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ABSTRACT. This paper mainly follows from [1], notes created by students
based on lectures from Professor Daniel Sanz-Alonso in the course STAT 31510
during Spring 2019. This paper introduces two algorithms in Markov Chain
Monte Carlo (MCMC) method for random samplings, with Metropolis Ad-
justed Langevin Algorithm (MALA) on the basis of Metropolis Hastings (MH)
Algorithm. An introduction about Monte Carlo integration and stochastic dif-
ferential equations (SDEs) is also given along the way.
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1. PRELIMINARIES

We assume basic familiarity of measure theory based probability, Markov chain,
martingales, Brownian motion, and Real analysis. We now quickly review some key
concepts and important properties of Markov chains. Note that we are not proving
these properties as they are not the major points considered in this paper.

Definition 1.1. Markov chain. A collection X = {X,;,n =0,1,2,...} of random
variables taking values in a state-space E is called a Markov chain if

]P(anl S An+1 ‘ X, € An7 e ,XQ c Ao) = P(XnJrl S Arn+1 | X, € An)
for all n > 0, and all measurable A, 11, A4,,...,Aq C E.

The most classic way of interpreting the Markov property is that the future state
only depends on the current state but not on any past states.

Definition 1.2. Time homogeneous Markov chain. A Markov chain X is called
time homogeneous if its transition probabilities

Pz, A)=P(X,41 € A| X,, =)

do not depend on n. P(z, A) is called the transition kernel or Markov kernel of X.
1
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In other words, a Markov chain is time homogeneous if its transition probabil-
ities do not depend on time. Throughout this paper we will only work with time
homogeneous Markov chain, and we will refer to the Markov kernel by p(z,y).

Definition 1.3. n—th step transition probability density. The n-th step tran-
sition probability densities p™(z,y) are defined by

P(X, € 4] Xo =) = P'e.4) = [ ")
A
A nice property of time homogeneous Markov chain is that we can easily compute
the probability density function (PDF) given an initial probability distribution and
its transition probability as we can see from the below theorem.

Theorem 1.4. If Xy ~ my and X has n-th step transition probability densities
p™(x,y), then the PDF of X,, is given by

Ta(z) = /E o ()0 (. 2)dy.

If the state space E 1is finite, then m, is a probability vector and mw, = wP",
where P is the transition probability matriz.

Moreover, it is very important to notice the large-time behavior of time-homogeneous
Markov chain, i.e. the behavior of P™ for large n. It turns out that as n goes to
infinity, the transition probability approaches to an equilibrium if certain conditions
are satisfied. This gives rise to the following definition.

Definition 1.5. Invariant probability distribution. A Markov kernel p(z,y)
satisfies the general balance equation with respect to 7 if

(1.6) m(z) = /Eﬂ(y)p(y, z)dy.

We then say that m is an invariant distribution of the Markov kernel p(z,y).
This is also called a stationary probability distribution.
Note that if E is discrete, the general balance equation is simply ™ = 7w P.

It is, however, not always guaranteed that such invariant probability distribution
exists for every Markov chain. We then come up with the following definition.

Definition 1.7. Ergodic Markov chain. A Markov chain X is called ergodic if
there exists a distribution 7 such that

lim P(X, € A) =n(4)
n—oo

for all A C F and initial distributions 7. We say that 7 is the limit distribution
of X.

Theorem 1.8. Let X be an ergodic Markov chain with Markov kernel p(z,y) and
limit distribution w. Then 7 is an invariant distribution for p(x,y). In particular,
if X is initialized at statistical equilibrium (Xo ~ ) then X, ~ 7 for alln > 0.

Given a probability distribution =, it is often difficult to find a Markov kernel
for which 7 satisfies Equation (1.6). Hence we often find a Markov kernel based on
another condition called the detailed balance, which is actually a stronger condition.



