WEYL INTEGRATION FORMULA

MINH PHAM

ABSTRACT. The Weyl Integration Formula describes a procedure to integrate
over compact connected Lie groups. In this paper, we derive this formula.
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1. INTRODUCTION

In the paper, we will introduce the notions of (compact connected) Lie groups,
weight-space decomposition, maximal tori, differential forms on manifolds, Haar
measures, and integrations on compact connected Lie groups. All these concepts
culminate in the derivation of the Weyl Integration Formula (Theorem 10.20).

In Section 2 we introduce Lie groups as topological groups with the structure
of a manifold. We also discuss the special class of closed linear groups, which
are closed subgroups of the general linear groups over R and C. Each of these
groups admit a linear algebra in terms of the tangent space at the identity. In
Section 3, we discuss the correspondence between closed linear groups and their
linear Lie algebras through the matrix exponential map. In Section 4, we focus
on substructure of Lie algbras, namely subalgebras, ideals and their properties.
Some important results in this section pertain to semisimple Lie algebras and their
decompositions into simple ideals.

In Section 6, we give a brief background on finite representations of topological
groups. We introduce the definition of Radon measure on locally compact space and
prove the Hurwitz’s unitarian trick. Section 7 discusses the importance of maximal
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tori in compact connected Lie groups. The main result is that every element is
conjugate to an element in some maximal tori.

We lay the analytical foundation in Section 8 and 9. These two sections allow us
to talk about integrals over Lie groups as well-defined concepts. They also provide
tools to compute the Jacobian determinant in terms of Lie algebraic operations.
Everything comes together in Section 10 with the Weyl Integration Formula. We
first introduce a naive formula and derive the main result by fixing problems with
the former formula. This formula is the gateway into the analytic treatment of
representation theory of Lie groups through the Weyl Character Formula (Chapter
8 of Knapp [1]).

2. CLOSED LINEAR GROUPS AND LINEAR LIE ALGEBRAS

Definition 2.1. A topological group G is a topological space with continuous
group operations, i.e.

G xG—= G, (v,y) = 2y,

1.G-G z—a!

are continuous maps.
Definition 2.2. The real general linear group, denoted GL(n,R), is the group
of invertible n-by-n real matrices. The complex general linear group, denoted
GL(n,C), is defined analogously.

We can imgose top0120gies on GL(n,R) and GL(n,C) by identifying them with
subsets of R™ and R?™ | respectively. Multiplications and inversions in GL(n,R)

and GL(n,C) are continuous because these operations are given by polynomials in
the entries of the matrices.

Definition 2.3. A closed linear group is a topologically closed subgroup of
GL(n,C). Any closed linear group inherits a topology from GL(n,C) and becomes
a topological group. Some examples of closed linear groups are:

(2.4) SO(n) = {x € GL(n,R) | 227 =1 and detx = 1},
(2.5) SU(n) ={x € GL(n,C) | zz* =1 and detx = 1},
(2.6) SL(n,R) ={x € GL(n,R) |detax = 1},
(2.7) SL(n,C) ={x € GL(n,C) |detx = 1}.

These subgroups are closed because they are preimages of continuous functions
on closed sets.

)

We now turn our attention to defining general Lie groups, starting with a quick
review of manifolds.

Definition 2.8. A separable metric space is a space with a countable dense
subset.

Definition 2.9. Let M be a separable metric space, not necessarily connected,
with a well-specified dimension m. We specify a system of charts (U, ), where U
is an open subset of M and 1 is a homeomorphism of U onto an open subset ¥(U)
of R™. These charts satisfy the following two properties:
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(a) each pair of charts (U1, 1) and (Us,12) is smoothly compatible, mean-
ing

Py oy (Ur NU2) — o (U NU)
is diffeomorphic, and
(b) the system of compatible charts (U,v) is a C*°-atlas in that the sets U
together cover M.

The topological space M with a C'°°-atlas as above is called a smooth manifold
of dimension n.

Definition 2.10. Let E be an open subset of a smooth n-manifold. Let {(U;, )}
be a subsystem of charts that covers E. A function f : E — R is called a smooth
function if f o, ' : ¢ (U;) — R is C* for all charts in the subsystem.

Definition 2.11. A Lie group G is a topological group with an additional struc-
ture of a smooth manifold such that multiplication and inversion are smooth. An
analytic Lie group is a Lie group that is connected.

Remark 2.12. We can check that GL(n,R), GL(n,C) and the closed linear groups
in Definition 2.3 are Lie groups by verifying that the underlying topology is that of
a smooth manifold and that the group operations are smooth. However, the proof
for general closed linear groups is more involved. Theorem 0.15 of Knapp’s book [1]
states that each closed linear group becomes a Lie group “uniquely” under certain
conditions. Since G is a topological space, we can meaningfully discuss topological
properties of G such as closedness, compactness and connectedness.

Theorem 2.13 (Closed subgroup theorem). If G is a Lie group with a closed
subgroup H, then there exists a unique smooth manifold structure on H such that
H becomes a Lie group.

Proof. The proof for this theorem was published by Elie Cartan in 1930 [2]. O
Now that we have defined Lie groups, we turn our discussion to their Lie algebras.

Definition 2.14. A smooth curve in a Lie group G is a C* function ¢: R — G.
We say that ¢ is a smooth curve at the identity if ¢(0) = I as well.

Definition 2.15. Let G be a closed linear group. The (linear) Lie algebra of G
is the set

(2.16) g={c(0) | c: R — G is a smooth curve with ¢(0) = I}.

Since G is a matrix group, members of g are also matrices of the same dimension,
although not necessarily invertible.

We refer the discussion of basic linear Lie algebras and its Lie brackets to section
0.1 of Knapp [1].

3. THE EXPONENTIAL MAP AND LIE ALGEBRA HOMOMORPHISMS

In the last section, we see that the Lie algebra g of a closed linear group G is the
space spanned by tangent vectors of smooth curves at the identity. The exponential
map gives us the tool to go from g to G.
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Definition 3.1. If A is an n-by-n complex matrix, the exponential of A is given
by the Taylor series expansion

1

A k

(3.2) exp(4) =e” = E —k!A .
k=0

Proposition 3.3. For any n-by-n matriz A, e? converges (entry-wise) to an n-
by-n matrix.

Proof. We evaluate the operator norm on the Cauchy sequence of partial sums.
Then the convergence of the matrix exponentiation is bounded above by the con-
vergence of exponentiation in R. For proof, see Proposition 0.11a of Knapp [1] O

We now discuss some properties of the matrix exponential.

Proposition 3.4. For n-by-n matrices X and Y, we have the following set of
properties:

(a) eXe¥ =eXtY if X and Y commute,

(b) X is invertible,

(c) LX) = XetX,

(d) t— et is a smooth curve at the identity into GL(n,C),

(e) deteX = eTr(X),

(f) X — eX is a C> map from the space of n-by-n matrices to itself.

Proof. See Proposition 0.11 of Knapp [1]. O

We now demonstrate the connection between the linear Lie algebra g and the
closed linear group G through the exponential map.

