {/\{ﬁ(sﬁ)}BeB | B C N}.
It is helpful to also use the following notation for a formula.
—(58,) A =(88,) A=(Sy) A== M{=(Sp) se

The intuitive way to understand this notation is to take =(Sg) to mean “the sentence
Sp is false” and to take A to mean “and.”
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Definition 6.2. A denotation function § is a map
0 :{Sn}nen = WFF.

& assigns each sentence to a particular “meaning” in the form of a well-formed
formula. For each S,,, we define the set

Ds(Sh) = {S, | 8(Su) = AM{~(S5)}pe and ¥ € BY.

Intuitively, we can think of Ds(S,) as the set of sentences that must be false in
order for S, to be true. We formalize this idea with the following notion.

Definition 6.3. Let T = {0,1}. A truth-value assignment o : {Sg}gep — T is
acceptable if for all 5 € B, 0(Sp) = 1 if and only if for all S, € Ds(S3), 0(Sy) = 0.

We now have a formal notion of paradox.
Definition 6.4.

i) {Sg}pep is evaluable if there exists an acceptable assignment o;
ii) {Ss}pep is paradozical if there is no acceptable assignment.

We are interested in the following two situations.

Definition 6.5. The n-cycle consists of the set of sentences {S;}i<, and a deno-
tation function defined by

5(Ss) = {:Eg;l) ziz

Definition 6.6. The n-Yablo chain consists of the set of sentences {S;}ieny with
the denotation function & given by

0(S;) = AN{—(Sk) | there exists m > 0 such that k =i +nm + 1}.

Example 6.7. The 1-Yablo chain is known as Yablo’s paradox [15]. The denotation
of each sentence is

Yablo’s paradox is a countable sequence of sentences, each one saying “all of the
following sentences are false.” Similarly, each sentence of the n-Yablo chain says
“every n-th sentence of the following sentences is false.”

There is an important connection between n-cycles and n-Yablo chains. To
understand it, we need to understand the notion of “unwinding” a set of sentences.

Definition 6.8. Let < denote the lexicographical order on pairs of natural numbers
(z,y), i.e. (a,b) < (c,d) if one of the following is true.

i)a<c

ii) a=cand b<d
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Definition 6.9. The unwinding of a finite set of sentences {S; };<,, with denotation
function ¢ is given by

({Si}i<n)¥ ={Sp) la,b € Nand b < n}
with denotation function 6V defined by
5U(S(a7b)) = M~(S,a)) | (a,b) < (c,d) and Sq € Ds(Sy)}.

Definition 6.10. An assignment o on ({S;}i<,)V is recurrent if for all a < b and
c<mn, U(S(a,c)) = U(S(b,c))~

Lemma 6.11. If o is acceptable on ({S;}i<n)Y, then o is recurrent.

Proof. Let a < b and ¢ < n.

i) If S(4,c) = 1, then for any (x,y) such that (b,c) < (x,y), and S, € Ds(S.),
we have (a,c) < (z,y), so 0(S,)) = 0. But Sy € Dsv(Sp,e)), so
Sbe) =1=S@w,0)-

ii) If S(q,c) = 0, then there is some (7, k) such that (a,c) < (j, k) and Sy € Ds(S.)
and o(S(;r)) = 1. Suppose for sake of contradiction that o(Sp,.)) = 1.
Then, since (b,c) < (b+j+ 1,k) and Sy € Ds(S.), 0(Sp+j+1,6)) = 0. But
(j, k) < (b + 5+ 1,]€), (e} S(b+j+1,k) € Dsu (S(a,c)); (e} S(a’c) = 1. This is a
contradiction, so we must have S ) = 0.

Thus, o is recurrent. ([

Theorem 6.12. o is acceptable on {S;}i<n if and only if o' is acceptable on
({Si}i<n)Y, where

o' (S(a,e)) = o (Se).
Proof. Suppose that o is acceptable on {S;}i<.
i) If 0'(Sb,e)) = 1, then o(S.) = 1, so for all Sq € Ds(Sc), o(Sa) = 0. Then,
for all S(a,d) € Dsu (S(b,c))7 UI(S(a,d)) =0.
ii) If 0'(S@p,)) = 0, then o(S.) = 0, so there is some Sq € Ds(S.) such
that Sq = 1. Thus, there is some a > b such that S 4 = 1 and
S(a,d) € Dsv (S(p,e))-
Thus, o’ is acceptable.

Alternatively, suppose that o’ is acceptable on ({S;}i<,)Y. By Lemma 6.11, o’ is
recurrent, i.e. for all @ < b, 0(S(a,c)) = 0(S(,¢)). For all d, ¢ such that Sy € Ds(S.)
and all @ < b, we have S, gy € Dsv(S(q,c)). Then,

i) if 0(Sc) = 1, then 0'(S(4,¢)) = 1, 50 0'(S(s,4)) = 0, s0 7(Sa) = 0;
ii) if o(Se) = 0, then 0'(S(4,¢)) = 0. This is true for all ¢ such that Sy € Ds(S.)
and all a < b, so it holds for all S, ) € Dsu(S@p,a)). Thus, Spa) = 1, so
Sq = 1. This holds for all Sy € Ds(S..).
Thus, o is acceptable. (Il

Corollary 6.13. ({S;}i<n)Y is paradozical if and only if {S;}i<n is paradozical.