AN INTRODUCTION TO MARKOV CHAIN MONTE CARLO METHOD 3

Definition 1.9. Detaled balance. We say that a transition density p(z,y) satis-
fies detailed balance with respect to 7 if, for all z,y € E,

m(z)p(z,y) = 7(y)p(y, T).

Theorem 1.10. Let p(x,y) be a Markov kernel that satisfies detailed balance with
respect to a distribution w. Then 7 is an invariant distribution for p(z,y).

The following concepts and results from measure theory are also important for
later proofs. Similarly, we omit the proofs of these results.

Definition 1.11. Stationary sequence. Random variables Xy, X;,... are said
to be a stationary sequence if for every k, the shifted sequence X ,,n > 0 has the
same distribution, i.e., the joint probability distribution of the sequence is invariant
over time.

Definition 1.12. Measure-preserving transformation. Let (2, F,P) be a prob-
ability space. A measurable map ¢ :  — € is said to be measure preserving if
P(p~tA) =P(A) for all A € F.

Remark 1.13. Let ¢" be the nth iterate of ¢ defined inductively by ™ = ("~ 1)
for n > 1, where '(w) = w. If X € F, then X,,(w) = X(¢™(w)) defines a
stationary sequence.

Remark 1.14. A set A € F is said to be invariant if o=*A = A. We use T to
denote the collection of invariant events. Note that Z is a o-field, and X € 7 if and
only if X is invariant, i.e., X o = X a.s. !

Remark 1.15. A measure-preserving transformation on (2, F,P) is said to be
ergodic if Z is trivial, i.e., for every A € Z,P(A) € {0,1}. For an ergodic Markov
chain, 7 is trivial.

Theorem 1.16. (Dominated Convergence Theorem)?. Suppose that f, are mea-
surable real-valued functions and fn(x) — f(x) for each x. Suppose there exists a
non-negative integrable function g such that | f,(z)| < g(x) for all x. Then

lim [ fodp= /fdu.
n—roo
The conclusion still holds if f,(x) — f(x) almost everywhere.

Theorem 1.17. (Bounded convergence theorem). Let E be a set with u(E) < co.
Suppose [, vanishes on E€,|fn(z)| < M, and f, — f in measure. Then,

/fdu:nli_)rrgo/fndu.

Finally, the following definitions are fundamental to our study in stochastic cal-
culus in later sections. Notations and symbols of these terms will be the same
throughout the paper.

Definition 1.18. Filtration. If X, X5, ... is a sequence of random variables, then
the associated (discrete time) filtration is the collection {F,,} where F,, denotes the
information in Xq,..., X,.

Lg.s. stands for almost surely, which is the same thing as the definition of almost everywhere
in measure theory.
2A detailed version of the proof is at [2], pg. 62-63.
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Definition 1.19. Brownian Motion. A stochastic process® B; is called a (one-
dimensional) Brownian motion with drift m and variance o2 starting at the origin
if it satisfies the following.

1. Bp =0.

2. For s < t, the distribution of B, — B, is normal with mean m(¢t — s) and
variance (¢t — s).

3. If s < t, the random variable B; — B, is independent of the values B, for
r <s.

4. With probability 1, the function ¢ — B, is a continuous function of ¢.

If m = 0,02 =1, then B; is called a standard Brownian motion.

We will encounter Brownian motion when we introduce stochastic differential
equation (SDE).

2. MONTE CARLO INTEGRATION

Monte Carlo method is usually used to approximate some distribution by random
sampling. To first give an idea of it, we consider a simple but classic implementation:
to find, or approximate, the value of w. The procedure is simple. We first consider
a circle inscribed in a square, and then uniformly generate random points over the
region of the square. Then, we count S, total number of points generated, and C,

number of points inside the circle. The ratio % will give an approximation to the
value 7, which gives the desired result. We will see later that the procedure of

”generating random points over some region”, in mathematical world, is just the
repeated random sampling over a distribution.

There are undeniably various applications of Monte Carlo method in mathemat-
ics and other fields such as engineering, computer science, and finance. In this
paper, we are particularly interested in Monte Carlo integration, an application
that gives numerical approximation of a definite integral that is usually difficult to
solve by normal computation.