Proposition 3.5. If G is a closed linear group and X is an element of its linear
Lie algebra g, then exp X is an element of G and

g={X €gl(n,C) | exptX isin G for all real t}.
Proof. See Proposition 0.14 of Knapp [1]. O

Proposition 3.6. If G is a closed linear group with its linear Lie algebra g, then
exp g generates the identity component Gy.

Proof. Since exp is continuous, exp g is a connected subset of G. Then expg C Gj.
To show equality, we need to use Theorem 0.15 from Knapp’s book [1], which
states that exp g contains a nonempty neighborhood of the identity in Gy. This
neighborhood, being an open subgroup, is also closed. Since Gy is a connected
component, the only nonempty clopen subset of G is Gy itself. a

Until further notice, let G and H be closed linear groups and let g and h be their
respective Lie algebras. Suppose 7 : G — H is a smooth homomorphism between G
and H. We want to explore the differential map drw : g — h between these tangent
spaces.

Definition 3.7. For a given X € g, let ¢(t) be a smooth curve at the identity in
G such that ¢/(0) = X. Then 7(c(t)) is a smooth curve at the identity in H. We
define the differential on the tangent vector X as

dr(X) = (70 c)'(0).
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In fact, this definition is independent of the choice of smooth curve ¢ (see pg. 16
of Knapp’s book [1]). The differential has two important properties, namely it is a
linear map and furthermore a Lie algebra homomorphism. We refer discussion of
these properties to section 0.5 of Knapp [1]. The following theorem relates 7, dn
and the exponential map.

Theorem 3.8. If 7 : G — H is a smooth homomorphism between closed linear
groups, then m o exp = exp odr.

Proof. See Theorem 0.23 of Knapp [1]. O

For the special case of Ad and ad, we have

(3.9) exp(adX) = Ad(exp X).
4. IDEALS, SOLVABILITY, NILPOTENCY AND SEMISIMPLICITY

Building off the construction of linear Lie algebras in Section 2, we now give
more abstract and general definitions of Lie algebras and their homomorphisms.

Definition 4.1. Let k be a field. A Lie algebra g is a vector space over k with a
billinear form called the Lie bracket that also satisfies

(a) [X,X]=0for all X € g (and thus [X,Y] = —[Y, X]) and
(b) the Jacobi identity

[X,Y], Z] + [[Y, Z], X] + [[Z, X]. Y] = 0.

Remark 4.2. We denote EndyV as the associative algebra of all k linear maps
from the k vector space V itself. If we define a bracket by [X,Y] = XY —Y X then
g becomes a Lie algebra.

Definition 4.3. For a Lie algebra g, we have the linear map ad : g — Endgg such
that

(adX)(Y) = [X,Y].

Definition 4.4. Since the Lie bracket is linear, we can show that ad g is a subspace
of Endyg. If we define the Lie bracket on ad g as

(4.5) [ad X,ad Y] = ad[X, Y],
then ad g is also a Lie algebra.

Definition 4.6. If k = R, we call g a real Lie algebra. Otherwise if k = C, we
call g a complex Lie algebra.

Remark 4.7. The linear Lie algebras of Definition 2.15 are Lie algebra under
Definition 4.1

Definition 4.8. A Lie algebra homomorphism is a linear map ¢ : g — § such
that

(X, Y]) = [P(X), (V)]
for all elements X and Y of g. A Lie algebra isomorphism is a bijective homo-
morphism between Lie algebras.
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Definition 4.9. If a and b are subsets of g, then we define

[a,b] = span{[X,Y] | X € a,Y € b}.

Definition 4.10. A Lie subalgebra § of g is a subspace that is closed under the
Lie bracket, that is [h,h] C h. An ideal b in g is a special subalgebra in that it
satisfies [h, g] C h. A Lie algebra is abelian if [g,g] = 0.

Proposition 4.11. If a,b are ideals of a Lie algebra, then [a,b] is also an ideal.
Proof. This result follows from the Jacobi identity. O

Definition 4.12. Let g denotes a finite-dimensional Lie algebra. Recursively define

=9, o' =[g9, o =7l
Each g’ is an ideal in g by applying induction to Proposition 4.11. This allows
us to put these ideals in a decreasing sequence

¢’ 2¢'2¢° 2.
called the commutator series of g. A Lie algebra g is called solvable if its

commutator series contains a g* = 0 for some 1.

Proposition 4.13. For every finite-dimensional Lie algebra g, there exists a unique
maximally solvable ideal s that contains all other solvable ideals of g. We call s the
radical of g, denoted rad g.

Proof. See Proposition 1.12 of Knapp’s book [1]. First, we prove that the sum of
two solvable ideals h = a + b is solvable. Then, we use a variant of the Second
Isomorphism Theorem for Lie algebra to arrive at a solvable quotient of Lie algebra
h/a. We now show that since a is solvable, h must also be solvable. O

Definition 4.14. Similarly, we can recursively define

go=9, g1=[g0, 8ir1=[gal
Once again, each g’ is an ideal in g by applying induction to Proposition 4.11.
This allows us to put these ideals in another decreasing sequence

g0 2012022 ...
called the lower central series for g. A Lie algebra g is called nilpotent if its
lower central series contains a g; = 0 for some 1.

Remark 4.15. For a nonzero nilpotent g, the last nonzero g; is an abelian ideal
and thus a subset of the center.

Proposition 4.16. Nilpotent Lie algebras are solvable.

Proof. Let g be a nilpotent Lie algbera. Obviously, g° C go. Inductively, suppose
g’ C gi, then

g =o', 0') C 900 C 0", 0] = gis1-
Suppose g; = 0 for some j, then g’ = 0 as well and thus g is solvable. [
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Proposition 4.17. The Lie algebra g is nilpotent if and only if the associated Lie
algebra ad g is nilpotent
Proof. See Proposition 1.32 of Knapp [1]. O

Definition 4.18. A finite-dimensional Lie algebra g is simple if g is nonabelian
and g has no proper nonzero ideals. In other words, [g, g] # 0 and [h, g] C b imply
that h=0or h =g.

This definition is reminiscent of that of simple groups. Just as finite groups
are built from simple groups, some finite-dimensional Lie algebra are built from
simple Lie algebras. These are called semisimple Lie algebras. There also exists a
classification of these simple components, discussed further in Section 2.8 of Knapp’s
book [1].

Definition 4.19. A finite-dimensional Lie algebra g is semisimple if g has no
nonzero solvable ideals, that is if rad g = 0.

Theorem 4.20. A Lie algebra g is semisimple if and only if it can be written as a
unique direct sum of simple Lie algebras g = g1 & ... B g

Proof. See Theorem 1.54 of Knapp’s book [1]. O
Lemma 4.21. If a and b are ideals such that anb =0, then [a,b] = 0.

Proof. Since a and b are ideals, we have [a,b] C a and [a,b] C b. Thus

[a,6] Canb=0.

Lemma 4.22. In a simple Lie algebra, [g,g] = g.

