REGULARITY OF ELLIPTIC PDES

DANIEL CHEN

ABSTRACT. We present the most important techniques to establish regularity
of energy minimizers in smooth calculus of variations, explain their connection
to elliptic partial differential equations, and show how they are applied to
some classical problems. We prove the theorems of De Giorgi and Schauder to
verify that minimizers are smooth, resolving Hilbert’s 19th problem. Finally,
we tackle the obstacle problem, a canonical example of nonsmooth calculus of
variations using Calderon-Zygmund estimates.
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1. INTRODUCTION

In Partial Differential Equations (PDE), the minimization of energy is an im-
portant class of problems, where we seek to minimize some I[-] that takes functions
and maps them to R. The study of these energy functionals is called calculus of
variations. We will limit ourselves to studying second-order energy functionals.

Definition 1.1. The energy functional I has the explicit form
Tw] :/ L(Dw(z),w(zx), z)dx
U

where w satisfies some requisite conditions, and for U C R%, L : R4 x R x U is a
smooth function. We call L the Lagrangian.

These requisite conditions are necessary in order for the functional to make sense,
such as requiring regularity on w, so that Dw exists, or an integrability condition
on Dw and w so that I[-] makes sense, or a boundary condition w = g on 9U.

Date: August 28, 2023.



2 DANIEL CHEN

Remark 1.2. Suppose some particular function u satisfies the requisite conditions
(we say wu is admissible), and is the minimizer among all such functions satisfiying
the requisite conditions. Then for some smooth function n € C*(U), u + en is
admissible. If we set i(¢) = I[u+en] ¢ is a real-valued function, so classical calculus
techniques apply. Because u is a minimizer of I, i'(0) = 0. Expanding,

i'(0) = / Z L, (Du,u, 2)nz, + L.(Du,u, x)ndx
Ui=1

- /Ui Z[(L]L (Duﬂuax))fi + LZ(Z}U”U’I’)}77 =0

for all test functions n € C°(U), which implies that u solves the PDE
(1.3) = (Lp,(Du,u, 7))z, + Lo(Du,u,x) =0
i=1

in the weak sense. We call (1.3) the Euler-Lagrange equation.

This is a powerful characterization of the minimizers of energy functionals. But
immediately, there are three questions to answer. First: what is the right space
for these functions to exist in? Choosing the right space will make the PDE well
posed. Second: does the function that minimizes I[-] even exist? Without it, our
techniques would not give us any information. Third: If the minimzer exists, how
smooth is it?

For the first question, the answer is W14, An integrability condition on u and
Vu and selecting the correct g allows I to be well defined on the whole space. Then
we call A= {u € W4 :u=gon AU} the admissible set, and functions belonging
to A admissible. For the second question, we can show existence for an extremely
large class of functionals with only some light assumptions.

Finally, the question of regularity.

Example 1.4. One of the most famous variational problems is to minimize

1
1 = [ SVl
U

for which the Euler-Lagrange equation is Au = 0, that is, u is harmonic! and there-
fore smooth. This result, known as Dirichlet’s principle, implies that a harmonic
function on U is a minimizer of I[-] among all functions that equal v on OU.

For this Lagrangian L(p,z,x) = F(p) = |p|?/2, F is smooth, uniformly convex,
has quadratic growth. In fact, minimizers to any energy functionals which have
smooth, uniformly convex, and quadratic growth Lagrangians are indeed smooth.
But for many years, this question of regularity remained unanswered. It is not
possible to find an explicit form for a minimizer to an arbitrary Lagrangian, so
trying to take derivatives directly isn’t possible. Thus we are limited to studying
the minimizers in terms of calculus of variations processes, such as looking at the

1Speciﬁcally, u solves Au = 0 in the weak sense. Looking at mollifiers of u, noting that they
satisfy the mean-value property and are therefore harmonic, then since ue — w uniformly, proves
that u also satisfies the mean-value property. Therefore u is harmonic in the regular sense. We
will use the fact that weakly harmonic functions are harmonic multiple times.
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Euler-Lagrange equations that minimizers solve. We will specifically study energy
minimizers of the form

(1.5) I[] :/ a;;0;udju + fu = / (AVu, Vu) + fu :/ F(Vu) + fu.
U U U
for a;; uniformly elliptic, which solves the equation div(VF(Vu)) = div(f), or
(')i(aijaju) = aifi.2
Theorem 1.6 (Existence of minimizer). Let
Tw] :/ a;;0;wo;w + gw,
U
for a;j uniformly elliptic and g smooth. Then I[] attains its minimum on the
admissible set A= {w:w € H',w= fon U} for f € H'.

Proof. First, we want to show that I[-] is convex. I[-] is linear in the g(z)u(z) term,
so we only need to worry about the first term. Let w,v be in the admissible set.
We wish to show that for t € [0,1], 0 < tI(u) + (1 —¢)I(v) — I(tu+ (1 —t)v), which
expanding, is

H1—1) /U (AVu, Vi) — (AVu, Vo) — (AVo, Vi) + (AVv, Vo) =

t(l—t)/U<A(Vu—Vv),Vu—Vv> zt(l—t)A/U\V(u—v)P >0

as desired. I is also continuous, since the H' includes a norm on Vu. For coerciv-
ity, we need a poincare inequality for fixed boundary data. Since u — f has zero
boundary, we have the Poincare-type inequality

lu=flliee < ClIVullz2 + CIV L2 = llullz> < ClIVullpz + Cil[ f]

and since the second term is fixed, we know that |lu|| is controlled by ||Vu|. So
Iu) > )\/U Vul? = lgllzzlullze = MIVullZz = llglz=(ClIVullzz + Coll fll)

Since the quadratic term dominates the linear term, as ||u|| g1 (which is comparable
to ||Vu|r2) grows large, I[u] — oo, and we have coercivity. Now, by Evans [1]
Theorem 8.2.2, we conclude that the minimizer exists. (Il

To see that minimizers are smooth, we will show three important regularity
theorems:

Theorem 1.7 (Interior H? regularity). Let u € H'(U) be a weak solution to
0;(a;j05u)) = 0; fi. Then u € HE..
Theorem 1.8 (De Giorgi). Let u € H'(Bz) be a weak solution to 0;(a;;0;(u)) =

0i fi, and suppose that the coefficient matriz a;; is measurable and uniformly elliptic
with constants \XI < a;; < AI. Then u € C*(By) for some a.

Theorem 1.9 (Schauder). Let a;; € C*®(By) be a uniformly elliptic matriz. Let
f: By — R be such that f; € C**(By). Then if 9;(a;;0ju) = i f;, thenu € Ck+1e,

Using these regularity theorems, we will conclude that minimizers of such energy
functionals are smooth, an important result illuminated by the following example:

2Here we are using summation notation. We are minimizing fU (AVw, Vw) which corresponds
to the Euler-Lagrange equation E?=1 0; fi = div(f) = div(AVu) = Z:;i=1 Z;'l:1 0;(aij0ju).
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Example 1.10 (Hilbert’s 19th Problem). Take

] = /UF(Vu)

so that D2F is bounded and uniformly elliptic, i.e. Al < D2F < AI in the sense
of symmetric matrices. Note that the boundedness and ellipticity imply quadratic
growth. The Euler-Lagrange equation to this is

after taking a derivative. This is the general case to Example 1.4. By using De
Giorgi and Schauder, we can conclude that the solution is indeed smooth.

The first step to Hilbert’s 19th Problem is the H? estimate. Given that u is H?,
then we may take an arbitrary partial derivative on the Euler-Lagrange equation,
say in the e; direction, to find that v = dyu solves a uniformly elliptic equation
0;(0;;F(Vu)9jv) = 0, with 9;; F(Vu) = a;;. De Giorgi then implies that v € C¢,
so that u € OV = D?F(Vu) € C%. Then by Schauder, v solves an equation
with C® coefficients, so v is C1'®, so u is C?>®. Then by Schauder again, v solves
an equation with C1® coefficients, so v is C?>“. Reapplying Schauder estimates
concludes that u is smooth on the interior. For decades, De Giorgi’s theorem was
the missing step needed to start the infinite iteration that Schauder estimates imply.