Remark 2.1. Normally, Monte Carlo methods can compute integrals of the form

(2.2) 7y(h) = [ @) f(e)ds = Exeg WX,

where f is a PDF supported on E and h : E — R. The first equality is supported
by the following result in measure theory.

Theorem 2.3. Suppose X is a random variable with distribution px, and f is a
Borel measurable function. Then,

Elg(z)] = / g(x)dpx.

Note that in measure theory, the expectation of g(x) is defined by the Lebesgue
integral of g(z) with respect to a probability measure P. If X has a PDF f, then

we have
o0

E[g(X)] = / o) ()

—o0

One way to approximate Zy[h| is to sample from f, and this is known as the

classical Monte Carlo, which we will be using in later Markov Chain Monte Carlo
(MCMC).

3A collection of random variables indexed by time.
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Algorithm 1 Classical Monte Carlo Integration

Input: Target distribution f and test function h.
1+ Sample X1, XM 4 f,

N
Output: Monte Carlo estimator ZpC[h] := % Z h(X ™) ~ Iy[h].

Observe that this procedure is exactly the same as the classic example of ap-
proximating the value of m as shown above. Using this method, one of the main
reason we directly sample from f is because it is easy to sample from. In the case
of approximating 7, it is convenient to sample from a square because the area of a
square is easily determined.

Also, it is worth noticing that in Classical Monte Carlo Integration, the target
distribution needs to be uniformly distributed. Hence, this method faces large
obstacles when we want to study any distribution, including those that are non-
uniform. This gives rise to another method that combines Monte Carlo together
with Markov Chain.

3. MARKOV CHAIN MONTE CArRLO (MCMC)

Markov Chain Monte Carlo (MCMC) method is another way of approximating
integrals such as Equation (2.2). We will see later that combining Markov chain
and Monte Carlo with several procedures helps to implicitly construct a Markov
kernel that can be sampled from. We will show that f is exactly its invariant
distribution and repeated random samplings over this Markov kernel can be used
to approximate

N
1
Tyl ~ 5 30 A(X™)
n=1

We begin by introducing the Metropolis Hastings algorithm, one of the MCMC
method that gives a flexible way to construct a nice Markov kernel.

Algorithm 2 Metropolis Hastings Algorithm

Input: Target f, initial distribution 7y, and proposal Markov kernel g(x, y).
Initial draw: Sample X (© ~ 7.
Subsequent samples: Forn=0,...,N — 1 do:
1: Sample Y* ~ g(X ™) ),
2: Update X ("1 = Y* wp. a(XM,7"),
XM wp. 1—a(X™,Y*).

N
Output: Samples X ... X(N) and approximation Z¢lh] =~ % Z

Note that in Metropolis Hastings, the initial proposal Markov kernel ¢(z,y) is
not strictly determined, although we do hope that its stationary distribution is
close to f.
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In this algorithm, we draw samples iteratively based on an accept/reject mech-
anism as shown in the second procedure. As we will show later that, by specific
selection of a(x,y), the probability of accepting a proposed move from x to y, we
indeed turns g(z,y) into another Markov kernel for which f is invariant.

Observe that in classical Monte Carlo method, the samples drawn from the dis-
tribution are independent, which is a necessary condition in Algorithm 1. However,
in MCMC the samples are clearly not independent as they satisfy the Markov prop-
erty. Luckily, the Metropolis Hastings Algorithm still holds based on the following
theorem, which is known as the Law of Large Numbers.

Theorem 3.1. Let h: E — R and let X = {X,,}22, be an ergodic Markov chain
with stationary distribution w. Then m—almost surely

1 ZN: h(X,) 25 / h(z)7(z)de = L. [h]
Nn—l ! B - |

This result directly follows from Birkhoft’s Ergodic Theorem, which is stated as
follows.

