LYAPUNOV EXPONENTS AND THE MULTIPLICATIVE ERGODIC
THEOREM

ALINA ZHU

ABSTRACT. This paper gives a proof of the Oseledets multiplicative ergodic theorem for d x d
linear cocycles, and mention some applications of this theorem to products of random matrices
and Schrodinger cocycles.
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1. INTRODUCTION

This expository paper aims to provide an overview of a classical result from dynamical systems
and the theory of Lyapunov exponents. In particular, we focus on proving the Oseledets multi-
plicative ergodic theorem for d x d linear cocycles, which establishes the existence of Lyapunov
exponents (also called Lyapunov characteristic numbers). Then, at the end of the paper, we discuss
some preliminary applications of this theorem to products of random matrices and Schrédinger
cocycles.

Throughout this paper, we take (M, %, u) to be a probability space and f : M — M a measure
preserving transformation, i.e., a measurable map satisfying

w(f~1(B)) = w(B) , for every B € A .

We define a dynamical system to be the quadruple (M, %, u, f). If A is a d X d matrix, we take
||A]| to be the standard operator norm
[A[l :== sup [Av] .
lv|=1

The version of multiplicative ergodic theorem proven in this paper is concerned with describing
the asymptotic behavior of a product of matrices chosen using an arbitrary dynamical system
(M, B, u, f). In particular, if A : M — GL(d) is a measurable map with values in the general
linear group of d x d matrices with real entries, which also satisfies some integrability assumptions,
we show that for pu—almost every & € M, there exist k& = k(x) € N, real numbers A\;(z) >
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- > Ai(z) (called Lyapunov exponents), and a family of decreasing linear subspaces of RY
RI=ViD-.- 2 VF D {0} (called a flag), such that for all 1 <i < k, we have

(1.1) lim % log |A(f""!(2)) - A(f(z))A(z)v| = Ai(z) , for all v e VI\VI T

A full statement of the theorem will be introduced in Section 1.1.

We remark that there are several proofs of the multiplicative ergodic theorem. It was first
proven by Oseledets in 1968 [1], based on previous results by Furstenberg and Kesten [2]. A
different approach to prove the theorem is due to [6], which is based on exterior algebra and
singular value decomposition. Another proof can be found at [7], which uses an approach called
the Avalanche Principle. The approach used in this paper is primarily based on the proofs by
Viana, Walters, and Bochi (see [3], [4], [5], respectively).

In terms of proof strategy, we will first establish a weaker version of the theorem by replacing
the limit in (1.1) with a limsup. Then, we show that the limit exists using an inductive argument

on the number of subspaces in the flag R = Vi D --- 2 VF® 5 {0},

1.1. Motivation. In this subsection, we briefly describe some motivation for proving the multi-
plicative ergodic theorem, from the point of view of products of random matrices.

We begin by introducing a concrete model. Let (p1,...,pm) be a probability vector, so that
p; > 0 and p1 + ... + pm = 1. Take a subset {Bi,..., B} € GL(d) of the general linear group
of d x d invertible matrices with real entries. We define a sequence of independent, identically
distributed random variables Ag, Ay, ... taking values in {B,..., By}, such that for each i > 0,
1 <5 <m, one has

(1.2) P{A; = B;} =p; .

Forn >0, let A™ := A,,_1--- Ay be the matrix product of the A;’s.

We are interested in studying the limiting behavior of A™ as n — oo. In 1960, Furstenberg
and Kesten showed that with probability 1, there are real numbers Ay such that for large N, the
operator norms of AN and (AN)~! exhibit the exponential growth rates

)7 e

The numbers Ay are called the extremal Lyapunov exponents, which are defined precisely as
the limits

T 1 n T l ny—1]1—1
(1.4) Ay = nl;rrgcﬁlog|\A I, Ao = nl;rr;onlog||(A |

(1.3) AN || ~ N+

This result is a special case of their general theorem, which is proven in [2] for all stationary
stochastic processes under some integrability assumptions.

Example 1.5. For example, consider the case in which our sequence of random matrices take

values in the set
19 0 -1
_ 2 _
{B1—<0 2) ,Bz—<1 0>}C_GL(2),

with probability given by (p,1 — p), for p € [0,1]. Then, we have

log2 ifp=1 logt ifp=1
A = 08 Tp and A= 82 ?p
0 if pe(0,1) 0 if pe (0,1).

See [17, Section 4] for more examples.

We see that the growth rates of the operator norms are completely determined by the extremal
Lyapunov exponents. By the definition of the operator norm, this implies that for large N, we
have the following upper and lower bounds on the length of the vector AN v:

M- y| < |AN’U| < MM |y| | for all v e R .

However, the extremal Lyapunov exponents are not sufficient to completely determine the ex-
pansion rate of |A™v| (where v is chosen arbitrarily form R?), because we can find subspaces of
R? in which |A™v| admit different growth rates. In the following, we illustrate how such subspaces
arise for powers of one matrix. This can also be interpreted as taking m = 1, i.e., a constant
sequence of matrices, from the random matrix model in (1.2).
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Suppose B € GL(d) is a normal matrix (i.e., B*B = BB*, where B* := ET). For v € R4\ {0},
we consider the limit

1
(1.6) lim —log|B™w| , for w € R .
n—o00 N

It turns out that if vy, ...,y are the (not necessarily distinct) eigenvalues of B, indexed in a way
such that |vi| > ... > |v4], and wy, ..., wq are the distinct, orthonormal eigenvectors of B (which
exist because B is normal), then

1
lim —log|B™w| = log|v;|, for all w € span{w;, ..., wq}\span{w;t1,...,wq} .
n—oo M
See Section 3 for more details and a proof. It follows that we have
|B"w| ~ |v;|", for all w € span{w;, ..., wq }\span{w; i1, ..., wq} .

Therefore, there is a decomposition of R? according to the eigenspaces of B such that vectors in
different subspaces expand at different rates under iterations of B.

If d > 2 and B has more than 2 distinct eigenvalues, then there must be some vector subspace of
R? in which | B"w| expands at a rate different to those given by the extremal Lyapunov exponents.

Example 1.7. For example, suppose we consider the following normal matrix
6 -2 -1
B=|-2 6 -1
-1 -1 5
B is unitarily diagonizable, with B = PDPT,
-1/vV2 —1/v/6 1/V3
P:(wlwgwg): 1/\/5 —1/\/6 1/\/§ 7l):
0 2/V6 1/V3

For arbitrary w € Rd, we write w = ajw; + agws + azws. If a; # 0, then we have the rate

O O
O O O
w o O

1
lim —log|B"w| =log8 .
n—o00 N,

But, if a; = 0 and as # 0, then the rate is log6. If a; = a2 = 0 and a3 # 0, then the rate is log 3.
Thus, we see that there are 3 distinct expansion rates.

In the above example, we observed that for powers of 1 matrix, there is a decomposition of R?
into subspaces that admit different growth rates. A natural question is whether the same is true
for nontrival models from products of random matrices, for example, the model introduced in (1.2)
for m > 1.

It turns out that linear cocycles are useful tools for us to analyze this generalization. Note that
if (M,2,u,f) is a dynamical system and A : M — GL(d) is a measurable map, then a linear
cocycle defined by A over f is a map F : M x R - M x R¢,

F(z,v) := F(f(x), A(z)v) .
Iterating F on itself yields F"(x,v) = (f™(x), A™(x)v), where A™(x) denotes the matrix product
A" (@) = A(f" (@) - A(f (@) - A(z) -

The advantage of considering linear cocycles is that (a) they allow us to formally define general
matrix products (see the second coordinate of F™), and (b) they allow us to use tools from dy-
namical systems and ergodic theory to prove that the desired decomposition of R¢ exists. We are
thus interested in the following question about linear cocycles:

Question 1.1. Suppose (M, %, u, f) is a dynamical system and A : M — GL(d) is measurable.
Let F: M x RY — M x R be a linear cocycle defined by f over A. Suppose we take the second
coordinate of F™(x,v), where z € M,v € R% are chosen arbitrarily. Can we find a decomposition
of R? for the following limit that is similar to the trivial example for powers of 1 matrix?
1
lim —log|A™(x)v|

n—oo M

This leads us to the statement of the main theorem of this paper:
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Theorem 1.8 (Oseledets Multiplicative Ergodic Theorem). Suppose log™ HAilH are integrable
with respect to u, where log™ ¢ := max{logt,0}. Then, for u—almost every x € M, there exist
k = k(x) € N, real numbers \(z) > --- > M (), and a flag R =V} D .- D VF D {0} such that
for all 1 < i <k, the following hold:

(a) k(f(2)) = k(z), Xi(f(2)) = Xi(z), and A(z) - Vi =V}, ,

(b) the maps x +— k(z), x + X\i(x), and x +— V' are measurable,

(c) one has

nlgr;o % log |A™(z)v| = N\i(x) , for all v € VA\VIT! .

The numbers A;(z), ..., \x(z) are called the Lyapunov exponents of the linear cocycle F at
x, and the set consisting of all Lyapunov exponents is called the Lyapunov spectrum.

In particular, we may consider all products of independent, identically distributed random ma-
trices as represented by special kinds of linear cocycles (see Example 2.4), for which the underlying
dynamical system is a Bernoulli scheme (see Example 2.1). Thus, as a consequence of Theorem
1.8, under some integrability assumptions, we can find a decomposition for all products of i.i.d.,
invertible random matrices. In Section 6, we will discuss this implication in more detail.