It is indeed true that minimizers to (1.5) are smooth under the conditions that
all of the coefficients and f are smooth, which is the general form to Hilbert’s
19th problem. However, it is more complicated to show regularity theorems for
0i(ai;0;u) = 0, f;, which corresponds to the full energy functional (1.5), than for
0;(a;j0;u) = 0, which corresponds to (1.11). For Hilbert’s 19th problem, it is
enough to show the theorems with zero right hand side, that is, f = 0. However,
extensions of the aforementioned theorems with right hand side and lower order
terms do exist. For the sake of brevity, we will show the H? and De Giorgi theorems
with zero right hand side, and briefly discuss their full versions, and show Schauder
with right hand side.

2. H? THEORY

The first theorem necessary in our journey to show smoothness is to prove that
minimizers have weak second derivatives, that is, minimizers are in H?2.

Theorem 2.1. Suppose u € H*(By) is a solution to the equation div(VF(Vu)) = 0
for F' smooth, uniformly convex, and such that \I < D?F(p) < AI for all p € By.
Then u € HE (By).

Proof. Fix 0 < |h| < 1/4 and choose an arbitrary unit vector e. Then, set

_u(z + he) —u(x)
= T .
Since u € H'(By), v € H'(Bs4). Showing that u € H} is equivalent to showing
that Vo is bounded in L? indepdendently of choice of e and h.

Now, since u is a solution on Bq,

(2.2) 0= % <6xig£:(Vu(x + he)) — Oy, g;(vﬂ@))
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in Bs4. Then because we can rewrite

' O’F
0, () = 0y F(w) = [ (b4 (1= Ol - wy)d,
0 apz'pj
we conclude from (2.2) that
1 [t o*F
0="0: |+ [ m—@tVu(x+he)+ (1 —1)Vu(z))(Oz;u(x + he) — Oy, u(x))dt ).
h 0 8pipj
Now set
' orr
0 apipj
so that a;; is an average of the a;; that correspond to u. Therefore, G;; inherits
the same ellipticity as a;;. Moving the 1/h inside the integral, it follows that
0 = 0y, (a;;0,,v) inside Bs,y. Now fix the cutoff function ¢ € C2°(Bs/4) such that
¢ =1on By/;. Testing the above equation with vp?, we obtain

0= / dijajvai(me) = / <p2aij8jv8iv + 2/ vgadijajvai(p.
Bs/4 33/4 BS/4

a;j(x) = (tVu(z + he) + (1 — t)Vu(x))dt,

Then subtracting the first term and applying Holder’s inequality, we find

A ©*|Vol? S/ lp?a;;0;00;v| < 2/ [vpd;;0ipdv| <
B34 B34 B3,y

1/2 1/2
2A(/ <p2|Vv|2) </ ’U2V(p|2> .
B34 B34

Finally, we can conclude that

A2
/ Vof? < / G2Vl < 45|V e /
B2 B34 A B34

By Evans [1] Theorem 5.8.3, we know that ||v[|r2(s, ,) < Cl|Vul[L2(B,), from which
we conclude that [[Vo||r2(p, ,,) is uniformly bounded. From this, we can conclude
that u is H?,, after rescaling and applying the above calculation. For the case with
a righthand side, look at Awv, then test with the same equation, and use Young’s

inequality with ¢ to cancel extra terms. O

3. DE GIORGI’'S THEOREM

The next step to showing regularity of minimizers is De Giorgi’s theorem. We
will prove the theorem for a specific type of energy functional, which solves the PDE
0i(ai;0;u) = 0 for a;; uniformly elliptic. Critically, there are no other assumptions
on a;j, so it could be very discontinuous—zooming in will not necessarily improve
the equation. The proof of Schauder estimates rely on having some control on
the a;;, so zooming in flattens out the equation. Instead of scaling, like in the
proof of Schauder’s estimates, De Giorgi’s brilliant argument studied the extrema
of solutions. We will use the following lemma to achieve regularity:

Lemma 3.1 (Improvement of oscillation). Let f: By — R be continuous. If there
exists some 0 < 0 < 1 such that for every B,(z) € By,

oscp, , f < (1 —0)oscg, f,

then f € C%(By2) for some o depending on 0.
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Proof. Recall that oscx f =supy f —infx f. Let M = oscp, f, fix z,y € By, let
z=(x+vy)/2, and r = |x — y|. Then

|f(x) — f(y)] < oscp, () [

Even though z,y ¢ B.(z), continuity allows us to take this inequality. Then for
some n, we know that 2-("+2) < |z, 2| = |y, z| < 2~ (D and equivalently d(z, y) <
27", This means we can double the radius of B,(z) a total of n times until we are
outside of B;. Reapplying the conditions of the lemma, we obtain

oscp, () f < (1—=0)" 0SCByny, [ < (1 —=0)"M < |x — y\‘log?(l_a)M

Since 0 < (1 —0) < 1, @« = —logy(1 — #) > 0 is our desired Holder exponent. We
conclude that [f]ce < oscp, f. O

We now have a new way of looking at regularity. Critically, we only need to
prove the improvment of oscillation lemma at scale 1/2, that is, show that
supu < (1 —6)supu
B2 B
By invariance of the Euler-Lagrange equation under scaling, this is sufficient to
meet the conditions of the Lemma 3.1, as long as 6 is based on ellipticity constants
and |lul|p=. For some solution u, we scale with u,(z) = u(rz) with r < 1, to
obtain that supp,  ur () < (1 —60)supp, u,(x), which is equivalent to supp _, u <
(1 —0)supp, u. Note that u,(z) solves 9;(aj;0ju,(z)) = 0, where aj;(z) = a;;(rz),
an equation with the same uniform ellipticity that u solves® and has same or less
L norm than u. So the half-ball estimate holds for w,., which is what we wanted.
To use it, we will prove the following steps. First, we will show an L°° bound
from an L? bound, which rules out the minimizer having interior spikes and so that
we can make sense of supp u. Second, we will control the maximum and minimum
of u on smaller and smaller balls. Finally, we can use the improvement of oscillation
lemma to take the L>° bound to an C'* bound.

Notation 3.2. We write the specific energy functional J to be

J[U] :/ aijaiuaju
U

for a;; uniformly elliptic and symmetric. This is because the Euler-Lagrange
equation associated with the energy functional J[-] is the divergence form PDE
-2 szzl 0i(ai;0;u) = 0, or equivalently 0;(a;;0;u) = 0. The existence of a min-
imizer to J[-| is guaranteed by Theorem 1.6. For the first step, we will study
subsolutions and supersolutions to obtain the L*° bound.

Definition 3.3. w : U — R is a subsolution to the equation 9;(a;;0;u) > 0 if for
any H{ function ¢ : U — R with ¢ > 0, ¢ = 0 on U, we have

/ aijﬁiuﬁjgp S 0.
U
We call u a supersolution if —u is a subsolution.

Sor 9; (afjajur(a:)) = 0; 7' (x), in which case the regularity on f stays the same, and the right

hand side even gets smaller in norm. The ellipticity stays the same as well.
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Remark 3.4. Importantly, u is a subsolution if and only if J[u] < J[u — v] for all
v € H}(U) with v > 0. That is, u is a subsolution if and only if any downward per-
turbation increases the energy. First, we note that since a;;0;,ud;u = (AVu, Vu) >
A|Vul?, J[-] is nonnegative. For the forwards direction, we expand and find

Ju—v] = /Uaij(aiu — 0iv)(0ju — Ojv) = J[u| — 2/Uaij8iu8jv + J[v].