Theorem 3.2. (Birkhoff’s Ergodic Theorem). For any X € L*,
n—1
1
— Z X(¢™w) = E(X | T) a.s. and in L.
n
m=0

Since this theorem is vital to the implementation of many MCMC methods, it de-
serves a detailed proof. Many of the preliminaries have already been stated starting
from Definition 1.12, while we still need the following lemma for preparation.

Lemma 3.3. (Mazimal ergodic lemma). Let X;(w) = X (¢w), Sk(w) = Xo(w) +
<o+ Xpo1(w), and My (w) = max(0, 51 (w), ..., Sk(w)). Then E(X; M) > 0) > 0.

Proof. Let X;(w) = X(¢/w),Sk(w) = Xo(w) + -+ + Xp—1(w), and My(w) =
max(0, 51 (w), ..., Sk(w)).
For j < k, we have M} (¢w) > S;(pw), which implies that
- 14

X(w) > X(w) + 5j(w) — Mi(pw) = Sj11(w) — Mi(pw) for j=1,=... k.
Since S1(w) = Xp(w) = X (w) and My (pw) > 0, we have
X(w) = S1(w) = My(pw).

Therefore,

E(X(w); M, >0) > /M >0[max(51(w), ooy Sk(w)) — My (pw)]dP

= /M‘>O[Mk<w> — My (pw))dP
Since My (w) =0 and My (pw) > 0 on {M}, > 0}°, we have
[ M) = MiewaP > [ Mie) - Mlow)aP
M >0

Finally, since ¢ is measure preserving, [ M (w) — My(pw)dP = 0. Hence, the
theorem is proved. O

We now give a proof to Birkhoft’s Ergodic Theorem. This part requires heavy
knowledge on real analysis and many of the results will be directly used.
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Proof. Let X;(w) = X(¢/w),Sk(w) = Xo(w) + -+ + Xp—1(w), and My(w) =
max(0,51(w), ..., Sk(w)). By Remark 1.14, E(X | Z) is invariant under ¢. Then,
by letting X’ = X — E(X | Z) we can assume without lost of generality that
E(X|ZI)=0.

Let X = limsup S, /n. Take arbitrary € > 0, and let D = {w : X > €}. Note
that X (¢pw) = X (w), which implies D € Z by Remark 1.14. We now want to show
that P(D) = 0.

Let

X*(w) = (X(w) = Olp(w), S;(w) = Xy (w) + - + X*(¢"w),

M*(w) = max(0, ST(w), ..., 8% (w)), Fu = {M* > 0},

F = F, =<supS;/k>0%.
U {ksf'f/ }

Note that since X*(w) = (X (w)—€)1p(w) and D = {limsup Si/k > €}, it follows
that

k>1

F= {supSk/k > O}HD =D.

Observe that since E|X*| < E|X|+e < 0o, by Theorem 1.16 we have E(X*; F},) —
E(X*; F). Also, by Lemma 3.3 which we just proved, E(X*; F,,) > 0. Therefore,
we have that E(X*; F) > 0.

Now, since F' = D € Z, this implies that

0<E(X";D)=E(X —¢D)=E(E(X|TI);D)—eP(D)=—eP(D).

Hence, P(D) = 0 = P(limsup S, /n > €). Since € > 0 is arbitrary, it follows that
limsup S, /n < 0. Similarly, we can apply the last result to —X and thus we show
that S, /n — 0 a.s.

Let X}, (w) = X(w)1(|x(w)<m) and Xy (w) = X(w) — X, (w). At this stage we
have shown that

—1
1
- E Xy (p"w) = B(X), | ) a.s.
n

m=0

We now show that this convergence occurs in L'. Note that since X}, is bounded,
by Theorem 1.17 we have that

— 0.