We can apply this result to n-cycles and n-Yablo chains due to the following
theorem.

Theorem 6.14. The unwinding of the n-cycle is the n-Yablo chain.
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Proof. Consider the n-cycle, consisting of the set {S;}i<, and denotation function
¢ as defined in Definition 6.5. Then, consider the unwinding

({Siti<n)” = {San)la € N} U{Sa2)[a €N} U---U{S(an)|a € N}.

The associated denotation function 8V is given on each of the above subsets by

55(5(@1)) = M=(Se2)la<c}
0%(Sa2) = M-(Se3)la<ch
5UL([S(a,n—1)) = /\{_'(S(c,n)) ‘ a < C}
6 (S@mny) = MNMA(Sen)la<cl

To see that this is just the n-Yablo chain, consider the following renaming:
S(a,l) = S(a—l)n+1v S(a,2) = S(a—l)n+2a ) S(a,n) = San-
Then,
6V (81) = 6Y(S1,1)) = =(Sa,2)) A (Si2,2)) A(Sz2)) A
2(82) A (S24n) A (S242n) A+
(
(

§Y(S2) = 5U(S(1,2)) = (S1,3)) A (Se2,3)) A (Sez,3)) A
S3) A =(S34n) A =(S342n) A -+

=t

8V (Sn—1) = 67 (S1,n-1)) = (S(1,m)) A =(S(2,m) A =(S(zm) A -+~
= =(Sp) A =(S2n) A (Szp) A
§7(Sn) = 8" (Samy) = ~(S21)) A =(S3.1)) A ~(Seany) A~
= (Sn+1) A 7(S2n+1) A (Ssng1) A -+
6Y(Sns1) = 6Y(S2,1)) = ~(S2,2)) A (S3.2)) A =(S(a2)) A+
= (Sn+2) A 7(S2n42) A 7 (Sznt2) A

O

Corollary 6.15. The n-cycle is paradozical if and only if the n-Yablo chain is
paradozical.

6.2. Connecting paradox and contextuality. At a conceptual level, semantic
paradox and strong contextuality seem like the same kind of phenomenon—both
are cases of the non-existence of global assignments. To formalize this connection,
we demonstrate that one can associate empirical models to sets of sentences in such
a way that the sentences are paradoxical if and only if the associated empirical
model is strongly contextual.

Definition 6.16. Given a finite set of sentences {S;}i<,, define the associated
event presheaf £ : P(X)°? — Set by setting X = {S;}i<, and O =T = {0,1}.
In this context, for a set of sentences U C X, £(U) is the set of possible (not
necessarily acceptable) truth-value assignments o : U — {0, 1}.
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Definition 6.17. Given also a denotation function §, consider the cover M of X
given by

M = {Ci}ign, where C’Z = {SZ} U Dé(Sl)
Define the associated empirical model S C £ such that for all C' € M,
S(C) ={o € &(C) | o is acceptable}.

Proposition 6.18. {S;}i<, with ¢ is paradozical if and only if the associated em-
pirical model S is strongly contextual.

Proof. This follows immediately from the fact that an element of S(X) is an ac-
ceptable truth-value assignment on {S;}i<p. ]

Moreover, we can connect n-cycles and n-Yablo chains to the previous discussion
of cohomological strong contextuality.

Proposition 6.19. Ifn is odd, then the empirical model associated to the n-cycle
is an all-versus-nothing model.

Proof. Let {S;}i<, with 6 be the n-cycle with odd n. Recall (Definition 6.5) that
¢ is defined by

5@0:{1iy)2:2
Define M according to Definition 6.17. That is, M = {C;}i<, where for all i < n,
Ci = {Si, Si+1},
and for i = n,
Cp = {Sn,S1}.

Then, M defines the associated empirical model S. Recall (Definition 5.3) that
an all-versus-nothing model depends on a ring R. We will use the boolean ring B.
Then, S determines a B-linear theory

Te(S) = | Ta(S(Cy).
i<n
(See Definitions 5.1 and 5.2.) Note that for ¢ < n,
TB(S(C’L)) = {<C’L7 (07 0)7 O>7 <C’Lv (1a 1)7 1>}7

where a function a : C; — B is denoted by the ordered pair (a(S;), a(S;+1)). Simi-
larly,

Te(S(Cn)) = {{Cn, (0,0),0), (Cn, (1,1), 1)},
where a function a : C,, — B is denoted by (a(Sy), a(S1)). Thus,
mmzuwmwmwawmm