1.2. Structure of the Paper. In Section 2, we introduce the formal definition of linear cocycles
as well as some examples. In Section 3, we state the proof for the trivial example concerning
powers of one matrix mentioned in Section 1.1.

In Section 4, we state Kingman’s subadditive ergodic theorem (Theorem 4.1). Then, we use it
to deduce a version of Furstenberg and Kesten’s theorem for linear cocycles (Theorem 4.2) and
the Birkhoff ergodic theorem (Theorem 4.7), since these results will be utilized later in the proof
of the multiplicative ergodic theorem (Theorem 1.8).

In Section 5, we state the proof of Theorem 1.8. In particular, Subsections 5.1 and 5.2 prove
the claim of the theorem when the limit in part (c) is replaced by limsup; Subsections 5.3 and 5.4
discuss two useful lemmas for induction; Subsection 5.5 shows that the limit in part (c) exists via
an inductive argument.

In Section 6, we mention some simple applications of the multiplicative ergodic theorem to
examples introduced in Section 2.

2. DEFINITION OF LINEAR COCYCLES AND EXAMPLES

In this section, we discuss the basic set up of the proof of the multiplicative ergodic theorem.
In particular, we state the definition of linear cocycles, and introduce some examples.

In the rest of this paper, we take (M, %, 1) to be a complete separable probability space. Recall
that complete means that if U C B and B € &£ with u(B) =0, then U € %4. Separable means
that there exists a countable family ¥ C £ such that for any € > 0 and B € % there exists £ € €
with u(BAFE) < €, where BAFE denotes the set difference B\E U E\B.

To define linear cocycles, we first need to define measure preserving transformations. Recall that
a transformation f : M — M is measure preserving (also called p—invariant) if f is measurable
and

w(f~1(B)) = u(B) , forall Bc #,

and that the quadruple (M, %, i, f) is called a dynamical system. In the following, we mention
two examples of dynamical systems.

Example 2.1 (Bernoulli Scheme). For m € N, define X := {1,...,m}, and let (p1,...,pm) be a
probability vector. Consider the o—algebra % defined by the power set of X, and a measure p
over X defined by

p({i}) :==pi .
The space (X, %, p) is a probability space, and we shall use it to construct a Bernoulli scheme.
For each i € Z, let (M;, %;, ;) == (X, €, p), and consider the countable product

“+o0
(M,%,,LL) = H (Mlaf@m;ufz) .

n=—oo
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Then, M is called a shift space and a point in M is a X —valued sequence {z;};cz. The o—algebra
2 of subsets of M is the countable product of " with itself, i.e., the smallest c—algebra containing
all sets (called measurable rectangles) of the form

R={{z;}icz | xj = a;, |j| <n}, for somen >0anda; € X .
The measure p on M is the product measure defined by

p(R) =T, p({a;}) ,

and (M, %, u) is a probability space.
We further define the shift map f: M — M as the transformation

f ({zitiez) = {zit1}iez -

In particular, f preserves the product measure p (see, e.g., [13, pp. 20-21]). The dynamical system
(M, AB, 1, f) is called a two-sided Bernoulli scheme.
Note that f is also measure preserving if the product is taken over the non-negative integers:

+oo
(M7 ‘937 M) = H (Mm %ia Mi) ’
n=0
in which case the dynamical system (M, %, u, f) is called a one-sided Bernoulli scheme.

A simple concrete example of a Bernoulli scheme is the fair coin flip, in which case we take
X ={0,1} and p = (%, %), and consider the the space M = X% of sequences of 0’s and 1’s,
endowed with the product measure.

We remark that the above construction may also be generalized by taking the base space
(X, %€, p) to be any arbitrary probability space, not necessarily discrete.

Example 2.2 (Irrational Rotation). Let M = T = R%\Z? be the d—dimensional torus. Let % be
the Borel o—algebra on M, and let u be the normalized Lebesgue measure on M. Then, (M, %, u)
forms a probability space.

Let a € T¢ be rationally independent (i.e., none of the coordinates of a can be written as a
linear combination of the others with rational coefficients). We define the irrational rotation
map fo: M — M as

falz):=z+a mod 1.

Then, one can prove using properties of the Haar measure that f preserves the measure p (see,
e.g., [13, p.20]). Thus, (M, A, u, f) is a dynamical system.

Now, let’s recall the definition of a linear cocycle:

Definition 2.3. Let (M, %, u, f) be a dynamical system and A : M — GL(d) be a measurable
map. The linear cocycle defined by A over f is the function F': M x R* — M x R?,

F(z,v) = (f(z), A(z)v) .
In the following, we introduce two examples of linear cocycles.

Example 2.4 (Random Transformations). In general, if (M, %, u, f) is a Bernoulli scheme and
A(x) depends only on the first coordinate of x € M, then F'is called a random transformation.
In the following, we show that products of independent, identically distributed random matrices
are equivalent to special kinds of random transformations.

Suppose Ag, Ay, ... is a sequence of i.i.d., invertible, d x d random matrices. Since all matrices are
identically distributed, all of A; are formally given by a measurable function from some probability
space (£2,.%,n) to some measurable space (X,%) C GL(d). We think of X as a probability space
endowed with the distribution measure of A4;, i.e., p = A;,n, and use (X,%,p) to construct a
one-sided Bernoulli scheme (M, A, pi, f) in Example 2.1.

For instance, for the model in (1.2), we can take X := {By, ..., B,,} € GL(d), and consider the
probability space defined by X and the measure ¢ = p16p, + ... + pmdB,,, where p; > 0 is taken
from a probability vector (p1, ..., Pm).

Now, let A: M — GL(d) be the map

A ({An}nEZZO) = AO )

m?
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and let F: M x R? — M x R? be the linear cocycle defined by A over f (recall that f is the shift
map). Then, for a given point ({4, },,v) € M x R, iterating F for k times yields

F* {Ankn,v) = (fk({An}n)a Ak(fn({An}n))U) = ({Antitn, Ar—1--- Aov) .

We see that the second coordinate looks exactly like a product of random matrices.

Here is how we relate results about the second coordinate of F* to the original product of i.i.d.
random matrices. We may think of a sequence of random matrices as a single random variable
taking value in the shift space M = X?%>0  with distribution given by the product measure .
Then, since the random variables are independent, a property holds for y—almost every sequences
in M if and only if the same property holds for the sequence of random matrices with probability
1.

Example 2.5 (Schrédinger Cocycles). Let [%(Z) = {u = {Un}tnez: >, lun)® < oo}. Given an
R—valued sequence {vy, },, we define the one dimensional Schrédinger operator H : 12(Z) — 1*(Z)
associated with the sequence {v,},, as the following:

H({un}n) = {un—l + Upt1 + Unun}n .

We further suppose that the sequence {v,, },, is generated by a function V' : M — R and a dynamical
system (M, A, u, f) via the composition v, := V(f"(x)), for some x € M.
In particular, the eigenvalue equation of H, i.e.,

(2.6) Hu= Eu, where E€ R,

can be expressed using the trajectory of a 2 x 2 linear cocycle. In the below, we explain the
construction of this linear cocycle. Note that if u = {u,}, is a solution to (2.6), then for each
n € Z, we can write uy_1 + Un+1 + vpuy = Eu, . Thus, equivalently, we have

- ()

Up, 1 0| |Un_1

Therefore, we may define a 2 x 2 linear cocycle F : M x R? — M x R? of the function Ag : M —
GL(2) over f, where

Ag(y) = {E—lV(y) _01] :

It follows that u = {u, }, is a solution to the eigenvalue equation of H if and only if the trajectory
of Fg given by plugging in v = (ug,u1) coincides with w.

If the base system (M, %, u, f) is a Bernoulli scheme and V' : M — R only depends on the first
coordinate of x € M, then Fg is called a random Schrédinger cocycle. If the base system is
an irrational rotation on M = T? and V : M — R is analytic (i.e., its Taylor series converges in a
neighborhood around every point), then Fg is called a quasi-periodic Schréodinger cocycle.

3. TRIVIAL EXAMPLE

In this section, we discuss the trivial case of powers of one matrix mentioned in Section 1.1. We
prove the following theorem:

Theorem 3.1. Suppose B € GL(d) is normal. Let v1,...,vq be its eigenvalues satisfying
lr] > .. > |va] -

Let wy, ...,wq be the corresponding distinct orthonormal eigenvectors of B. For 1 < i < d, denote
E; := span{w, ...,wq}. Then, there is a decreasing family of subspaces R = E; 2 --- 2 E; 2 {0}
such that for all 1 < i < d,

1
lim —log|B"w| =log|v;| , for allw € E\E;y; .
n

n—oo

The following Lemma is fundamental to the proof of Theorem 3.1:

Lemma 3.2. Let B be as in Theorem 3.1. Then for all w € E; such that |lw| =1, for all n € N,
one has |B"w| < |v;|".

Assuming this lemma, we prove Theorem 3.1:
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Proof of Theorem 3.1. Suppose w € FE;\E; 1. Then, we can write w as the orthogonal projection
w = cw; + w, where ¢ # 0 and w € F;41.