1 «
E|- 3" Xilg™w) - E(Xy | T)
m=0

Also, observe that

ZXMcp w)

m=0

1 _
ﬁ ZE|XM )| = ElX )y
m=0

and that
E|E(Xy | D) < BE(E(1Xy] | T)) = B| Xy,
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Hence, we have that

ZXM ¢"w) = E(Xpy | T)| < 2E| Xy,

" 1

limsup E|— ZXM o"w) — E(XYy | T)| <2E|X},
n—oo

Finally, by Theorem 1.16, E|X{,| — 0 as M — oo. This completes the proof.
O

Theorem 3.1 is an application of Birkhoff’s Ergodic Theorem as Z becomes triv-
ial(Remark 1.15) and applying the theorem to h(X,(w)) gives

1 n
fE f(X, %/f z)dz a.s. and in L',
n

n=1

As stated before, it is necessary to decide a(x,y), the probability of accepting a
proposed move from x to y. This is given by

f(y)q(y, )

a(z,y) ;= min{l, F@)a(ey)

}.

The approximation Z¢[h] ~ Z h(X (n) ) relies on the construction of Markov

kernel by this algorithm. The followmg theorem gives the construction and a proof
of discrete case is provided.

Theorem 3.4. The Metropolis Hastings Markov kernel is given by

pya(x,y) = q(z,y)a(z,y) + 0z (y)r(x),
where
Z q(z,y)(1 — alx,y)) if E is discrete,
r(x) = yekE

q(z,y)(1 — a(x,y))dy if E is continuous,
B
and 8, (y) denotes a Dirac measure at x.

Proof. (Discrete case.) In order to move from x to y, assuming x # y, then state y
need to be proposed and accepted. Then, the probability of moving from z to y is
given by q(z,y)a(z,y).

In order to move from x to x, or x to y where x = y, the following two things
may happen:

1. Propose z as new state and accept it. This happens with probability ¢(z, x)a(x, z).

2. Propose any y € E and reject it. This happens with probability

r(@) =Y al,y)(1 - a(z,y)).
yeE

Therefore, Theorem 3.4 satisfies all condition where & moves to y.
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Observe that if x # y, then we have

pua(,y) = q(z,y)a(z,y).
This helps to show the following theorem.

Theorem 3.5. The Metropolis Hastings kernel pyrp satisfies detailed balance with
respect to f.

Proof. Take arbitrary x,y € E. If x = y, then we simply have

f@)pymn(z,y) = fy)pmu(y, ).
Suppose that = # y, then

pMH(-T, y) = Q(x’ y)a(ma y)
f()aly, x)

= f(z)q(z,y) min{1, F@)g(z,y)
= min{ f(x)q(x,y), f(y)q(y, ) }.

Since the RHS is symmetric in  and y, then we again have

}

f@pmu (e, y) = f(y)pamu(y, ©).

Therefore the result follows.
O

As a result, by Theorem 1.10 we have that f is an invariant distribution for
paa, and thus we can apply Theorem 3.1 to obtain an approximation for Z¢[h].

4. STOCHASTIC DIFFERENTIAL EQUATIONS (SDES)

Before we get into Metropolis Adjusted Langevin Algorithm (MALA), it is im-
portant to understand some basic concepts in stochastic differential equations and
ways to find their solution to these equations. This is clearly not a detailed in-
troduction to stochastic differential equations as many important properties and
proofs are omitted. Instead, we aim to quickly get a sense of what stochastic dif-
ferential equations are and equip with us most of the knowledge and intuition we
need for MALA. We will see later that the core of MALA relies on a nonlinear SDE
which does not have an analytical solution. Hence, we will need to use numerical
approximation via discretization.

Before we get to SDES, it is reasonable to first look back at a general differential
equation written in the following way

df(t) = C(f(t),t)dt
with initial condition f(0) = x¢. It is known that the solution to this equation will

be given by
f(t) =20 +/ C(f(s),s)ds.
0

Stochastic differential equations look similar, except that there is another ”white
noise” that adds randomness to the system. The general equation of this form looks
like the following:

(41) dXt = M(Xt,t)dt+J(Xt,t)dBt
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It is worth noticing that the white noise is created by the derivative of By,
a standard Brownian motion. The equation is interpreted as stating that X; is
evolving like a Brownian motion with drift u(¢, X;) and variance o(t, X;)? at time
t.
Generally, the SDE will have the following solution
t

t
X; = Xo —|—/ ,u(XS,s)ds—i—/ o(Xs,s)dBs
0 0

where the first integral is easy to compute by ordinary integral method. The crucial
step now is how we should make sense of the second term.