Since u is a subsolution, the middle term is nonnegative, and since J[v] is positive,
we conclude that J[u] < J[u—v]. For the converse, let u be such that J[u] < J[u—v]
for all v € C2°,v > 0. Fix v. For any € > 0, we have that J[u] < J[u — ev]. Since

Ju—ev] = / ai;j (O — £0;v)(Oju — edjv) = J[u] + > J[v] — 26/ a;;0;u0;v
U U
we know that
0 < Ju—ev] — Ju] = 2J[v] — 25/ a;;0;u0;v.

U
and finally

25/ a;;0;u0;v §€2J[v] = 2/ a;j0;udjv < eJ[v].
U U

Sending € — 0, we conclude that fU a;;0;ud;v < 0, and therefore u is a subsolution.

Additionally, if u is a subsolution, then w4 is a subsolution as well. If we write
u = uy —u_, then expanding J[u] = J[us —u_] and seeing that 0;u is nonnegative
where d;u_ is zero and vice versa gives J[u] = Jluy] 4+ J[u_]. Moreover, if we
let w = (uyp — v)y —u_ < u for some v positive, the same calculation yields
Jw] = J[(uy —v)4] + J[u—]. Therefore J[uy] = Ju] — Jw] + J[(us — v)+].
Since w is a subsolution and w < w, J[u] < J[w|, which implies that J[uy] <
J[(uy —v)4] < J[ug — v]. Therefore, uy is a subsolution.

Using these properties, we will show the L° bound after the following inequality:

Lemma 3.5 (Cacioppoli). Let v > 0 be a solution in B,ys. Then there exists some
C > 0 such that

IVullLa(s,) < COHullr2s, )

Proof. Set ¢ = un? as a smooth cutoff function where = 1 on B, and n = 0 on
0B, s such that |Vn| < C5~1. Then

/ aijaiuajunQ < 2/ a;j|ud;undm|
B’V‘+(5

Brys

We can use the fact that from symmetry
2aijpiqj < @ijpip;j + aijqiq;
-1
with p; = V2~ O;un and ¢; = v/20;nu which gives

1
2/ aij\uaimlam\ < 5/ az‘j\aiuajuﬁ2| +2/ aij|u2ai776j77|
Birys Brys

BT+(5

so subtracting off the first term from both sides and multiplying by 2 gives

/ aijaiuajun2 S 4/ a”\u28m('9j77|
BT+5 Br+6
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The right sides becomes

4/ aij|u28i778j77| < 4A5*2/ |u|2
BT+5 Br+5

/ aijaiuajwf > )\/ |Vu|2,
Bris B,

so dividing and taking square roots we find

A
IVullzs,) <24/50 Hullz2(s, ),

as desired. O

and the left is

Now we can finish the desired bound. The proof is based on a nonlinear iteration,
and uses the fact that combining the Sobolev and Cacioppoli inequalities gives a
reverse Holder inequality after stepping in. We will show that we can bound the
higher norm (L?"(B,)) by a lower norm, but on a slightly smaller ball (L*(B,_.)).
The scaling factors are chosen to allow for a limit to be taken.?

Lemma 3.6. Let u: By — R be a nonnegative subsolution to 0;(a;;0;u) > 0, then

supu < Caallullzz(s,)-
By

The interpretation is that subsolutions cannot have upward spikes, and equivalently,
supersolutions cannot have downward spikes.

Proof. Tt is equivalent to show that there exists some § based on d, A, A such that if
llull2(By) < 9, then |lu||f=(p,) < 1. Now we consider the following program: Let

lk:172ik, Tk:1+27k, uk:(U7lk)+, ap = ||uk||L2(BTk).

Because the 7y are decreasing and ug > ugy1 > ..., we know the aj, are decreasing
as well. Additionally, if we are able to show that the a; — 0, then we have shown
the L> bound u < 1, since ay, — ||(v — 1)+ ||z2. Applying Holder’s inequality with
p = 2%/2, we find

1/2
Ak41 = [/B \Uk+1|2 ) X{uk+1>0}:|

Tk+1

2/2* (2*—2)/2*71/2
[(/ |Uk+1|2 ) (/ X{uk+1>0}) }
B B

Tk+1 Tk4+1
|1/d

IN

= llursallzz (s, , ) Hursr >0 N By}

Observing that u,1 >0 <= wu, > 27%"! and applying Chebyshev’s inequality,
{uks1 >0y N By, |V = {ux > 275110 B, V4 =

Tk+1 Tk+1

1/d
|{Ui > 22(—k—1)} mBrk+1|1/d < {22@4—1)/3 Ui} < 22(k+1)/da11c/d

Tk+1

4Imp0rtantly, when we use sup and inf from here on, we mean the essential supremum and
essential infimum. If we can change u to equal infinity on a measure zero set, it is still a solution.
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Now define 7y to equal 1 on B,, and 0 on 0B The Sobolev inequality yields

Tk—1"

luktallLe (B, ) < lurktamirll e ey < ClV (urrimei)llL2(s,, )

and Cacioppoli’s inequality (Lemma 3.5) yields
CIIV (urprme)llL2(s,, ) < C2%lurramniallc2s,,) =
ClIVurialr2(s,,) < C2*|lukl 25, )-
Finally, we conclude
ap+1 < 022/d2k(1+2/d)a,1€+1/d = C’hka,ljl/d.
For anew C in the last inequality, and h = 2'+2/¢ > 2. But then, if ag < [C~'h~4]4,
a1 < Cap ™% = Cag[C~'h™) = agh™.

Now we work by induction. We claim that for all k, ar < ag_1 h=¢, which holds
for the base case k = 1. To show the statement for k£ + 1, we need to show that
ap+1 < aph~%. Since
o/ <@\ ht <t < < =
ap+1 < Chkakaé/dhfk = C’aka(l)/d < aph™

so the statement holds for k£ + 1, and we have shown the inductive step. We can
conclude that

ar < ag(h™")

which approaches zero as & — oo. Thus |[(u — 1)1 ||z2(p,) =0 = supg, u <1
as desired. Analyzing our constants, we know that ag = ||u||12(p,) needs to be less
than [C~'h~%]? for C based on the Cacioppoli and Sobolev constants, which are
based on ellipticity and dimension, and h dependent on dimension, which concludes
the estimate. (]

Now, we use the improvement of oscillation lemma.

Proposition 3.7. Let u: By — R be a nonnegative supersolution. Then there is a
constant € such that if

[{x € By : u(xz) > 1}| > (1 — ¢)|Bs|,
then u(x) > 1/2 almost everywhere on B .

Proof. Set v = (1 —u);. Since v is a subsolution, Lemma 3.6 gives supg v <
Cllv|lr2(,) < C({u < 1})) = C|Bsle. If € = 55155, supp, v < 1/2 which im-
plies 1/2 < infp, u as desired. Since C is dependent on ellipticity constants and
dimension, ¢ is also dependent on ellipticity constants and dimension. O

We use this to obtain a bound on the oscillation.

Proposition 3.8. Let u: Bo — R be a subsolution with —1 < u <1 and
{u < 0}| > dy. Define

6p = |{z € By 1 u(z) >1—-27F}
Then 6, — 0.
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Proof. Let wy, = 2¥(u — (1 —27%)), so that &, = [{ws > 0}|. Note that wy, is a

subsolution, 0 < wi < 1, and the w; have bounded Hl(Bl) norms. First, the fact

that 0 < wy <1 gives bounds on [|wg|/z2(p,). Second, since wy, is also a solution to

0i(a;j0jwy) = 0, Lemma 3.5 implies that [|[Vwg||z2(p,) < Cllwkl|r2(B,) < C|Bsl, so

we have a uniform bound on ||[Vwy||z2(p,) and thus a uniform bound on |[wy || g1 (B,)-
Moreover, if wy(z) < 1/2, then

(u(z) —(1—27%), <27+ — y(z)— (1 —27* ) <0 = wyppq(z) =0.