If w = 0, then the proof is complete. Thus, without loss of generality, we assume that w # 0.
It follows that

n~

B"w

n
K2

1
= — |log

= — cw; +
n

1
—log |B"w| — log |v;4|
n

To show that this difference converges to zero, we need to verify that for all n > 1, one has

no~

(33) 0< cw; + ——| <00.
i
Note that by Lemma 3.2, for all n > 1 we have
B"w ~
—| < |w| < oo,
vi
and so it follows that |cw; + B;_n@ < 00. Moreover, note that since w € F;41, we can write

w = Cit1Wig1 + ... + Cqwq .
Thus, for any n > 1, we have w;, B"w # 0, and B"w - w; = 0. Therefore, by positivity of the
B"@
> 0.

n
v;

Euclidean inner product, B"w # aw; for any a € R. It follows that ‘cwi +

In conclusion, by (3.3), we have that as n — oo,

1 "w
‘logB"w| — log |vi] log |cw; + H — 0.
n

)

We conclude this section by the proof of Lemma 3.2.

Proof of Lemma 8.2. Suppose w € E; and |w| = 1. Then for all j > ¢ we have w - w; = 0.

Since B is normal, by the spectral theorem, it is unitarily diagonizable. Thus, we may represent
B = PDP* where D = diag(v1, ...,vq) and P is a unitary matrix whose columns are orthonormal
eigenvectors of B. It follows that

|Bul® = w” BT Bw = wT P|DI* PTw =y DIy = g1 (11 [* + .+ ya lval® -

=y
Since P is unitary, it is an isometry of R, and so we have 1 = |w| = |y|. Since w-w; = 0 for
all j > ¢ we have y; = ... = y;_1 = 0. It follows that

|Bwl® = y; [vil* + ... +yalva* < 1- i?}?gxd|yk|2 = |ul* .

Note that for all n > 1, if B is normal then so is any polynomial of B. Moreover, if B has
eigenvalue A then B™ has eigenvalue A". Thus, we may apply the same argument to B™ to obtain
|B"w| < |v|" .

O

4. EXTREMAL LYAPUNOV EXPONENTS

In this section, we state Kingman’s subadditive ergodic Theorem (Theorem 4.1), and use it to
deduce a version of Furstenberg and Kesten’s theorem (Theorem 4.2) and the Birkhoff ergodic
theorem (Theorem 4.7) as corollaries. These results are crucial for the proof of the multiplicative
ergodic theorem, in Section 5.

Let (M, %, u, f) be a dynamical system. We write g € L' (1) if a function g on M is u—integrable,

ie.,
/ lg| dp < +o0 .
M

We call a measurable function ¢ : M — [—o00,400) (essentially) f—invariant if ¢(f(z)) = ¢(z)
for p—almost every x € M. Moreover, we call a sequence of measurable functions, ¢, : M —
[0, +00), n > 1, subadditive relative to f if

@m—i—nggpm""_(pno.f‘m)foraum;nzl-



8 ALINA ZHU

The sequence is called super-additive if
Oman = Om + pno fM, forallm,n>1.

Theorem 4.1 (Kingman’s Subadditive Ergodic Theorem). Let ¢, : M — [—o0,+00), n > 1
be a subadditive sequence of measurable functions such that the positive part ¢ € L'(u). Then,
the sequence {p,/n}tnen converges u—almost everywhere to some f—invariant function ¢ : M —
[—00,+00). Moreover, the positive part p* of ¢ is integrable and

1 1
/(p dp = lim ,/@n dp = inff/apn dp € [—00,+00) .
n—00 1 neN
Proof. A proof can be found in [3, Theorem 3.3]. O

Now, we use Theorem 4.1 to obtain a version of Furstenberg and Kesten’s Theorem for d x d
linear cocycles. Let (M, %, i, f) be a dynamical system and A : M — GL(d) be measurable. We
take F' to be the linear cocycle defined by A over f.

Theorem 4.2 (Furstenberg and Kesten’s Theorem). Suppose log™ HAﬂH are integrable with re-
spect to u, where logtt ;= max{logt 0}. Then, the limits

Ay () := lim flog||A”( ) A (z) = nli_)rr;()%logH(A”(x))_lHil

n—oo n

exist for p—almost every x € M. Moreover, the functions Ay (x) are u—integrable and f—invariant,
with

. 1 n T 1 n —1—1
(@3) [ du=tm - [log|A4@)| dp s [ du= lim S o (47(@) 7 dn
In particular, Ay (z) are called the extremal Lyapunov exponents of F at .

Proof. Given a function A : M — GL(d), since the operator norm [|-|| is sub-multiplicative (i.e.,
| XY < [|X||]Y]]), the sequences {¢n}n>1, {¢}n>1 defined by

on(z) = log | A™(@)|| = log | A(f* " (2))--- A(z)||
bn() = log [|(A™(@)) Y| = —log |(A(f* (@) --- A=) -

are subadditive and super-additive respectively.
We first treat {¢n},. By the assumption log™ ||A%!|| € L'(1), we know that ] € L'(u), and
that for all n > 1, ¢, € [—00, +00) for p—almost every z. Therefore, by Theorem 4.1, the limit

1
o(x) = hm gon( ) € [—00, +00)
exists for p—almost every x € M, the positive part T is p—integrable, and
1
(4.4 [ du=tim + [toga"(@)] du e [-oc,0)
n—oo n,

We now show that ¢(-) € L'(u). Since f is measure preserving and || B| > ||B’1||71 for every
invertible matrix B, for any n we have

1 1 _
g/lOgHA"(ﬁ)H dp > E/logH(An(x))—ln 1 du
1 - _
> = [log (@) A e d
:/bgH(A(x))—lH*l
so by integrability of log™ ||A*(-)|| and (4.4), we have

(4.5) —oo</<pd,u<+oo.

Thus, (4.5) and the fact that ¢+ € L'(u) implies ¢~ € L'(u). Finally, we have

/le dp = /w*du+/<ﬂ‘du<oo,

which proves that A, (:) = ¢(-) € L'(11). We can use a similar argument for A_ and 1.
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Remark 4.6. Note that uy—integrability of AL(-) implies that the functions Ay(-) are finite
p—almost everywhere. This property is important for the proof of the multiplicative ergodic
theorem (particularly for Lemma 5.3 below).

Theorem 4.7 (Birkhoff Ergodic Theorem). Let ¢ : M — R be a p—integrable function. Then the
limat
n—1

P(@) = Jim > plf(e)

exists for p—almost every x. Moreover, p*(-) is f—invariant and p—integrable with

/w*du:/wdu.

n—1
on =Y @ofl.
=0

Observe that for every x € M, this function satisfies

Proof. Consider the orbital sum

n+m—1 ]
Pntm(T) = Z po 1 =pn(®)+en(fM(2)) -
§=0
Thus, the conclusion of the theorem follows directly from Theorem 4.1. O

We conclude this section by stating a useful (particularly for the proof of Lemma 5.19 below)
corollary of the Birkhoff ergodic theorem (Theorem 4.7):

Corollary 4.8. Let ¢ : M — R be a measurable function such that ¥ := o f — ¢ is u—integrable.
Then, for p—almost every x € M,

o1 n

lim —o(f"(z)) =0 .

n—o00 N,

Proof. A proof can be found in [3, Corollary 3.11]. O

5. OSELEDETS MULTIPLICATIVE ERGODIC THEOREM

In this section, we prove the multiplicative ergodic theorem. For an arbitrary dynamical system
(M, %A, u, f), we consider the linear cocycle F : M x R? — M x R¢ defined by a measurable map
A:M — GL(d) over f: M — M.

Recall that a flag in R? is a decreasing family R? = V! D ... D V¥ 2 {0} of linear subspaces of
the d—dimensional Euclidean space. For instance, the containment R? = By 2 Ey D -+ 2 Ey 2
{0} in Section 3 is an example of a flag.

Theorem 5.1 (Oseledets Multiplicative Ergodic Theorem). Suppose log™ HAilH are integrable
with respect to u, where log™ ¢ := max{logt,0}. Then, for u—almost every x € M, there exist
k = k(x) € N, real numbers \i(z) > --- > \(), and a flag R =V} D .- D VF 2 {0} such that
for all 1 < i <k, the following hold:

() K(f(2)) = K@), A(f(@) = Ai(e), and A(x) - Vi= Vi, |
(b) the maps x +— k(z), © + \j(x), and  — V! are measurable,

(c) one has

1 o
lim —log |A™(2)v| = X\i(x) , for allv € VA\V/ .

n—o00 N,

To prove this theorem, we first replace the limit in item (c) by a limsup, i.e.,

(c)’ one has

1 o
limsup — log |A™(x)v| = \i(x) , for all v € VAVIT! |
n

n—oo
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and find functions k(z), V!, and \;(z) that satisfy the claims of parts (a), (b), and (c)’. We then
show that the limsup is actually a limit (part (c)), via an inductive argument on the number of
subspaces in the flag R = V! 2 --- D VF 2 {0} .

In Subsection 5.1, we find the functions k(z), VI, and \;(z) that satisfy parts (a) and (c)’. In
Subsection 5.2 we show that these functions are also measurable (part (b)). Finally, in Subsection
5.3 and 5.4, we prove two important lemmas to prepare for the induction. In Subsection 5.5, we
use an inductive argument on k = k(z) to show that the limit in part (c) exists.

5.1. Existence and Invariance of k(z), V!, and \;(x). In this subsection, we replace the limit
by limsup and show existence of measurable functions k(z), Vi, and \;(z) for the limsup (part(c)’).
We then check that the functions are invariant as claimed in part (a).