Naturally, we would try using previously known integration method like Rie-
mann integral. However, recall that a standard Brownian motion has the following
property:

Theorem 4.2. With probability 1, the function t — By is nowhere differentiable.

Although Brownian motion is continuous, it is nowhere differentiable and there-
fore not Riemann integrable?. One commonly used approach to defining the second
term leads to the Ito integral.

The idea to construct the Ito integral is actually similar to both Riemann integral
and Lebesgue integral.

Recall that when we define Riemann integral to compute integral of the form

/a foat,

a key idea is to partition the interval [a, b] into different intervals with the convention
that a =tg < t; < -+ < t, = b and then approximate f(t) by a step function

Fa(t) = f(55); tjm1 <t <t;
for s; € [tj—1,t;]. We define

| a0t =3 )5~ t5-0)

and if the norm (the maximum length of the subintervals of [a,b]) goes to 0, the
limit
b b
/ f(t)dt = lim [ fo(t)dt
a n—oo a
exists and defines the integral.

Ito’s integral is similar in the way that it first defines a simple process as an
analogy to a step function in Riemann integral. As we can see below from the
definition, a subtle difference is that the first endpoint t; = 0 and the last endpoint
t, goes to oo for a simple process.

Definition 4.3. Simple process. A process A; is a simple process if there exist
times

0=ty <t1 <- <ty <00
and random vvariables Y;,j = 0,1,...,n that are F; -measurable such that

At:}/j, tj St<tj+1.

4Since Brownian motion is nowhere differentiable, it has unbounded variation. This implies
that we cannot directly use Riemann-Stieltjes integral either. More can be seen at [5].
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Here we set t,,11 = oo. Since Y; is J;,-measurable, A; is F;-measurable. We also
assume that IE[sz] < oo for each j.

Just like what we did in Riemann integral, we now define the Ito integral of a
simple process.

Definition 4.4. If A; is a simple process we define

t
Zt:/ AdBy
0

by
j—1
Zt]‘ - ZY;;[Bt'H»l - Bti]7
i=0
and more generally,

Zt == th + }/]'[Btwrl - Btl] 1f t] S t S tj+1

t
/ AgdBs = Zy — Z,.

Recall that in the construction of Lebesgue integral, we first define the Lebesgue
integral of a simple function and then use this definition to define the Lebesgue
integral of a general measurable function. Similarly, in Ito integral we first define
a simple process and then move to the construction of integration of continuous
processes. Before giving the definition, we need the following theorem.

Theorem 4.5. Suppose A; is a process with continuous paths, adapted to the fil-
tration {F} . Suppose also that there exists C' < oo such that with probability one

|A¢] < C for allt. Then there exists a sequence of simple processes Aﬁn) such that
for all t,

t
(4.6) lim [ E[|A, — A™|*]ds = 0.

n—0o0 0

Moreover, for all n,t, |A§")| < C.

With the help of Theorem 4.5, we are able to find a sequence of simple processes
Al satisfying Equation (4.6). It turns out that the existence of

t
Zy = lim [ A™dBs

n—oo 0

can be shown % and thus we can define

t
/ A dB, = Z;.
0

So far, we have given a mathematical definition to Ito integral and have made
solving a SDE like (4.1) meaningful. However, solving SDEs using the definition can
be inefficient and thus we require stronger tools. Hence, we are now introducing the
Ito’s formula, a general approach to solve many linear SDEs. Its role can be viewed
as the fundamental theorem of stochastic calculus and is vital to many theorems in
stochastic calculus. The Ito’s formula presented below is one of the many forms of
Ito’s formula and is sufficient for our later need.