Proof. For simple g, the commutator [g, g] is an ideal so it is 0 or g. However, it is
not 0 because g is nonabelian, so it is g. [

Corollary 4.23. A semisimple Lie algebra g is such that [g,g] = g.
Proof. Recall that g = €D g;, where each g; is simple. We have

9,0 = [P Pajl = Plai. o]

(2]

- @513]'[9%9]'] = EB[Q%Q@]
= @Qi =g.

The third equality follows from Lemma 4.21 and the fifth equality comes from
Lemma 4.22. (]

Proposition 4.24. Let gg be a real Lie algebra with its complexification being g.
Then go is semisimple if and only if g is semisimple.

Proof. See Corollary 1.53 of Knapp’s book. O

Definition 4.25. A Lie algebra g is reductive if for each ideal a in g, we have
that g = a @ b for some ideal b in g.
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Corollary 4.26. The Lie algebra g is reductive if and only if g = [g, 9] © Zy with
9, 9] semisimple and Zy being the center of g.

Proof. See Corollary 1.56 of Knapp’s book [1]. O

Definition 4.27. A Lie group is said to be solvable, nilpotent, or semisim-
ple if it is connected and if its Lie algebra is solvable, nilpotent, or semisimple,
respectively.

5. WEIGHT-SPACE DECOMPOSITION AND CARTAN SUBALGEBRAS

Definition 5.1. Let h be a finite-dimensional complex Lie algebra. A represen-
tation 7 of h on a complex vector space V is a complex-linear Lie algebra homo-
morphism of § into End¢ (V). Given 7 and V, let @ € h* be a linear functional on
h. We define

Va={veV|(x@(H)—alH))"v=0"foral H €bh and n =dim V}

If V,, # 0, then V,, is the generalized weight space of the weight «. Elements
of V,, are called generalized weight vectors. From the theory of Jordan normal
form, V,, is maximal when n = dim V. When 7 is a

Proposition 5.2. Let g be a finite-dimensional Lie algebra over C. If § is a
nilpotent Lie subalgebra, then generalized weight spaces of g relative to adgh satisfy

(a) g= @Ea, with

go=1{X¢€g| (ad H—a(H))"X =0 for all H € h and n € N},

(b) b g do,

(¢) 8a,85] € Bats
(d) go is a subalgebra,

Proof. (a) See Proposition 2.4 of Knapp’s book [1]. This gives the weight-space
decomposition for any finite dimensional representations.
(b) Since b is nilpotent, ad h is nilpotent by Proposition 4.17. Then h C go.
(c) Let X € go,Y € gg, and H € h. Then

(ad H — (a(H) + B(H)))[X,Y] = [H,[X,Y]] — a(H)[X,Y] - B(H)[X, Y]
= [(ad H — o(H))X,Y] + [X, (ad H — B(H)I)Y].

The last line follows from expanding [H, [X, Y]] using the Jacobi identity.
By induction, we can then show that

(ad H — (a(H) + B(H))I)"[X, Y]

n
=> (Z) [(ad H — a(H)I)* X, (ad H — B(H)I)"*Y].
k=0
For n > 2 dim g, we have £ > dim g or n — k > dim g, which means
that nilpotency applies and the right hand side vanishes.
(d) From part (c), we can have that [go, go] = go-
O
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Definition 5.3. We say gg is the Cartan subalgebra of g.

6. FINITE REPRESENTATIONS OF TOPOLOGICAL GROUPS

Definition 6.1. A finite-dimensional representation of a topological group G is
a continuous homomorphism

d:G— GLe(V),

where GL¢ (V) is the group of complex invertible linear maps on the finite-dimensional
complex vector space V.

Definition 6.2. An invariant subspace of ® is a vector subspace U of V' such
that ®(g)U C U for all g € G.

Definition 6.3. Given a finite-dimensional complex vector space V', we can specify
a Hermitian inner product (-,-). A representation ® on V is unitary if

(@(g)u, ®(g)v) = (u,v)
for all g € G and u,v € V.

Proposition 6.4. For a unitary representation, the orthogonal complement U+ of
the invariant subspace U is an invariant subspace.

Proof. Observe that

(6.5) (®(g)ut,u) = ((g7")@(g)u", B9~ u) = (ut, ®(g~ " u) € (u,U) =0

for all ut € UL+, u € U.
O

Definition 6.6. A topological space X is locally compact if for all x € X | there
exists an open set U containing x and a compact set K such that U C K.

Definition 6.7. Let m be a measure on the o-algebra of Borel sets of a locally
compact Haussdorff space X.

(a) The measure m is inner regular if for any open set U,

m(U) = ;lé% m(K).
K compact

(b) The measure m is outer regular if for any Borel set B,

m(B) = chlijg m(U).
U open

(¢) The measure m is regular if it is both inner regular and outer regular.

Definition 6.8. The measure m is a Radon measure if it is regular and finite
on compact sets.

Definition 6.9. Suppose G is a compact topological group. A left Haar mea-
sure dyu; is a nonzero Radon measure that is invariant under left translation, i.e.,
dpi(gS) = dpi(S) for all Borel sets S. A right Haar measure is defined similarly
with right translation invariance.
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Remark 6.10. A result from representation theory is that every compact topologi-
cal group admits a unique normalized two-sided invariant Haar measure. Therefore
whenever G is compact, we can write integrals with respect to this normalized Haar
measure by the expression | ¢ f(x)dx without denoting the measure.

Proposition 6.11 (Hurwitz’s Unitarian Trick). If ® is a representation of G on
a finite-dimensional V', then V admits a Hermitian inner product such that ® is
unitary.

Proof. Let (-,-) be any Hermitian inner product on V. Define

(u,v):/G<<I>(x)u,<I>(x)v>d:v.

Verify that

:/@)(m)u,@(x)z)) dz
G
= (u,v).

The third equality follows from the right-invariance of the Haar measure.

7. ToRrI OF COMPACT CONNECTED LIE GROUPS

We start this section with a summary of some important results about compact
Lie groups.

Proposition 7.1. Let G be a compact Lie group, and let g be its Lie algebra.
Then the real vector space g admits an inner product (-,-) that is invariant under
Ad(G) : (Ad(g)u, Ad(g)v) = (u,v). Relative to this inner product the members of
Ad(G) act by orthogonal transformations, and the members of ad g act by skew-
symmetric transformations.

Proof. See Proposition 4.24 of Knapp [1]. O

Corollary 7.2. Let G be a compact Lie group, and let g be its Lie algebra. Then g is
reductive, and hence g = Zy @ g, 9], where Zy is the center and (g, g] is semisimple.

Proof. Define the inner product (-,-) as Proposition 7.1. Observe that the ideals
of g are invariant subspaces of ad g. Let a be an ideal. By Proposition 6.4, a' is
also an invariant subspace, and thus is an ideal in g. With (-,-) a definite inner
product, g becomes a Hilbert space with g = a @ a'. Thus g is reductive and the
decomposition of g into semisimple and abelian components follows from Corollary
4.26. O

To employ previous sections of the paper, we use a corollary of the powerful
Peter-Weyl theorem. The proof of Peter Weyl’s theorem combines fundamental
results in representation theory, operator theory and analysis of the Lo(G) function
space.
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Theorem 7.3 (Compact Lie groups - closed linear group correspondence). Any
compact Lie group G has a faithful finite-dimensional representation and thus is
isomorphic to a closed linear group.