For the ease of notation, in the rest of this paper, we denote

Az, v) —hmsupflog|A"( Y| .
n—oo

We take log 0 := —o0, which means A(z,0) = —oo.

Proposition 5.2. For u—almost every x € M, there exists k = k(z) € N, numbers Ay (x) > --- >
Me(), and a flag R =V} 2 --- 2 V¥ 2 {0} such that for all 1 <i <k, parts (c) and (a) hold.

To prove Proposition 5.2, we will use the following lemmas.

Lemma 5.3. For u—almost every x € M and any v,v' € R¥\{0}, one has
(1) Mz, v) is well-defined and finite, and A\_(x) < Mzx,v) < A (x);
(ii) A(z,cv) = A(z,v) for all ¢ # 0;
(iil) Ma,v+v") < max {A(z,v), A\(z,v")};
(iv) Az,v) = A(f(2), A(z)v).
Lemma 5.4. Suppose a function g : R? — R U {—o0} satisfies the following assumptions for all
v,w € RY:
(i) g(v+w) < max{A(v), A(w)};
(ii) g(cv) = A(v), for all ¢ #0;
(iii) g(0) = —oco .
Then, the following hold:
(a) if g(v) # Mw) for some v,w € R, then g(v+ w) = max{g(v), g(w)};
(b) if g(v1),...,g(vm) are distinct for some vy,...,v, € RIN{0}, then vi,...,v, are linearly
independent;
(¢c) g attains at most d distinct finite values.

Lemma 5.5. If {an}n, {bn}n are sequences such that a,,b, > 0, then one has

1 1 1
(a) limsup — log(a, + b,) = max {lim sup — log a,,, limsup — log bn} ;
n n

n—00 n—oo N n—00

n—oo N n—oo N n—oo N

(b) hmsup log /a2 + b2 = max{hmsup log a,, hmsup log b, } ;

1
(¢) liminf — log(an + b,) > max {hmmf —log an, hmmf — logb } ;

n—roo n—roo

(d) lim 1nf — log Va2 + b2 > max {hm inf — log ap, hm mf — logb } .

n—oo
Assuming these lemmas, we prove Proposition 5.2.

Proof of Proposition 5.2. To find the desired functions, we first show that for p—almost every
x € M, the set

K, = {A(z,v) | ve RN\{0}}

contains only finitely many elements, all of which are finite.

By Lemma 5.3 (i), we know that for p—almost every z, the limit A\(x, v) exists and is finite for
every v € R¥\{0}. Moreover, recall that A(x,0) = —occ. Thus, combining this fact with Lemma
5.3 (ii) and (iii), we see that the function A(z,-) : R? — R U {—oc} is well-defined for y—almost
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every x and satisfies all three of the hypotheses of Lemma 5.4. Therefore, it follows from Lemma
5.4 (c) that K, C R and K, contains at most d distinct elements.

Next, we proceed to construct the Oseledets’ flag. Let k = k(z) be the number of distinct
elements in K, and denote by Ai(x) > ... > A (x) those elements. For 1 <4 <k, we define

f{veRd\{O}M\(xv < X\i(z)} u{o}.

Then, by Lemma 5.3 (ii) and (iii), we see that ng forms a vector subspace of R? for each i, and by
construction of Vi, we have a flag R = V! D ... 2 VF D {0}.
In particular, if v € V\V*+L, then one has

Aig1(z) < Az, v) < Ai(z) .
If A(z,v) # Ai(x), then K, contains k + 1 distinct elements. Contradiction. Thus, this forces
Mz, v) = \i(x) , for all v € VAV
which proves part (c¢)’ in the proposition.
We proceed to show that the functions x — k(x), z +— X\;(z), and x — V! are f—invariant (part
(a)). Note that by Lemma 5.3 (iv) we know that for almost every x € M and all v € R*\{0},

Mz,v) = A(f(z), A(z)v). Therefore, since A(x) is an invertible linear transformation of R?, we
have

K, = {\(=,v) | v E Rd\{O}}

= {A(f(2), A(x)v) | v € RN\{0}} = {A(f(2),w) | w € R\{0}} = K (o) -
It follows that k(f(x)) = ( ), Mi(f(z)) = Ni(x), and so by construction of V!,
A(z)Vy = {A(z)v | Mz,v) < N\i(z), v e Rd\{O}} u{o}

= {w e RN{0} | A (2, A(2) " w) < Mi(f (=)} U {0}
= {w e R0} | A(f(@) w) < Ai(f(2)} U {0}
= Vi@ -

We now proceed to prove the mentioned lemmas.

Proof of Lemma 5.3. To verify part (i), we begin with finding a bound for the Euclidean norm
|A"(z)v|. Note that for all v € R%\ {0}, we have

A" (z)v n n
@ gup |an (@)l = 4@ -
|U| |lv|=1
If we take A™(x)v = w, then we also have
A" ()] |w]
= > ([(A
|v] (A7 (2)) =Tl |

Thus, for all z € M and v € R4\ {0}, we obtain

(A @) ol < A" (@)l < A" (@)l [o] -

_1H71

By Theorem 4.2, since log™ ||(A(-))*|| € L*(u1), we know that the extremal Lyapunov exponents
A_(x) and Ay(x) exist and are real-valued for p—almost every @ € M. Therefore, this forces
Az, v) to exist, and so

—00 < A_(x) < A(z,v) < Ap(x) < 400,
for y—almost every = € M and v € R4\ {0} .
For (ii), observe that if v # 0, then for any ¢ # 0, we have

Az, cv) = limsup — 10g|A"( )ev|

n tooco

= limsup — log|A”( v |—|—hmsup log |e| = A(z,v) .

n— oo

=0
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For (iii), observe that if v 4+ v’ # 0, then by part (i), the limit A(x, v 4+ v') exists and is finite for
almost every x € M. By Lemma 5.5, we have

1
Az, v+ ') = limsup — log |A" (x) (v + v)|

n—oo TN

1
< lim sup - log (|A™(x)v| + |A™ (z)v'])

n—oo

n—oo N

1 1
= max {lim sup — log (JA™(z)v]) ,limsup - log (|A"(a:)v’|)}
n—oo
= max {\(z,v), Mz,v")} .
To prove (iv), note that by construction, A"(x) = A(f" (z))--- A(z). Therefore,

A(f (@), A(z)v) = limsup - log | A" (f(2)) A(z)o]

n—oo N

1
= lim sup — log ’A”+1(x)v|
n—oo N

1 1
= lim sup r — log ’A”H(a:)v’ = Az, v) .
n—00 n n+1
——

]

Proof of Lemma 5.4. The proof of this lemma is based on [8, Theorem 2.1.2].

We begin with proving part (a). Let v,w € R?. Without loss of generality, we assume that
g(v) < g(w). Then, by part (i) of the hypothesis,
(5.6) g9(v +w) < max{g(v), g(w)} = g(w)

=g(v+w—v) <max{g(v+w), gv)} .
If g(v +w) < g(v), then we will have
g(w) = g(w + v —v) < max{g(v+w), g(v)} =g(v),
contradicting our assumption that g(v) < g(w). Thus, we must have g(v + w) > g(v), but this
implies
g9(w) < max{g(v+w), g(v)} = g(v+w).

Combing with (5.6), we have g(v + w) = g(w), which proves (a).

Now we proceed to prove (b). By contradiction, suppose g(a1),...,g(am) are distinct and
ai,...,am € R\{0} are linearly dependent. Then there exists ¢i,...,c,, € R, not all zero, such
that

car + ...+ ¢y, =0 .
Since g(a1), ..., g(a,) are distinct, they cannot all take on the value —oo, so we have
—o0o = ¢g(0) = g(cra1 + ... + cmam)
=max{g(c;ia;) | 1 <i<m}
=max{g(a;) |1 <i<m, ¢; #0} # -0 .
Contradiction.
For (c), observe that if g attains more than d distinct values on R%\{0}, then there will be more

than d linearly independent vectors in R?. Thus, this forces g to attain at most d distinct finite
values.

O

Proof of Lemma 5.5. Suppose we set a}, := max{an, by, }, b, := min{a,,b,}. Then ?/ /a, <1 and
for all n > 1, one has

b/
log (an, + by) = log (a;, + b,,) = log <1 + a7> +logal, .

—_———
<log2
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Therefore, we obtain

1 1 b 1
lim sup — log (a,, + b,) = limsup — log (1 + 7) +limsup — loga,
n a n

n—oo T n—00 n n—00

=0

1
= lim sup — log (max{an, bn, })

n—oo N

1 1
= max {hm sup — log a,,, limsup — log bn} .
n—oo N n—oo N
A similar argument can be used to prove the case for the liminf and /a2 + b2.
O

5.2. Measurability. In this subsection, we show that the functions z — k(z),  — X\;(z), and
x + V! are measurable (part (b) of Theorem 5.1). Note that for each x € M, V,! is a linear subspace
of R%. Thus, before proving part (b), we first give a brief characterization of how measurability is
defined for set and space valued functions.

Suppose (Y, d) is a complete separable metric space. We use H.(Y") to denote the space consisting
of all non-empty compact subsets of Y, endowed with the Hausdorff metric dyausdort: for 4, B €

He(Y),

dHausdorft (A, B) 1= max{sup d(a,B) , supd(b, A)} ,
acA beB

where
d(a,B) = blng% d(a,b)

denotes the distance between the point a and the set B. The metric dyausdort induces a topology
and thus a Borel o—algebra (H.(Y)) on H.(Y). See [10, Chapter 11] or [9, Chapter 18] for details
about the construction of this topology. A set-valued function g : M — H.(Y) is measurable if
g Y(B) € % for all B € B(H.(Y)).