Suppose for sake of contradiction that S is not AvNpg, i.e. that there exists a
map g : {S;}i<n — B such that for all ¢ = (C;,a,b) € Tr(S), g|c, satisfies ¢. Any
g will satisfy equations of the form (Cj, (0,0),0), so we only need to consider the
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equations of the form (Cj;, (1,1),1). For g to satisfy equations of that form for all
C; € M, g must satisfy the following system of equations:

g(51) +9(52) =1
9(52) +9(83) = 1
g(Snfl).'i‘ g(Sn) ; 1
g(sn) +g<51) =1

Each term appears on the left side twice, so the left sides of the equations sum to
0. However, n is odd, so the right sides sum to 1. This is a contradiction, so no
such g exists. Thus, AvNg(S). O

Corollary 6.20. Ifn is odd, then the empirical model associated to the n-cycle is
cohomologically strongly contextual.

Denote that a set of sentences S with § is paradoxical with Pdox(S,d) and that
it forms an n-cycle with Cycle,(S,0). Then, for odd n, we have

Cycle, (S, ) = CSCy(S) = SC(S) < Pdox(S) < Pdox(SY)

where S is the empirical model associated with S and SY is the unwinding of S, or
the n-Yablo chain. So in the case of semantic paradoxes, cohomological witnesses
of contextuality serve also as witnesses of paradox.

7. DIGRAPHS, GAMES, AND MORE

Finally, we give a very short introduction into how contextuality may arise in
the study of directed graphs. Cook [6] demonstrates that a set of sentences is
paradoxical if a certain directed graph has no kernels. Taking this as our inspiration,
we consider the connection between the non-existence of kernels in digraphs and
strong contextuality.

Definition 7.1. A directed graph (digraph) G = (V,E) consists of a set V of
vertices and set E of ordered pairs of vertices called edges.
Definition 7.2. A kernel K CV is

i) stable, meaning that for all z,y € K, (x,y) ¢ E;
ii) absorbing, meaning that for all z € V/K, there is a y € K such that
(z,y) € E.

Definition 7.3. The set N*(x) of out neighbors of a vertex x € V is given by
N (z)={y e V|(2,y) € E}.

Definition 7.4. Given a graph G with |V| = n, enumerate the vertices V = {vy, va, . ..

and define the associated event presheaf by X :=V and O = {0, 1}. Define a mea-
surement cover by

M= {Ci}ign where C; = {Ul} U N+(’UZ').
Define the associated empirical model S by letting
S(C)={o €0 |forall z € C, o(z) = 1iff for all y € C N NT(x), o(y) = 0}.

Proposition 7.5. G contains no kernels if and only if S is strongly contextual.

s Un}
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Proof. Suppose that S is strongly contextual and suppose for sake of contradiction
that G contains a kernel K. Define a map g : X — O by

)0 z¢ K
g(x)—{l re K’

We need to check that g € S(X). Suppose g(z) = 1. Then, z € K,so N*(z) C X/K.
Thus, for all y € NT(x), gy) = 0. Alternatively, fix x and suppose that all
y € N*t(z) satisfy g(y) = 0. Then, N*(z) C X/K. If z € X/K, then there is
at least one z € N (z) such that z € K, so z must be in K, so g(z) = 1. Thus,
g € §(X), so S is not strongly contextual. By contradiction, we have that G
contains no kernels.

Suppose instead that G contains no kernels and suppose for sake of contradiction
there exists a global section g € S(X). Consider the set g~!(1). Note that if
z,y € g~ (1), then (z,y) ¢ E. (Else, y € N*(x), so g(y) =0, s0oy ¢ g~ *(1).)
Then, consider z ¢ g~!(1). There must be some y € g~*(1) such that (z,y) € E.
(Else, NT(x) C g~1(0), which means that g(z) = 1.) Thus, g~!(1) is a kernel. By
contradiction, we have that no g € S(X) exists, so S is strongly contextual. g

The existence of a kernel in a directed graph has to do with the existence of
a solution to a two-person game on the graph [14] and can be used to study a
variety of situations where players alternate turns until one player is out of moves.
Thus, we can speculate on some degree of connection between strongly contextual
empirical models, semantic paradoxes, and unsolvable games.

Contextuality forces us to confront the strangeness of quantum mechanics in non-
intuitive ways. Perhaps by understanding how contextuality arises in our macro-
scopic world as well as in the microscopic one, we can come to better understand
the mathematical theory and physical reality that lies beneath everything around
us. For example, there may very well be usefulness in an analogy between games
and contextuality, and this idea has been studied by others [1]. Or perhaps the fact
that quantum reality verges on paradox suggests a new perspective on logic—the
progenitors of topos quantum theory, for instance, prefer intuitionistic logic.

The careful analysis of all the facts and consequences of quantum contextuality
is not completed, and there is more to discover about this part of the mathematical
and physical worlds. However, much interesting progress has made so far, and we
hope that this paper is an enlightening survey of where the field currently stands
and how we got here.
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