Proof. See Corollary 4.22 of Knapp’s book [1]. a

Remark 7.4. With the previous theorem, all the results about closed linear groups
from Section 2 now apply to our discussion of compact Lie groups.

Definition 7.5. Let go be a real Lie algebra. The complexification of g is a
complex Lie algebra (go)® that is the tensor product

(90)® = go ®= C.
Elements of (go)® has the form (X;, Xs) where X1, Xo € go. We define Lie
algebraic operations on (go)® by the formulas:
(a) (Xl,XQ) + (Yl,YQ) = (Xl + Yl,X2 + YQ)
(b) (a+1ip) - (X,Y) = (aX — BY,aY + pX) for all o, 8 € R.
(c) [(X1, X2), (Y1, Y2)] = ([X1, V1] — [Xo, Yo, [X1, Y| + [ X2, Y1)

From this point on on, let G be a compact connected Lie group, with its Lie
algebra being go, and let (go)* denotes its complexification.

Definition 7.6. A torus is a product of circle groups S'.

Remark 7.7. As a result of Theorem 2.13, every Lie subgroup of G is closed
and thus is compact. By Corollary 1.103 of Knapp’s book [1], we have that every
compact connected abelian Lie group is a torus. The tori within G are ordered
by inclusion. Since G is finite dimensional, every torus is contained in a maximal
torus.

Proposition 7.8. The mazimal tori in G are exactly the analytic groups corre-
sponding to the maximal abelian subalgebras go.

Proof. See Proposition 4.30 of Knapp [1]. O

Remark 7.9. Let T be a maximal torus in G, and let ty be its Lie algebra. By
Corollary 7.2, go is reductive, so go = Zg, @ [g0, go] with [go, go] semisimple. By
Proposition 7.8, t is maximal abelian in go, and ty is of the form ty = Zy, @ t,
where t, is maximal abelian in [go, go]. Since complexification distributes over direct
sum, we get g = Zy & [g, g], with [g, g] semisimple following from Proposition 4.24.

Remark 7.10. The complexification t of t; has the direct sum decomposition
t = Zy @t with ¢ maximal abelian in [g, g].

Notation 7.11. We write adg X instead of ad X to denote that X € g and ad X
acts on members of g.

Recall from Proposition 7.1 that elements of adg,(ty) are real skew-symmetric
linear maps. Mapping to matrices using Theorem 7.3, we see that these elements
are diagonalizable over C. Repeating the proof of Proposition 7.1 for the complex
vector space g, we find that ady(t) is isomorphic to some space of skew-Hermitian
matrices, which are also diagonalizable over C. It follows that elements of adg 4(t')
are also diagonalizable. By Proposition 2.13 of Knapp’s book [1], ' is a Cartan
subalgebra of the complex semisimple Lie algebra [g,g]. Using the weight-space
decomposition described in Proposition 5.2(a) on [g, g], we can decompose
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s=Z,ote @ (90
aeA([g,g],t")

Observing the decomposition and recalling definition of Cartan subalgebra, we
can see that t is a Cartan subalgebra of g. Extending the weights a in A([g, g],t')
to t by defining them to be 0 on Zg, we have the new weight-space decomposition
of g relative to ad t

(7.12) g=te P g

a€A(g,t)

Here, g, is simply the eigen-weight space

go={X €g|[H,X]=a(H)X for all H € t}.

Definition 7.13. Referring to (7.12), we say that « is a root if g, # 0 and « # 0.
Members of g, are called root vectors of «, A(g, t) is called the root system of
g relative to t and (7.12) is the root-space decomposition of g relative to t.

Definition 7.14. We can introduce a notion of positivity on the root system
A(g, t) such that:

(i) For any nonzero o € A(g, t), exactly one of o or —a is positive.
(ii) The sum of positive elements is positive, and positive multiple of a positive
element is positive.

We call the set of positive elements of A a positive root system, denoted A™T.

Remark 7.15. It is also possible to introduce the notion of positivity on a root
system. One way that this is done is by means of a lexicographic ordering.
Further discussion of this is given in Chapter 2 of Knapp’s book [1].

Definition 7.16. For a real reductive Lie algebra g, we call a Lie subalgebra of
gi a Cartan subalgebra if its complexification is a Cartan subalgebra of g’. The
dimension of the Cartan subalgebra is called the rank of g{, and of the corresponding
analytic group.

Remark 7.17. The Lie algebra ty of the maximal torus 7" of the compact connected
Lie group G is a Cartan subalgebra of gy, and the rank of gg and of G is the
dimension of tg.

Definition 7.18. Extending the inner product on gy in Proposition 7.1 to a Her-
mitian inner product on g, we see that Ad(T) is unitary on g. As such, the simul-
taneous eigenspace decomposition is given by (7.12). The action of Ad(T') on the
1-dimensional g, is a 1-dimensional representation of T' of the form.

(7.19) Ad(DX =&)X forteT.

where &, : T — S' is a continuous homomorphism of T into the circle group. This
homomorphism is called the multiplicative character. Taking the differential of
both sides, we get

ad(H)X = a(H)X for H € 1.
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Since tg is skew-symmetric, a(ty) is imaginary valued and thus the roots are real
valued on itg.

Notation 7.20. We introduce the following notation when talking about group
conjugation:

y© = zyal,
T9={t9 |teT},
T¢ = J 17

geG

We now state without proof the two theorems that describe the importance of
maximal tori in the context of compact connected Lie groups. Then, we will give
some useful corollaries.

Lemma 7.21. For a compact connected Lie group, any two maximal tori are con-
Jugate.

Notation 7.22. Let M be a smooth manifold. For p € M, we denote T,(M) as
the tangent space at p.

Theorem 7.23. If G is a compact connected Lie group and T is a mazximal torus,
then each element of G is conjugate to a member of T. Following the notation
above, the theorem claims that T¢ = G.

Proof. We omit the full proof (Lemma 4.35 and Theorem 4.36 [1]) of these two
theorems as they require other unproven lemmas. However, we note one important
equation that comes up in the argument. Let ¢ : G X T'— G be given by ¥(y, z) =
x¥. Then the differential is

(7.24) dy(Y,X) = Ad(y)((Ad(z™1) — 1)Y + X),
where Y € T, (G) and X € T,(T). O

Corollary 7.25. Every element of a compact connected Lie group G lies in some
maximal torus.

Proof. Let T be a maximal torus. For g € G, we have g = zyz~! for x € G and
y € T by Theorem 7.23. Then g is in 7%, which is a maximal torus by Lemma
7.21. O

We note one other useful proposition without proof.

Proposition 7.26. In a compact connected Lie group G, a maximal torus T is its
own centralizer. In other words, Zg(T) =T.