Let Gr(d) be the Grassmannian of R?, i.e., the disjoint union of all Grassmannian manifolds
Gr(l,d), 1 <1< d. Each of Gr(l,d) is the collection of all /—dimensional linear subspaces of R,
We define a metric dgrass on Gr(d) via

dGrass(Va W) = dHauSdorﬁ“(sdi1 N V, Sdil N W) 5

where S9! is the unit sphere in R and V,W € Gr(d). The metric dgrass also induces a Borel
o—algebra on Gr(d), and the measurability of a function g : M — Gr(d) is defined with respect
to this o—algebra.

The following Lemmas are used to characterize the measurability of functions with values in
H.(Y) and Gr(d).

Lemma 5.7. Let (M, %A, 1) be a complete probability space, and (Y,d) be a complete separable
metric space. Denote by B(Y) the Borel c—algebra of Y and H.(Y) the collection of compact
subsets of Y. Then, the following statements are equivalent:

(i) Amap g: M — H(Y), g(x) = K, is measurable.

(ii) The graph of g, i.e., the set {(z,y) € M xY :y € K.} is in the product c—algebra

BxBY)onMXxY.

(iii) {r € M | K, NU # 0} € B for any open set U C RY.
Moreover, any of these conditions implies that there is a measurable map o : M — R? (called a
measurable selection) such that o(x) € K, for every x € M.

Proof. See a proof of (ii)<=>(iii) in [10, Theorem III.30]. See a proof of (i)<=>(iii) in [9, Theorem
19.2], and a proof of the measurable selection in [9, Theorem 19.6]. O

Lemma 5.8. Let (M, %, 11) be a complete probability space. Denote by (R?) the Borel c—algebra
of R and Gr(d) the Grassmannian of R:. Then, the following statements are equivalent:
(i) The map g : M — Gr(d), g(x) =V, is measurable.
(i) The graph of g, i.e., the set {(z,y) € M x R? : y € V,} is in the product o—algebra
% x B(RY) on M x R?,
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(iii) For each 1 <1 < d, the set M; := {x € M | dimV, = I} is measurable and there exist
measurable vector fields v;,: M; — R, 1 < i <, such that {v(x),...,v(z)} is a basis of
V. for every x € M;.

Proof. See a proof of this lemma in [4, Theorem 7]. O
We further mention a useful fact about the canonical projection map 7 : M XY — M:

Fact 5.9. Let # x B(Y) be the product o—algebra on M XY, and 7 : M xY — M be the
projection map w(x,y) := x. Then, one has 7(E) € B for every E € B x B(Y).

Proof. See a proof of this fact in [10, Theorem I11.23]. O
Assuming the above results, we prove the following proposition:

Proposition 5.10. The functions x + k(z), x — X\;(z) and x — V! found in Proposition 5.2 are
measurable.

Proof. We use a recursive argument. First note that it is trivial that the set
k' ((—o0, 1)) ={z € M | k(z) >1} =M
is measurable. Moreover, note that for almost all x € M, we have Vzl = ]Rd, so for each 1 <[ < d,
{reM| dmV, =1}
is a measurable set and any arbitrary basis {e, ..., eq} of R? is a basis for V! = R%. Therefore, by
Lemma 5.8, we know that the map x ~ V! is measurable.
Now, let {ei,...,eq} be an arbitrary basis of V! = R%. Then, at least one of e; is in the set

VI\V2 since V2 is of a dimension strictly lower by the construction of the Oseledets flag. Thus,
we have

max {A(z,e;) | 1 <i<d} =M\(z) .

Since (z,v) — A(x,v) is measurable, we have that z — A;(x) is a measurable function on M.

Thus, we showed that k=1 ((—o0,1]) is measurable and, = — A;(z), z + V,! are measurable
functions on M. Next, we show that the same holds for i = 2. Observe that since A(z,v), A\ (z)
are measurable, the function g(z,v) := A(z,v) — A1 (x) is measurable. Thus, the set

V2= {(z,v) € M x R\{0} | A(z,v) < M\ ()}
= {(z,v) € M x R"\{0} | g(x,v) < 0}
=97 ((-00,0))
is a measurable subset of M x R?. By Fact 5.9, we see that the set
M2 m{V2}={z € M| \z,v) < Ai(z) for some v € Rd\{O}}
={zeM|k(zx)>2}
)
is measurable. Also, by Lemma 5.8, since the set
{(z,v) e M xR | v e V2} = {(z,v) € M x R\{0} | A(z,v) < Xa(2)} U (M x {0})
=V2U (M x {0})
is a measurable subset of M x R?, the function z + V2 is a measurable function on 7 (Vf).
Since x + V2 is a measurable, it follows from Lemma 5.8 that each
M i={zen(V?) | dmV: =1} ,1<1<d
is a measurable subset of M and for each [ there are measurable functions v; : M — R%, 1 < j <1

such that {v1(x),...,v;(z)} forms a basis of V2 for every x € M?. Thus, for each z, at least one of
v;(z) is in V2\V2, since V3 is of a dimension strictly lower. Thus, we have

max {A(x,v;(2)) | 1 < j <1} = Aaa)

is a measurable function on M7, for all 1 <1 < d. Since n(V?) = U, <jcq M7, the map z — Ao(2)
is a measurable function on m(V2).
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Therefore, we showed that k=1 ((—o0, 2]) is measurable, and z +— A;(z), x — V! are measurable
functions on 7(V,2). To show measurability for i = 3 we may proceed to define

V3= {(z,v) € M x R\{0} | A(z,v) < Xa()} .

and use the same argument. Continuing this recursive construction yields that

(i) k7 ((—o0,1]) is measurable for all i > 1, so & — k(x) is measurable;
(ii) @~ X\(z), z — V! are measurable functions on 7(V}!) = {x € M | k(z) > i}.
O

5.3. Lemma for the Base Case. In the previous subsections we showed that a weaker version of
Theorem 5.1 holds. In this subsection, we prove a useful lemma for the base case of the inductive
argument.

We say that a map = — V, is a measurable sub-bundle of M x R? if one, and hence all,
of the statements in Lemma 5.8 hold. A measurable sub-bundle x — V, is called invariant if
A(x)Vy = Vj(y) for p—almost every .

Lemma 5.11. Consider the linear cocycle F : M x R* — M x R%. Let z — V, be a measurable
invariant sub-bundle of M x R?, then for u—almost every x, one has

(a) lim llogHA"(x)mu — max {\(z,0) | v e V,\{0}} |

(b) lim flogH (A" (x 1” = min {\(z,v) | v € V;\{0}} .
n—oo N
Remark 5.12. A direct consequence of Lemma 5.11 is that A;(z) = A (z) and Ag(x) = A_(x),
where Ay are the extremal Lyapunov exponents of F. This is obtained by taking V, = R

To prove Lemma 5.11, we will need tools from the dynamics of skew products (Theorem 5.14
and Corollary 5.15 below). In the following, we state the needed results.

Let P be a compact metric space. Let C°(P) denote the space of continuous real-valued functions
on P, endowed with the norm

lglly == sup |g(x)] .
zeP

Denote by .7 the space of all measurable functions ¥ : M x P — R such that ¥(z,-) € C°(P) for
p—almost every x € M and the function x — ||¥(x,-)||, is p—integrable. Then,

1wl = [ 1)l dute)

defines a complete norm on % .

Let .# (1) be the space of probability measures on M x P such that w.n = u, where 7 : M x P —
M is the canonical projection map. The weak* topology on . (1) is the smallest topology such
that the operator ¢ : .# (1) — R, defined as

o(n) = /\Il dn, is continuous for all ¥ € F#

We take for granted the following fact about .4 (u):

Fact 5.13. The weak® topology on . (n) is compact and two probability measures 1,§ € M (1)
are equal if and only if [V dnp= [W d§ for all ¥ € F.

Next, we proceed to state the needed claims.
Theorem 5.14. Let 9 : M x P — M x P be a measurable map of the form
G (z,v) = (f(#), %)),

where 94, : P — P is continuous for u—almost every x € M. Given any ® € F, define

n—1 n—1

1 1
— - j — - J
I(z) == nh_{n nq}rg) Oq)(g (x,v)), S(x): nh_r}n nslelg E (47 (x,v)) .
> =
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The limits I(x),S(x) exist for u—almost every x and there exist ¢ —invariant measures Ny, ng €

M (1) such that
/@dm:/[du,/@dnsz/Sdu.

Corollary 5.15. For u—almost every x € M, there are vi(x),vs(z) € P such that

n—1 n—1
nh_)rr;o%Z@ G (z,v7(x))) = I(x) , nh_{rolo% Z@(%j(x,vs(m))) =S(z) .
j=0 j

Assuming these results, we first prove Lemma 5.11. The proofs of Theorem 5.14 and Corollary
5.15 will be given at the end of this subsection.

Proof of Lemma 5.11. Note that {« : dimV, = [} is measurable by Lemma 5.8, and = — V. is
invariant. Thus, without loss of generality, we may assume that dim V,, is constant for all z € M
by restricting to measurable subsets of M. Suppose dimV, =1 and let x € M.

