RECURSIVE ESTIMATION IN HIDDEN MARKOV MODELS

OTTO REED

ABSTRACT. Hidden Markov models are a powerful tool in signal processing and time-series settings.
In this paper we consider three fundamental estimation problems of hidden Markov models: filter-
ing, smoothing, and prediction. We first derive recursive expressions for all three distributions in
arbitrary state space and subsequently consider the only two settings where these recursions can be
implemented exactly: finite state space and linear Gaussian models. In the former we derive the
forward-backward algorithm and Viterbi algorithm; in the latter, we derive and explore applications
of the famous Kalman filter.
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Suppose we are climate scientists studying long-term weather patterns who wish to know the
weather in Boston in June of 1905. No official weather records survive but we have discovered
the personal journal of an enthusiastic Bostonian ice cream salesman who meticulously detailed
how much ice cream he sold each day of the summer. From personal experience and rigorous
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statistical inquiry, we know that the amount of ice cream consumed is highly correlated to the
weather. Furthermore, we know that weather can be modeled by a Markov process with state given
by “recent weather”; it is a natural assumption that the weather will not be influenced by what it
was a century ago.

Thus, we have a “hidden” process, the weather, which can be modeled as Markov, and a set of
observations, the ice cream sales, which we can think of as being “generated” by the hidden process.
Together, the observable and unobservable components form a hidden Markov model. We wish to
use our observations to make inferences about the hidden process, i.e., determine the weather from
the amount of ice cream sold. However, inference is not the only use of our model. If we decided
to retire from climate science in favor of being ice cream salesman, we could instead use our model
to more faithfully model ice cream sales so as to prepare our supply more efficiently for a given
weather forecast.

Fortunately, hidden Markov models have even more applications than ice cream-based weather
inference or weather-based ice cream modeling; in the broadest sense, we can think of the hidden
component as some signal and the observed component as a noisy measurement of that signal.
This interpretation has a clear connection to life in the digital age, where bits are being streamed
constantly to and from devices across the globe. As anyone who has tried to watch live sports
on airplane WiFi can attest, the information received is inevitably different from the information
transmitted due to radio wave interference (we call such interference the noise of the channel). Of
course, before we begin to explore estimation problems such as reconstructing the hidden signal from
the observed measurement, we must first define the model in which we wish to perform estimation.

2. FounDATIONS OF HIDDEN MARKOV MODELS

2.1. Markov Processes. As mentioned above, the model we will develop is built on Markov
processes. Although Markov processes are one of the simplest types of stochastic (i.e., random)
processes, they are undoubtedly one of the most ubiquitous and powerful. The rich theory of
Markov processes alone is enough to fill an entire textbook (or several), so we will take only a
cursory overview. We begin our exploration with a critical idea in the study of Markov processes:
transition kernels. From [1], we have the following definition:

Definition 2.1.1 (Transition Kernel). Let (X, X) and (Y,Y) be measurable spaces. A kernel from
(X,X) to (Y,Y) is a function P : X x Y — R™ such that for every z € X and A € Y,

(i) the map A — P(z,A) is a (positive) measure on (Y,Y);

(ii) the map x — P(x, A) is X-measurable.
Furthermore, if P(z,Y) =1 for all z € X, then P is a transition kernel. If additionally X =Y, then
P is a Markov transition kernel-or simply Markov kernel-on (X, X).

Intuitively, P(x, A) is the probability that the next state of the process is in the set A C X when
the current state of the process is x € X. Hence, the transition kernel “transitions” the law of
the state forward by one time step. An X-valued stochastic process (X)r>o (that is, a stochastic
process where each X}, takes values in a measurable space (X, X)) on a probability space (2, F,P)
possesses the Markov property if

P[Xk—i-l € A’Xo, .. ,Xk] = P[Xk—H S A|Xk] foral AeX, k>0
Using the language of transition kernels, we can formalize the notion of a Markov process.

Definition 2.1.2 (Homogeneous Markov Process). Let (2,F,P) be a probability space. An X-
valued stochastic process (Xi)i>o is said to be a homogeneous Markov process under P if there
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exists a Markov transition kernel P on the measurable space (X, X) such that

(2.1) P[Xi1 € AlXo, ..., X = P(Xp, A) forall A€ X, k>0

Remark. Tt is standard to introduce the notion of a filtration to formalize the available information
at a given time step. We choose to omit an explicit definition of filtered probability spaces in favor
of implicitly using the natural filtration (not only is every process adapted to its natural filtration,
but it is also the coarsest such filtration) since we do not utilize the former in our broader discussion
of hidden Markov models.

Continuing with our interpretation of transition kernels, we can think of P(x, A) as the probability
that state of the process will be in the set A C X in the next time step given that the current state
is x € X. The additional description of “homogeneous” specifies that this probability is the same
at each time step k. However, since we will deal almost exclusively with homogeneous Markov
processes, we will drop the descriptor “homogeneous” and mention explicitly when the process is
not time homogeneous. We will refer to (X, X) as the state space of the process (we will also typically
say “on X” to mean “on the state space (X,X)”) and the probability measure p on (X,X) where
u(A) = P[Xo € A] as the initial measure.

In general, we want to understand how a given Markov process evolves in time. Hence, we
seek the probability distribution or law of the process. As given by [5], the law of a process is the
pushforward measure from the probability space (€2, F) to the state space (X, X). Notably, as proved
in [7], the law of a Markov process is determined by its finite-dimensional distributions, that is, the
joint distribution of Xy, ..., Xy for all £ > 0. This fact motivates a fundamental result in the study
of Markov processes detailed in [3], [1], and Lemma 1.5 of [8]:

Lemma 2.1.3. Let (Xy)r>0 be a Markov process on X with transition kernel P and initial measure
. Then, for any bounded, X**+1) _measurable function f : XFt1 5 R,

B (Xor+, 0] = [ £ 00) Poo, don) - Plan, dey)(dao)

In other words, the initial measure and transition kernel of a Markov process entirely determine
its finite-dimensional distributions, and therefore the law of the process.

Proof. Let F(X*+1) be the set of all bounded, X®*+!-measurable functions f : X**1 — R and define

H={f € FX*) | f(zo,...,2x) = folxo) - fulz)}.
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Trivially, X®**+! is a 7-system, so, by the monotone class theorem, F(X**1) ¢ 3. Thus, it is
sufficient to consider functions of the form f(xo,...,zx) = fo(xo),..., fx(xx). Note that

E[fo(Xo) -+ fe(X)] = Elfo(Xo) - - - fo—1(Xp—1)E[fr(Xz)|Xo, . . ., Xp—1]]

—B | fo(X0) - o (Xe) [ e Pxics dm]

=E | fo(Xo) - fr—2(Xr—2) XE [fk;—l(Xk—l)/fk(xk)P(Xk—ladﬂfk)

XOa .- 'an—2:|:|

=E | fo(Xo) - fe—2(Xg—2) X /fk1(f13k1)fk($k)P($k1,d$k)P(Xk2,dﬂfk1)]

—E | fo(X0) / f1<x1>--~fk(mP(xk_l,dxk)P(Xk_z,dxk_n}

/fo x0) -+ fu(xr)P(zp—1,dxy) - - - P(zo, dz1) p(d),
as desired. O

Before we move on to hidden Markov models, we introduce some helpful notation and definitions.
Let (Xj)r>0 be a Markov process on X with transition kernel P. For the following, every measure
will be on (X, X), and we will use “measurable” to mean X-measurable.

For any bounded measurable function f : X — R, we define the function Pf : X — R by

/f P(z,dy) for all x € X.

By the Markov property, for any Markov process (X )x>0, we have

E[f(Xk41)Xo, ..., X] = Pf(Xp).

For n > 1, we recursively define the functions P"f = PP"~!f with the initial condition P°f = f.
Then, by repeated application of the tower property of expectation, it follows that

Bl (Xein)| Xor - Xe] = BB (Xein) | Xovr e Xesn 1] X0, ) X4l
[Pf(Xktn-1)[Xo, ..., X]

[

[

E[Pf(Xktn—1)X0,s - Xitn—2]|Xo, ..., Xi]

E
E
E[P?f(Xpsn-2)|Xo0, ., Xi]

= E[P”f(Xk)|X0,...,Xk]
= P"f(Xg).

Similarly, for any measure p, we define the measure pP by
pP(A) = /P(a:, A)p(dzx) for all A € X.

Remark. Note that A € X since P is a Markov transition kernel, although this statement is also true
for arbitrary transition kernels from (X, X) to (Y,Y). In the latter case, pP would be a measure on

(Y, Y).
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Again, for n > 1, we recursively define the measures pP" = pP"~!P with the initial condition
pP® = p. If p is the initial measure of (Xj)r>0, by Lemma 2.1.3, we have P[X}, € A] = uP*(A) for
all A € X. Hence, uP* is the law of X};! Finally, for any measurable function f : X — R, we have

(uP)(f) = p(Pf), ie., /f(x)uP(dx) = /Pf(:p),u(dx). Thus, as noted in section 1.1 of [8], this
implies that the maps p+— pP and f — Pf are dual to each other.

2.2. Hidden Markov Models. As discussed in the introduction, a hidden Markov model is a
Markov process with two components: an observable component and an unobservable, i.e., hidden,
component. More specifically, it is a Markov process (X, Yi)r>0 on the state space X x Y where
we can “observe” Yj, but not Xj. Given how natural the signal processing interpretation is, we will
refer to (Xj)r>0 as the signal process on the signal state space X and (Y)r>0 as the observation
process on the observation state space Y. It is important to note that while both the joint process
(Xk, Y& )k>0 and the signal process (Xy)r>0 are Markov, the observation process (Yy)i>0 generally
is not. Thus, Hidden Markov models are capable of modeling non-Markov behavior.