Proof. See Corollary 4.52 of Knapp’s book [1] O

8. DIFFERENTIAL FORMS AND MEASURE ZERO

For this section, let M be an m-dimensional manifold as in Definition 2.9.
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Definition 8.1. The manifold M is oriented if for an atlas of compatible charts
(Uq, ¥q), the m-by-m derivative matrices of all coordinate changes

(8.2) Vg oyt ha(Us NUg) — 15Uy NUg)

have everywhere positive determinants.

Definition 8.3. Let M be oriented. A compatible chart (U, 1)) is positive relative
to the atlas (U,, %) if the derivative matrix of 1 o 1! has everywhere positive
determinant for all a.

Remark 8.4. Adjoining compatible charts (U,v) that are positive relative to
(U, %) will keep M oriented. Integration over smooth m forms is well-defined
on an oriented manifold M using the notion of pullbacks of differential forms.

Definition 8.5. Let N also be an oriented k-dimensional manifold and let ® :
M — N be a smooth map between manifolds. If w is a smooth k form on N, then
the pullback ®*w is the smooth k£ form on M given by

(86) (@*w)p(fl, ceey é-k) = w<1>(p) (dép(fl), d(bp(fk))

with p in M, &, ...,& in the tangent space T,(M) and d®, the differential of ®
at p. In the case that M and N are open subsets of R™ with the smooth m form
F(y1, ., ym)dyr A -+ - Adym on N, the pullback ®*w on M is

(8.7) O w = (F o®)(x1, ..., Tpy) det(®' (21, ..., @) )dxy A+ -+ A dTip,

where ® has m components depending on z1, ..., T, and ®' denotes the Jacobian

matrix (g;’; )

Definition 8.8. Suppose we have a smooth m form w on M, then the integration
Jys fw is well-defined for all f in the space Ceom(M) of continuous functions of
compact support on M. First, suppose that f is compactly supported in the coor-
dinate neighborhood U,. The pullback of w under 1, in 9, (U,) is given by the
smooth m form

(8.9) (W) 'w = Folwy, .y tp)day A - Ady,

where F, : 9, (U,) — R is smooth. With (fow, 1) compactly supported in 1, (Uy),
we can define

(810) /M fw:/ w )(fO'l/)(;l)(fZ?l,...,$m)Fa($1,...,l’m)dl‘l"~d$m.

Proposition 8.11. Suppose that f is also compactly supported in the intersection
Uo NUg, then

(8.12) /M fw= / w )(f oY@y ooy Ty ) Fn (21, oy Ty )diy - - - dity,

(8.13) = / (f o5 ) Wrs oo Ym) Fa (Y1, oo Ym)dyn - - - Ay
¥s(Up)
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Proof. See page 525 of Knapp [1]. O

Remark 8.14. Recall the change of variables formula in multivariable calculus

oy \
(8.15) Fg(y1,...ym) = Fo(z1, ..., Tm) det <8 2) .
Ly
Before, we can discuss integration for general continuous functions of compact
support, we need to introduce the notion of partition of unity.

Definition 8.16. Let X be a topological space. A partition of unity is the set
P of continuous functions from M to [0, 1] such that for every point x € M:
(a) there is a neighbourhood of z where only a finite number of functions p of
P are nonzero, and

(b) 2o pep ple) = 1.

Proposition 8.17. The notion of integration fM fw for general f in Coom(M) is
well-defined.

Proof. Using the atlas (U,,%s), we can create an open cover of supp f which we
can reduce to a finite subcover {U; };cr. Recall that a manifold is locally compact.
Additionally, since M is a metric space, it is also Hausdorff. We generate a partition
of unity {p;}ics. Then f =3, ; pif is a finite sum, so we can define

(818) [ 1= [ i

M el I M
Observe that (p; f) is locally compact on the coordinate neighborhood U; and thus
integration is well-defined by Definition 8.8.

]

Definition 8.19. We call a smooth m form w positive relative to the given atlas
if each local expression in (8.9) has F,, everywhere positive on 9, (Uy).

The next two propositions outline a method for creating and recognizing positive
k forms.

Proposition 8.20. For an m-dimensional manifold M that admits an everywhere
nonzero m form w, M can be oriented so that w is positive.

Proof. Let {(Uq, )} be an atlas for M. Each U, is possibly made up of several
components Ug, each of which is open. To each open set Ug, we associate the
restricted homeomorphism ¢¥§ = ¥q|ug. Then {(Ug,¢§)} is another atlas of M.
Without loss of generality, we can work with this new atlas. For each U 5 let Fg' be
the function in (8.9) in the local expression of w in Q/Jg‘(Ug‘) Since w is everywhere
nonzero and Uf' is connected, Fjg has the same sign throughout by the intermediate
value theorem.

Let us define the map ¢ : (z1, ..., T2, ..., Tm) = (—Z1, ..., T2, ..., Ty ). For a nega-
tive Fig, we redefine ¢§ to ¢ o ¢5. Then the associated Fg is everywhere positive.
Following this process, we can make all the F§ positive on their respective do-

mains. By (8.15), this forces det (gg) to be positive for all pairs of compatible
J

charts. This makes M an oriented manifold of Definition 8.3. Since Fg are all

positive, w is positive. [



16 MINH PHAM

Proposition 8.21. Let M be an oriented and connected manifold. If w is a every-
where nonzero smooth m form on M, then either w is positive or —w is positive.

Proof. See Proposition 8.10 of Knapp’s book [1]. Let S be a set such that at each
point p of M, all the functions F, representing w locally are positive. We show that
S is a nonempty clopen set. Since M is connected, S = M. O

Definition 8.22. Fixing a smooth m form w, from (8.10) and (8.18) we see that
the map f — [,, fw is a linear functional on Ceom(M). Then f > 0 implies that
fM fw > 0. In this case we say that the linear functional f +— fM fw is positive.

Remark 8.23. By Riesz—Markov—Kakutani Representation Theorem, for a posi-
tive linear functional in Ceom (M), there exists a Radon measure dy,, on M such
that [,, fw = [,, f(x)dps(x) for all f € Ceom(M). Propositions 8.20 and 8.21 al-
low us to use everywhere nonzero smooth m forms to define measures on manifolds.
However, there is an equivalent way of defining sets of measure zero independent
of smooth m forms and orientation.

Proposition 8.24. Suppose that M is an oriented manifold with a postive m form
w. Let du,, be the associated Radon measure from Remark 8.23 . For a subset S
of M, S has measure zero with respect to du,(S) if and only if Yo (S NU,) has
m-dimensional Lebesque measure zero for all c.

Proof. From (8.9) and (8.10), we have

(8.25) du,(SNUL) = / dp,, = / Fo(xz1, .y @m)day - - d,.
SNU, Yo (SNUL)

In the forward direction du,(S) = 0 implies that du, (S NU,) = 0. Since w is
positive, F, is positive. However, we have that the left side of (8.25) is zero but the
integrand of the right side is positive everywhere. Thus ¢, (S N U, ) has Lebesgue
measure zero.