We want to construct a new linear cocycle whose extremal Lyapunov exponents correspond to the
limits given by the claim of the theorem. By Lemma 5.8 and Gram-Schmidt, there exist measurable
functions v; such that {vq(x), ..., v;(z)} is an orthonormal basis of V,,. Using an isometry T}, : V, —
R, Ty (vi(z)) = e;, we may identify V, with R! C R%. Therefore, we may assume V, = R! and

A@)|V, € GL().

Let D(x) := A(x)|V,, and let G : M x R! — M x R! be the linear cocycle defined by D over f.

Since

i :t'l)
1(D()*| = SVTI{’{O}KA(w)R' < A@)*| .

we know that log ))*|| € L*(n), and so by Furstenberg and Kesten’s theorem (Theorem
4.2), the extremal Lyapunov exponents of G exist for p—almost every x. Denote by ui(x) the
extremal Lyapunov exponents of G, then by our construction,

o

lim flogH (A" (2)|Vz) i” = lim flogH (D" (x jEHj::ui(a:).

n—oo N, n—oo 1N

We want to show that uy(z) is equal to the max/min in the claim respectively by applying
Corollary 5.15 to the linear cocycle G, but R is not compact. Thus, we projectivize G by consid-
ering the function ¢ : M x PR! — M x PR! (see [11, Lemma 5.1] for a proof that PR! is a compact
metric space),

G (x,[v]) = (f (), [D(x)]) .
Note that an element [v] € PR’ is equivalent to a line {tv | t € R} C R for some v € R"\{0}. Now,
define a function ® : M x PR' — R as
D (@)

|v]

O(x, [v]) :=log

Then, we have ® € .Z, since ® is measurable, ®(z, -) € C°(PR') for every z € M, and log™ ||(D(z))*|| <

log™ ||(A(2))* |l € L ().
Thus, for every n > 0, v € R'\{0}, we have

n ] n D]+1 ) Dn
> 2 ) =3 (o [ Zlog | D3 | —og 7

=0
It follows that

= ; D" (x)v
Sue)= sup S @ () = sup log 2o jog D))
vERN\{0} jf() veRN\{0} |v]
. D" ()] i
I,(z)= inf (G (x = inf log =2 =logl|(D" ,
veﬂg\{o}z i Tog T = log (D" ()|

and so I(z) = u_(z), S(x) = uy(x), and the functions I, .S have properties as in Theorem 5.14.
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Moreover, for any v € V;\{0} = R"\{0}, we have

n—1
_ 1 4 . 1 |D"(z)v|
lim sup — ®(47 (x, [v])) = limsup — log ————
msup — ;:0 (47 (@, [v])) = lim sup Zlog — 1

1 An
= lim sup — log m

Thus, by Corollary 5.15, there exists vs(z),v;(x) € RI\{0} such that
Az vs(x)) = S(z) = up(x) , Az, vi(2)) =I(x) =u_(2) .

Note that if v € R'\{0}, by Lemma 5.3 we have u_(z) < A(x,v) < uy(x) for u—almost every z.
Thus, in summary,

= Az,v) .

(z,vs(z)) = max{\(z,v) | v € R\{0}} ,
(z,v7(z)) = min{\(z,v) | v € R\{0}} .

S
+
&
I
> >

We conclude this subsection by proofs of Theorem 5.14 and Corollary 5.15.

Proof of Theorem 5.14. The roles of supremum and infimum can be interchanged if we replace ®
by —®, so it suffices to only prove the claim for I(x).

To begin with, we want to use the subadditive ergodic theorem (Theorem 4.1) to show that the
limit I(z) exists for p—almost every z € M. For x € M, define

n—1

I,(z) = wuel£ O(Y (x,v)) .
=0

We first verify that each I,(z) is measurable. Note that P is separable since it is compact, and

for a continuous function g : P — R, one always has g(A4) C g(A). Thus, if A is a countable dense
subset of P, then

n—1 n—1
—_ J — J
L(x) = inf Y &% (z,0)) = inf > &(F (x,v)) .
j=0 j=0
Moreover, note that the operation of taking an infimum over a countable set of measurable functions
is measurable: for g, : P — R, a > 0, measurable, the set

(00.) (oon=frep|mtam<ch=Uuerian<a

a>0

is a countable union of measurable sets and so it is measurable. It follows that each I,, is measurable
since they are compositions of measurable functions.

We then verify that I,,(z) is superadditive (so that —I,,(x) is subadditive). For m,n > 1, for all
x e M,

m+n—1 m—1 n+m—1
— J — i J J
i) = J0fY° @(FI(,0)) = inf 3" @@ w0+ Y @S (w,0)
j=0 j=0 j=m
m—1 n—1

i J i Jjt+m
> inf (Y7 (z,v)) +52£ZO¢(% (z,v))
j=

> I (z) + In(f™(2)) -
Finally, note that I is integrable since ||®(z,-)||, € L(x). Thus, we can apply Theorem 4.1 to
{—I,}nen to show that the limit
1
I(z) = lim —I,(z)

n—o00 M

exists for p—almost every z € M.
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Next, we proceed to construct a measure 7; which satisfies the condition in the claim. For
n > 0, consider measurable subsets of M x P defined by

n—1
T, = 14 (z,0) € Mx P | Y ®(F(x,0)) = In(x) p € B x B(P) .
j=0
Additionally, for z € M, define
n—1
I'h(z) ={veP]|(z,v)el,} =< veEP|wvisaminimum ofz (Y7 (x,v))
§=0

Since P is compact and the map v — ®(%7(z,v)) is continuous for every j, I',(z) is non-empty
and compact for y—almost every @ € M. Therefore,  — T',(z) is a map with values in the set
of compact subsets of P, and its graph is measurable, so by Lemma 5.7, there exists a measurable
selection vy, : M — P such that v, (z) € T'y(z) for p—almost every x.

Now, for n > 0, we define the following probability measures on M x P:

n—1
1 .
&n(A) = [45(x,vn<z>> du(z) . m(A) =~ FlEa(4),
=0
for arbitrary measurable A C M x P. Note that for B C M measurable, we have

ru6n(B) = Eu(n 1 (B)) = / Soon (o) dale)

©=1(B)

=/ 1 dp(z)
B
= u(B) ,

so &, € A (1) for each n. Since f preserves the measure p and ¥ (z,v) = (f(z),%:(v)), we also
have m.n, = u for each n. It follows that 7, € .#(u) for all n € N.

By compactness of .#(p) (Fact 5.13), there exists a subsequence {n,, }ren that converges to
some 7y € A (u) in the weak™ topology.

We first verify & —invariance of ;. Observe that for any ¥ € %, by p—invariance of f, we have

1
‘/\I/ogdnnk—/\l'dnnk /\I/og"’“—\lldnnk

n

y / 0 0 G (2, vy, (1)) — V(2 V5, (2))] dps()
ng
= 1@l dute)

2
==, .
= |l

IA

IN

By the definition of weak* topology on .# (1), the left side converges to U Vol dur— [ ¥ du1|.
At the same time, the right side converges to 0, so we obtain

(516) /\Ilog dT]] :/\If dn] .

Fact 5.13 and (5.16) implies that %.nr = 7y, so nr is ¥ —invariant. Finally, by the subadditive
ergodic theorem (Theorem 4.1), we have

nE—1
/<I> dny = khﬁn;o/q) dn,, = lim /i @(%j(a:,vnk (2))) du(x)

Il
—
~
(oW
=
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Proof of Corollary 5.15. The roles of I,.S can be interchanged if we replace ® by —®, so it suffices
to only prove the claim for I(z). First note that is obvious that

n—1 n—1
1 » 1 ,
NP y . 1 y
I(z) < hnrggf - Z (47 (x,v)) < h7Izri>Sol<1>p - Z (947 (x,v)) < S(x) .
j=0 7=0
Also, note that by the Birkhoff ergodic theorem (Theorem 4.7), given any ¢ —invariant measure
n, the limit
N 1 n—1
— lim — J
O(z,v) = nh_}rrgc - Z (47 (x,v))

j=0

exists for n—almost every point (z,v), and satisfies [ ®dn= J @ dn.
Let n = n; as in Theorem 5.14. We obtain

/(T)dm:/@dm:/ldu.

Note that n;y € #(u), so mun; = . Thus, we can think of I as a function I(x,v) constant for
every v € P. Then, we have [ ® dn; = [ I dn;. Therefore, it follows that the set

E = {(x,v) €M x P | ®(z,v) :I(x)}

is measurable and has n;—full measure. By Fact 5.9, the projection 7(E) is measurable and since
TN = M,

u(m(E)) =nr(r~H((E) > ni(E) =1.

Hence, for all z € w(E), there exists v € P such that (z,v) € E, which proves the corollary.
O

5.4. Lemma for the Inductive Step. In this subsection, we prove a useful lemma for the
inductive step of the inductive argument.

Throughout this subsection, we take x +— V, to be a measurable invariant sub-bundle and
a(z) < B(x) to be f—invariant, p—integrable functions such that for y—almost every x € M, one
has

(i) A(z,v) < az) for every v € V,\{0},
(ii) A(z,u) > B(z) for every u € RN\ V,.

For x € M, let V_j‘ denote the orthogonal complement of V,. Note that since x — V, is

measurable and the orthogonal complement map L: Gr(l,d) — Gr(d — ,d) is a diffeomorphism

for every [, the map x — V- is also measurable.