Let us try to motivate a formal definition for a hidden Markov model. As stated in section 1.2
of [8], our definition should encapsulate a Markov process (X, Yi)r>0 with two key restrictions:

(i) the signal process (X)r>0 is Markov;

(ii) the observation Y} is a “noisy functional” of Xj.
Notation. For the sake of brevity, we will frequently abbreviate expressions such as Xj, ..., Xg to
Xo.r throughout the rest of this paper.

Definition 2.2.1 (Hidden Markov Model). A stochastic process (X, Ys)r>0 on a product state
space (X X Y, X ®Y) is a hidden Markov model if there exist transition kernels P : X x X — [0, 1]
and @ : X x Y — [0,1] such that

Elg(Xk+1, Yir 1) Xowk, Youu] = //9($7Z/)q’($7dy)P(Xk7dx)
XXY
and a probability measure p on X such that

Elg(Xo0,Yo) Xon Youl = [ [ glav)@(a,dyutds)
XXY
for every bounded X ® Y-measurable function g : X x Y — R. We call ® the observation kernel,
with p and P again being the initial measure and transition kernel, respectively.

Note that by Definition 2.1.2, both (Xj, Y;)r>0 and (Xj)r>0 are Markov processes. This fact is one
of several basic properties of hidden Markov models that form the foundation of our exploration.

Lemma 2.2.2. Let (X, Yy)r>0 be a hidden Markov model on (X xY,X®Y) with transition kernel
P, observation kernel ®, and initial measure u. Then, the following facts hold:

(1) (Xk, Yi)r>o0 is a Markov process;
(11) (Xk)k>0 is @ Markov process with transition kernel P and initial measure ji;
(iii) Yo, ..., Yy are conditionally independent given Xy, ..., Xk:

PD/() c A()7 ... ,Yk c Ak’X();k] = (I)(Xo,Ao) .. -(I)(Xk,Ak)

Moreover, the finite-dimensional distributions of (X, Yy)k>0 are given by

k
E[f(Xo:k, Yox)] = /"'/f(fBo:k,yo:k:) x pu(dao)®(wo, dyo) | [ (i, dyi) P(ai-1, dai)

=1
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for every bounded, (X @ Y)2*+D _measurable function f: (X x Y1) = R.

Proof. To prove (i), define the Markov kernel of the joint process on the product state space
XxY,X®Y) by

Q((z,y),C) = // Ic((z,y))P(x,da" )@ (2, dy') for all (z,y) e X XY, CeX®Y.
XxY

Additionally, let v = ® ® p be the initial distribution of (X, Yy)r>0. Then, comparing with
Definition 2.2.1, we see that (i) and (ii) follow directly from Definition 2.1.2. Furthermore, (iii)
follows immediately from Definition 2.2.1 and Lemma 2.1.3. O

We will illustrate that the observations (Yj)r>o only depend on each other through values of the
hidden process (Xj)r>0 (as given by (iii)) with a simple example.

Example 2.2.3. Let the signal state space X = {0,1} and suppose the observations (Y)r>o depend
on the signal (Xj)r>0 according to
1 X =1
Y = F
-1 X;=0

Further suppose that P[X;] = p for p € (0,1), £ > 0. If Y3 > 0 for some k£ > 0, then, since
P[Yk > 0|Xk = 1] =1,

P[Yk+1 > OIYk >0, X = 1] = P[Yk+1 > Ole = 1] = P[Xk+1 = 1] =p.

Thus, Yy and Yi11 are conditionally independent given Xj. Trivially, Yy and Yj; are also condi-
tionally independent given Xy, 1, since Yy is given direcly by Xp41.

2.3. Nondegeneracy. Although we are still working within the world of theory, we will require a
stronger condition on the structure of our observations (Y)r>o that is needed if we wish to use our
model for practical applications.

Definition 2.3.1 (Nondegeneracy). Let (X, Y)r>0 be a hidden Markov model on (X x Y, X ® Y)
with observation kernel ®. The model has nondegenerate observations if there exists a strictly
positive X ® Y-measurable density function T : X x Y — (0,00) and a probability measure v on Y
such that

®(x,B) = /IB(y)T(x,y)V(dy) forallz € X, BeY

Nondegeneracy guarentees that the model reflects all possible observational values; the positive
density condition ensures that every element of the chosen observation state space has a nonzero
probability of being observed.

Although this is a simple condition, its importance should not be overlooked. When we assume
that a model has nondegenerate observations, we guarentee that we can make inferences about
the hidden process from any set of observations yq, ..., yx, even if they do not precisely align with
our mathematical definition of the model. If this were not the case, even the slightest amount of
noise could lead to data incompatible with our model, making it hopeless to apply in practice. To
demonstrate the importance of assuming nondegeneracy, we consider an extreme case of a model
that only satisfies our general definition for a hidden Markov model.
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Ezample 2.3.2. Let X =Y = R and let d;, kK > 0 be an i.i.d. sequence of random variables whose
law is supported on Z (i.e., P[0y € Z] =1 for all k > 0). We recursively define (X, Yy )r>0 as

Xo=Yy =0, X = Xg_1 + g, Y, = X;, (k>1).

It is clear that we have a hidden Markov model that satisfies Definition 2.2.1, but not nondegeneracy:
for example, P[0, = 3.14] = 0 for all £ > 0. What are the consequences?

Suppose we make a sequence of observations vy, ..., yr that are generated by our model. Since
0r € Z for k > 0, by construction we should expect that each y, € Z as well. However, in practice,
it is likely that the signal X, will be perturbed slightly-—no transmission is perfect, after all-causing
the corresponding real-world sample ¥, to no longer satisfy this property. Any attempt at inference
on this observation would certainly fail since according to our model, we have made an impossible
measurement. Clearly, a model susceptible to even the smallest amount of noise is insufficient for
broader applications.

Although this scenario is highly contrived, it illustrates how Definition 2.2.1 requires further
assumptions to yield models where inference can be performed without issue. In fact, the following
proposition tells us that if an observation kernel satisfies Definition 2.3.1, then any property of a
finite number of observations Yy, ..., Y; that holds almost surely does so for any choice of transition
kernel P and intial measure .

Proposition 2.3.3. Let (Xj,Yi)r>0 be a hidden Markov model on (X xY,X®Y) with initial
measure p on X, transition kernel P, and observation kernel ®. Furthermore, let (Xkyyk)kzo be
a hidden Markov model on (X x Y, X ®Y) with initial measure i on X, transition kernel P, and
observation kernel ®. Suppose @ satisfies the nondegeneracy assumption of Definition 2.3.1. Then,
for both models, and for n > 0, the law of (Yi)k<n is absolutely continuous.

Remark. Note that the Yy is the same for both hidden Markov models because Y; only depends
on the observation kernel, which remains the same; the initial measure is on X and the transition
kernel is on X x X.

It follows from this proposition that if g, ..., yx is a valid sample path of the observation process
for some model of the signal process (X )xr>o (i.e., has a nonzero probability of being observed in that
model), then it is a valid path for any model of the signal. While nondegeneracy does not guarentee
that inference is robust to error, it ensures that all inference is mathematically well-defined. The
following example illustrates a model that does satisfy nondegeneracy.

Ezample 2.3.4. Let Y = R and suppose the observations satisfy
Vi = f(Xk) + e, (k= 0),

for some X-measurable function f : X — R. Additionally, assume that ng, k£ > 0 are i.i.d. N(0,1).
Then, the observation kernel ® is given by

o~ (= F(@))2/2
®(z, B) = / In(x)

V2r

e~ (= f(2))?/2
V2T ’

dz,
for all x € X, B € R. Setting

Y(z,2) =
it is clear that the model satisfies Definition 2.3.1.

With Definitions 2.2.1 and 2.3.1, we can now consider a broad range of general hidden Markov
models.
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2.4. Two Essential Questions. Now that we have discussed several examples of hidden Markov
models, we can turn to some deeper theory in the field. There are two central questions which will
motivate all of our further results: estimation and implementation.

(i) Given a hidden Markov model, (i.e., given the transition kernel P, observation kernel ®, and
initial measure ;) how can we estimate the unobserved signal (Xj)r>o using the observed
signal trajectory yo,...,yx?

(ii) How can we implement these methods for estimation precisely on a computer, what assump-
tions do we need to make, and what would the corresponding algorithms be?

In practice, the signal (X )x>0 will be completely unobservable. Thus, developing methods to solve
the problem of estimation is integral to applying hidden Markov models in the real world. Of
course, we must also be able to efficiently compute these methods, so our second question is also
fundamental to our exploration.

We will first develop the theory of estimation in a general setting (i.e., arbitrary state space) and
then turn to the two scenarios in which our methods are “computable:” finite state space and the
linear Gaussian setting.

Since the process (X)g>0 is hidden, the problem of estimation is to compute

E[f(Xk)[Yo:n]
for any choice of £k and N and any function f : X — R; notice that these objects determine the
conditional distribution for the signal X}, given the observations Yy, ..., Yy. We refer to the problem

as smoothing when k < N, filtering when k = N, and prediction when k > N. We will now develop
methods to compute the conditional expectation in each of these three problems; a key feature of
filtering, smoothing, and prediction (and an ongoing theme throughout this paper) is that solutions
can be found recursively.