Conversely, let S N U, have Lebesgue measure zero for all a. Consequently,
the integral on the right hand side is zero and so is du, (S N U,). Since M is a
separable metric space, S has a countable open cover. Therefore, S can be covered
with countably many U,. Then

) = (U500 < Y diol 1 0) =

[e3%

O

Definition 8.26. Let ® : M — N be a smooth map between m-dimensional
manifolds. A critical point p of ® is a point where d®, has rank < m. We call
®(p) a critical value.

We introduce an important theorem related to measure zero sets of smooth maps
between manifolds.

Theorem 8.27 (Sard’s Theorem). If ® : M — N is a smooth map between m-

dimensional manifolds, then the set of critical values of ® has measure zero in
N.

Proof. See Theorem 8.12 of Knapp’s book. O



WEYL INTEGRATION FORMULA 17

Corollary 8.28. If® : M — N is a smooth map between manifolds with dim M <
dim N, then the image of ® has measure zero in N.

Proof. Let dim M =m < n =dim N. Let (Uy, %) and (Vg, ¢g) be atlases for M
and N respectively. Let dux be the measure on N. For each pair of U, and Vg
such that V3 N ®(U,) # &, consider the following composition of maps

. -1
Vo5 R 2GR Loy g n et (1) B vy 2 R

where proj is the projection of R™ onto R™. The differential d¥ is a compo-
sition of linear maps from R™ to R™ and R™ to R™. Recall that rank(AB) <
min(rank(A), rank(B)) for any two compatible matrices A and B. Then rank(d¥) <
m < n everywhere on the domain. Then every point in the domain is a critical point,
and therefore every point in the image is a critical value. By Sard’s Theorem, this
set of critical values has measure zero. In other words, the set ¢g(®(U,N®~1(V3)))
has Lebesgue measure zero. By Proposition 8.24, ®(U, N ®~1(V3)) has measure
zero relative to dpy. Since countable Vg covers (U, ), we have

dun (®(Ua)) = dun (| J@(Ua N ©7H(V5))) <D dun(@(Ua N @7 (Vp)) =0

We also have that a countable collection of U, covers M. Then

dun(®(M)) = dﬂN(U(P(Ua)) < ZdMN(q)(Ua)) =0
|

Definition 8.29. A lower-dimensional set in N is a set that is contained in the
countable union of smooth images of manifolds M with dim M < dim N.

Remark 8.30. By Corollary 8.28, lower-dimensional sets in N have measure zero.

Definition 8.31. Let M and N be oriented m-dimensional manifolds and let ® :
M — N be a diffeomorphism. The map @ is orientation preserving if, for every
chart (U,, 1) in the atlas of M, the chart (®(U,), 1, 0 ®~1) is positive relative to
the atlas of N.

Remark 8.32. We can take {(®(U,), %o 0 ®71)} to be the atlas for N. Then, the
change of variables formula for multiple integrals can be expressed using pullbacks.

Proposition 8.33. Let M and N be oriented m-dimensional manifolds with an
orientation-preserving diffeomorphism ® : M — N. If w is a smooth m form on

N, then
/wa = /M(fo(b)@ w
for all f in Ceom(N).

Proof. Let the atlases for M and N be {(Uy,%q)} and {(®(Uy,), e o ®~1)} re-
spectively. It suffices to prove the proposition for f of compact support in ®(U,,).
Then, we can apply the method of partition of unity to extend integration to the
rest of N. On N, (8.10) gives
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(8.34)/fw:/ fo((I)ow(;l)(xl,..,xm)Fa(ml,...,xm)daﬁl~-~dxm,
N (hao®=1(2(Ua))

where F, is the smooth function in the pullback

(Yo 0 @ V) V) w = Fo(zy, ., T )dzy A - -+ Adyy,.
Incidentally,
(a0 @ H)™H'w= (Y1) ®w.
Since f o ® has compact support in U,, we also have by (8.10) that

(8.35) / (fo(b)@*w:/ (fo®) ot (x1, s @) Fa (1, ooy Tyn )dy - - - Ay
M Ya(Ua)

With right sides of (8.34) and (8.35) being equal, we proved our proposition. O

9. HAAR MEASURE ON LIE GROUPS

To be consistent with the material from previous sections, let G be a closed linear
group with g its Lie algebra. However, the theory in this section works with some
modifications for general Lie groups and Lie algebras.

Definition 9.1. For g € G, define L, : G — G and R, : G — G to be the left
translation and right translation L,(z) = gz and R4(z) = zg.

Definition 9.2. A vector field X on G is left invariant if (dLy),(X,) = X
Similarly, X is right invariant if (dR,).(X5;) = Xa4

Proposition 9.3. A left-invariant vector field is uniquely determined by its tangent
vector at the identity.

Proof. Let X be a left-invariant vector field and let )N(e be its tangent vector at the
identity. Then (dLg).(X.) = X, gives the value of the vector field forall g € G. O

Definition 9.4. A smooth k form w on G is left invariant if L;w = w for all
g € G. Similarly, it is right invariant if Rjw = w for all g € G.

Remark 9.5. We can identify g with the tangent space at the identity of G. Let
Xi,...,X.;m be a basis of g. These tangent vectors correspond uniquely to left-
invariant vector fields )~(1, ...,)Z'm on G by Proposition 9.3. We can define smooth
1 forms w1, ..., wn, on G such that (wi)p(()?j)p) =J;; for all p € G.

Proposition 9.6. The smooth 1 forms w1, ...,wy, on G are left invariant and they
form a basis of the dual of the tangent space at each point of G.

Proof. To show left invariance, we have that

(L;wi)p((;(j)p) = (wi)Lg(p)((dLg)p(()?ﬂp))
= (wi)Lg(p)((f(j)Lg(p))
= 5ij = (%)p((ij)p)

The first equality comes from the definition of pullbacks (8.6) and the second comes
from the definition of left-invariant vector fields (Definition 9.2). Since (Ljw;), and
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(wi)p are both linear maps and equal on all basis tangent vector for each point
p € G, it must be that (Ljw;), and (w;), are equal as 1 forms. Thus w; is left
invariant.

Now, we show that these 1 forms form a basis of the dual. At each point p € G,
by construction (w;),((X;)p) = ;5. So the (w;),’s are linearly independent. Since
the number of dual vectors (w;), coincides with the number of basis vectors (X;),,
(wi)p form a basis of the dual of the tangent space at p. O

Remark 9.7. Taking the wedge product, we can construct a smooth m form
w = w1 A+ Awyy, that is everywhere nonzero on G. Since pullback commutes with
the wedge product, we have

L;(/\w') —/\ L*wl /\wl
And thus w is left invariant as well.

Theorem 9.8. If G is a Lie group of dimension m, then G admits an everywhere
nonzero left-invariant smooth m form w. We can orient G so that w is positive,
and w defines a nontrivial Radon measure dy; on G such that dpy(L,E) = dp(E)
for all g € G and for every Borel set E in G.