The sets where 0 < wy < 1/2 are therefore disjoint, and the J; are decreasing.
Now, if the proposition were false, then |[{wy = 1}| > ¢’ for all k and therefore
H{u(z) = 1}| > ¢’ for some &’ > 0. If we consider vi(x) := min(2wy, 1), then |{vx =
0}| > 0o and |{vx = 1}| > ¢'. We claim that [{0 < wr < 1/2}| = {0 <wvp <1} > ¢
for all k, that is, the Jx decrease by at least ¢ every iteration.

Assume to the contrary that there does not exist such a bound. Then there
exists some sequence f, € H! uniformly bounded but with |{fx = 0}| > Jp and
H{fx = 1}| > ¢ under the condition that [{0 < f, < 1}| — 0. By Rellich-
Kondrachov this sequence embeds compactly into L? and converges to an indicator
function of a non measure zero set, which cannot be in H', reaching the desired
contradiction.

But now ), < dp—1—¢ < --- < (1—450) — ke, so taking k large we see this cannot
be true. Therefore we must have that d; — 0. ([

Corollary 3.9. Let v : B — R be a nonnegative supersolution. Assume that
{x € By :v(x) > 1}| > 4. Let 6 = |[{z € By : v(z) < 2¥}|. Then &, — 0.

If we take v = 1 — u and observe that it is a supersolution, the statements are
equivalent.

Proposition 3.10 (Weak Harnack inequality). Let u : By — R be a nonnegative
supersolution. Assume that |{x € By : u(x) > 1} > §. Then infg, u > 0 for some
0 > 0 depending on 6, ellipticity constants, and dimension.

Proof. Let € be the one from Proposition 3.7, which depends on ellipticity constants,
and dimensions. Choose k large so that 6, < |Bs|. Then the supersolution 2*u
has the property that {2*u(x) > 1} > (1 — €)|Ba|. Therefore 2*u(x) > 1/2 on By,
that is, 2-k=1 < 4 on B; as desired. O

Again, this proposition has a subsolution form:
Corollary 3.11. Let u : By — R be a subsolution such that u < 1. Assume that
H{z € By :u(x) <0} > 6. Then supg, u<1—6.
Lemma 3.12. Let u: By — [0,1] be a solution. Then
oscp, u < (1—20)
for 8 > 0 depending on dimension and ellipticity constants.

Proof. In the first case, let |{x € By : u(z) > 1/2}| > |Bz|/2. Then applying a
scaled version of the Weak Harnack Inequality (Proposition 3.10) implies that u > 6
on By. Since 2u is also a solution, and

o € By : 2u(x) > 1}| > |Ba/2,
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we know that infg, 2u > 6 = infp, u > 0 for 6 = 6;/2. We conclude that
because supu < 1, oscp, © < 1 — . Because the set that 2u > 1 is fixed in size, 6§
is based only on ellipticity and dimension.

In the second case, let [{x € By : u(z) < 1/2} > |Bs|/2|. Applying a scaled
version of the subsolution form of the Weak Harnack inequality (Corollary 3.11),
we know that © <1 —6 on By, so that oscp, v <1 — 6. Similarly, 8 is based only
on ellipticity and dimension. ([

Now we arrive at the theorem. We need to use an iteration.

Theorem 3.13 (De Giorgi). Let u € H'(Bs) be a weak solution to 9;(a;;0;(u)) =
0, and suppose that the coefficient matriz a;; is measurable and uniformly elliptic
with constants \XI < a;; < AI. Then u € C*(By) for some a.

Proof. By the first step, we have an L* bound for u. Set @« = u/||u||o so that
@ : By — [0, 1]. Note that @ is a solution as well, but to a;;. Now choose g, r such

that B,(z9) C B1. Now, write
r 1
U, () = (t(=(x —29)) — Inf @)———
0( ) ( (2( O)) By (z0) )SU»pBr(CCo)u

So that wug, : B — [0,1] solves 0;(a;(r/2(z — z0))us,(z)) = 0 in By. Since ug,
solves an equation with the same ellipticity constants as @ or better, we apply
Lemma 3.12 and conclude that oscp, uz, < (1 —6) = (1 — 0)oscp, u,,. But since

( sup @)oscp, Uy, (x) = oscp, &(i(:lc — xo)) = 0SCB, (z) U
By (o) 2 i

and similarly (supg, (4,) %) 05CB, Uz, () = oscp, so we can conclude that

r/2(20)>
0SCB, y(xg) U < (1 —0)oscp, (z0) U

for 6 absolute, meeting the conditions of Lemma 3.1. Since @ is C*(By), so is u.
We conclude the estimate

[ull e,y < Cllulle(s,) < CllullL2(s,)-

O

Remark 3.14. What about the case 0;(a;;0;u) = 0;f;? De Giorgi theory also
applies in this scenario, with the estimate
(3.15) [ullcamyy < CllullLz(my) + I1fllLaBa))

for ¢ > d. We can define a subsolution as satisfying 0;(a;;0;u) > 0; f; weakly, that
is, for some test function ¢ € Cg° we have that

U U
Taking u™ as a subsolution, the L> bound we obtain is
(3.16) SUp Uy < Clllullzz +11fllq)
1/2

via a Cacciopoli-type inequality testing with u,n%. We can simply consider the case
q = o0. Using (3.16) similarly as in the proof of Lemma 3.12 and Theorem 3.13 by
scaling vertically and iterating concludes the estimate. For a full proof including
even more lower order terms, see [5], Theorem 4.1.
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The reason we treat ¢ > d comes from scaling; set w,(x) = u(rz) so that u,
solves 0;(aj;05u,) = r0; f], where aj;(z) = a;j(rz) and f]'(x) = fi(rz). Thus the
ellipticity of the equation stays constant when we zoom in. But the righthand side

has the L? norm
1/q
() =
By

so we need 1 —d/q >0 <= ¢ > d in order for the righthand side not to blow up.
So, for generality, we can take ¢ = co.

4. HARNACK INEQUALITY FOR ELLIPTIC PDES

By using De Giorgi’s theorem, we are able to establish a Harnack inequality for
uniformly elliptic equations with no regularity on a;;.

Proposition 4.1. There are universal constants C,q > 0 such that the following
holds: for any r < R such that Byr(xo) C Ba, we have

inf uw>C(r/R)? inf wu.

Br(zo) By (z0)

Proof. We may assume that v > 0 by looking at the solution u 4 . For the sake
of notation, all balls are centered at xg. Set a = infp, u so that B, C {u/a >
1}. Then applying the Weak Harnack inequality (Proposition 3.10), we know that
infp, u/a > 6. Then u/(af) > 1 on By, so applying again, infp, u/(ad) > 0 for
the same 6. Iterating until Br C Ban,., we obtain

. u . u
inf — > inf — > 1.
Br af™ ~ Bayn, afd"

But since 27" < (r/R)™, and 0 < 6§ < 1 will be very small,
g — 210%26" — (277Y1082(1/0) > (1 /2)1082(1/0) (1) R)1082(1/0).
Thus
iéljfu > a(1/2)1082(1/0) (1. | R)log2(1/6)
and we are done. Notice that we can conclude u(0) > er?infp u 0

Now we are ready to state the theorem. The strategy of the proof is to work
by contradiction. If the Harnack inequality is not true, then we can construct a
converging sequence xy € By, such that u(zy) — oo, contradicting the L>° bound
of De Giorgi.

Theorem 4.2. Let u : Bo — R be a nonnegative solution. Then there exists a
universal constant C such that supp, U <C infBl/8 Uu.