We think of A(z) as a linear map A(z) : (V, ® V;5 = R?) — (R = V() @ Vi

) ). Recall that

by invariance we have A(x)V, = V}(,) for p—almost every = (part (a)). Let

(5.17) Alz) = (ggg D‘()x))

denote the expression of A(x) relative to the direct sum decomposition R = V, @ V;-. Then,
D(z) : Vo = Vy(u) is the restriction of A(xz) to V,, B(z) : V;5- — VfL(x) gives a new linear cocycle,
and C(z) is a linear transformation C(z) : V; — V}(,). Since log™ HAilH is p—integrable, we
know that

(5.18) log* [ B*!]| , log* |C] . log® | D*]| € L' (1) -

Based on the above set-up, we prove the following Lemma:

Lemma 5.19. For u—almost every x € M, for all u € V;2\{0} and v € V,, we have
(a) limsup,, log|B"(z)u| = limsup,, log |A"(2)(u + v)|;

(b) iflim, + log |B™(z)ul ezists, then lim,, + |A™(z)(u + v)| ezists and the two limits are equal.

To prove this lemma, we need the following fact, which will be proven at the end of this
subsection.
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Fact 5.20. Given any ¢ > 0, there exists a measurable function d.(x) > 0, finite pu—almost
everywhere, such that for all m,n > 0.

ID™ (f™(2))I] < de(a)emtimane

Proof of Lemma 5.19. The the following, we first show that it suffices to prove the claim of part
(a) for v =0. Let u € V;*\{0} and v € V,.. Observe that Lemma 5.5 and assumptions (i) and (ii)
imply
1
lim sup —log | A" (z)(u + v)| < limsup — 1Og(IA"( Jul + A" (z)v])

n—oo T n—00

1
—max{hmbuplogA"( Jul hmbup—log|A"( v |}

n—oo n—oo

= limsup — log|A"( Jul .

n— oo

Similarly, since u +v € R4\ V,,

hmsupflog|A"( Ju| < limsup — log(|A"( J(u+v)| + [A" (x)v])

n—oo n—oo

:max{hmsup log |[A™(z)(u 4+ v)]| , hmsupflog|A”( Yo |}

n—oo n—o0

= lim sup g log |[A™(z)(u +v)| .

n—oQ

Therefore, it suffices to prove (a) for u € V- and v = 0, since for all u € V;*\{0}, v € V., we have

hmsupflog|A"( )(u+v)| = limsup — 10g|A"( Yul .

n—oo n— oo

Recall that A™(x) = A(f""!(z))--- A(x), so according to the decomposition in (5.17), we have
ney _ (B'@) 0

n—1

Cu(w) := Y D" I (7 (2))C(f (2)) B (x) -

Jj=0

where

For z € M and u € V-, define
1
¥ := max {a(gc), lim sup — log B”(:C)u|} .
n—oo N

We want to find an estimate for |C,,(x)u| in terms of . To do so, we need to bound |BJ (x)u’,
|C(f7(2))||, and ||D™(f™(x))]|| respectively.

Let € > 0. Since limsup,,_, ., + log |B"(z)u| < 7, by definition of the limsup, there is a constant
be € R such that

|Bj(ac)u‘ < beedOT) forall j>0.

Now, observe that by (5.18), the function z — log ||C(f(z))|| — log ||C(z)| is p—integrable. Thus,
by Corollary 4.8, for y—almost every x, we have

Jim L log (7" (@) =0.
It follows that there exists a measurable function ¢, > 0 such that
HC fi(x H < ce(x)ed® , forall j > 0.
Moreover, by Fact 5.20, there exists a measurable function d. > 0 such that for all m,n > 0.

ID™ (f™ (@))I] < de(a)e@mttmame,
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Therefore, we have

n—1
(C(@)ul <Y [DI7H (74 (2))O(f (@) BY (w)ul
j—O
<Zbce z)exp{(n —j —Da(z) + (n+je+j(v +e)}
=:a.(z)<+o0
< ae(x)errH3)

Taking a limsup yields

lim sup — log|C (x)u] < v+ 3e.
n—oo
Now, observe that according to our decomposition of the matrix A(z) in (5.17), we can express
the vector A" (x)u € R? as A" (x)u = (B"(2)u, Cy(x)u), so
A" (@)ul® = |B"(@)ul® + |Cn(x)ul*

Thus, by Lemma 5.5, we obtain

lim sup — log|A"( )u|max{hmsup log |B™(z)u| , limsup — 10g|C’ (x)u }

n— oo n—oo n—oo

< max{y,vy + 3¢}

=+ 3e.
Since € > 0 is arbitrary, follows that
1 1
(5.21) limsup — log | B"(z)u| < limsup — log |A"™ (z)u| < 7
n—oo N n—soo N

But assumption (i) and (ii) implies that

a(z) < B(z) < limsup — log|A"( Jul <7,

n—oo

so a(x) is strictly smaller than . Hence, by definition of v, we must have

hmsupflog|B"( Jul = 7.

n—oo

Therefore, combining with (5.21), this forces

hmsupflog|B"( )u|fhmsup log |A™(z)ul .

n—oo n— oo

We proceed to prove part (b). Note that if u € V;)\{0}, v € V,, we can write the vector
A™(z)(u + v) as

A" (z)(u+v) = A"(@)u+ A™(z)v = (B"(z)u, Cp(z)u + D" (x)v) ,
which implies
A" (2)(u+ )" = [B™(@)ul* + [Cu(z)u + D" (2)o]
If the limit lim,, + log |B™(z)u| exists, then by Lemma 5.5,

S| n
hnrglgfﬁlogM (@) (u +v)|

> max {liminf 1 log |B™(z)u]| , liminf 1 log {ICn(x)u| + |D”(x)u}}

n—oo N

1
> liminf — log |B™ (x)u| = hmsup log\B”( Jul .

n—o0o nN

Combining with part (a), this proves part (b).
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Proof of Fact 5.20. Define

be(z) := sup || D" (z)|| e @@+
n>0

We want to bound the function b.(f™(z)) for arbitrary m > 0 by applying Corollary 4.8.
By assumption (i) and Lemma 5.11, we have

1 1
1 _— n = 1 —_ n <
Tim —log |D"(@)]] = lim_ > log | A" (@)|Va | < az) ,

so by definition of the limsup we must have 1 < b.(z) < 400, for p—almost every z € M.
We proceed to verify that b. o f — b, is u—integrable. First, observe that for all z € M,

be(f(@)) = sup [ D" (f ()| e~
< sup | D(f"(2)) -+~ D(x)|| e~ "V [[(D(z)) 7 | e Fe
n>0
= [(D(@)) Y] 2@+ sup || D7+ () || e~ (V@@ +O
n>0

< [(D@) 7 e Fbe(2)

and so we have

(5.22) log be(f(x)) — logbe(z) <log™ |[(D(2)) 7! + alz) + € .
Next, observe that since the operator norm is sub-multiplicative (i.e., || XY < || X [IY]),
have
be(f(@)) = sup[|D"(f(2))] e-n@@e
: _ ID@) ooy
= sup [ D(f" 7 (2)) -+ D(f(w)) | 0@+ DL oo
i | Za]
(523) > D)™ XD+ sup [ D7 (2) | @@+
n>1

Therefore, there are two possibilities:
(1) If be(x) = sup,,, ||D"(x)]| e "*®)*< then by (5.23) we have

be(f(x)) = | D(x)|| " e be(a)
which implies

logbe(f(z)) = log||D(x)|| ™" + logb(z) + a() + ¢ .

we

(2) If be = 1 (i.e., the supremum is attained at n = 0), then we have b.(f(x)) > 1 = b.(x), so

log be(f(x)) > logbe(x) .

Combining the two cases, we have
log be(/ (x)) ~ log b () = min {log | D(@)[| ™" + a(z) + ¢,0}
(5.24) > min {—log" | D(z)| + a(z) + €0} .

Therefore, integrability of || D¥(-)|| and a(z), equations (5.24) and (5.22) implies that b, o f — b,

is p—integrable. By Corollary 4.8, we see that for p—almost every x,
o1 m _
Jim —logbe(f™(x)) =0,

which implies that for p—almost every =z,

0 < de(x) := sup be(f™(x))e™ ™ < 400 .
m>0

It follows that for p—almost every x, there is a measurable function d. such that for all m,n > 0,

”Dn(fm(x))” < be(x)en(a(z)Jre) < deena+(n+m)e

]
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5.5. Induction. In this subsection, we prove part (c¢) of Theorem 5.1. Recall that we proved in
propositions 5.2 and 5.10 that parts (a), (b), (c)’ hold. We now use the results we obtained in
the previous subsections (Lemmas 5.11 and 5.19) to show that for u—almost every z € M, for
1 <1 <k, one has

1 L
(5.25) lim — log |A™(x)v| = \i(x) , for all v € VAV,

n—oco N

Proposition 5.26. Part (¢) of Theorem 5.1 holds.

Proof. Note that the functions Vi(z), k(z), \;(z) are invariant (Lemma 5.2). Thus, without loss
of generality, we may assume that k = k(z) is independent of z, and the dimension [ of the linear
subspace V,, = V¥ is constant, by restricting measurable invariant subsets of M.