Proof. With Remark 9.5 and Proposition 9.6, we can construct an everywhere
nonzero left-invariant smooth m form w. From Proposition 8.20, w can be oriented
positively. Now let dp; be the associated measure from Remark 8.23 such that
Jo fw =[5 f(z)dw(x) for all f € Ceom(G). From Proposition 8.33 and Liw = w,

we have
[ r@dm@) = [ ro

= [(ForEe)

= [Gorye
(9.9) / f(gz)dpu(z

for all f € Ceom(G). For a compact set K in G, consider all the functions f that
are bounded from below by the characteristic function Ix of K. We have

(9.10) dp(K) = infp>p, /Gf(a:)dm(x).

Similarly, since the set L,-1 K is also compact, we can use (9.10) to get that

(9.11) dp(Ly-1K) = infy>p, /C;f(gx)du(x)

since f(z) > Ix(x) implies f(gz) > Ix(g9z) = Ip _,x(x). Applying (9.9) to the
right side of (9.10) and (9.11), we get dj;(K) = d(Lgy-1K). Since djy is a Radon
measure, we have dyy(E) = duy(Ly—1 E) for all Borel sets E. O
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Definition 9.12. A nonzero Radon measure on G that is invariant under left
translation is called a left Haar measure on G.

Remark 9.13. By Theorem 9.8, a left Haar measure exists for any Lie group G.
This left Haar measure is a special case of the left Haar measure of Definition 6.9
for topological groups.

Theorem 9.14. If G is a Lie group, then any two left Haar measures on G are
proportional.

Proof. See Theorem 8.23 of Knapp’s book [1] O

Definition 9.15. A nonzero Radon measure on G invariant under right translation
is called a right Haar measure on G.

Remark 9.16. Similarly to a left Haar measure, we can construct a right Haar
measure from right-invariant 1 forms and then m forms. Analogously, any two right
Haar measures are proportional.

Notation 9.17. We simplify the notation for left and right Haar measure on G by
writing d;x and d,.x.

Proposition 9.18. Left and right Haar measures have a few important properties:

(a) Any nonempty open set has nonzero Haar measure .
(b) Any lower-dimensional set in G has Haar measure zero .

Proof. For part (a), let S be a nonempty open set and K be a nonempty compact
set. Pick a point s € S. For each point k € K, a left translation by ks~! overlays
S onto K. Then {L;,—1S}rex is an open cover of K. By compactness of K, we
can reduce this to a finite subcover {Lj,-1.5}_ ;. We have that

dy(K) < di (| Li,s—18) < n-di(Ly,-18) = n - dy(S).
i=1
Then 1d;(K) < d;(S). Since d;(K) is nonzero, so is d;(5).

For part (b), Theorem 9.8 establishes that both the left and right Haar measures
satisfy the conditions of Proposition 8.24. Then the notion of measure zero under
the Haar measure is equivalent to that of Definition 8.29. Thus, our proposition
follows from Remark 8.30.

O

Notation 9.19. For t € G, we define the measure d;(-t) on z € G which is given
by d;(«t). Similarly, d,(¢-) on = € G is given by d,(tx).

Proposition 9.20. Let d;(-) be an arbitrary left Haar measure. Then d; = dy(-t)
is also a left Haar measure.

Proof. We have dj(LyE) = di(Ly(Et)) = dy(Et) = d)(E). O
Definition 9.21. By Theorem 9.14, any two left Haar measures are proportional.
Consider d; and d;(-t). Observe that the proportionality constants of these two

measures only depend on t. We define the modular function A : G — RT of G
by

(9.22) di(-t) = A(t) " du()
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As we will see later, the modular function gives us the Jacobian determinant for
when we integrate over the maximal torus.

Proposition 9.23. If G is a Lie group, then the modular function for G is given
by A(t) = | det Ad(¢)].

Proof. See Proposition 8.27 of Knapp’s book [1]. a

Lemma 9.24. The only compact subgroup of RY under multiplication is {1}.

Proof. Let S be a nontrivial compact subgroup. There is an x € S such that x # 1.
Without loss of generalization, let = > 1. If this is not the case, we consider 1.
Then {xk}zozl is a monotonically increasing sequence and is also a subset of S.
However, since this sequence is unbounded, S cannot be compact. It must be that

{1} is the only compact subgroup of R™. O

Lemma 9.25. All 1-dimensional representations of a semisimple Lie algebra are
trivial. Thus all 1-dimensional representations of a semisimple Lie group are trivial.

Proof. Let g be a Lie algebra. Let ¢ : g — C be a 1-dimensional representation
of g into the abelian real Lie algebra C. By Corollary 4.23, ¢(g) = ¢([g,9]) =
[#(g),#(g)] = 0. For simplicity, we only give the second part of the lemma for
closed linear group G. From Proposition 3.6, exp g = G since G is connected. Let
1 : G — C be a 1-dimensional representation of G. Then d# is a 1-dimensional Lie
algebra representation on g. By Theorem 3.8,

(0.26) $(G) = ¥ o exp(g) = expodii(g) = exp(0) = 1.
For general Lie group, we have a similar formula to Theorem 3.8 constructed by

lifting of homomorphisms (Section 1.10 of Knapp’s book [1]). Using this formula,
we can rederive the analogue of (9.26). O

Corollary 9.27. The modular function A for G has the following properties:

(a) A: G — R is a smooth homomorphism,

(b) A(t) = 1 for all t in any compact subgroup of G or in any semisimple
analytic subgroup of G,

(c) di(z71) and A(z)dyx are equal as right Haar measures,

(d) d.(z71) and A(z)"d,z are equal as left Haar measures,

(e) dr(t-) = A(t)d(-) for any right Haar measure on G.

Proof. Proposition 9.23 gives an explicit formula for A in terms of composition
of smooth homomorphisms. From this, we get part (a). For (b), the image of a
compact subgroup of G under A is a compact subgroup K of R*. From Lemma 9.24,
A(K) = {1}. The statement for semisimple Lie groups follows from Lemma 9.25.
For (c), define du(x) = A(x)djz. Under this new measure, continuous functions
are still measurable since A is continuous (from (a)). We have

/G f(at)dp(z) = /G fat)A(z)diz = /G F@) At (et
:/Gf(z)A(x)A(fl)A(t)dlx
- / (@) A()dyr = / f(@)du(z)
G G
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The second equality comes from the substitution x — 2¢t~!. The third equality
is the result of A being a homomorphism. Hence du(z) is a right Haar measure.
We also have that d;(z~!) is a right Haar measure since d;((xt)™1) = d;(t " 127!) =
dy(z~1). By Theorem 9.14, d;(z~1) = cA(x)d;z for some constant ¢ > 0. Perform-
ing a change of variable z — 71, we get

diz = cA(z™ Y dy(z71) = CA( Y A(z)djz = Pdy.
Thus we have ¢ = 1, proving (c). The proof for (d) is similar so we omit the details.
Finally, for (e), without loss of generalization, let d,x = d;(z~!) = A(z)d;z. Then,

/G F(@)d (t2) = /G ) dy = /G () A @)d) (x)
- / F@)At)di
G

NG /G F@)A(x)dr = At) /G f(@)d,z,
dt( ) O

so we conclude that d,.(¢-) = A(t)

Definition 9.28. We call a Lie group G unimodular if every left Haar measure
on G is also a right Haar measure (and vice versa). Then, we can speak of a single
Haar measure on G. By (9.22), G is unimodular if and only if A(¢) = 1 for all
ted.