S5Note that Ay is adapted to the filtration {F} if A; is Fi-measurable for each ¢.
6 For a detailed description on this fact, one can look for [6], pg. 90-91.
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Theorem 4.7. (Ito’s Formula). Suppose X; satisfies
dX; = Ridt + A:dBy

and suppose f(x,t) is a function that is C' int and C? in x. Then,

2
df (Xe, [0 f (Xe,t) + ReOuf(Xo 1) + %amf(xt, £)]dt + A0y f(X¢, t)dBy.

We will not focus on how Ito’s formula contribute to the derivation of many
analytical solutions of some common linear SDEs since the SDE we will encounter in
later section is hardly solvable. Instead, we will use Ito’s formula in our derivation
of the Fokker-Planck-Kolmogorov (FPK) equation which we will see very soon.
Before that, we introduce the concept of diffusion and discuss its connection to
Markov chain.

Definition 4.8. Diffusion. We say that X; is a diffusion if it is a solution to
an SDE of Equation (4.1). Here, u(x,t) and o(x,t) are functions. It is called
time-homogeneous if the functions do not depend on t, namely

dXt = M(Xt)dt + O'(Xt>dBt.

Note that a diffusion is a Markov chain since at time ¢, the state of the system
has all the information about the past to predict the future. In other words, present
is only what matters. This leads us to further discussion of its ergodic property
when we consider specific SDEs in later section.

For nonlinear SDE, in most cases there does not exist a general solution to it
by using traditional approach in linear SDEs. Guessing a solution by empirical
knowledge and using the Ito formula to check the solution is also not efficient. It
is, in fact, quite common that one expects a numerical approximation to a hardly
solvable nonlinear SDE.

Before we move to MALA, a final preparation is the following Fokker-Planck-
Kolmogorov (FPK) equation.

Theorem 4.9. The probability density p(z, t) of the diffusion of the SDE in Equa-
tion (4.1) solves the partial differential equation (PDE):
2

(26) = = -l O, )] + 5 (D pla, ),

&p ox

where D(xy,t) = w

This PDE is called the Fokker-Planck-Kolmogorov(FPK) equation.

We now give a proof through a direct computation approach where less analysis
is involved.

Proof. We first apply Theorem 4.7 where R, = u(X;,t) and Ay = o(Xy,t) for an
arbitrary twice differentiable function f(x) and we get

af _of LO*f ,
&~ or gop27 X0l
By taking the expectation of both sides we get

:U’(Xta t) +

(4.10) BUL 5 i)+ B L0 (x,,0)
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Using integration by parts, the first term of the right-hand side yields
of
El=—u(X:, t)] = (X, t)p(z, t)dx
L ucxi 01 = [ LLucxipte

(4.11) - / F (@) [ X, t)p(, 1))

where p(z,t) is the probability density of the solution to Equation (4.1).
Through integration by parts again, the second term becomes

0x?
_ / &, aa (02(Xe. Dpla, ) de

E]E[a_wfcﬂ(xt,t)] - 2/3 L 02X, Op(e, t)do

(4.12) _ / F@) 2 102Xy, )pla, D) da.
Note that we also have

d d

w4 / J@)p(a, Hda

0
(4.13) = /f(x) —p(z,t)dz
ot
Equation (4.10), (4.11), (4.12), and (4.13) together give the following equation

/f( )5 (J?tdl‘- /f (Xt7)(x,t)]dl‘+

t

s [ 102107 vt Dl
which by rearrangement yields

2
[ @ a0+ 5l ple )] — 5 oslo® (X lpl 0} o

Since we are considering arbitrary f(z) at the beginning, we have

2
ool t) (e Op(e, )] = 5 o [0 (X Dl 1) =0,

which gives the FPK equation. O

5. METROPOLIS ADJUSTED LANGEVIN ALGORITHM (MALA)

Metropolis Adjusted Langevin Algorithm (MALA) is another MCMC method
to generate random samples from a target distribution. Similar to traditional Me-
tropolis Hastings, MALA provides a way to compute integrals like Equation (2.2).