We will prove the claim using a recursive argument. To do so, we first show that (5.25) holds for
i = k (base case), by applying Lemma 5.11 to V, = V,*. Observe that since 2 +— V}, is a measurable
invariant sub-bundle, by Lemma 5.11, we have

nl;néo Elog H (A" (2)|Va)~ H_l = min {\(z,v) | v € V,\{0}}
= Ak(z)
= max {Ax,0) | v € VA{0)) = Tim Llog 4" (@)[12 ]
Thus, this forces
nlgr;o % log |[A™(z)v] = Ak(z) , for all v € V,\{0} .

Now, we proceed to show that the limit exists for i = k — 1 by applying Lemma 5.19 (inductive
step). Let a(z) := Ax(x), B(x) := Mg—1(x). Then, by construction, conditions (i) and (ii) in the
set-up of Subsection 5.4 are satisfied. Consider A(x) relative to the direct sum decomposition

=V, ® V>, asin (5.17):
_(Bx) 0
A@0_<0@)1X@)’

Since = + V.- is measurable, by Lemma 5.8, we may choose a measurable orthonormal basis
{wi(z), ..., wa_i(7)} of V.- and assume that V;X = R4~ via an isometry. Thus, we may consider
B(z) as an element of GL(d —1).

For each 1 < i < k, we define U; = VIJ- N Vzi . Observe that for each 1 < 7 < k —1 and
u € UN\UI! we have u € (Vi\V“‘l) N V;t, so by Lemma 5.19(a), we obtain

lim sup — 10g|B"( ul —hmsup log|A"( Jul = N\ (x) .
n— oo

In general, recall that for all 1 < i < k — 1, if w € VA\ViTl we can write w = u + v where
0#u e U\UI! and v € V.. Via Lemma 5.19(a), we will get

(5.27) lim sup — log\A”( Jw| = hmsup 10g|B"( Yu| = Ai(z) .
n—oo
Therefore, there is a new linear cocycle defined by B over f, such that V;: =R =U! > ... D

Uk=1 2 {0} is the Oseledets flag of B. This is a linear cocycle with one less subspace in 1ts ﬂag
than the linear cocycle defined by A over f, and we showed in (5.27) that the former completely
determines the latter.

Note that # — UL~ is a measurable invariant sub-bundle since x ~ V,,, V=1 are measurable
invariant. So we may apply Lemma 5.11 to the linear cocycle defined by B and U¥~! to show that
for all u € UF~1\{0},

o1 n
(5.28) nl;ngoﬁlog\B ()u] = Ap—1(z) .

Using Lemma 5.19(b), if the limit in (5.28) exists, then the corresponding limit for the linear
cocycle defined by A(z) exists, so for all v € VF"1\VF we have

1
lim —log|A™(x)v| = Ag—1(z) .

n—oo MN
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We can show that the limit for i = k—2 exists by repeating the same argument and decomposing
B relative the the direct sum R~ = UF~1 @ (UF~1)L. Recursively applying this argument yields
that for all 1 < i < k, for almost every z € M, all v € VA\ViT1
1 n
Jim —log|A™(z)v] = Ai(2) ,

which concludes the proof of Theorem 5.1. O

6. APPLICATIONS

In this subsection, we discuss some applications of the multiplicative ergodic theorem to product
of random matrices and Schrodinger cocycles. To do so, we first introduce some elementary notions
from ergodic theory.

Definition 6.1. Let (M, %, 1) be an arbitrary probability space. A measure preserving transfor-
mation f: M — M is called ergodic if for all B € % such that f~!(B) = B, one has u(B) = 0
or u(B) =1.

There are several equivalent characterizations of ergodicity, but the one most important to us
is the following:

Theorem 6.2. Let (M, 2, 1) be a probability space. If a map f: M — M is measure preserving,
then the following statements are equivalent:
(1) f is ergodic;
(2) Whenever a measurable map g : M — R satisfies g o f(z) = g(x) for u—almost every
x € M, g is constant u—almost everywhere.

Proof. See a proof in [13, Theorem 1.6]. O

Thus, for a linear cocycle F' defined by A over f, it follows directly from Theorem 6.2 that if f
is ergodic, then the functions x — k(z),x — A;(x) found in Theorem 5.1 are constant, and so are
the dimensions of the subspaces V,'. Therefore, we have the following corollary:

Corollary 6.3. Suppose f : M — M is ergodic and log™ HAilH are integrable with respect to .
Then, there are constants 1 < k < d, \y > ... > A\ such that for p—almost every x € M, there is
aflagRE=V2ED - D VF D {0} such that for all 1 < i <k, the following holds:

(a) the map x — V! is measurable and satisfies A(z) - Vi = V;(z),

(b) one has

1 o
lim —log |A™(x)v] = \; , for allv € VA\VITL |

n—o00 N

6.1. Products of Random Matrices. Now, we discuss some implications of Theorem 5.1 for
product of random matrices (see Example 2.4).

In particular, as we mentioned in Example 2.4, products of i.i.d. random matrices models are
equivalent to random transformations for which A : M — GL(d) is the function {A,}, — Ao.
Moreover, the shift map f : M — M in any Bernoulli scheme is ergodic (see [13, Theorem 1.12] for
proof). Thus, Corollary 6.3 applies to all products of i.i.d. random matrices, and in the language
of probability, we have:

Corollary 6.4. Suppose the sequence Ay, Ay, ... is a sequence of invertible, i.i.d, d x d random
matrices. Suppose E [log+ ||A0iH] < 00. Then, there are constants 1 < k < d, \y > ... > A\, and
random subspaces R = V' 2 ... V¥ 3 {0} such that for all 1 <i <k, for all v € VI\V*! one
has

.1

lim —log|A,_1- - Aov| = A; .

n—o00 N

Therefore, the multiplicative ergodic theorem allows us to establish the existence of Lyapunov
exponents for products of random matrices.

We conclude this subsection by mentioning some further results about the Lyapunov exponents
of products of random matrices. These results provide examples of responses to three key questions
that have been historically important to the theory of Lyapunov exponents [16, Part I]. The first
one is non-triviality: when is it the case that there are more than one Lyapunov exponents, i.e.,
k # 17 The second is simplicity: when do we have d distinct Lyapunov exponents, i.e., k = d?
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The third question is concerned with continuity: how do the Lyapunov exponents depend on
their underlying linear cocycle?
e (Conditions for distinct Lyapunov exponents) Note that a 2d x 2d symplectic matrix is
a matrix M with real entries satisfying M7 QM = , for

(0 I
o= (5 )

where I; is the d x d identity matrix. In 1970, Virster proved the following theorem for
products of symplectic random matrices:

Theorem 6.5 (Virster, 1970). For a sequence of i.i.d. 2dx2d symplectic random matrices,
we have the following:
(i) the Lyapunov spectrum is nondegenerate (i.e., k = 2d, so there are 2d distinct Lya-
punov exponents);
(il) A1 > ...> Xg>0;
(iil) Aog—itr1 = —A; -
See [14, pp. 22] for more details.
o (Generalized law of large numbers) In his monograph, Bougerol proved that for a sequence
of i.i.d. random matirces Ag, A1, ..., under some irreducibility and integrability assump-
tions, there is a real number A\; such that with probability 1,

1
lim - log |[A"v| = Ay , for all v € RN\{0} .

n— oo

See [15, Theorem 3.4] for more details.
o (Continuity of Lyapunov exponents) Let X = {By, ..., By,} € GL(d) and (po, ..., pm) be an
element of the open simplex

A? = {(po,pl,...,pm) e R™T! | 0 <p; <1and Zpi = 1} .
i=0

Consider a sequence of i.i.d. random matrices { Ay, Ay, ...} taking values in X with proba-
bility given by

P(A; = Bj) =p; -
Let Ay > ... > Ayq be the Lyapunov exponents of the random matrix product formed by

the sequence {Ag, A1,...}. Avila, Eskin, and Viana proved in [16] that these Lyapunov
exponents depend continuously on the underlying linear cocycle:

Theorem 6.6. For each 1 < j < d, the number \; depends continuously on the B; and
and p; at every point in the domain GL(d)™ x A?,.

In particular, Example 1.5 in the introduction demonstrates how continuity cannot be
extended to the closed simplex.

6.2. Schrodinger Cocycles. In this subsection, we mention some preliminary applications of the
multiplicative ergodic theorem to Schrodinger cocycles.

Note that irrational rotation map and the shift map are both ergodic (see, e.g., [12, Theorem
4.2.2] and [13, Theorem 1.12] for proof). Therefore, Corollary 6.3 applies to both random and
quasi-periodic Schrodinger cocycles. In both cases, if the Lyapunov exponents exist, they must be
constant.

Let F : M x R? — M x R? be a Schrédinger cocycle as defined in Example 2.5, satisfying the
desired integrability conditions of the multiplicative ergodic theorem. Then:

Corollary 6.7. For p—almost every x € M,
(i) Either there is a constant Ay such that
1
lim —log|A%(z)v] = A+ for all v € R*\{0} ,
(ii) or there are constants Ay > A_, and a line E, such that

M- ifve EN\{0}

1
lim = log|A%(z)v] =
i log |4 (2)0] {)\+ ifveRN\E, .
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The Lyapunov exponents of Fg tell us a lot about the the spectral properties of the operator
H : 1?2 — [? in Example 2.5. For instance, if Ay # 0, then E cannot be an eigenvalue of H. See [3,
Chapter 2.1.3].
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