Corollary 9.29. The following types of Lie groups are unimodular:
(a) abelian Lie groups,
(b) compact Lie groups,
(c) semisimple Lie groups,

Proof. Part (a) follows directly from (9.22), that is

di(zt) = dy(tx) = dy(z) = Az) " Ldy(x).
So A(t) = 1. Parts (b) and (c) follow from Corollary 9.27(b). O

10. WEYL INTEGRATION FORMULA

The Weyl Integration Formula outlines a method to integrate over compact con-
nected Lie groups by first integrating over each conjugacy class, then integrating
over the set of conjugacy classes. In this section, let G be a compact connected
Lie group, let T' be a maximal torus in G, and let gy and ty be the respective Lie
algebras. Set m = dim G and [ = dim T'.

Definition 10.1. An element g of G is called regular if the eigenspace of Ad(g)
for eigenvalue 1 has dimension .

Remark 10.2. For g € G, we can consider the set of velocity vectors at g

g0 ={d'(0) | d: R — G is a smooth curve with d(0) = g}
We can identify g with the tangent space at g. There is a natural isomorphism
between g§ and go given by the map d — g~ 'd. In fact, we can show that this is a
Lie algebra homomorphism. Then, we can identity go itself with the tangent space
at g.



WEYL INTEGRATION FORMULA 23

Remark 10.3. From Theorem 7.23, the map G x T — G by (g,t) = gtg~! is
surjective. For fixed ¢ € G and t € T, we can identity the tangent spaces at g,
t, and gtg~! with go, to and go respectively by Remark 10.2. The formula (7.24)
computes the differential of ¢ at (g,t) as

(10.4) di(X,H) = Ad(g)(Ad(t™") = X + H),

where X € go and H € {g.

We can define the descended map of 1 restricted to G/T x T — G by ¥(¢T,t) =
gtg—'. This new map is well-defined since T is abelian. By abuse of notation, we
also call this descended map 1. We may identify the tangent space G/T with the
orthogonal complement t3- to ty in go (relative to the invariant inner product in
Proposition 7.1). We can modify (10.4) for the descended map

(10.5) d(X, H) = Ad(g)(Ad(t™") — X + H),

where X € tg and H € ty. Now, we can rewrite the differential di) at (g,t) as the
matrix

@) =840 (g gy 1)-

The first column of (dv)(, ) describes the action on tyo and the second column
describes that on tg .

Proposition 10.6. We have det Ad(g) =1 for all g € G.

Proof. Since G is compact, by Corollary 9.27 (b), A(g) = |det Ad(g)| = 1. This
implies that det Ad(g) is either 1 or —1. From Corollary 9.27(a), it follows that
det Ad is continuous. With det Ad(I) = 1 and G being connected, we use the
intermediate value property to conclude that det Ad(g) =1 for all g € G. O

Corollary 10.7. From Proposition 10.6, we have that

(10.8) det(di) (g,0) = det((Ad(t™) = )] 4 ).

Remark 10.9. Following the process in Remark 9.5 and 9.7, we can build a left-
invariant (m — 1) form on G/T from the duals of elements in t3- and a left-invariant
[ form on T from the duals of the elements in ty. A left-invariant m form on G is
then the wedge product of these two forms. Each left-invariant differential m form
on G defines a left Haar measure by Theorem 9.8. To integrate over the group G,
it is reasonable to first integrate over T', then over G/T.
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/G f(g)dg = /G F(@)dug (x)

ey
= /G e

= [ (Fou)aT bl det(db) o ld(aT)d:
G/TxT

(10.10) -/ [ ot ™)) der (A=) = Dy e

The third equality follows from Proposition 8.33. The fourth equality uses (8.15)
with F,, = 1. And the fifth equality is a result of 10.8. However, the application of
Proposition 8.33 fails in two ways:

(1) the Jacobian of ¢ : G/T x T — G has determinant 0 at some points in the
domain,
(2) 4 is not one-one even if we exclude points of Jacobian determinant 0.

Remark 10.11. To fix the first issue, we consider the possibility of excluding the
problematic points from the integral. Since dim(G) = dim(G/T x T'), the points of
determinant 0 are exactly the critical points of ¢. By Sard’s Theorem (Theorem
8.27) and Proposition 8.24, this set of critical values has Haar measure zero in G.
By (10.8), we can exclude these points if we restrict ) to amap ¢ : G/T xT' — G'.

Remark 10.12. To demonstrate the extent of the second issue, let w be in the
normalizer of T" in G, denoted N¢(T'). Then

(10.13) Y(gwT, w™tw) = (gw)(w™ tw)(w™g™") = gtg™! = ¥(gT,1)

When w is not in Zg(T) = T (Proposition 7.26), we have gwT # ¢gT. Then each
member of G’ has at least |Ng(T')/Za(T)| preimages. In fact, this bound is strict
for all elements of G'.

Definition 10.14. We define the analytic Weyl group W (G, T) as the quotient
group of the normalizer and centralizer

W(G,T) = N¢(T)/Zc(T)
In fact, W(G,T) is a finite group.
Lemma 10.15. Fach member of G' has exactly |W (G, T)| preimages under the
map Y : G/T xT' — G'.
Proof. See Lemma 8.57 of Knapp’s book [1]. O
Remark 10.16. We revisit Proposition 8.33. Instead of ® : M — N being an
orientation-preserving diffeomorphism, we let ® be an everywhere regular (nonzero

Jacobian determinant) n-to-1 map of M onto N with equal dimension. To account
for the double-counting, we have the modification
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(10.17) n/wa:/M(foq))@)*w.

Remark 10.18. For t € T’, consider Ad(t~!) — I as an endomorphism of g =
(90)€. From the definition of regular elements, Ad(t~!) — I is diagonalizable with
eigenvalues 0 with multiplicity [. If A = A(g, t) is the set of roots, then &,(t~1) —1
are eigenvalues each with multiplicity 1. These are the multiplicative characters
described in (7.19). Then we have |det(Ad(t™") — I)|i| = [TMaea(&a(t™) = 1)].
Fixing a positive root system A and recognizing that &,(t71) = £_,(t71), we see
that

(10.19) | det(Ad(t™") = D] 2 | = [Haear (Eat™) = 1|

Theorem 10.20 (Weyl Integration Formula). Let G be a compact connected Lie
group with a mazximal torus T. For every Haar measurable function F > 0 on G,
we have

(10.21)
1 —1 -1y 2
/GF(x)dQT: W/T[ G/TF(gtg )d(gT) || Maea+ (€a(t™) —1)| dt.

Proof. We fix the two problems of the naive formula in (10.10) with using the
modified formula in (10.17). In addition, we express the Jacobian determinant as
products of multiplicative characters by (10.19). Then, we get (10.21). O
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