Proof. Contruct a sequence zp € By, by picking g € By/y such that u(zg) =
supp, ,, . Then choose z41 in the following way - for some ry41, set xx1 to be
the point where u(xp41) = SUPp, (z;) u- Then since w(0)etr 9> infp, (z,)u, we
have

u(wd) —u(@c et Sule) = i ju=sup u— inf us

sup u— inf w<(1-6) sup uw=(1-0)u(rrs1)
B, (k) Bry (zk) By, (=)
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and finally we can conclude that
u(zy) — ¢ try Tu(0)
1-6
where 1 — 6 comes from Lemma 3.12. Note that 1 — 0 is fixed, based on the same

argument as in Theorem 3.13,
Then, set

(4.3) u(Trt1) =2

supg, u
u(0)

for some a small to be determined later. We claim that if M is sufficiently large,
then we can choose zp such that z; — o0o. To see this, take € from Lemma 3.12
and select 8 > 0 such that (1—0)(1+ ) <1— < 1. Suppose that we can choose
u(xy) > M (14 B)*=1u(0). Choose 7 = ad*, with a > 0 small and § € (0,1) yet to
be chosen. We know that

(4.4)

w(zpt1) > u(0)

k—1 _ —1_—qS—kq k—1 _ —1,_—q5—kq
M(1+0) cta=9§ 2u(O)M(l—i-B) cta=16
1-46 1-46
So for the iteration to hold, we need that u(wji1) > M(1 + B)*u(0), which is
equivalent to showing that

k-1 _ —1_—qS—kq
M1+ p5) 1_9(: a1 > M1+ ) e

1 1

1+8)(1-0) catd* M1+ B)+(1—0)
Since 1 < (1 + B)(1 — ), we know that the statement makes sense, and we just
need the second term to be small enough. Now, choose d so that (1 + ) > 1.
Then choose a so that we do not escape By o, i.e. a), 0% < 1/2. Since the rest
of the terms in the denominator are not based on k, we know that the inequality
is true for k large, and that the second term decreases as k increases. So if the
inequality is true for k = K, it is true for all £k > K. Now, simply choose M to be
large enough so that the statement is true for £k = 1, and the iteration holds.

The base case is just our assumption on M. So if M is too large, then we can
select xy, such that u(xx) — co. However, we also know that v € CJ} . so is bounded
on Bj from De Giorgi (Theorem 3.13), which is a contradiction.

Therefore, supp,  u < M u(0) for M depending only on absolute constants.

> 1.

Finally, if we consider @ = u(x — o) for x9 € B4, then select J so that the
iteration on % does not exceed By and reapply the above, we can conclude that

supu < sup wu < sup i < Mu(0) = Mu(zg)
Byg Bi/4(x0) Byy

for all w9 € By/s. Therefore Supp, , U < Minfp, /gu as desired. O

5. SCHAUDER ESTIMATES

De Giorgi’s proof allows for a cleaner proof of Schauder’s estimate. Unlike De
Giorgi’s proof, Schauder’s proof relies on the classical techniques of zooming in
over and over to achieve some sort of flatness. Given C“ regularity, scaling makes
the equation flatter and flatter. The strategy of the proof will be to zoom in,
then perturb the solution by smaller and smaller amounts until we have reached a
perturbation that squeezes the solution into a very thin hyperplane. For each scale,
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we find a plane near which we can trap the solution with appropriate control on
the error. From this, we can conclude C*® regularity.
We will show a gain in regularity on minimizers of energy that look like

(5.1) Iu] = /Uaij(x)aiuaju—k f(@)u(z)dz.

Recall that the minimizer to (5.1) exists via Theorem 1.6. The Euler-Lagrange
equation corresponding to I[-] is of the form

0i(aij0ju) = 0 f;.
Much like Di Giorgi, Schauder’s proof uses a new perspective on regularity:

Lemma 5.2 (Improvement of flatness). Let f € CO(U). For any xq in the interior
of U, there exists a linear function l(z) = a - (x — x9) + b so that for any ball
Br(x()) € U7

sup |f(x) —I(z)| < CriFe

B, (zo0)

if and only if f € CH(U).

Proof. We will prove that f is C1* with the same Holder constant C' at every point.
Moreover, we can take b = f(xg). This is because at xzp, we have

[f(z0) = bl < Cr'*® = | f(x) = U(x) — f(xo) + b < 207"
So if we take I1(x) = I(x)+ f(xo)—b, l; is a linear function that meets the conditions

of the lemma but with 2C instead of C. Then at xq, l1(xg) = f(xo). We also know
that f is differentiable at xg, since
sup |f(x)—f(x0)—a(x—x0)\ SCTQHO
B'r‘(wo) r

as 7 — 0, so that Vf(x¢) = a. Now fix r so that B,(z¢) C U. The inequality now
reads for | — x| = h <,

|f(z) = flzo) — Vf(zo0) - (x — m0)| < CR'T.

Now fix some x such that B,,(z) € U, and then choose some y € B, (z). Set
r = |z —yl|. For any z € B, (y), we know that

f(z) = f(2) + (z = @) - Vf(2) + O]z — 2|"+),

f(z)=f(y) + (= —y) V) + Oz —y['™*).
So taking the first line with z = y, we conclude that
fz) = f(@) + (y—a) Vf(z) + (2 —y) - VI(y) + Oz —y|") + O(lz — y['+).
Now equating this with the first line, we conclude

((z = y) - (Vf(z) = V) < [0(z — 2['F*) + Oz — y|'T) + CriFe.

Vi(@)=Vf(y)
Vi) -Vl

r|Vf(z) = Vf(y)l < 40r'™e

so f is O% with absolute Holder seminorm. The converse is straightforward and
follows from Taylor expansion. O

Therefore if we set z =y +r , the inequality yields

To use this approach for establishing regularity, we will need the following lemma:
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Lemma 5.3. Suppose u is a solution so that oscg, u < 1. Then for somerg € (0,1),
there exists €9 such that if

oscp, a;j < €0, 0scp, f < €o,
then there exists b € R® with |b| < Cy where
(5.4) oscg,, (u(@) —b-z) < rote

The proof of the lemma is a perturbation compactness argument based on regularity
of the Laplacian.

Proof. We prove by contradiction. Suppose the lemma does not hold. Then there
exists some decreasing sequence £ — 0, solutions ug with coefficients afj for which
M < afj < AI and f¥ € C* such that 0sCp, afj,oscB1 fi’c < €p such that there is
no vector |b| where (5.4) holds. We can consider the f* to be uniformly bounded,
just like we consider the afj to have the same ellipticity constants. The statement
we will prove will then have the condition that |f| < M for some arbitrary M and
Al < a;; < A for arbitrary 0 < A < A, so there is no loss of generality. Then
look at f*(0), uniform boundedness allows us to pass to a subsequence f*i so that
fFi(0) — f*1(0), and since the oscillations of f*/ — 0, we conclude that f*i — f>
a constant vector uniformly. Let us rename f*i as f* and A% as AF.

Now, write wy, = ug — (ug) B, , which solves the same equation, and has the same
oscillation. Using Poincare’s inequality, we know that

lw*llzasy) = lu* = ("), ll220) < CIVEFL2(8y) = ClIVW ||L2(,).-

which amounts to saying that we only need to control ||[Vw”| 2 to control ||w]| .
But then

)\/ |Vwk|2 S/afjaiwkﬁjwk = —/ 8,»(aij8jwk)wk :—/ 8ifiwk Z/ ff@zwk
U U U U U
so that

M Vat||Z S/ &Vt < Vat|| 2 £l e
U

Since f* converges to f a constant bounded function, we conclude that ||Vw"|| -
stays bounded as well. Then because the u* are bounded in H', we can pass
to another weakly convergent subsequence. Furthermore, {u} is compact in C°:
since ||wk||ca(31/2) < C(lwk || p2(sy) + | F¥| L (5,)) via De Giorgi’s estimate (3.15),
and since C® CC CY, we can extract the uniform limit w* — w*. Moreover, by
Arzela-Ascoli, we can also extract a uniform limit on the aff — a7y, which is a
constant. Now for test functions v,

/anaiuwajv = /U(af]Q - afj)aiuooajv + al (Bu™ — d;u)dv + afjaiukajv.
The first term goes to zero since afj — a;7 uniformly, the second term goes to zero

because u* — 4> in H; and therefore the partials converge weakly, and the last
term goes to zero since

/ afjaiukajv = —/ al(afjaluk)v = —/ alflv = / fk Vv = / foo Vo=0
U U U U U
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because f*° is constant and v is compactly supported. But then u°° is harmonic
after a linear change of variables®. Therefore we have the quadratic approximation
by Taylor expansion®,

[u™(x) — Vu>(0) - 2 — u>(0)| < Clx|*.

for C based on ||u®||p~. But then the lemma holds for u>. If b = Vu®(0), we
fulfill the conditions of the lemma. Since the u* — 1 uniformly, the lemma also
holds for ||u¥ — u||L~ < ¢ for & small enough, contradicting our assumption. O

Now we prove the iteration necessary to move to smaller and smaller scales.