In general, the signal state space will be infinite, and thus these distributions will be infinite-
dimensional, making real-world computation intractable. Of course, if we let the signal state

space X = {1,...,d} for d € N, then our transition kernel P, observation kernel ® can be rep-
resented as matrices! and any measure or function f on X is entirely determined by a vector (e.g.,
f=(f(1),...,f(d)"). In this case, all of our computations are matrix-vector operations, which

are of course easily implemented precisely on a computer. A more interesting scenario in which the
computations reduce to matrix-vector operations is the linear Gaussian setting, where we assume
that the signal and observation state spaces are given by a system of linear equations. Every Gauss-
ian variable is completely described by its mean vector and covariance matrix, so as long as our
state space is finite-dimensional, these vectors and matrices will be too. Thus, we can successfully
use finite matrix computation to solve a class of estimation problems in uncountable state space.
As it turns out, the cases where the signal state space is finite or linear Gaussian are the only two
cases where estimation can be implemented exactly. Fortunately, as we will see, these cases cover a
broad range of applications for hidden Markov models.

3. FILTERING, SMOOTHING, AND PREDICTION

As discussed above, filtering, smoothing, and prediction are all estimation problems; specifically,
problems in which we estimate the random variables {X}}>0 using the observations Yp, ..., Yn.
However, we have yet to answer a fundamental question: what does it mean to estimate a random
variable X7

lWe will actually work with the observation density Y instead of the observation kernel ® for reasons that will
become apparent later.
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3.1. Estimation. Let X be a real-valued random variable and let Y be a C-valued random variable
on a probability space (Q2,F,P) and state space (C,C). Assuming the general idea of a hidden
Markov model, suppose we can observe Y but not X and would like to estimate X using Y. We are
looking for a function g(Y’) that is “close” to X under a specific criterion. Generally, this means
that g minimizes some loss function H. For instance, consider the mean square estimation error

E[(X - f(V))%]

for some function f. As the following lemma tells us, in this case, the function g that minimizes
the error is exactly the conditional expectation.

Lemma 3.1.1 (Conditional Expectation Minimizes Mean Squared Error). Suppose E[X?] < oo and
let g(Y) = E[X|Y]. Then,

g= arg;nin E[(X — f(Y))?].

Proof. Note that E[X|Y] is a function of Y and

(XE[X]Y] > 0) E[(X - E[X|Y])’] < E[X? + E[X|Y]’]
(linearity of expectation) = E[X?] + E[E[X|V]?]
(Jensen’s inequality, monotonicity) < E[X? + E[E[X?|Y]]
(total expectation) < 2E[X?

(by supposition) < 00

Now, let G = E[X|Y] and consider
E[(X - G)} = E[(X — f(Y) + f(Y) — G)?] for some function f

(linearity) — B[(X - f(Y))2] + E[(f(Y) - G)?] + 2B[(X — (V")) ((Y) - G)]
(total expectation) = E[(X — £(Y))] + E[(f(Y) — G)2] + 2E[E[(X — F(V)(f(Y) = G)|Y]

Letting h(Y) = f(Y) — G and pulling out known factors, we have
E[(X — f(Y))’] + E[A(Y)*] + 2E[h(Y)E[(X — f(Y)[Y]]

(linearity) =E[(X - f(Y))’] + E[h(Y)?] + 2E[n(Y)(E[X|Y] — E[f(Y)[Y]]
(stability) = E[(X - f(Y))’] + E[h(Y)?] + 2E[(Y)(E[X[Y] - f(V)]
(linearity) =E[(X — f(Y))?)] + E[1(Y)?] — 2E[h(Y)?]
=E[(X - f(V))?] - E[h(Y)?]
(positivity) <E[(X - f(Y))’]
This completes the proof. ]

Remark. This result is so fundamental to the study of conditional expectation that it is reasonable
to define the expectation of X € L?(Q,F,P) given § C J as the orthogonal projection of X onto the
L2-subspace L?(2, G, P), since the orthogonal projection (with the L? inner product) by definition
minimizes the expected squared error E[(X — Y)?]. As shown in [6], this is a satisfactory approach
for proving many elementary properties of conditional expectation, but a more nuanced definition
is needed to fully capture all notable results.
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Thus, the conditional expectation gives the least mean square estimate of the unobserved variable
X given the observed variable Y (see [9] for an alternate proof). In general, we would like to consider
the estimator E[H (X — f(Y))] for some arbitrary loss function H. Solving the general problem
requires the notion of a conditional distribution.

Definition 3.1.2 (Regular Conditional Distribution of X given Y). Let X be a (B, B)-valued
random variable and let Y be a (C, €)-valued random variable on the probability space (2, F,P).
The regular conditional distribution of X given Y is a transition kernel Pxy : Cx B — [0, 1] which
satisfies

[ H@ Py (v.da) = B O]
for every bounded B-measurable function f: B — R.

Remark. The function Pxy is regular in the sense that it is a transition kernel. The regularity
of Px|y is precisely why the conditional expectation can be written in terms of integrals for each
y € C.

Intuitively, Pxy(y, A) = P[X € A]Y = y|. The following lemma from [8] (Lemma 2.4) tells us
that we can use the conditional distribution Px|y to solve the estimation problem of minimizing
E[H(X — f(Y))] for an arbitrary loss function H.

Lemma 3.1.3. Let H : R — [0,00) be a loss function, X be a real-valued random variable such
that E[H(X)] < 00, and Y be a (C, C)-valued random variable. Suppose there exists a C-measurable
function g : C — R such that

g(y) = arg min/H(w — &)Px)y (y,dx) for all y € C'
zeR

where C" € € such that P[Y € B'] = 1. Then, g minimizes f — E[H(X — f(Y))].
Proof. Note that by construction, we have

/H r—g(Y))Pxy (Y, dx) /H r — f(Y))Pxy(Y,dz) almost surely

for any C-measurable function f. It follows from Definition 3.1.2 that

<E [ / H(z— f(V)Pyy (Y, dw)]
)

To complete the proof, we verify that our expectation is finite: if we let f(Y) = 0, then we have
E[H(X —g(Y))] < E[H(X)] < co. Therefore, g minimizes f — E[H(X — f(Y))], as desired. =~ O

We now consider an example that is of great interest in the field of statistical learning.

Ezample 3.1.4. Let X be a random variable that takes a finite number of values {z1,...,z,} and
define the loss function
0 z=0
H(z) = { N

1 z#0



RECURSIVE ESTIMATION IN HIDDEN MARKOV MODELS 11

We wish to choose an estimator ¢g that minimizes f — E[H (X — f(Y))], i.e., one that maximizes
the probability P[X = f(Y)]. Thus, by Lemma 3.1.3, we should define g by

g(y) = argmax Px|y (y, {zi}).

T1ye5Tm

We call g the maximum a posteriori (MAP) estimate of X given Y.

Thus, once we compute the conditional distribution for X given Y, the solution to the optimal
estimation problem for an arbitrary loss function H becomes a deterministic minimization problem.
This fact allows us to narrow our focus to computing the conditional distribution Py

3.2. Conditional Distributions. Given two random variables X and Y, how do we compute
the conditional distribution Pxy? Fortunately, this problem is straighforward if the law of Y is
nondegenerate (one of the many instances in which we see the importance of nondegeneracy). The
solution is a cornerstone of modern probability and statistics: Bayes’ Theorem. Although we will
use the following result extensively, it is so well known that we will omit a proof (see Theorem 2.7

of [8]).

Proposition 3.2.1 (Bayes’ Theorem). Let X be a (B, B)-valued random variable and let Y be
a (C, @)-valued random variable on the probability space (0, F,P). Suppose there exists a B @ C-
measurable function v : B x C — (0,00), a probability measure px on B, and a probability measure
wy on C such that

Emfrﬁf,yv]::h/’ £ (.9 (2, ) (d) oy (dy)

XXY
for every bounded B ® C-measurable function f. Then,

J Ia(z)y(z, y)px (dz)
P ,A) =
iy (4, 4) = fvayuxww
1s the conditional distribution of X given Y.

forall Ac B, yeC

Remark. This measure-theoretic form of Bayes’ Theorem may look alien compared to the form that
is more commonly used, so let us attempt to establish a relation between the two. To start, let
us use the notation Px|y(Aly) and v(y|r) instead of Px|y(y,A) and ~(z,y), since the former is
better aligned with the standard way of writing conditional probability, whereas the latter matches
the notation we have used for transition kernels. This notation allows us to better see that we can
intepret y(y|x) as P[Y = y|X = z]. Now, suppose that B is finite, that is, B = x1,...,24. Then,
for some k € [d], the more familiar version of the generalized Bayes’ Theorem gives us
PlY = y|X = 23 ]P[X = xy]

YL PIY = ylX = @i]P[X = o

Circling back to an arbitrary set B, we are trying to find the probability that X is in a set of points
A C B given that Y = y. Since B is not necessarily finite, the statement X = xp becomes X € dx,

the sum in the denominator becomes an integral over B, and the numerator becomes an integral
over A. Thus, our expression becomes

Pypy (zrly) = P[X = a4|Y =y| =

[ Ia(2)P]Y = y|X € dz]P[X € dx]
JPIY =y|X € dz]P[X € dz]

[ L@ lenx(do)

J(ylz)px (d)

Pyy(Aly) =P[X € AlY =y| =
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which is precisely the version presented in the proposition above.