A simple but direct motivation to the study of MALA is that we can decide
the choice of our initial Markov kernel by inputting a step-size ¢ which we will see
later, rather than aiming to find a nice Markov kernel by empirical insight as in
traditional Metropolis Hastings. Moreover, MALA is actually more efficient than
traditional Metropolis Hastings when running simulations on computers because
it has a higher acceptance rate during the accept/reject mechanism as we will see
below”.

7One can look at [10] for more on the computation complexity of MALA.
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Algorithm 3 Metropolis Adjusted Langevin Algorithm (MALA)
Input: Target f, initial distribution 7y, and step-size € > 0.

1: Define the special Markov kernel:
qrge(x,-) == N(xz + eVlog f(x), 2ely).
2: Run Metropolis Hastings with inputs f, o and grg.(z,y).
N
Output: Samples XV, ..., XV) and approximation Z;[h] ~ + Z h(X ™).

n=1

In MALA, the proposals are made according to the special Markov kernel defined
above, and the accept /reject mechanism is based on the same acceptance probability

FW)qrgo(y, )

F()qrg0(,y)

as in traditional Metropolis Hastings Algorithm. The rest of the paper aim to
discuss why MALA works.

The phrase ”"Langevin” in MALA comes from Langevin equation, a common
type of SDE in the form of

a(z,y) == min{1,

dXt = ,Lt()(t7 t)dt + O'dBt.
We are particularly interested in the following Langevin equation
(5.1) dX(t) = —VV(X(t))dt + V2dW, 0 < t < 00

because its diffusion in R? is ergodic and has 7(z) = e~ V() as its invariant
distribution. For this particular SDE, we shall now show that the diffusion has
stationary distribution 7(z) = e~V (®). We will use the Fokker-Planck-Kolmogorov
(FPK) equation in Theorem 4.9 to achieve this.

Proof. We only need to put p(x,t) = e~V into FPK equation and check if the
equilibrium holds. Given Equation (5.1), u(X:,t) = —VV(X;) = =V'(X;) and
O'(Xt, t) = \/5

Observe that

0 0 0% o?(Xy,t)p(z,t)
9 plast) = -l plar )] + | TP
_ 0 ’ —V(z) & —V(z)
_—%[—V (x)e ]+W€
— L vi@eV @)+ Ly (@)ev @)
ox ox
=0
O
Interestingly, we can think of choosing V(z) = —log f(z) so that the solution

of Equation (5.1) has f as its invariant distribution. This gives a very natural way
to think of applying this equation into MCMC method. As mentioned above for
several times, we wish to approximate the solution of the SDE by discretization.
One of such method is the Euler-Muruvama method, which is actually very
similar to Euler’s method in approximating ordinary differential equations.



AN INTRODUCTION TO MARKOV CHAIN MONTE CARLO METHOD 15

Theorem 5.2. (Fuler-Muruyama method). In a given time t € (0,T], we can
approximate the solution of Equation (4.1) by letting

X0 = X,
XEFD = X®) 4y (XP) e+ o(X®) 1)AB; 44,

where

€=tiy1 —tq,
ABi+1 = Bti+1 - Bt

i

The random increment AB; is computed as AB; = z;\/At; where z; is chosen from
N(0, I,). Note that this gives us a Markov chain.

Applying Euler-Muruyama method to Equation (5.1) with V(z) = —log f(x)
gives the approximation of X (t,) with X where

(5.3) X0+ = X 4 eV log(f(X™)) + V2eZ;.

A problem of such discretization is that the ergodic property of the original
SDE is lost, namely f is no longer the invariant distribution of the output samples
{X(™1},50.8 By this reason, we use the Markov kernel

qLgv (.’L‘, ) = N(.’IJ +¢€eViog f(-r)a 26[d)

implicitly defined by Equation (5.3) that plays its role in keeping the ergodic prop-
erty.
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