Lemma 5.5. Assume u: By — R is a solution with oscg, u < 1. Let Cy and ¢ be
as in Lemma 5.3. Then there exists €1 > 0 such that if [aijla, [fla < €1, then

k(1
oschu—bk-xgro( +a)
"0

for some b* € R%. Furthermore, [b¥ — b*=1| < Corg*.

Proof. For k = 0, the statement is just oscp, u < 1, and for k = 1, the statement
is the previous lemma (b* is an indexing term). Set

o) = g " u(rgx) — b - rfal
so that
Bi(v) = ro " [Qiu(rgx) — bf]
Set @;;(x) = a;j(rfx) and f = f(rkx). But then
0i(ai;05v) = 9y (rgx)ry " [Dju(ror) — bi]) = Digi
for some g; where oscp, g; < &1 + €1|b*|. This is because

ag(r§x) — aiz(r§y)|

~ —k k k
sup (rElz = 3])° < laijla <e1 = oscagi(z)rg " |b7| < e1bi],

and since
—k k k —ka §
o "“a;j(rg(x)05ulrgx)) = ro " fi,
a similar calculation gives
—k rs
oscp, o fi = oscp, fi =¢€1.

By subadditivity of oscillation we obtain oscp, g < &1 + £1|b*|. Now if we assume
the lemma holds up to k, then

k—1 k—1
b < ST it — b < ST i < <0
S <O < 1
7=0 3=0 0

for all k (we let b° = 0). Therefore taking £, small such that £1(1+Cp)/(1-7§) < €0,
we can continue to smaller and smaller scales. By assumption, oscg, v < 1, and

5Let A = af]@ = UDU~! by spectral theorem. Then change variables with = UD~! on the

integral 0 = [}, ags 0;u*d;v.
6Via Gilbarg-Trudinger [4] Theorem 2.10, for harmonic functions w, we have the estimate
supp, , |Vw| < C1 supp, wand supp, , |D2w| < Co supp, w, so that C is absolute and controlled

k

by ||w||pe. Then since u* — u° uniformly, and the u* have controlled L norms, so does u™,

so our C is absolute.
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oscp, g < €0, and oscp, a;;(rE(z)) = rk

Lemma 5.3 to v to conclude that there exists b such that

oscg, ai;(x) < €1. Therefore we may apply

oscp, v—b-x < 7’(1)+°‘.
Then expand

v=b-z =11+ a)u(rkz) —b* rka) = b2 = rg KO (k) — (08 + rFD) -k

So if we let b1 = bF 4+ rFeh, we verify |pFtT — bF| = |r**b| < Crk®. Then
multiplying over we find
oscg , u— b x = oscp,, u(rbz) — P+ kg < pFDAa)
"0
as desired. ]

Since [b* — b1 < OrFe) b — boo, and |u(z) — b -z — u(0)] < Crk(+) on
B,g. Then r*17) > oscp , (u—bF-2) = oscp , (u—bF-z—u(0)), testing at « = 0
yields that |u — b* - 2 — u(0)| < r*(1+2) Therefore on Bk,

=5 — a(0)] < Ju—8* — u(0)] + | 3B~ b)) - <
=k

0 1+k

rk(Ha)—l—TkZCora(jH) Srk(l-{—a)_’_rkcora( ) < ph(+e) (1 4 Cor®
— 1—ro 1—ro
j=

as desired, and we meet the conditions of Lemma 5.2.

Theorem 5.6 (Schauder). Let a;; € C%(By) be a uniformly elliptic matriz with
ellipticity constants \,A. Let f : By — R be such that f; € C*(By). Then if
8i(aij8ju) = (%fi, then u € CHe,

Note that without loss of generality we can assume the conditions of Lemma 5.5
since u is C1* if @ is O™, To get into the scheme of the lemma, we apply

s U ~ f

U= , f= .

oscp, u+ [fla/e1 oscp, u+ [fla/e1
Proof. Assume that u meets the conditions of Lemma 5.5. For zg € By set
u"(z) = u(r(r — xo)) and likewise for aj; and f". Then
i(a;05u") = roif]

and [a]}]ca () = 7%aijlca(B,) < laijloe(s,)- Therefore u" meets the conditions of
the lemma, which allows us to conclude via Lemma 5.2 that «” is C1*® at 0 so that
uis OV at xg. Therefore, u € CH(By5). O

Schauder also give higher regularities. If the equation 0;(a;;0;u) = 0; f; where a;;, f
have higher regularity, we expect u to also have higher regularity.

Corollary 5.7. Let the conditions of Theorem 3.4 hold except with a;j, f € C*.
Then u € C'k+1a,

The proof is roughly the same. Instead of subtracting a linear function [, we subtract
a k + 1-degree polynomial, and show that control of the oscillation corresponds to
CF+1)e regularity. Then we can approximate the harmonic solution by a (k + 1)
degree polynomial using the fact that all derivatives of harmonic functions are
bounded by their L> norm. Finally, we iterate as before.
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Using Di Giorgi and Schauder, we are now ready to resolve Hilbert’s 19th Prob-
lem (Example 1.10).

Proof. First, we need that u is H? ., which follows from Theorem 2.1.

If we commute a J; on the equation, we get
0i(0i; F (Vu)0;(0ku)) =0
so letting Opu = v € H!, this implies
0;(0;; F (Vu)0;v) = 0.
Since 0;; F is uniformly elliptic, we satisfy the the conditions of Di Giorgi’s theorem,
and therefore v is C%, i.e. u is CH®. This means 9;;F(Vu) is C%, so by Schauder,

vis CH so u is C*“. Then 9;;F(Vu) is Ch*, so v is C**, so u is C**, and so
on. This process, called bootstrapping, implies that u is smooth. [

Using De Giorgi and the H? bound for the 8;(a;;0;u) = 0;f;, we can ob-
tain smoothness for minimizers of the full energy function (1.5), finally answering
the question: minimizers of energy functinonals with uniformly convex, quadratic
growth and smooth Lagrangian are smooth.

6. CALDERON-ZYGMUND ESTIMATES

Schauder estimates are very powerful, as long as we have some sort of CF
regularity. It is natural to ask if Schauder estimates hold at the endpoints, that is,
if f € CY, it is the case that u € C?? We can interpret this as Schauder for the
endpoint a = 0. Unfortunately, this is not the case. Let u : R? — R? be defined as

u(z,y) = (2 — y*) log| log(a? + ?)].
Here, we can check that Aw is continuous, but second derivatives are not. However,
the Calderon-Zygmund estimates allow us to show that if Au = f € L°°(By), then
u € Cllo’ife(Bl) for any € > 0. Roughly, if all second derivatives of u are bounded,
then u € CY!, but only having boundedness on Au can almost get us there. We
will use a fact about scaling. Let u,(z) = u(rz). Then

(6.1) Au,(z) = f(rz).

Since f is uniformly bounded, the Laplacian of u,(x) gets smaller and smaller as
we zoom in and r — 0, so as we zoom in, u,(z) looks more and more harmonic
and try to gain regularity like that. To do this, we first need to decompose u into
harmonic and zero-boundary parts. Set

1
Tw] :/ ~|Vw|*dz.
B4 2

With fixed boundary condition w = u on dB1, Theorem 1.6 gives that the minimizer
exists. But from the FEuler-Lagrange equation, we find that the minimizer w solves
Aw = 0 in By with w = u on dB;. Then for v = v — w, Av = Au in By, and
v =0 on 0B;. We call w the harmonic replacement of v and v the zero boundary
replacement.