Returning to hidden Markov models, for the remainder of this section, we will consider a given
hidden Markov model (Xj, Yy)r>0 with signal state space (X, X), observation state space (Y,Y),
transition kernel P, observation kernel @, and initial measure py. We will assume that the observa-
tions are nondegenerate, that is, ® has a strictly positive observation density T with respect to a
reference (Lebesgue) measure v.

Our goal is to solve the filtering, smoothing, and prediction estimation problems. That is, com-
pute the conditional expectation E[f(X,,)|Yo.x] for any function f and any n and k, which equivalent
to finding the conditional distributions

¢k|n = PXk|Y0:n for k,n > 0.

Recall that the goal of the filtering problem is to compute the filtering distributions ¢y == ¢y, for
k > 0. Similarly, the goal of the smoothing problem is to compute the smoothing distributions ¢y,
for k < n, and likewise the goal of the prediction problem is to compute the prediction distributions
Opjn for k> n. The fact that the filtering, smoothing, and prediction problems arise from the
choice of times to consider the signal and observation processes is made even more apparent by the
conditional distributions. We will now explore how each of the three problems can be computed
recursively, as previously promised.

3.3. Filtering. We know from Lemma 2.2.2 that the finite-dimensional distributions of (Xj, Yi)r>0
are given by
k k
(3.1) E[f(Xok, Yor)] = /"'/f($0:k7yo;k) TT @i, yi)v(dy:) x pldao) [ | P(wi-1, da)
i=0 i=1
Using this expression, we can obtain the filtering distribution with Bayes’ Theorem.

Definition 3.3.1 (Unnormalized Filtering Distribution). Let k& > 0. The unnormalized filtering
distribution ay, is the kernel ay : YT x X — RT defined by

k
ok (Yok, A) = / -/IA(JUk)M(dxo)T(ﬂEo, vo) [ [ Y (@i, yi) P(i1, da;)
i=1
for all yo,...,yx € Y and A € X.
Note that the kernel oy, is not a transition kernel; typically, ag(yo.x, X) # 1 (compare to defini-

tion 2.1.1). We will see that the normalization of ay, (i.e., constructing a transition kernel from «y)
results in exactly the filtering distribution ¢y.

Theorem 3.3.2 (Unnormalized Filtering Recursion). The filtering distribution ¢y can be computed

as
ok (Yoks A)

3.2 kYo, A) = ——=

(3.2) ( ) ak(Yo:ks X)

for every A € X and yo, ...,y € Y. Moreover, the unnormalized filtering distribution oy can be

computed recursively according to

o A) = [ [ 1ala) T, P’ doar (s, da)
with the initial condition

(3.3) cMmMZ/u@W@mMM)
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Proof. To apply Bayes, we must first define the probability measures uy and gy on Y+ and X*+1,
respectively. Let py be the product measure

py (dyo:r) = v(dyo) - - v(dyg).
Similarly, define pux as
wx(dzoy) = P(zg—1,dxy) - - - P(xo, dz1)p(dzg)
and define the function v : X**1 x Y+ — (0, 00) by
Y(@o:k, Yo:k) = Y(wo,yo) - Tk, Yk)-

Then, by (3.1), we have

E[f(Xox, Yox)| = /“'/f(l“o:kyyo:k)’Y(fUO:k:ayo:k)ux(dﬂﬁo:k)MY(dyo:k)-

Hence, we can now apply Bayes’ Theorem (Proposition 3.2.1), which gives us

S F@ow)v(@oks Your ) x (dxo:k)
o) P ,dx .
/ /f 0:) P [Your, (Yo:k> dTo:i) = I v (@ow, youx) px (dzo:r)

It follows that
/f(l')cbk(yo:k,dfﬂ) = /f(ﬂ?k)kawo:k(yo:k,dxk)

[ F @)y (o, yor) x (dwok)
[ (@ youk) x (daour)
_J flan)ar(yor, dok)
[ ar(yo, day)

by Definition 3.3.1. Thus, we obtain the filtering distribution:

g A
ok (Yo, A) = Zigg::’ X; :

Furthermore, by construction, a(yg, A) = / I4(z)Y(z,yo)p(dx). Therefore, the recursion for oy
follows from the fact that

ar (Yo, A / /IA @)Y (T0:k> Yok ) 1 x (do:,)

// Ia(2)Y (z, yx) P(2, dz) o1 (yo:k—1, da’),

completing the proof. O

By combining the expression for the filtering distribution (3.2) with the recursive formula for the
unnormalized filtering distribution (3.3), we immediately obtain an expression for computing the
former directly—the normalized filtering recursion. It is normalized in the sense that each step of
the recursion involves a rescaling, as opposed to the unnormalized recursion in which the expression
is normalized only after the recursion has terminated.

Corollary 3.3.3 (Filtering Recursion). The filtering distribution ¢y can be computed recursively
according to

Ok (Yo, A) = JJ La(@) ) (2, dz)pr—1 (Yo:k—1, dz’)
. ffT @, dx)pr—1(Yo:k—1, dz’)
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with the initial condition

(3.4) ol ) — AT w)tder)

J Y (x,y0)p(da)

Proof. Note that by Theorem 3.3.2,

_ao(yo, 4) _ [ Ta(@)Y(x,yo)pu(de)
(ﬁg(:Uo,A) - Ol()(yO7X) - fT T yO dl‘) :

The recursion can be read from (3.2) and (3.3). O

Thus, instead of first computing aj and then normalizing to obtain ¢, we can compute ¢y
directly. The fact that this computation is recursive makes writing an algorithm to compute the
filtering recursion ¢y, efficiently a straighforward exercise.

3.4. Smoothing. The smoothing distributions ¢y, (k < n), just like the filtering distributions,
can be found with Bayes’ Theorem. However, the computation will be divided into two parts, since
the “past” observations Yj,...,Y; and the “future” observations Yii1,...,Y, will be considered
differently (that is, “past” and “future” relative to the time k at which we wish to find the conditional
distribution of the signal X}).

Definition 3.4.1 (Unnormalized Smoothing Density). Let 0 < k < n. The unnormalized smoothing
density By, is the function By, : X x Y™k — (0, 00) defined as

5k\n($k7yk+1n / / H T xuyz xz 17d$7,)

i=k+1
for all yg41,...,yn € Y and z € X.
There are two important things to note about the definition of the unnormalized smoothing
density Sy,. Firstly, By, is a density and not a distribution as opposed to the unnormalized

smoothing distribution «aj (compare with Definition 3.3.1). Furthermore, the domain of 3, is
X x Y™ F since Brn is a function of the observations yxi1,...,Yn, i.€., all “future” observations.

Remark. The fact that S, is a density means that it is not a kernel, which is clear from the fact
that, by definition, 3y, is not a function of X (compare with Definition 2.1.1).

Following in the same vein as the filtering problem, we will again use Bayes to show that the
unnormalized smoothing density can be computed recursively.

Theorem 3.4.2 (Unnormalized Smoothing Recursion). The smoothing distribution ¢y, (k < n)
can be computed as

S TA() Bijn (T, Ykt 1:0) ke (Yo:1e» d)
I Brepn (25 Yy 1:m) ke (Youre, dx)

for every A € X and yo,...,yn € Y. Moreover, the unnormalized smoothing densities By, can be
computed with the backward recursion

(36) ﬁk|n(xayk+1:n) = // ﬁk+1|n($,’yk+2:n)T($/7yk+l)P(ajvdx/)

with the terminal condition [, = 1.

(35) d)k:\n(yo:naA) =

The proof of this theorem will follow in the spirit of the proof for Theorem 3.3.2.
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Proof. Using the same notation as in the proof of Theorem 3.4.2, we have

/f(x)d)km(y()na dCC) = /f(xk)PXHYo;n (yO:na dwk)

= / o /f<$k>PXo:n|Y0;n (yO:na de:n)
_ f e f f(ﬂﬂk)’Y(on:n, yO:n)MX(de:n)
f o f /7(‘,1?0271’ yO:?’L)/«LX(de:n) '

Now, we can split our expression into functions of the observations yo, ..., yr and ygy1,- .., Yn, i€,
B and ay. Note that

(Proposition 3.2.1)

[ fr) v (o, Youn) px (do.n )
f T f PY Zo:n, yO:n)uX(d$0:n)

f f( )u(dzo) Y (o, o) TT}, T(xi,yi)P(ﬂﬁi—l,d%)) (ITipiq Y (i, yi) P(2io1, day))
S J (0 Y i) P, d) ) (T X (000 P, d)

S £ (@) B (@ Y10 ) ok (Youke» dze)
B fﬁk\n(mkayk+1:n>ak<y0:k7d$k>

Thus, we obtain the smoothing distribution

J La(2) Brjn (2, Yk 1:0) ke (Yo:1, dv)

n :naA -
¢k" (yO ) fﬁkm x,yk+1:n)ak(y0:kad$)

Furthermore, by convention, we set the empty product [[; = 1, so by construction, 3,, = 1.
Therefore, the backward recursion for Sy, follows from the fact that

/8k|n<xayk+1:n) = /"'/7($k+1:n7yk+1:n)MX<dxk+1:n)

Z/ Bt 1jn (@, Yrgom) T (@' yps1) P(z, da’),
completing the proof. O

We can again obtain a normalized recursion for the smoothing distribution with an argument
similar to the normalized filtering recursion. However, note that both the unnormalized smoothing
densities B, and filtering distributions aj appear in (3.5). Thus, we must first make a forward
pass in time through the observations to compute the filtering distributions and then a backward
pass to compute the smoothing densities. This procedure leads to the well-known forward-backward
algorithm which we explore further in later sections. It is also for this reason that oy is often called
the forward kernel and Sy, the backward function.