Proposition 6.2. Let u solve

Au=f in B,,
u=yg in 0B,.
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Then ||ullo(s,) < CIfllL>B,) + lgll=©8.))-

Proof. Define @& = u/(||f||z=(5,) + |9llL=(08,)), so that & solves
Ai=f  inB,,
i=3g in B,

with [f] < 1, [§| < 1. Now we let h(z) = Z52 4 1, then Ah = —1 in B,, and

h > 1 on 9B,. By comparison principle, we know that @ < h in B, so the estimate
becomes

2
e+ 2d
u S =1/l + 19ll=(o8,)-
Repeating the same argument with —u gives the lower bound and concludes the
estimate. In the special case of the zero-boundary replacement v, we have the

estimate [|v||pe(p,) < %”f”LOO(BT). Since v = 0 on the boundary, we can take

2 2
h(z) =% ;(‘fl and apply the same argument. O

Now, we mimic the improvement of flatness lemma in the Schauder inequality.
Importantly, the contradiction argument is not necessary, and we can provide a
constructive proof due to the fact that every time we zoom in, the Laplacian gets
smaller and smaller, and therefore “more harmonic”.

Lemma 6.3. For alle > 0, there exists 0 > 0 and rg € (0,1) such that if oscp, u <
1, and || f| L= (B1) < 6, then there exists b € R? such that
oscp,, U — bz < 7‘876.
Observe that by Proposition 6.2, there is no loss of generality in assuming the
conditions of the lemma because we can replace any solution w by
U

U= 7 :
o0
oscp, u + =@y

Alternatively, by (6.1), zooming in reduces the Laplacian and the oscillation, so
applying the lemma on u,.(x) for x € B; for r small concludes the full estimate.

Proof. First, since |supg_f| < || fllz~(B,) and |infp, f| <[ fllz~(B,)
oscp, v < 2||v[| L~ (B,
Write u = v + w with w as the harmonic replacement. Since w is harmonic and
therefore smooth, we can estimate |w(z) —w(0)—Vw(0)-z| < Cr?. Since w = u—wv,
we write
lu(x) — v(x) — w(0) + 2 - Vw(0)| < Cr* =

oscp, (u(z) —z - Vw(0)) < 2Cr* + 2o0scp, v(z)
Crucially, C is absolute based on oscp, u because it is dependent on first and second
derivatives of w, and we can bound |D?w| and |Vw| by oscu’. Choose ro small
so that r§ < &, which gives that 2073 < r§~°/2. In view of the bound on v by
Proposition 6.2,

1 e 50
loll o= (3,) < 0oy < =572

"see the proof of Lemma 5.3. Let @ = u — inf u, so that Vw = V. But then SUPpB, , [Vw| <

Csupp, W = supp, @ = oscp, u, and similarly for |D2w.
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Therefore as long as || f|| o (5,) < drae, oscp,, v(r)+oscp, o(z) < o~ ¢ as desired.
(]

We arrive at the theorem:

Theorem 6.4 (Calderon-Zygmund). Let u € H*(By) solve Au = f € L>®(By).
Then u € C2'(By) for any e > 0.

loc

Proof. Again, there is no loss of generality assuming oscp, u < 1 and || f| e (p,) < 0
for § given by Lemma 6.3 by simply dividing. The first step is given by the lemma.
We have that

oscg. u—bl-x<r2E
B’O 0 )

where by = Vw(0). Then we zoom in. Set uy(z) = TJ(Q_E) [u(roz) — b* - roz] so
Auq(x) = r§f(x). Since the Laplacian of u; is smaller than the Laplacian of u, and
of course the oscillation of w; is smaller than 1, we may continue reapplying the
lemma. We then have the estimate

oscp, Uy — by -z <1’ = OSCE , u(x) — [b+ rlfslag] cx < p229)

to conclude by = b+7r'~%by. Continuing, uy(z) = r*(=2+) [u(r*z) — b* -r* 2] implies
r27e > oscp, U — 5k+1 ST =

k1) (2—e) k(1—¢)

> oscp, u(rkz) — bRy bt1 - ke

= 0SCB 4, u(x) — [br + Tk(1_6)6k+1] - x.

Since oscp, ur = 1, by Lemma 6.3, by = Vw(0) is uniformly bounded. Since
lbr—1 — bi| = (r'=5)*|b*| < Crk(=2) b, converges to some by, such that

oscp, [ug(r) — boo| < Cr27°.

Using Lemma 5.2, we conclude that u is C%!'=¢ at 0. Rescaling to different
points gives the regularity on w for the interior of B;. We have the estimate

[ullgri-=(B,,2) < CllullL=(sy) + [[fllze(s1))- 0

7. THE OBSTACLE PROBLEM

Many interesting problems lie outside the realm of “smooth calculus of varia-
tions”, where De Giorgi and Schauder estimates may not apply. In Definition 1.1
we assumed that the Lagrangian was smooth, yet there are many such problems
where this is not the case. One canonical example is the obstacle problem. Given
a smooth function ¢, called the obstacle, the solution to the obstacle problem is the
function that minimizes the energy functional

1
J[v]:/ ~|Vo|?dx
U 2

subject to the conditions v > ¢ in U, and boundary condition v > ¢ on OU.
The interpretation is that admissible functions must lie above the obstacle, and
the minimizer is the function with the least amount of “energy”. The existence of
minimizers is guaranteed by Theorem 1.6. Again, we are interested in the regularity
that solutions have.
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Remark 7.1. We can consider the obstacle problem to minimize the energy of
u = v — ¢, and require u > 0, and u = g — ¢ on the boundary. Then, we are
minimizing

1 1 1 1
/ —|V(u+ )= / —||Vu|? + |[Ve|]? + 2VuVy :/ —|Vul]? —ulp + = |Ve|?
2 2 v 2 2

which amounts to minimizing
1 2
—|Vul|* + fudx
v 2

for f = —Ap among all functions v > 0, because fU |Vl|? is a fixed value.

Here, we have the stricter boundary condition ©w = g = g — . We call this inter-
pretation the zero obstacle problem, or the variational formulation of the obstacle
problem. The problems are identical (so long as ¢ € C*1), and to move from one
to another, we need only to add/subtract the obstacle. At first, it appears that this
problem is the same as a smooth calculus of variations problem. However, we will
soon notice that the same perturbation methods do not work, or must be modified
to accomodate the obstacle, so that the problem does not fit the scheme of smooth
calculus of variations. We can consider this as

1 1
[ 3Vl + fus = [ SVl + xgsopn
U U

because we require v > 0, causing the minimization problem to be nonsmooth. Our
calculus of variations techniques may not apply.

We note a nice interpretation in the zero obstacle problem. The first term, which
increases as |Vu| increases, is the elastic potential of the system, and the second
term, which increases as u increases, is the gravitational potential of the system,
leading to the gravitational interpretation of the obstacle problem

1
(7.2) / §|Vu|2 +uqdr
U

solving Au = x{,>0}- Here, being above the obstacle at any point is the same
potential energy as being above the obstacle at any other point. We can view,
for example, a membrane descending over an obstacle, as an obstacle problem.
Critically, since we require the obsctacle to be smooth, we can zoom in to a point
until f is constant, then normalize so that the problem is in the same form as (7.2).

Now we are ready to show some properties of solutions to the obstacle problem.

Proposition 7.3. The minimizer u is weakly superharmonic, that is, Au < 0 in

U.