Remark. A helpful mneumonic for remembering the direction of the filtering and smoothing recur-
sions is to note that the computation for 4 starts at g, with each step of the recursion computing
the expression that comes after (in time) the expression in the previous step, whereas the compu-
tation of By, starts at B,,),, with each step of the recursion computing the expression that comes
before the previous step; that is, “ay after, By, before.”
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Corollary 3.4.3 (Smoothing Recursion). For k < n, define the function Bk‘n X x Y — (0, 00)
by the backward recursion

- S Brrap (@ youn) Y (& yp 1) Pz, da’)
(3.7) 5k\n(ﬂ$,y0:n) = [T Y@, yrsr) P, da’) i (Your, dar)

with the terminal condition Bn|n = 1. Then, for any k <mn,

(38) ¢k’\n(yO:na A) = /IA(x)Bk|n($a yO:n)¢k(y0:k7 d.%')
for every A€ X and yo,...,yn € Y.

Let us compare Bkln with By, (Definition 3.4.1). The most significant difference between the two
functions is that the domain of Bkln is now X x Y"1 as opposed to the domain of Brn, Which

is X x Y. This difference tells us that Bk|n is a function of all observations, whereas By, is a
function of only the “future” observations.

Proof. From the unnormalized smoothing recursion, we immediately obtain

JI B (@, yon) Y (2, Y1) P, da’)
ff /Bk+1|n(‘r/) yo:n)T(ﬂU', yk+l)P(xv dx/)(bk (yO:ka dLU)
with Bn|n = 1. Thus, we wish to show that for k£ < n

Bkm =

/ Bretain (@, yon) Y (@, Y1) Pz, da’ ) pi (yous, dw) = // Y (', ypg1) Pz, dz") or (Yo, dx).
By the normalized filtering recursion (Corollary 3.3.3), we have

ff Bk—&—l\n(x/? yO:n)T(x,a yk—&-l)P(CEa d$,)¢k (yO:ka dx
ffT(ﬂ?l,yk+1)P($,d$/)¢k(y0:k,d$)

by construction, completing the proof. O

) = /Bk+1|n(90/7yo:n)¢k+1(y0:k+1,d$/) =1

Thus, we have both normalized and unnormalized recursions for the filtering and smoothing
distributions. We now turn to prediction.

3.5. Prediction. Fortunately, the prediction problem, i.e., computing ¢y, for k& > n, is the simplest
of our three estimation problems. We obtain a single, normalized, form of the prediction recursion.

Theorem 3.5.1 (Prediction Recursion). The prediction distribution ¢y, (k > n) can be computed
recursively according to

(3.9) Drefn(Yorn, A) = //IA($)P($/7dx)¢k—1|n(y0:mdx/)

Jor every A € X and yo, ..., yn € Y, with the initial condition ¢y, = én.

Remark. The expression ¢, = ¢, is mild abuse of notation; we are setting the starting value of the
prediction recursion equal to the filtering distribution ¢,, where we have also defined the notation

O = qbn\n

Instead of using Bayes” Theorem (which can certainly be applied), we opt for the instructive proof
of Theorem 2.14 in [8] that utilizes some of the fundamental properties of hidden Markov models.
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Proof. By the tower property of conditional expectation, we have

for k > n. Furthermore, by the Markov property of the signal (Xj)r>0,
E[f(Xk)’XOna YvOn] = Pk_nf(Xn)'

Thus, E[f(X%)|Yo:n] = E[P*" f(X,,)|Yo:n], which is equivalent to

/ £ (@) (o ) = / PR £ () (s ),

for every bounded X-measurable function f. Note that

[ P @00 s da) = [ PP )00 s dn) = [ P @) (v o)
Therefore,
Pkfn(Yoin, A //IA P(z', dx)pp—1jp (Yo:n, dz'),
as desired. O

A simple consequence of this theorem is that

¢k+l|k Yo: ka // IA x ,d$)¢k(y0;k,d$l),

so by Corollary 3.3.3, we have
S TA(2) Y (2, Yrg1) Prs1 i (Yoik, d)
S Y, Yrr1) P 1) (Yo:, d)

Hence, the filtering distribution ¢11 can be expressed in terms of the one-step predictor ¢pqs-
As a result, the filtering recursion is often interpreted as a two-step procedure:

o

Of course, to fully appreciate the power of this elegant theory we need to consider some specific
scenarios of state space. One of the most natural cases to study is finite state space, where, as we
will now see, our general theory can be adopted easily to yield several notable algorithms.

Prt1(Yokt1, A) =

prediction correction

Pri1lk Pk+1-

4. FINITE STATE SPACE MODELS

The setting in which the signal state space X is finite has been integral to the study of hidden
Markov models since their inception. Not only do finite nodels emerge naturally in numerous
practical applications from telecommunications to DNA sequencing, but finite state space is also
a particularly convenient setting for computation. In a finite setting, all of the techniques we
developed in the previous section become matrix computations, and can thus be implemented
both precisely and efficiently on a computer. Throughout this section, we will consider a hidden
Markov model (X, Yy)r>0 on the state space X x Y with the restriction that the signal state
space is X = {1,...,d} (without loss of generality).? We follow the same notation as before for
the transition kernel, obervation kernel, and initial measure, and will again adopt the assumption
that the observations are nondegenerate. However, since the signal state space X is now finite, it
is convenient to think of functions and measures as vectors and kernels as matrices: any function

2Technicadly, we can only label the elements of X without loss of generality. However, for the sake of convenience,
we set X equal to the set of integers 1,...,d, which is truly just a semantic difference.



18 OTTO REED

f: X — R is entirely described by the vector f = (f(1),... ,f( NT € R%3 and any measure p on
X is entirely described by the vector g = (u({1}),...,({d}))". Furthermore, the transition kernel
P is naturally represented by a d x d matrix P where P;; = P(i,{j}) for i,j € X. Just as before,

d
=" PG GNIG) = (P
j=1
and
P({7}) = Zu{z (i.{j}) = (u P); = (P p),.

Lastly, we will represent the observatlon density T using matrices, but in a somewhat unique
manner: for each observation y € Y, we define the matrix Y (y) where

(Y ())ij = T4, y)di;
for 4,5 € X. That is, Y (y) is the d x d diagonal matrix with nonzero elements (Y (y)); = Y(i,y).

Remark. In much of the stastical literature, finite signal state space hidden Markov models are
also assumed to have finite observation space. In this case, the observation kernel ® is represented
by a d x e matrix where (®);; = ®(i,{j}). Of course, if the observation state space is not finite,
then this representation is clunky, since the matrix will not be of finite size. Our definition uses
the observation density Y instead, allowing us to make no assumptions about the structure of Y.
The tradeoff is that we must assume nondegeneracy, but, as we established, any “practical” model
should be nondegenerate.

In the finite setting, we can interpret the initial measure p as the probability distribution of the
signal process at time 0, that is, u; = P[X( = i]. Furthermore, we can interpret the elements of the
transition matrix P as conditional probability, where

(P)ij = P[Xpq1 = j| X = 1].

Thus, the transition matrix gives the probability of “transitioning” to the next state given the
current state. Similarly, we can think of the elements of the observation density matrix Y (y) as the
probability of making the observation y € Y if the signal is in the state i € X:

(Y (y))ii = P[Yy, = y| Xy =1].

Following this interpretation, it is intuitive that the non-diagonal elements of Y (y) are zero, since
the signal cannot be in two states at once.

Using this matrix-vector notation, we will now reformulate the results of the estimation problems
in the general setting, leading us to several important computational algorithms.

4.1. Finite State Filtering, Smoothing, and Prediction.

Remark. For the following, we fix an observation sequence (yj)r>0, allowing us to omit the depen-
dence of e.g., ¢, on the observed trajectory yo,...,yx. Thus, we will write expressions such as
ak(yo.x, dz) as ax(dx), with the dependence on vy, ..., yr being implicit. We will further simplify
our notation by writing singleton sets as elements. For example, we will write P(i,j) for P(i,{j})

and p(1) for p({1}).

3We will adopt the convention to use column vectors instead of row vectors, as is standard in most linear algebra
settings. Notably, in the context of Markov processes, row vectors are typically used—this difference will be noted
whenever there is possible ambiguity.
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We begin with the unnormalized filtering recursion. Since the unnormalized filter a4 is a measure,
we can represent it as a vector a, = (ag(1),...,ax(d))". Then, from Theorem 3.3.2, we have

(4.1) ag = Y(yo)u, o = Y(yp) P oy (k>1).

Note that we have P Ty, in the second expression; this is because the transition matrix is typically

applied to a row vector, in which case we would have ozgflP. However, since aj_1 is a column

vector, we have () P)" = PTay,_;.