Proof. Let n € C(U),n > 0, so that u+tn is an admissible function, and therefore
J[u] < J[u + tn] because u is the minimizer. Then for all ¢,

t2 t2
0 < Ju+tn — Ju] = / toudm + —0m* = —t/ u0n + f/ oim?.
U 2 U 2 Ju
Sending ¢t — 0 we conclude that fU uAn < 0, so u is weakly superharmonic. O

Finally, we can fully characterize solutions to the obstacle problem.
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Proposition 7.4. The solution to the obstacle problem is the least supersolution
above the obstacle and boundary, i.e. the least superharmonic (Au < 0) function
such that

u>¢  onB,

u>g on 0B;.

Moreover, u is harmonic where it does not touch the obstacle, i.e. Au=0 in {u >
©}. We denote A := {u = ¢} the contact set, and Q := {u > ¢} the harmonic set,
and T' := OA = O{u = ¢} the free boundary.

Proof. First we show that €2 is open. Since u is weakly superharmonic, u is lower

semicontinuous®. Fix zg, then u(xg) — p(zg) > ¢ for some e. Since u is lower

semicontinuous and ¢ is continuous, there exists some § > 0 such that u — ¢ > ¢/2

on Bs(zg). Becuase xy was arbitrary, we can write {2 as the union of open sets. Now,

because we know €2 is open, pick 2o € Q with Bs(xo) C Q and inf g (5,)(u—¢) > €.

Then choose some n € C°(Bs(x)). Since u + en is an admissible function, we set
J(u+en) — J(u)

i(e) = J(u+em) = 0=7(07) = i ST

limiting i(-) : (go/|nllL,00) — R, so that ¢ is well defined in a neighborhood
around 0. Since u is a minimizer, the last expression is equal to

lim Qiudin +e0in® =0 = ulAn =0,

€0 JBs(z0) Bs ()
i.e. u is weakly harmonic on Bs(zg) because 7 is any C2°(Bs(zo)) function. Since
xo was arbitrary, we are done.

Then let w be such that Aw < 0, w > ¢ on By, and w > u on 0B;, meeting
the same conditions as v. We want to show that w > v, so that v is the least
supersolution that meets the requirements. On A, we know that w cannot be any
lower than f = u. Then on 2, we can use the maximum principle. Consider w — v.
Since w > v on the boundary, and Aw < 0, A(w —v) = Aw — Av = Aw < 0 is
superharmonic and attains its minimum on the boundary. Therefore w—v > 0. O

Now, we try to establish that u € C*1. The Calderon-Zygmund estimate (The-
orem 6.4) gives that u € Cllo’cl_E(Bl) for any € > 0. But the absolute best we can
do is O since Au = fxu>o may be discontinuous. Indeed, solutions are C1:!.

There is some intuition that indicates that u is C*!. Since u is harmonic and
therefore smooth on €, we focus our attention on Q. Critically, semiconvex and
superhamonic functions are C:!. If v is convex and Au < C, then eigenvalues
of D?u are nonnegative, and since Y. \; < C, each \; < C and |D?u| < C. So
if u is semiconvex, then D?u > —C11I, so looking at v = u + Cy|z|? gives that
Av = Au+2dC is bounded and convex, so v is C11, which implies that v is C1L.
Notice u — ¢ is convex at the free boundary because it is a local minimum, and has
bounded Laplacian, so u is semiconvex, and by Proposition 7.4, u is superharmonic.
Therefore, u is C1'! at free boundary points. However, this proof is not complete.
Our bound on |D?u| on the set €2, from harmonic interior estimates, becomes
worse and worse as we approach the free boundary, and we have not yet stitched
together the regularity of () with the regularity of the free boundary. Instead of
this approach, we will use compactness to achieve the optimal regularity.

8See Fernandez-Real, Ros-Oton [2] Lemma 1.17.
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Lemma 7.5. Let u solve the obstacle problem

Au = fX{u>0} in By
u>0 in Bj.
Suppose that 0 € 9{u > 0}. Then there exists some C > 0 such that at least one of
the following holds for each 0 < r < 1/2:
1) supp u < Cr?
2) supp u < 4-7 supgp, ;- for some  29r < 1.

Proof. We work by contradiction. Suppose that there are infinitely many r,, such
that supp v > nr2, and supp, u>4" J supp,; U for all 29r, < 1. Choose 1y, a
decreasing subsequence and rename them to r,. Then fix n, and let a,, = sup B,, U-
Since

1 < 1 S 1 . S n+k
—supu > —— supu sup u a a
n Brf n+k BTE,) “n+k B%Ek " e
S0 ,
(n+k)? anyr
G, > T ik > (n+ k)i,
S0 as n — 00, 1, must approach zero. Set u,(z) = u(r,x)/||ul L=z, ), so that
r2 Au(r,z) r2
Aup(z) = = = ()X {u, >0}
" el Tl Y

But since 1/[|ul|,(p,,) < 1/(nr}), we conclude that

r2 1
|Aun| < ﬁlf(rnx))(urn>0| < ﬁ”f”Loo(Bl) — 0.

n
Since 0 € 9{u > 0}, there exists some z € B, (z) such that 29 € {u > 0} so there
is no issue dividing by [|u||p~ (s, ). Fix some arbitrary n. Then by the second
assumption we contradicted, for all k£ with 2"r, <1,

4" sup u(rgz) = 4" supu > sup u = sup u(r,x),

1 - Baony, Ban

then dividing by |[ullz=(p,, ), we obtain 4" = 4"supp uk(z) > supgp,, uk().
Therefore if we pick some B, with r < 2", then find K such that 2"r; < 1,
then for all k > K, supp, ux(r) < supp,, up < 4". With this uniform bound for
k> K, and the fact that Auy < || f[|z~(5,)/K, Theorem 6.4 allows us to conclude
that ||ug|lc11-«; < C;. Then since C11=51 cc C117¢ for 1 > & > £, passing to a
subsequence uj, — s strongly in C11=¢. Now, fix any test function 1 € C°, and
n large so that suppvy C Ban. Now for k > K|

. . 1
lim |V - V| < klggo E"v¢||L2(Bgn)||f||L°°(B1) =0,

k—o0 Ban

so that fan Vi - Vu, — 0. But also, since Vug — Ve in C%'~¢, by dominated
convergence theorem,

/ Vi - Vuy — V) - Vg = 0.
Bon Bon

Therefore, uy, > 0 is harmonic, and s, (0) = 0. But then by Liouville’s theorem,
Uso Must be zero everywhere, contradicting that sup us, = 1. O
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Theorem 7.6 (Optimal regularity). Let u solve the obstacle problem

Au = X{u>0} in By
u Z 0 in Bl.

Then u is CH1.

Proof. First, when u = 0 which happens on A , D?u is controlled by D2y, and
harmonic estimates can control D?u on € at points away from I'. Therefore we
only need to look at the points on and near the free boundary. Now we use the
lemma. Pick some point xq € I' N By, and zoom in, that is, let u,, = u(rzo)
for r = 1/2, which also solves the obstacle problem, with Au,, = X{uuzy >0} /2.

Take 7, = 27F. Then, if condition fails at .J, for some j < J, SUpPp, | Uz, <

477 supp . Ug,. However,
2-77‘J

477 sup g, =477 sup ug, <4770 =047 = Cr,

2iry Byj—a

so the iteration never fails at any point. After upgrading C, supp us, < Cr??
Since u,, has quadratic growth near zero, D?*u(0) stays bounded, which implies
that u is C! at 2o, with a bound |D?u(xz)| < C for all 29 € By 2 NT.

Now for points very close to the free boundary, choose x; € {u > 0}, and set
r = dist(x1,T). Find z¢ € T such that r = |21 — 20|, so B,(z1) C Ba,(x¢). Then
set v = u(z) — |x — x1|/2d. Because Au =1 on B,(x1), Av = 0 on B,(z1), we
can bound supp . (.,) |D?v| < %SUPBT(M) |v]. Therefore supp, (,,)v < r?/2d +
SUDp,, () < 4072, S0 that SUPB ) (c1) |D?v| < 4C1C is bounded. Finally, because
D*v = D?u + I/d, so our bound on D?v implies a bound on D?u. O
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