Letting 1 = (1,...,1)T € R?, we see that the vector form of the normalized filter ¢y, is ¢ =
(877
1Tak )
Corollary 3.3.3, the normalized filter can be computed directly through the normalized recursion

Although this form of ¢y is simple, it is still in terms of the unnormalized filter . By

Y (yo) o X (yx) P r1
4.2 == = kE>1).
42) @0 1T (yo)p P 17X (yx) P T 1 ( )

We now consider the smoothing problem. Similar to the unnormalized filters, the unnormalized
smoothing densities Sy, can be represented as vectors By, = (Bgn(1),... ,ﬂk‘n(d))—r (where we
have again omitted the dependence on the observations). Then, by Theorem 3.4.2,

(43) Bn|n =1, /Bk|n = P’r(yk+1)6k+l|n (k < n)

The smoothing distributions can be computed from the unnormalized smoothing densities By,
according to Theorem 3.4.2:

diag(Bin)ax  diag(Bypn) Pk
4.4 n = - ’
(4.4) Pr| B o By P

where diag(3)y,, is the d x d diagonal matrix with the entries of By, along the diagonal. We can also
compute the smoothing distributions from the normalized smoothing densities Bklm represented as
vectors Bklm where

- - PY (Y341)Brt1jn
4.5 in = 1, n= kE<n).
(45) P P 1T (Y1) Py ( )
Then, by Corollary 3.4.3, the smoothing distributions are given by
(4.6) Brjn = diag(Byjn) -

Lastly, prediction is again our simplest case-the vector form of the prediction recursion follows
directly from Theorem 3.5.1:

All of the recursions we have obtained in the finite state space setting involve only matrix com-
putations. Thus, they can be implemented efficiently on a computer. We will now consider one
such implementation to compute the filtering and smoothing distributions: the forward-backward
algorithm.

4.2. The Forward-Backward Algorithm. As previously discussed, both the normalized and
unnormalized smoothing recursions involve a forward pass (in time) to compute the filtering dis-
tributions and subsequently a backward pass to compute the smoothing densities (compare with
Theorem 3.4.2 and Corollary 3.4.3). Based on our results in the finite state setting, we can sketch
an outline for what such a “forward-backward” algorithm might look like. We can read directly
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from (4.2) to obtain the forward pass, but for the backward pass, we have two options: the normal-
ized and unnormalized smoothing recursions. In general, the normalized recursion is preferable for
computational purposes. The unnormalized recursion tends to change in magnitude significantly
over time, resulting in catastrophic effects when it approaches or exceeds the upper and lower limits
of machine precision. In contrast, the computations of the normalized recursion stay within a rel-
atively stable range, which typically mitigates the risk of floating-point errors and the like. Thus,
(4.5) and (4.6) give the backward pass.
Notice that the denominator of Bk‘n is just the denominator of ¢y 1; thus, the values Y (yx )P ¢p_1,

(k > 1) should be stored to make the algorithm more efficient. Hence, we obtain the forward-
backward algorithm:

Algorithm 4.1: Forward-Backward Algorithm
b0+ Y(yo)p/1 X (yo)s;
fork=1,...,ndo

forward | @y + Y (yp) P dp_1;

cr 17 s
br < br/cr;

end

Bn\n «— 1

fork=1,...,ndo B

backward /Bn—k|n — PT(y_n—k-H)ﬁn—k+1|n/cn—k+1;

¢n—k|n A diag(/gn—k|n)¢nfk;

end

4.3. The Viterbi Algorithm. Let us now consider a new type of problem in the finite state space
setting: decoding a finite state signal path xg, ..., z, from an observation trajectory yo, . .., y,. That
is, we wish to do our best to determine the true value of the signal using only our observations.
For example, perhaps a friend is shouting something across a crowded cafeteria, or we are making
a phone call in an area with poor cellular reception and can only understand one out of every few
words through the static. In both cases, we have a finite alphabet message (each word is composed
from an alphabet of 26 letters) being transmitted through a noisy channel. In other words, the
medium (air in the cafeteria, the atmosphere, etc.) through which the signal (sound, radio waves,
etc.) is sent tends to alter or corrupt the message.

Then, the signal state space X is the signal alphabet, the signal (Xj)o<g<n is the message, and
the observation trajectory (Yi)o<k<n is the likely corrupted received message transmitted through
the channel. Our goal is to determine, to the best of our ability, what the transmitted message was
from the message we received. Hence, we wish to construct random variables Xo, ... ,X’n that are
functions of the observed sequence, Xj = f1(Yo.n), such that the estimate (Xk)ogkgn is “as close
as possible” to the original signal (Xj)o<g<n. Of course, the problem boils down to what “as close
as possible” means. Perhaps we wish to construct Xo, el X, so that the most expected number of
individual symbols (bits, letters, etc.) are decoded correctly. In other words,

Choose (Xg)r<n such that E[#{k < n: X}, = X;}] is maximized.

This approach seems perfectly reasonable, but it has a significant flaw. We will illustrate this with
the following simple example.



RECURSIVE ESTIMATION IN HIDDEN MARKOV MODELS 21

FEzxample 4.3.1. Let (X, Yx)r>0 be a hidden Markov model with signal state space X = {0,1}
and transition probabilities P(0,1) = P(1,0) = 1, i.e., the signal alternates between 0 and 1.
Furthermore, let the initial measure be p(0) = (1) = 1/2. For simplicity, suppose we have made
no observations. Then, ¢, (i) = P[X} = i| = 1/2 for every i, k, n.

We now wish to estimate the signal. Since all of the individual probabilities are 1/2, any estimate
Xo.n has the same expected number of correctly decoded symbols. So, we may reasonably choose
X, = 0, k=1,...,n as the optimal estimator. However, by definition of the transition probabilities,
the signal path Xj = 0 for all & has probability zero: P(0,0) = 0. Thus, our estimation method
has resulted in an impossible message!

We can now clearly see the drawback of this method for estimation: an estimate of the signal
path which maximizes the number of correctly decoded symbols does not necessarily maximize the
probability that the entire signal path is decoded correctly, and, in extreme cases, can even result
in an estimate that is not a possible signal path.

Let us now try an alternative estimation approach that directly addresses this issue: construct
Xo, ..., X, so that the probability of the entire signal path being decoded correctly is maximized.
That is,

Choose (Xk)kgn such that P[X} = X, for all k < n] is maximized.

Once again, the solution to the maximum probability path estimate can be found recursively. This
solution leads to the famous Viterbi algorithm. Fortunately, we already know what it means to
estimate a random variable—this is precisely Lemma 3.1.3. In this scenario, our loss function is
constructed from the indicator of whether our estimate matches the original signal: Ip(z — ).
Thus, to find the maximum probability path estimate, we choose the functions fi such that

(48) (fO(yD:n)u cee 7fn(90:n)) = ar(g Hl;lX/ H IO(ij - f:k)PXo;n\YO:n (y():na dx():n)-
Z0:n k=0

Remark. Note that we have arg max instead of arg min in this expression because we are mazimizing
the probability of our estimate instead of minimizing a loss function. Trivially, Lemma 3.1.3 still
applies.

We can now apply Bayes Theorem (Proposition 3.2.1), which gives us
(4.9)

- _ ooy = #(E0)Y (&0, yo) [Tyey Y (Eh, Y1) P(Zh—1, 2k)
/ L1 ot = 800 Pot v (s d0m) = Gy T, T o, ) Pl s, )

However, since we are maximizing in terms of (Zo, ..., Z,), the denominator can be ignored. Thus,

n

(fo(womn), -+ Fu(yon)) = arg m?XM(on)T(fCo, yo) [T T (@, ye) P11, &)
Lo:n k=1

Furthermore, since log z is increasing, arg max f(z) = arg max log f(z), and thus
x x

(fO(yO:n)a . afn(ZJO:n)) =

n

argmax log(11(20) Y (20, 90)) + Y _ (log P(p_1, %) + log T (g, y))
Zo:n k=1
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We have chosen to write our expression in this form in order to introduce the “Viterbi functions”

L
ve(Zg) = max |log(u(20)Y(Zo,90)) + Z(log P(Zg—1,2) + log Y (Zx, yx)) (0<£<n)

To:0—
0:6—1 =1

which are central to the Viterbi algorithm. The key feature of the Viterbi functions is that they
can be compute recursively, as shown by the next theorem. The purpose of these functions—and the
main idea of the Viterbi algorithm-is to compute the estimating functions { f3(yo.n) }x>0 recursively.

Theorem 4.3.2 (Viterbi Recursion). The functions vy satisfy the forward recursion

ve(2¢) = max{vy_1(&r_1) + log P(&r_1,%¢)} + log Y (&, ye)

To—1

with the initial condition vo(Zo) = log(u(Zo)Y (Z0,v0)). Moreover, the estimating functions fi(yo.n),
£=1,...,n for the mazimum probability path estimate given Yy, ..., Y, satisfy the backward recur-
ston

fe = argAmaX{vg(fcg) + log P(ff, fg_;,_l)}

Ze

with the terminal condition f, = arg max vy, (Z,).
Zn

Proof. The recursions for vy and f; are quickly verified by inspection. O

Remark. The backward recursion can be interpreted as repeatedly eliminating potential signal paths
until only the most probable path remains. The first step is to find the most probable final state of
the true signal and remove all possible paths whose final state differs from this state. Then, of the
paths with the corresponding final state, the second-to-last state which maximizes the probability
of these paths is found. The third-to-last state is considered next, and the process is repeated until
the recursion reaches the first state, leaving only one signal path remaining. If multiple states are
equally optimal at any stage of the recursion, then one can be chosen arbitrarily.

To summarize, we wish to find the maximum probability sequence (Zo, ..., Z,), which we know
is given by the estimator functions ( fo(yo:n), - - -, fn(Yo:n)). Since these functions give the maximum
arguments of (4.8), we can express them more conveniently in terms of functions vy, ..., v, with
arguments of the maxima identical to (4.9). As it turns out, both sets of functions can be computed
recursively, which allows us to implement the computation as an algorithm. Furthermore, since we
are in the finite state space setting, this algorithm will be entirely composed of matrix computations,
and can therefore be implemented efficiently on a computer.

Once again, the algorithm consists of a forward and a backward pass. However, unlike the
forward-backward algorithm, the observation path yqg,...,y, is not directly used in the backward
pass of the Viterbi algorithm, and therefore it does not need to be stored in memory. Of course,
the values v/(i) must be stored for all £,i. The Viterbi algorithm is summarized in Algorithm 4.2.
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Algorithm 4.2: Viterbi Algorithm
UO(Z‘> <~ lOg i + logT(i7Z/0)7 1= 17 e 7d7
fork=1,...,ndo
forward bi (i) < argmax{vg_1(j) +log Pj;i}, i =1,...,d;
j=1,..d
k(1) = vp—1(bx(4)) + log Py, )i +log T(4,yx), i =1,...,d;
end

fn < argmax v, (j);
j=1,...,d

fork=1,...,ndo

backward ‘ fn—kgbn—k—&—l(fn—k—&-l);
end

5. LINEAR (GAUSSIAN STATE SPACE MODELS

We now consider the second scenario in which the general estimation results we obtained can be
computed precisely: the linear Gaussian setting i.e., the setting where the state space of our hidden
Markov model is governed by a linear system of equations. However, we have already covered
a lot of ground in the study of estimation in hidden Markov models—the general theory gives us
the underlying recursion behind computing the filtering, smoothing, and prediction distributions
and the case of finite state space yields several of the most important algorithms for computing
these distributions. These algorithms are almost identical in the linear Gaussian case (aside from
perhaps some different notation) and the general recursions naturally hold as well, since it is just
a specific scenario of the general theory. Instead of re-deriving all of the estimation distributions
with new notation, we will focus on the most famous result in the linear Gaussian setting: the
Stratonovich-Kalman-Bucy, or simply Kalman, filter.*

We will consider a hidden Markov model (X, Y%)r>0 with signal state space X = R and ob-
servation state space Y = R?% . Thus, the signal state and observation state will be represented
by d-dimensional and dy-dimensional vectors, respectively. Our state space is governed by two

equations:

X = Fr1(Xp-1,&), Yi = Gr(Xk, mr),
where Fy_1 and G are vector-valued functions, & is random “system noise” and 7 is random
“observation mnoise.” To complete our model, we assume that Xy = a for some a € R%. Tt is

immediately clear that this is a hidden Markov model in spirit; we have a signal whose evolution
depends only on the previous state and an observation that is a “noisy functional” of our signal.
However, as it stands, the signal state space is continuous, so it seems like estimation is still infinite-
dimensional.

The key to making this model computationally tractable is to assume that both the state and
observation equations are linear (i.e., that the function Fy_; and Gy, are linear) and that the signal
and observation states X and Y}, as well as the noise terms &, and n, are jointly Gaussian.
As proved in [4], the conditional distribution of a Gaussian variable is a Gaussian (i.e., normal)
distribution, so the filtering, smoothing, and prediction distributions will all be Gaussian.

40ver time, the filter has become known as the Kalman Filter, after Rudolf E. Kalman, despite critical work on
the technique being completed earlier by Richard S. Bucy and the filter being a special case of a more general filtering
method developed prior by Ruslan Stratonovich.
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Since every Gaussian variable is entirely determined by its mean vector and covariance ma-
trix—which are d-dimensional and d x d dimensional, respectively, for X and &, and dy-dimensional
and dy x d dimensional, respectively, for Y; and niy—our computations will exclusively be with finite-
dimensional matrices. Thus, although our state space is infinite, our estimation recursions are once
again finite-dimensional!

Formally, our assumptions imply that our state space is given by the following system of equations:

(5.1) Xi = Fr1 Xp—1 + &g Y, = G X, + i,

where §k5 is a random d-dimensional vector, 7 is a random dy-dimensional vector, Fj_1 isa d x d
matrix, and Gy is a dy x d matrix. It is evident that Fj_; and G} are the transition kernel and
observation kernel, respectively. We will once again assume that both kernels are time homogeneous
and refer to them as F' and G.

The linear Gaussian assumption also implies that the signal noise &, k > 0 are i.i.d. N(0, )
and the observation noise 7, k > 0 are i.i.d N(0, ¥,), where ¥¢ and 3, are the covariance matrices
of the corresponding noise variables. We also assume that Xo ~ N(ug, Xx,) for some pg € R? and
that & are independent of 7.

We will further prescribe the structure of our model conditional on the available information at
time k, i.e., the observations yg,...,yr—_1. For &k > 0, define the Borel set F; by

?k - O-(yoa'” 7yk)7
that is, the sigma algebra generated by the observations yg.;. Then, we assume the following:

(i) Conditional on the available information, the observation noise terms have mean zero:
E[ng|Fk-1] = 0.
(ii) The covariance matrix for the observation noise is time homogeneous:
var[ng|Fr—1] = Xy.

And lastly,
(iii) The observation noise 7 and the signal X}, are uncorrelated:

E[Xyn, |Fx—1] = 0.

Together, these assumptions guarentee that the observation noise (n)r>0 is white noise, that is,
observations generated from an i.i.d. sequence of random variables with mean zero.

Now that we have the foundation for our model, we can derive the Kalman estimation for linear
Gaussian state space models. However, we will take a slightly different approach from the finite
state space setting, opting for an emphasis on information.

5.1. One-Step Prediction and Kalman Filtering. In contrast to the approach we took earlier
to derive the general filtering recursion in Theorem 3.3.2, in the linear Gaussian setting we follow the
derivation in [2] and compute the Kalman filter from the one-step prediction, i.e., estimating Xy 1
given F;. However, since we are in the linear Gaussian setting, we have the additional restriction
that our best estimator X must be linear, i.e.,

A~

X = arg;ninE[(X — f(Y))?.

o1t may seem strange to write & instead of £x_1, but the purpose of using the former is to emphasize that & is
independent of X,, for n < k, an assumption we will make explicit below.



RECURSIVE ESTIMATION IN HIDDEN MARKOV MODELS 25

Fortunately, we know by Lemma 3.1.1 that this is precisely E[X|Y]! Thus, the best estimator for
Xk+1 given Stk is E[Xk_;,_lek].

Remark. We will differ slightly from the previous sections in our notation and write
Xin = E[Xk|Fn], k,n >0

instead of ¢y, = Px,|v;,,, since our estimator is now the conditional expectation instead of the

conditional probability. However, we keep the tradition of defining X=X k|-

From L2-theory, we know that the best linear one-step predictor Xk+1|k: can be interpreted
geometrically as the orthogonal projection of Xy, onto the span of Yy, ..., Y,. We will define

En(X)=E[X|F], k>0

to reflect this fact; note that Ey(Xxy1) = X k+1)k- We will also want to keep track of the covariance
matrix of our estimate, so we define

(5.2) Qo1 = Bl(Xpg1 = X)X — Xpa) ', k> 0.

The theme for calculating the prediction X k+1|r Will again be recursion, this time with an additional
sprinkle of information theory. On that note, we define the innovation by

Iy =Yy — B 1(Yy), k>0, In=Yy
that is, Ij is the “new information” contained in the observation Y. Note that the innovations are
mean 0:

E[ly] = E[Y;] — E[Ex_1(Yk)] = E[Y}] — E[E[Y;|Yo.x-1]] = E[Y}] — E[Y}] =0,

where the second-to-last equality follows from the law of total expectation.

Since Fjy_1(Yy) gives the orthogonal projection of Yy onto the span of Yp,...,Ys_1 and Iy is
equal to precisely Y minus this component, I is orthogonal to the span of Yy,...,Y;_1. Thus, I}
is orthogonal to I for all n < k, so I, k > 0 are i.i.d., and can also be thought of as white noise.

The critical nondegeneracy assumption manifests here in the form of assuming that the covariance
matrix for the innovation, X, , is invertible. Note that, unlike the covariance matrices for the
observation and signal noise, ¥y, is not time homegeneous.

Remark. The intuition behind introducing the innovation I comes from the general theory, which
tells us that prediction can be performed recursively-that is, if the prediction Xj ;1 of Xy is found

using the observations Yy,...,Yx_1, then the prediction Xk+1\k can be found using only the new
observation Y} and the previous prediction X k—1|k (and the covariance matrix ). However,
only the new information contained in Y; matters for computing X, 41|k since the old information

will already be incorporated in X klk—1- Thus, we use the innovation Ij (see [1] for further reading
on the innovation approach).

We now obtain an expression for the one-step-ahead prediction, that is, a method of computing
X1k from Xppy.

Theorem 5.1.1 (One-Step Prediction). The best linear estimate Xk-‘,—l\k is given by
Xiap = FXppo1 + O (Vi — GXppp1),
where Ay, = GQMk,lGT + X, and O = FQk‘k,lGT for k> 0.
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Proof. By our assumptions of the model, the observation noise 7 is independent from the observa-
tions Yy, ..., Y;_1. Thus,

Er1(Yy) = Er—1(GXy + nx)

(linearity) = Ep_1(GXg) + Ex—1(nx)
(Er—1(m) =0) = Ep_1(GXy)
(linearity) =GEp_1(Xg) = GXk‘k,l

= L, =GXp+n — GXk\kfl = G(Xj, — Xklkfl) + k-

Since we also assume 7, and the signal X are independent, it follows that 7 is independent from
the estimation Xy ;_y, which is a linear function of X} and the observations Yp.,—1. Thus, 7 is also

independent from G(Xj — X klk—1), SO the covariance matrix X, of the innovation I is the sum of
the covariance matrices for the error X — Xy x_; and n:
X, = EXk—Xk‘k,l + 2,
(X, is time homogeneous)
= E[(G(Xy — Xpp—1) — B[G(Xk — Xppp—1)])(G(Xp — Xpp—1) — B[G(Xk — Xppe—1)]) 1] + 2
(E[Xi — Xgp_1] = 0)
= GE[(X), — Xpp—1) (X — Xgpe1) 1GT + 5,
= GG + 5,

Furthermore, since the span of the observations Yy, ..., Y} is equal to the span of the observations
Yy, ...,Yr_1 and the innovation Iy,

Xit1pk = Be(Xps1) = Beo1(Xps1) + B[Xp1 | Ii]-

Define Xk+1 = E[X}41|1x]. Since E[Xj11|lk] is a linear function of I, Xk—i—l = AT, for some matrix
A. Recall that E[Xj1|Ix] can be interpreted geometrically as the orthogonal projection of Xj4q
onto the span of Iy, so Xyy1 — Xg41 is orthogonal to I;. Hence,

E[Xy1 — Xpll) = B[(Xp1 — Xppn), )] = 0.

Furthermore, Xy 41 — Xk+1 = Xy — Al;. We wish to solve for A, so we have
0=E[Xpy1 — AL = E[Xp 11| — E[ALI]]
(linearity) — E[Xpy1[) | = AE[LI]].
Note that since the innovation is mean zero,
Y1, = E[(Ix — E[L])(Iy — E[l) '] = E[lk]}]] = A=E[Xpl; |5
where ¥, is invertible by the nondegeneracy assumption. Hence,
Xir1 = E[Xp [{ 157
= Xppipp = Ero1 (FX + &) + B[Xpn I |57 T,

(linearity) = FEp_1(X3) + Boo1 (&) + B[Xp I 151, 1k
(€x41 is independent from Yi., 1) = FXpp—1 + E[Xp I 15
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Furthermore, )
E[ X1, ] = B[(FXg + &1) (Xi — Xk|k—1)TGT +&))
Since &1 is independent from X, )A(k‘k_l, and 7, the expectation of &iq1(Xy; — Xk|k_1) and
§k+177,;r vanishes. Additionally, note that E[Xk‘k_l(Xk — Xk‘k_l)T] = 0. Together, these facts give
us
E[(FXp, + &) (X — Xppo1) ' G + &) = B[F Xy (Xi — Xgpp—1)G' ]
= FE[(Xi — Xppo—1)( Xy — Xpp_1) ]G

= PG
Therefore,
Xitapp = FXpppom + Fp1 GTS i = FX oy + OpA Ty = FXppoy + OpA (Vi — GXin),
as desired. O

Remark. The matrix GkAlzl is often called the Kalman gain matriz, since it scales the contribution

of the innovation I, to the estimate X k+1k- We will see the power of this matrix later when we
explore an application of Kalman filtering. Additionally, note that Ay is the covariance matrix of
1.

Since the Kalman gain matrix contains the quadratic error 431, we cannot compute the one-

step prediction Xk +1x without finding a corresponding recursive update for €, as well. The
following theorem is just that.

Theorem 5.1.2 (One-Step Error Prediction). The quadratic error Q) can be updated according
to
Qs = Fp1 F T+ e + 0,404

for k> 0.
Proof. By definition,

Q1 = Bl(Xpp1 — K1) X — Xap) ']

= E[Xk+1X1;r+1] - E[Xk+1chT+1\k] - E[XkHlkaH] + E[Xk+1|le;r+1|k]7
by linearity. However, note that
E[Xk+1Xi;r+1|k] = E[Xpp X4 1] = E[Xk—l—llleL—uk]a
SO
Qerrie = B 1 X 1] — B[X 1w Xy )

(g1 and X are independent)

= E[(FXt + &) FXp + &) '] = B(FX g1k + O6A, L) (F X e + OkA, ) ']
(ka,l is orthogonal to Ij)

= FE[X, X}/ |F " + Elée 1811 — FEX a1 X 1 JF | + OkAL BRI 1A O]
(X¢ is time homogenous, Ay, is symmetric, and X7, = Ay)

= F(E[Xs X} ] - EXpp 1 Xap 1)) F | — S¢ + 0,410,

= Fup 1 FT 4+ 5+ 6,407,

as desired. O
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We now have all the tools we need to derive the Kalman filter, i.e., the recursion for (X ies Q%) e>0-
Recall from Theorem 3.5.1 that the filtering recursion can be 1nterpreted as a two-step procedure:
compute the one-step prediction Xk,|k, 1 and then perform a correction to obtain the filter Xk

Fortunately, in finding the recursion for the one-step predictor Xk|k_1 and error {2;;_1, we have

done most of the heavy lifting in finding the filter X}, All that remains is to add a correction term
to the result of Theorem 5.1.1, which comes in the form of the error covariance matrix 2 ;_;.

Theorem 5.1.3 (Linear Gaussian Filtering Recursion). The filter Xi, k>0, is given by
Xi = Xpjpor + Q1 G AL (Y — GX i)
Proof. Repeating the same innovation argument used to derive the one-step predictor, we have
Xy = Ep(X1) = Ep_1(Xy) + E[ Xy |11
= Xpo1 + ELXGL B ]
= Xppo1 + E[Xi {15 T
= Xpjpo1 + E[Xe(G(Xp — Xype1) + &) 1AL T
= Xpppo1 + UG AL
= Xppo1 + Qe G AL (Y — GXppmn)
as desired. g

Just as the derivation for the filtering recursion follows in the footsteps of the the one-step
predictor, the derivation of the filtering covariance matrix € follows in the spirit of the one-step
error prediction (Theorem 5.1.2).

Theorem 5.1.4 (Filtering Error Recursion). The covariance matriz Q = Qu,, k > 0 for the filter
Xk is given by
Q= Q1 — UG AL 1GQk|k L

Proof. Following the same argument as before, we have
Q. = E[(Xg — X3) (X5, — Xp) ]
E[X, X |E[X, X/
(Theorem 5.1.3) E[X, X} ] — E[(Xpp1 + Qp1G AL ) Xpp1 + Qp 1 G A )T
E[X, X, — Xy 1Xk|k, = Q1 GTAEBILIT A Gy
= Q1 — UG AL Glek 15
as desired. ]

Now that we have derived the recursion for the Kalman filter, we can explore a beautiful and
valuable application: generalizing linear models as state space models.

5.2. Kalman Filtering in Multiple Linear Regression. To say that linear models are ubiqui-
tous in statistical literature would be a vast understatement. The widespread use of linear models
is easily explained by their simpicity to implement and incredible power. In this section we consider
a standard linear model

Yk = ZpB + ek,
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where €,k > 0 is white noise in the same sense as before, Z = (21k,...,24%) is a d=p+ 1-
dimensional vector of explanatory variables (the expected causes, e.g., smoking, eating grapefruit,
being under the age of 20, etc.), and B8 = (B1,...,84)' is a d-dimensional time homogeneous
vector of unknown parameters (variable features of a family of functions, e.g., slope or y-intercept).
The goal of linear models is to perform regression, i.e., compute the estimate ,é of the vector of
parameters (3 that minimizes a given loss function H(y, Z3). We wish to perform least squares
regression, in which case our loss function is

E((y — ZB)?,

as the name implies. This is precisely the estimation problem that we dealt with in deriving results
for estimation in the linear Gaussian setting, so it seems reasonable to attempt to recast this linear
model as a state space model and apply the Kalman filter. The key to accomplishing this task is
to set the signal X = 3 for k£ > 0, which gives us the remarkably simple signal state equation
X = Xp_1, k> 0. Hence, the state matrix F}, is time homogeneous and given by F' = I;y4 (the
d x d identity matrix) and the signal noise is zero. To complete our rewriting of the linear model,
we set the observation matrix G = Zj; and the observation noise 1, = € for k > 0, in agreement
with (5.1). To summarize, our state space is given by

(5.3) X=X Y. = Z;, X + €.
The Kalman gain matrix Kj = G)kA,;l is now given by
Ki = (FQup1GL ) (Grpo1 Gy 4+ E0)' = (12 ) (21 2)))

We further define Bk = XHk as the least squares estimate of By = (3 given the observations
(z1,91)y- -+, (2k, Yk ). Applying the Kalman filter (Theorem 5.1.3), we obtain a recursive expression
for computing the least squares estimate GBgy1,k > 0 from the estimate 3 and the new observation
(Zk+15 Yt1):

Bt = Xiape + U1k Grr Aty Vi1 — Grr1 Xperajr)
= B+ Y16 Zi 1 (Zei1 Vs Zi 1) Vierr — Ziey1 Br)
(5.4) = B + K1 (Vo1 — Zis1B)-

Note that Bk =X k+1)k in the second equality since 3 is time homogeneous. Furthermore, since the
observations matrix G now have a time dependence, we have used G in the first line-revisiting
Theorem 5.1.3, it is clear that the result still holds. The corresponding recursion for the covariance
of the estimate is given by

T Al T
Qo1 = Qppp—1 — Qo1 Gy 1 D1 G 1 Qgpoq
T T -1 T
= Q-1 = k1211 (Zrt 1 U1k Zr1) ™ Zi1Qpp—y

(5.5) = (Laxd = Ki+1Z541) Qg1
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